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Abstract. Pipes are widely used in many industrial and mechanical applications and devices. Although there are 
many different constructions according to the specific application and device, these can show helical pattern, such 
as spiral pipes, wire-reinforced pipes/shells, spring-suspension, and so on. Theoretical modelling of wave 
propagation provides a prediction about the dynamic behavior, and it is fundamental in the design process of these 
structures/devices and in structural health monitoring techniques. However, standard approaches have limitations in 
terms of difficulties in modelling and impossible computational cost at higher frequencies. In this study, the wave 
characteristics in waveguides with helical patterns are obtained using a Wave Finite Element (WFE) method. The 
method is described for a 1D and 2D waveguide with helical properties and it is illustrated by numerical examples. 
These include the optimization of stop-bands for a fluid-filled pipe with concentrated masses and a cylindrical 
structure with helical orthotropy. 

Keywords: Wave propagation; Dispersion curves; Helical structures; Stop-bands; Pipes. 

1. Introduction 

Pipes are widely used in many industrial and mechanical applications and devices. Although there are many different 
constructions according to the specific application and device, these can show helical pattern, such as spiral pipes, wire-
reinforced pipes/shells, spring-suspension, and so on. Theoretical modelling of wave propagation provides a prediction about 
the dynamic behavior, and it is fundamental in the design process of these structures/devices and in structural health 
monitoring techniques. However, standard analytical or numerical approaches have limits in the mid and high frequency range, 
in terms of both computational cost and utilization of the model for design or optimization procedures where the model has to 
be reconfigured for each new set of parameters. Moreover, most of the structural health monitoring techniques require the 
knowledge and understanding of waves propagating in such structures up to high frequency. 

The wave propagation in helical waveguides has been a subject of interest since a long time ago and many original and 
interesting studies and applications can be found in the literature (e.g. [1]). Due to difficulties in solving partial differential 
equations for helical structures, in recent years, there has been an increased interest in numerical methods for the analysis of 
wave propagation in helical waveguides, in particular, due to developments in structural health monitoring techniques. Based 
on the previous research in this area, dispersion curves in helical springs were obtained by applying an asymptotic analysis and 
the dominant balance method [2]. In another study, Bloch theorem was applied to predict wave propagation in glide, screw, and 
rotational symmetric structures [3]. Natural frequencies in helical spring were calculated using a dynamic stiffness method [4], 
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while vibrations were studied by applying a pseudo-spectral method [5] and using the Boundary Integral Method [6]. Several 
numerical methods based on Finite Element discretization have been also proposed, each one showing advantages or 
disadvantages with respect to the other. The wave propagation in helical waveguides using a numerical technique based on a 
periodic FE approach was shown in [7]. On the other hand, a Semi-Analytical Finite Element method was later presented based 
on the translational invariance of curved waveguides [8], while dispersion curves were obtained based on the Scaled Boundary 
Finite Element method [9]. In addition, vibrations of helical springs with non-uniform ends were studied using a hybrid Wave 
Finite Element method [10]. 

In the present work, wave motion and stop-bands of helical pipes are obtained using a Wave Finite Element (WFE) method. 
It summarizes some of the main findings in [11, 12]. The WFE method makes use of the mass, stiffness, and damping matrices 
of a small segment of the structure obtained by conventional FE code. The FE equations of motion are then reduced by 
applying periodicity conditions in the context of FE analysis of periodic structures. Eigenproblems of various forms then arise, 
typically standard linear or polynomial eigenproblems, whose solutions provide the frequency evolution of the wavenumber 
and the wavemodes. The simple algebra involved in the method, the possibility to use commercial FE packages, and the low 
computational cost make the technique particularly suitable for studying complex waveguides and for designing and 
optimizing procedures. 

In the first part of the paper, the method is illustrated. Two formulations are presented: the first considers 1D helical 
waveguides [11, 13], e.g. the structure is modelled as a beam with helical geometry; the second formulation considers 2D 
waveguides [12, 14] with a helical pattern, e.g. the structure is modelled as a cylinder/shell with helical properties. The second 
part of the paper deals with numerical examples. The first example investigates the influence of concentrated masses arranged 
periodically through the helical waveguide in terms of stop-bands. In particular, the periodic parameters are selected such that 
band-gaps are tuned to not transmit the propagation of undesired harmonic excitations. The last example concerns a cylindrical 
2D structure with helical orthotropic properties and the influence of the helical pattern on wave motion is shown. 

2. WFE formulation for helical structures 

The WFE formulation of helical structures is presented. The approach can be applied to structures with helical geometry, 
e.g. spiral pipes [11], and to axisymmetric structures with a helical pattern such as orthotropic helical pipes [12]. The method is 
a systematic and straightforward approach which combines the analytical theory of wave propagation in periodic structures 
with standard FE discretization of a small segment of the structure. It applies to structures that can be regarded as 1D and 2D 
waveguides (e.g. [13, 14]) which are structure being uniform in one direction or in two directions, respectively: the cross-
section of the waveguide can be arbitrarily complex but must have the same cross-sectional and physical properties at every 
point along the waveguide directions. The approach can be applied either to continuous or periodic waveguides. In the former 
case, the WFE method starts with obtaining the FE model of an arbitrary segment of the waveguide, while in the latter the 
segment must be a period of the structure. The only constraint is that the nodes and their degrees of freedom (DOFs) must be 
ordered identically at each side of the segment according to the waveguide dimension. The method basically involves 
developing a valid FE model and numerical post-processing. In particular, the element dimensions must be chosen according to 
standard FE rules: 6 or more elements per wavelength must typically be used to ensure that FE dispersion errors are 
acceptable; enough elements must be used to discretize the cross-section of the segment according to the frequency range of 
interest; the element dimensions must follow standard FE rules to avoid inaccuracy due to the element distortion. 
Computational efficiency can be related to the size of the problems. However, the WFE model typically involves very few 
degrees of freedom which makes the analysis very efficient in most cases. A detailed discussion on numerical issues and 
accuracy of the method can be found in [15, 16]. 

2.1 WFE: 1D formulation for helical structures 

Consider a helical waveguide as shown in Fig. 1(a), where R is the helix radius, h is the helix pitch, and α  is the helix 

angle (tan = / 2 )h Rα π . 

 
Fig. 1. (a) Schematic representation of a helical waveguide; (b) small segment of the helix (global and local coordinates are indicatively 

shown); (c) FE model and node numbering. 
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A short segment of length L is taken as shown in Fig. 1(b) and modelled using conventional FE as shown in Fig. 1(c). The 
nodal DOFs and nodal forces through the thickness are concatenated in order to define a 2-noded superelement, whose DOFs 
are 

[ ]T T T

L R=q q q  (1) 

where T denotes the transpose, with a similar expression for the nodal forces = [ ]T T T

L Rf f f . Assuming time harmonic 

behaviour and no damping, the equation of motion of the FE model is 

( )2 =ω−K M q f  (2) 

The presence of viscous or structural damping can be easily included by the addition of viscous or structural damping 

matrices C  or ′′K  as shown in [17]. 
In the present analysis, the curved segment in Fig. 1(b) is modelled as being piecewise flat as in Fig. 1(c). To model the 

helical shape, a transformation matrix S  can be used as T
S MS , T

S KS . This allows relating the nodal DOFs in the local 
coordinates to those in global coordinates. As an example, the matrix S  contains submatrices of the form 

0 cos( ) sin( )

cos( ) sin( )sin( ) sin( ) cos( ) ,

sin( ) cos( )sin( ) cos( ) cos( )

ψ ψ
α α ψ α ψ
α α ψ α ψ

− − 
 − 
 − 

 (3) 

where = cos( ) /L Rψ α . Under the passage of a wave, the nodal DOFs are related by periodicity conditions 

=R Lλq q  (4) 

where = ikL
eλ −  and k  is the wavenumber, while equilibrium at the left side of the segment implies 

1[ ] = .λ−I I f 0  (5) 

By substituting Eq. (4) in Eq. (2), and pre-multiplying both sides of Eq. (2) by the matrix 1[ ]λ−I I  in Eq. (5), the 

equation of free wave motion takes the following form: 

2( ) ( ) = .
L

k kω − K M q 0  (6) 

The solutions of Eq. (6) yield the dispersion curves and the wavemode shapes. This involves solving an eigenvalue problem 
as discussed in Section 2.3. 

 

2.2 WFE: 2D formulation for structures with helical patterns 

The WFE formulation of axisymmetric structures [14] can be applied to predict the wave motion in structures with helical 
properties. As an example, a pipe with a helical pattern is considered in Fig. 2(a). Cylindrical coordinates ( , , )y rθ  and local 

Cartesian coordinates ( , , )x y z  are illustrated in Fig. 2. For this structure, an arbitrary periodic segment is a small skew 

segment as shown in Figs. 2b and 2c. This forms a parallelogram in the ( , )y x  plane with one side parallel to the y -axis 

and another parallel to the direction x ′  at the angle α  to the x  direction. The segment has arbitrary lengths yL  and xL  

subtends a small angle Lθ . Here, x  corresponds to the circumferential direction while y  and z  correspond to the axial 

and radial directions in the local coordinates, α  denotes the lay angle of the helix, R  is the main radius, and h  is the pipe 
thickness. As an example, Fig. 3(a) shows a schematic representation of the Finite Element model of the segment in Fig. 2(b) 
using 8-noded elements. 

The very low number of degrees of freedom involved in the formulation proposed together with the possibility of choosing 
a very small sized segment, which allow the use of solid elements. As a consequence, classical FE problems related to shell 
elements and rotational DOFs can be avoided and at the same time accurate results up to high circumferential order and very 
high frequency can be sought. The degrees of freedom (DOFs) through the cross-section are arranged as in Fig. 3(b). This 
gives the vector of the DOFs q  organized as 

1 2 3 4 5 6= [ ] ,T T T T T T Tq q q q q q q  (7) 

where jq  is the vector of the nodal DOFs of all the element nodes through the thickness. A similar expression is given for 

the nodal forces 1 2 3 4 5 6= [ ]T T T T T T Tf f f f f f f . If no changes in the properties of the skew periodic element are considered 

inside the skew segment, simply 5 6,q q  , and the correspondent nodal forces 5 6,f f 5 6,f f , are omitted. 

Assuming time harmonic behavior, the FE equation of motion for the segment has the same form of Eq. (2), viz. 

( )2 =ω−K M q f . If internal acoustic fluid is considered, the method can be equally applied [18]. In this case, the mass and 

stiffness matrices are those obtained from FE discretization of a fluid–structure interaction problem and the equations of 
motion, in their standard unsymmetrical formulation become 
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= ,
0

s s s s s

T

f f f f f f
ρ

−         
+         

         

M 0 q K Q q F

Q M q K q F
 (8) 

where f
ρ  is the fluid density, sM , f

M , sK , f
K  are mass and stiffness matrices of the structure and the fluid, 

respectively, Q  and T

f
ρ Q  are coupling submatrices and sq , f

q , sF  and f
F  are the structure and acoustic nodal DOFs 

and forces. 

 
Fig. 2. (a) Schematic representation of a pipe with a helical pattern; (b,c) small periodic skew segment of the pipe. Local Cartesian 

coordinates are shown. 

 
Fig. 3. (a) Example of the FE mesh of the skew segment as in Fig. 2(b); (b) WFE node numbering. 

The presence of viscous or structural damping can be easily included by the addition of viscous or structural damping 
matrices C  or ′′K  as shown in [17]. Internal pressure can be also included in the WFE model by the addition of a pre-

stress stiffness matrix SK . Internal pressure changes the stiffness matrix because it generates axial, radial, and hoop stresses. 

This stiffness matrix can be modelled by calculating a prestress stiffness matrix using standard FE static analysis for the loaded 
structure as shown in [19]. 

Typically, the curved segment in Fig. 2 is discretised using flat solid elements as in Fig. 3. Moreover, in order to model the 
desired curvature, the local coordinates are rotated through a transformation matrix R . The mass and stiffness matrices in the 

FE equation of motion in the global reference system for the curved segment then become TR MR  and TR KR . As 

described in [14], the matrix R  allows for rotation around the local axis in the axial direction through angle Lθ  for nodal 

displacements in the x , y , and z  directions and contains submatrices of the following form: 

cos( ) 0 sin( )

0 1 0 .

sin( ) 0 cos( )

L L

L L

θ θ

θ θ

 
 
 
 ± 

∓

 (9) 

If the structure is considered periodic in the y  and x′  directions, therefore, the propagation of a free wave can be 

obtained from the propagation constants 
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= tan ; = ,x x x y x y y yk L k L k Lµ α µ′ +  (10) 

which relates the displacements jq  taking into account the periodicity in the helical direction. In Eq. (10), xk  and yk  

are the projections of the wavenumber vector k  in the circumferential and axial directions. The propagation constants xµ ′  

and yµ  in Eq. (10) correspond to the general case of non–closed cylindrical helical structures so that xk  can in principle 

attains any value. If the geometry is cylindrical, the phase change of a wave as it propagates around the circumference must be 

a multiple of 2π  [14]. Therefore, the circumferential wavenumber can only take the discrete values = /xk n R , 

= 0,1, 2,n … being the circumferential-mode order, and the propagation constants then become 

= / tan ; = .x x y x y y ynL R k L k Lµ α µ′ +  (11) 

The nodal DOFs are related by the periodicity conditions in matrix form to give 

1

5

= ; = ,

T

x y x y

R R

x

λ λ λ λ
λ

′ ′

′

  
  

   

q I I I I 0 0
q Λ Λ

q 0 0 0 0 I I
 (12) 

where =
i

x
x

e
µλ − ′

′  and =
i

y

y e
µ

λ
−

. In the absence of external excitation, equilibrium conditions of the segment can be 

rearranged in the following matrix form: 

1 1 1 1
1

1
5

= ; = .x y x y

L L

x

λ λ λ λ
λ

− − − −
′ ′

−
′

  
  

   

f I I I I 0 0
Λ 0 Λ

f 0 0 0 0 I I
 (13) 

The mass and stiffness matrices are then reduced by substituting Eq. (12) in the FE equation of motion and premultiplying 

both sides of the equation by LΛ  in Eq. (13), that is = ; =
L R L R

K Λ KΛ M Λ MΛ . 

Here, we assume closed cylindrical structures. Therefore, the circumferential wavenumber can only take the discrete values 

as in Eq. (11), xλ ′  is defined and known, and the reduced WFE problem becomes 

12

5

( ) ( ) = .k kω   −     

q
K M 0

q
 (14) 

where here = yk k . 

2.3 Eigenvalue problems formulation for complex dispersion curves 

The reduced WFE equations of motion in Eqs. (6) and (14) give different forms of the eigenproblem depending on the 
wave problem definition. These are briefly discussed in this section. Solutions give the WFE estimates of the wavemodes 
(eigenvectors) and dispersion relations (eigenvalues). 

Some numerical issues can depend on the choice of the eigenvalue formulation. In this case, the WFE eigenproblem 

becomes either a linear eigenproblem in 2ω  for a given k  or a polynomial eigenproblem in = ikL
eλ −   for a given ω . In 

the former, k  is typically assumed real, therefore, only solutions for pure propagating waves are sought. This implies that the 
study is confined to undamped systems; no information about wave attenuation is obtained and the solutions cannot be used for 
further analysis such as forced response analysis when imaginary and complex-valued solutions might be relevant. In the 
second formulation, a real value for ω  is assumed and the wavenumbers k  may be purely real, purely imaginary, or 
complex. All wave solutions are sought: propagating, evanescent, and attenuated, and thus the complex frequency spectrum 
can be determined. These can be used for forced response analysis [20], prediction of wave scattering [21], evaluation of the 
loss factor and energy velocity [19], and so on. Here, complex dispersion curves are sought, therefore, ω  is prescribed. 

One of the most common ways to reformulate the eigenproblem in the context of wave propagation in periodic structures is 
the Transfer Matrix. For the 2D problem, this is obtained by defining the circumferential order and reducing the problem to a 
1D problem in the axial direction of the pipe. Using the FE equation of motion for the 2D segment, this can be written as 

� �
1

1
= ; = ,

T

L L

R R

αα

αα

λλ
λλ

−

−

      
      

      

I I 0 0q f I I 0 0
D D D

0 0 I Iq f 0 0 I I
 (15) 

where the subscripts L  (left) and R  (right) refer to the supernodes on the left and the right sides of the FE segment. 
Then, the new dynamic system matrix is partitioned as 

� =
.

LL LR

RL RR

 
 
 

D D
D

D D
 (16) 

Imposing the periodicity conditions 3 1= yλq q , the transfer matrix eigenvalue problem becomes 

1 1
1 1

1 1
1 1

= ;   = ,
,

RL LL LR

y

RL RR LR LL RR LR

λ
− −

− −

    
     − + −     

q q D D D
T T

f f D D D D D D
 (17) 
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where T  is the transfer matrix. The use of Eq. (17) often requires further analysis in order to obtain accurate and reliable 
solutions. The eigenvalue problem can suffer from poor numerical conditioning because of the presence of both very large and 
very small eigenvalues. The transfer matrix eigenvalue problem can be for example reformulated using the Zhong’s method 
[22]. 

In many cases, and particularly when 2D structures are of interest, the best choice can be to reformulate the eigenproblem 
as a quadratic eigenvalue problem as follows: 

2
2 1 0 = .

y y L
λ λ + + A A A q 0  (18) 

As an example, if supernodes are reformulated as Lq   and Rq  and the dynamic matrix is partitioned as in Eq. (16), the 

matrices in Eq. (18) are 2 = LRA D , 1 = LL RR+A D D , and 0 = RLA D . Similar equations can be found when the WFE 

eigenvalue problem is formulated for 2D waveguides. In this case, the dynamic matrix is partitioned as in Eq. (14) in [14] and 
the quadratic polynomial eigenvalue formulation is given by Eq. (15) in [14]. These are not reported in this section for the sake 
of brevity. Equation (18) can be further recast as a standard linear eigenvalue problem as 

1 1
2 0 2 1

( ) = ; =γ − −

 
−  − − 

0 I
A I Z 0 A

A A A A
 (19) 

where = [ ]T T T

L y LλZ q q . 

3.  Numerical examples 

3.1 Fluid-filled helical pipe with periodic concentrated masses; Stop-bands optimization. 

Adding periodicities in structures leads to wavemodes interaction, which generates pass- and stop-bands. Stop-bands are 
related to the periodic nature of the structure and they can be shaped by a proper selection of the period. In principle, stop-
bands occur when the period of the structure is comparable with the wavelength. However, wavemodes interact with structural 
periodicity in different and complicated manners, and understanding the nature of wavemodes interactions can be of help for 
engineering of proper acoustic-elastic filter, e.g. [23, 24]. Periodicity can be shaped in order to obtain elastic and acoustic stop-
bands in desired ranges of frequencies [25]. This can reduce vibrations and noise transmission from sources having harmonics 
which fall within the tailored stop-bands, e.g. shock-absorber, suspension. 

 
Fig. 4. (a) Schematic representation of a helical waveguide with periodic concentrated masses, (b) single period. 

In this numerical case, as an example, concentrated masses are added to the helical waveguide in a periodic way as shown 
in Fig. 4, where M  is the concentrated mass and L  is the length of the period. The pipe thickness is = 2h mm and the 
fluid density is = 1000ρ kg/m. Material properties include: Young’s modulus = 209E GPa, Poisson’s ratio = 0.28ν , 

density = 7800ρ kg/m , while geometric characteristics of the helix include: / = 0.184d R , where = 12d mm is the cross 

section diameter and = 0.13α . The segment of this pipe is modelled using the element PIPE16 in ANSYS and heavy fluid 
loading is taken into account. The effect of the mass weight and their distance is investigated in terms of the following 

parameters: / cM M  and / cL L , where cM  and cL  are the mass and the length of a coil of the original helix. The 

modified structure shows true periodicity, therefore, it exhibits pass-bands and stop-bands. An optimization algorithm is 

applied to give the periodic parameters, / cM M  and / cL L , such that band-gaps are obtained around a certain frequency 

value. 
For non-dissipative waveguides, waves which propagate energy have pure real wavenumber, therefore, stop-bands can be 

identified in frequency regions where wavenumbers are complex or purely imaginary. Stop-bands can be also seen as regions 
where the energy velocity is almost zero or below a certain small value. The energy velocity is in fact defined as the ratio of the 
time-averaged energy flowing through the cross-section of the waveguide and the time average stored energy density [26]. 
Wavemodes which do not propagate energy over long distance have in fact a small (or zero) absolute value of the energy 
velocity. Considering the WFE formulation, the energy velocity in one direction can be obtained as 

*( )
= ,

2 /
L L

e

Imag
v

E L

ω
 

F q
 (20) 
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where 2 * *= 1/ 4 ( )E Re ω  +q Mq q Kq  is the time-averaged total energy stored in the FE segment. Note that when 

damping and dispersion are small, the group velocity coincides with the velocity of energy transport. 
An optimization algorithm is applied to choose the proper mass parameter and periodic length such that band-gaps are 

obtained around the desired frequency value. The algorithm is based on a controlled random search for global optimization 
following the procedure presented in [27]. As shown in [27], the procedure does not involve gradient and works iteratively in a 
very simple way. The optimization is performed in order to find the mass and length parameters ( , )M L  such that the 

imaginary part of the wavenumber is different from zero, viz. | ( ) | 0Imag k ≠ , at the selected frequency. 

As an example, three cases are shown and the procedure is performed to obtain stop-bands around 600Hz, 1500Hz, and 
2000Hz. The mass and length parameters ( , )M L  obtained to have stop-bands around the selected frequencies are given in 

Table 1. 

Table 1. Mass and length parameters. 

 Frequency [Hz] / cM M  / cL L  

case 1 600 0.175 0.325 

case 2 1500 0.493 0.725 

case 3 2000 0.5 0.425 

A summary plot of stop-bands is given in Fig. 5, where it can be seen that stop-bands (in black) appear around the selected 
frequencies as in Table 1. In this case, stop-bands are also seen as a region where the value of the energy velocity is very small. 
As an example, Fig. 6 shows dispersion curves and the absolute value of energy velocity for Case 2. 

 
Fig. 5. Black lines show the stop bands of the optimized periodic helical pipes. 

 
Fig. 6. Case 2 in Table 1. (a) Dispersion curves: red scattered data, complex valued wavenumbers, black scattered data pure real and pure 

imaginary wavenumbers; (b) energy velocity. 

3.2 Pipe with helical pattern: helical orthotropic cylinder 

In this section, a cylindrical structure with helical orthotropic material properties is considered. A pipe with thickness to 

mean radius / = 0.05h R  and / = 3y xE E ′ , = 0.02x yν ′ = 0.02x yν ′  is considered. To apply the WFE approach, the FE 

model of a small periodic segment of the pipe of length = = 0.002x yL L mm is discretized using 5 solid elements through the 

cross-section. The frequency is normalized with respect to 2= 1/ / [ (1 )]x x yR E ρ ν′ ′Ω − , while the axial wavenumber is 
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normalized with respect to the mean radius R . In Fig. 7 the complex dispersion curves of the orthotropic cylinder with helix 

angle = 0oα  and = 30oα  are presented. The dispersion curves for the two cases show that the symmetry in the location of 
dispersion curves for orthotropic pipes is broken as soon as the angle between the principal directions of anisotropy and the 
cylindrical coordinates becomes non-zero: helical orthotropy introduces non-symmetry and the waveguide properties of the 
pipe is different in positive and negative directions of its axis provided that rotation is the same. These considerations can be 

seen if the behavior of the curves in Figs. 7(a) and 7(b), with = 30oα , are compared with those in Figs. 7(c) and 7(d) for 

= 0oα : waves propagating in the positive or negative directions have different wavenumber, phase velocity, and group 

velocity for the case = 30oα , while they show the same characteristics when = 0oα  as typically expected. In particular, 
when 0α ≠  waves spinning clockwise have different properties from those spinning anti-clockwise. 

 
Fig. 7. Comparison between the complex dispersion curves of an orthotropic cylinder with helical and axial orthotropy. (a)-(b) = 30oα : 

n=1; n=2; (c)=(d) = 0oα : n=1; n=2. Real wavenumber: black thick line; imaginary wavenumber: blue thick line; complex wavenumbers: 

green line (real part) and magenta line (imaginary part). 

4. Conclusions 

A method for the prediction of the properties of waves in cylindrical waveguides with helical characteristics was presented. 
The method took advantage of standard FE formulations, and thus of the capability of commercial FE software to model 
structure, acoustic fluid, and fluid-structure interaction. In particular, the formulations for 1D helical pipes and 2D cylindrical 
structures with helical properties were presented. The forms of the WFE reduced eiegenproblem, whose eigensolutions are the 
dispersion curves and the wavemodes, were discussed. The method was illustrated by applying it to a helical fluid-filled pipe 
with periodic concentrated masses and a helical orthotropic cylinder. The periodically attached masses introduced stop-bands: 
these were optimized in order to reduce vibrations around desired frequency, e.g. to filter noise transmission from sources 
having harmonics which fall in the tailored stop-bands. The method was found to be particularly suitable for optimization since 
dispersion curves were obtained by solving a linear eigenvalue problem at very small computation cost. The numerical case of 
a helical orthotropic cylinder showed that the symmetry in the location of dispersion curves for orthotropic pipes is broken as 
soon as the angle between the principal directions of anisotropy and the cylindrical coordinates becomes non-zero. 

Conflict of Interest  

The authors declare no conflict of interest.  

Acknowledgment 

The authors would like to thank Ing. L. Paganini, who contributed to obtaining results in Section 3.1. 

References 

[1] Pearson, D., Dynamic behaviour of helical springs, The Shock and Vibration Digest, 20, 1988, pp. 3-9. 



 Elisabetta Manconi et. al., Vol. 4, No. 5, 2018 
 

Journal of Applied and Computational Mechanics, Vol. 4, No. 5, (2018), 420-428   

428

[2] Sorokin, S., Linear dynamics of elastic helical springs: Asymptotic analysis of wave propagation, Proceeding of the Royal 

Society A: Mathematical, Physical and Engineering Sciences, 465, 2009, pp.1513-1537. 

[3] Maurin, E., Claeys, C., Van Belle, L., Desmet, W., Bloch theorem with revised boundary conditions applied to glide, screw 
and rotational symmetric structures, Computer Methods in Applied Mechanics and Engineering, 318, 2017, pp. 497-513. 

[4] Lee, J., Thompson, D.J., Dynamic stiffness formulation, free vibration and wave motion of helical springs, Journal of 

Sound and Vibration, 239, 2001, pp. 297-320. 

[5] Lee, J., Free vibration analysis of cylindrical helical springs by the pseudospectral method, Journal of Sound and Vibration, 
302, 2007, pp. 185-196. 

[6] Sorokin, S., The Green’s matrix and the boundary integral equations for analysis of time-harmonic dynamics of elastic 
helical springs, Journal of the Acoustical Society of America, 129, 2011, pp. 1315-1323. 

[7] Treyssède, F., Numerical investigation of elastic modes of propagation in helical waveguides, The Journal of the Acoustical 

Society of America, 121, 2007, pp. 3398–3408. 

[8] Treyssède, F., Elastic waves in helical waveguides, Wave Motion, 45, 2008, pp. 457-470. 

[9] Liu, Y., Han, Q., Li, C., Huang, H., Numerical investigation of dispersion relations for helical waveguides using the Scaled 
Boundary Finite Element Method, Journal of Sound and Vibration, 333, 2014, pp. 1991-2002. 

[10] Renno, J.M., Mace, B.R., Vibration modelling of helical springs with non-uniform ends, Journal of Sound and Vibration, 
331, 2012, pp. 2809-2823. 

[11] Paganini, L., Manconi, E., Søe-Knudsen, A., Sorokin, S., Optimum design of a periodic pipe filter using waves and finite 
elements, EURODYN 2011, Eighth International Conference on Structural Dynamics, Leuven, Belgium, 4-6 July 2011. 

[12] Manconi, E., Sorokin, S., Garziera, R., Wave propagation in pipes with helical patterns, COMPDYN 2017, 6th 

ECCOMAS thematic conference on computational methods in structural dynamics and earthquakes engineering, Rhodes 
Island, Greece, 17-17 June 2017. 

[13] Mace, B., Duhamel, D., Brennan, M., Hinke, L., Finite element prediction of wave motion in structural waveguides, 
Journal of the Acoustical Society of America, 117, 2005, pp. 2835-2843. 

[14] Manconi, E., Mace, B.R., Wave characterization of cylindrical and curved panels using a finite element method, Journal 

of the Acoustical Society of America, 125, 2009, pp. 154-163. 

[15] Waki, Y., Mace, B.R., Brennan, M.J., Numerical issues concerning the wave and finite element method for free and forced 
vibrations of waveguides, Journal of Sound and Vibration, 327, 2009, pp. 92-108. 

[16] Søe-Knudsen, A., Sorokin S., On accuracy of the wave finite element predictions of wavenumbers and power flow: A 
benchmark problem, Journal of Sound and Vibration, 330, 2001, pp. 2694-2700. 

[17] Manconi, E., Mace, B.R., Estimation of the loss factor of viscoelastic laminated panels from finite element analysis, 
Journal of Sound and Vibration, 329, 2010, pp. 3928-3939. 

[18] Manconi, E., Mace, B.R., Garziera, R., Wave finite element analysis of fluid-filled pipes, NOVEM 2009, Noise and 

Vibration: Emerging Methods, Oxford, UK, 05-08 Apr 2009. 

[19] Manconi, E., Mace, B.R., Garziera, R., The loss-factor of pre-stressed laminated curved panels and cylinders using a wave 
and finite element method, Journal of Sound and Vibration, 332, 2014, pp. 1704-1711. 

[20] Renno, J.M., Mace, B.R., Calculating the forced response of two-dimensional homogeneous media using the wave and 
finite element method, Journal of Sound and Vibration, 330, 2011, pp. 5913-5927. 

[21] Mitrou, G., Ferguson, N., Renno, J., Wave transmission through two-dimensional structures by the hybrid FE/WFE 
approach, Journal of Sound and Vibration, 389, 2017, pp. 484-501. 

[22] Zhong, W.X., Williams, F.W., On the direct solution of wave propagation for repetitive structures, Journal of Sound and 

Vibration, 181, 1995, pp. 485-501. 

[23] Shen, M.R., Cao, W.W., Acoustic bandgap formation in a periodic structure with multilayer unit cells, Journal of Physics 

D-Applied Physics, 33, 2000, pp. 1150-1154. 

[24] Domadiya, P.G., Manconi, E., Vanali, M., Andersen, L.V., Ricci, A., Numerical and experimental investigation of stop-
bands in finite and infinite periodic one-dimensional structures, Journal of Vibration and Control, 22, 2014, pp. 920-931. 

[25] Søe-Knudsen, A., Design of stop-band filter by use of curved pipe segments and shape optimization, Journal Structural 

and Multidisciplinary Optimization archive, 44, 2011, pp. 863-874. 

[26] Auld, B.A., Acoustic fields and waves in solids, Krieger Publishing Company, Malabar, FL,1990. 

[27] Price, W.L., Global optimization by controlled random search, Journal of Optimization Theory and Applications, 40, 1983, 
pp. 333-347. 

 

© 2018 by the authors. Licensee SCU, Ahvaz, Iran. This article is an open access article distributed under the 
terms and conditions of the Creative Commons Attribution-NonCommercial 4.0 International (CC BY-NC 4.0 

license) (http://creativecommons.org/licenses/by-nc/4.0/). 


