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Abstract. This paper focuses on using the numerical finite volume method (FVM) and artificial neural 
network (ANN) in order to propose a correlation for computing the entrance length of  laminar 
magnetohydrodynamics (MHD) channels flow. In the first step, for different values of  the Reynolds (Re) and 
Hartmann (Ha) numbers (600<Re<1100 and 4<Ha<10), FVM was carried out and the values of  entrance 
length were obtained. The hybrid and central differencing schemes were used for the convective and diffusive 
terms, respectively. Also, the SIMPLE algorithm was selected for solving the pressure field. In the second step, 
a feed-forward back-propagation ANN was trained. Then, the trained ANN was applied to develop the 
datasets for a wide range of  Re and Ha. In the last step, using a fitting tool, the correlations for computing the 
MHD entrance length of  channels were obtained. It was shown that by increasing of  Ha, the MHD entrance 
length declined. However, when Re increases, the MHD entrance length is increased. In additions, with the 
increase of  Ha, the velocity profile gets flatten and consequently, the entrance length becomes shorter. Further, 
the effect of  Ha on the Lorentz force was discussed. It was shown that with increasing of  Ha, FL increases. 

Keywords: Artificial neural network, Channel, Magnetohydrodynamics, MHD entrance length, Numerical simulation. 

1. Introduction 

Magnetohydrodynamics (MHD) has been a subject of great researches due to its importance in the plentiful fields 
such as natural phenomena like geophysics and astrophysics, many engineering applications like plasma confinement, 
electromagnetic stirring and magnetic damping in casting operations, electrolysis and so on [1-11]. The fluid flow in the 
presence of a transverse magnetic field occurs in metallurgical industries processing applications, electromagnetic pump 
and within the liquid metal cooling of reactors. Well-estimate of the MHD channel's entrance length is not only useful 
for fluid engineers to design relevant systems, but also necessary for scientist to solve critical issues in this field. The 
control of electrically conducting fluids is getting more important in recent years. Using the MHD flow is one of the 
common methods. The magnetic field develops the resistance Lorentz force that is dissipative in nature, so it can be used 
to suppress the velocity fluctuations.  

The literature survey reveals that the most of the researches in the field of the MHD developing channel flow have 
been done either numerically or experimentally for different Hartmann numbers and uniform or parabolic entrance 
velocity profile. However, a few analytical investigations were carried out in the field of MHD entrance channel flow. 
Using of the integral methods to solve the laminar boundary layer equations are widely applied in MHD channels 
studies [12-17]. In these researches, the two dimensional laminar flow of an incompressible conducting fluid between 
two parallel flat plate was considered. The applied magnetic field was assumed uniform in the direction normal to the 
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flow. The induced magnetic field was neglected, due to the small magnetic Reynolds number. For each case, the velocity 
distribution and the boundary layer thickness were obtained. Lima and Rego [18] presented the hybrid numerical-
analytical approach known as GITT (Generalized Integral Transform Technique) and solved the flow and heat transfer 
for an MHD channel, sustained by a pressure gradient subjected to a uniform magnetic field.  

The numerical studies of the MHD developing flows can be carried out using several techniques such as the finite 
difference method, finite volume method and finite element method etc. Hwang et al. [19] employed a finite difference 
analysis to study the laminar MHD entrance flow in a flat channel with parabolic inlet velocity. They showed that the 
considered inlet velocity, which is the velocity profile for a fully developed non-magneto hydrodynamic laminar flow, 
eventually develops into the Hartmann velocity profile in the entrance region of a channel in presence of a uniform 
magnetic field. The entrance length, pressure drops and developing velocity profiles were computed numerically for the 
Hartmann number of 2.5,4,10 and 50. Flores and Recuero [20] investigated an MHD entrance flow in a plane channel 
with the Prandtl approximation. They established a modified boundary condition for the problem and concluded that as 
the Hartmann number increases, the entrance length decreases. Besides, they reported the modified boundary condition 
affects more strongly the solution. Bhuyan and Goswami [21] investigated a one-dimensional incompressible laminar 
flow of a liquid metal in a rectangular duct under the influence of a transverse magnetic field, numerically. The 
governing equations were solved using control-volume techniques over non-uniform plane grids. Simulations have been 
performed for channels with and without electrical insulation, and the pressure drop is evaluated for each case. In 
additions, the effect of Hartmann number and walls conductivity on the flow field were discussed. Sahu et al. [22] 
proposed an adaptive network fuzzy inference system (ANFIS) to predict the entrance length in pipes for low Reynolds 
number developing flow under various working condition. The CFD techniques have been adopted to generate required 
data. The flow is considered steady and incompressible without swirl and the examined fluids were water and air.  

Li and Zikanov [23] analyzed the three-dimensional transition flow of a liquid metal in a pipe at the entrance under a 
transverse magnetic field. They considered the case of the laminar flow, the perfectly insulating pipe walls and the 
Hartmann number up to 200. The simulations revealed detailed structure of the velocity and the electric current fields 
and the distribution of the forces. They also established criteria of the accurate computations of the laminar MHD flows 
in the strong non-uniform magnetic fields. Patel et al. [24] carried out an experimental investigation of liquid metal 
MHD flows with non-magnetic and ferro-magnetic test sections. The wall electrical potential and MHD pressure drop 
across the test sections were compared under identical experimental conditions. It was concluded that the similar MHD 
behavior is observed with both the test sections at higher value of the magnetic field. Kim [25] examined the three-
dimensional developing liquid metal MHD flows entering the region of the flow channel insert (FCI) under a uniform 
magnetic field, numerically. The velocity was assumed parabolic at the entry. The features of the flows in a square 
channel near the leading edge of the FCI were studied in terms of the flow velocity, the pressure, the current, the electric 
potential and the Lorentz force. Satyamurthy et al. [26] performed an experimental study of the MHD flows on a 
stainless steel test section with parallel channels and sub-ducts. In addition, they presented a numerical solution for the 
corresponding experimental flow rates and applied magnetic field using a finite volume based CFD solver Ansys Fluent. 
The main results included the pressure drop, the flow rate, the velocity and the side-wall electric potential distributions. 
They reported that the Fluent numerical results are in good agreement with the experimental data and the deviation was 
less than or close to the experimental errors.  

Chatterjee and Gupta [27] simulated the two-dimensional MHD flow of liquid metal around a square object placed 
in a square duct under a strong homogeneous magnetic field numerically using Ansys Fluent (version 14). A wide range 
of the Reynolds and the Hartmann numbers were considered. Jasikova et al. [28] examined an effect of the entrance 
length on the development of the velocity profile in a polycarbonate plastics plane channel of millimeter dimensions. 
The experimental results including the flow stability and velocity profile shape in the channel of 0.00375 hydraulic 
diameters. A range of the entrance length for the transient flow area was marked and the minimal entrance length for the 
laminar, transition, and turbulent flow was set. Kountouriotis et al. [29] studied the flow development of a Newtonian 
fluid in both channels and tubes with Navier’s slip flow assumption, numerically. Two definitions of the entrance length. 
Results were obtained for a wide range of the Reynolds and the slip numbers. They concluded that the flow development 
in the channel is slower near the wall than at the mid plane in the presence of the finite slip.  

In recent decade, the Artificial Neural Network (ANN) has gained considerable attention as a predictive tool because 
of their special benefits. Jambunathan et al. [30] applied Neural Networks based on the back-propagation algorithm to 
predict heat transfer coefficients from given sets of the experimental data. The study on the performance characteristics 
for numerous network configurations yielded the optimal network layers, neurons arrangement and the least error. 
Sözbir et al. [31] studied an artificial neural network for the prediction of unsteady heat transfer in a plane channel. An 
experimental study was carried out to investigate the axial variation of inlet temperature and the impact of inlet 
frequency on decay indices in the thermal entrance region of a parallel plate channel. The investigation was conducted 
with laminar forced flows for specified range of the Reynolds number and the inlet heat frequency. The results revealed 
that the ANNs can be used for modeling unsteady heat transfer in channels. Diaz et al. [32] used the artificial neural 
network technique for prediction of the heat transfer coefficient through a fin-tube heat exchanger. Two cases of 
convective heat transfer with one and two heat transfer coefficients were examined, and more required data was 
generated artificially. Finally, the method was applied to analysis the data obtained in the laboratory for a single-row fin-
tube heat exchanger. It was shown that a better prediction with smaller scatter is obtained in comparison to a 
conventional power-law correlation for the heat transfer coefficients. Carrillo et al. [33] employed artificial neural 
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networks in order to obtain the estimation of Reynolds number in a two-dimensional Poiseuille flow. The flow velocity 
was generated with evaluating the Hage-Poiseuille equation for different Reynolds from 20 to 2000. The velocity profile 
obtained for each case is used as input data for the ANNs, which is then trained to predict the Reynolds number. The 
results show an acceptable accuracy in all prediction cases. 

However, although the MHD developing flows was investigated for several cases and different applications in the 
past decades, but little attention has been paid to introduce the precise correlation for the entrance length of MHD 
channels flow. Besides, the artificial neural network (ANN) has not been utilized yet in this field. In this paper, a new 
solution based on the numerical simulation and artificial neural network (ANN), with the aim of obtaining the 
correlations for computing the MHD entrance length is presented. The two-dimensional, steady state, laminar flow of an 
electrically conducting fluid through an MHD plane channel is investigated, and the effect of the different parameters on 
the MHD entrance length are discussed. 

2. Problem Statement 

In Fig. 1, the problem under consideration is presented schematically. The steady flow of a viscous, incompressible 
and electrically conducting fluid (liquid metal), in a two- dimensional channel is considered. The length of the channel is 
L=0.7m (x-direction), while the width is W=0.01m (y-direction). The depth of the channel (z-direction) is long enough 
in comparison of the width, so it will not affect the velocity profile. There is no-slip condition on the walls.  
A liquid metal flow with uniform velocity enters the channel. After passing the specified length of the channel, the flow 
becomes fully developed and the inlet velocity distribution changes to parabolic form, which is the hydrodynamically 
fully developed velocity profile. As shown in Fig. 1, a uniform magnetic field perpendicular to the channel, imposes on 
the flow after a distance x0 far from the entry. So, the parabolic velocity profile eventually develops into the MHD fully 
developed velocity profile (ucm) in the presence of magnetic field. The distance along the channel length, where the 
centerline velocity reaches 99% of its final MHD fully developed value is defined as the MHD entrance length.  
The governing equations for described problem are continuity, momentum and Ohm’s law introduced as [12]: 

  . 0V 


  (1a) 

   2.V V P V J Bρ μ σ     
     

 (1b) 

 J E V Bσ  
   

 (1c) 

where V, E, J, B and P are the velocity field, electric field, electric current density, total magnetic field and gauge 
pressure, respectively. All fluid properties are assumed constant and the effect of gravity is neglected. The volumetric 
Lorentz force is given as [12, 34]: 

 LF J B E V B Bσ     
      

 (2) 

which total magnetic field (B=B0+b) is sum of the applied (B0) and induced (b) magnetic field. The electric field term is 
zero and the magnetic Reynolds number is assumed small, indeed the induced magnetic field is neglected in comparison 
with the applied magnetic field. Therefore, the volumetric Lorentz force is [12, 35]:   
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Under the above assumptions, Eqs. (1) are simplified as follow:   
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where u is the velocity in x direction and v is the velocity in y direction. The boundary conditions for described problem 
are defined as: 
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where uc and Ha are the core centerline velocity and the Hartmann number, respectively. By choosing different values of 
centerline velocity, different parabolic velocity profile is obtained which conduce specified Reynolds number. 

 

 

Fig. 1. Problem schematic 

By introducing dimensionless parameters as: 
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The governing equations are transformed into dimensionless form as: 
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Two dimensionless parameters, which influence the MHD entrance length, included the Reynolds and the Hartmann 
numbers are defined as follow [34, 36]: 

Re avuρ

μ



 (8a) 

Ha B
σ
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   (8b) 

in which ℓ, the characteristic length for the present work is ℓ=2w. The Reynolds number is the ratio of inertia forces to 
viscous forces and the Hartmann number is the ratio of the Lorentz force to viscous forces.  

3. Methodology 

3.1 Finite Volume Method (FVM) 

This paper presents a solution based on the numerical simulation and artificial neural network (ANN) in order to 
obtain a correlation of the MHD entrance length for the two-dimensional MHD channels. In the first place, the 
numerical simulation is performed to study the liquid metal developing flow through the MHD channel for different 
values of the Reynolds and Hartmann numbers using finite volume method (FVM). In this step, the investigation is 
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conducted with laminar flows for the Reynolds number ranging from 600 to 1100 while the Hartmann number varied 
from 4 to 10, and 70 datasets of the MHD entrance length (Lem) were generated. Liquid lithium (Li) is selected due to its 
important application in various industries [37-39]. The hybrid and central difference schemes are used for the 
convective and diffusive terms, respectively. Also, the SIMPLE algorithm is selected for pressure-velocity coupling and 
the momentum and continuity equations and the momentum and continuity equations are solved using the Jacobi 
iterative method. Moreover, to obtain converged results the residual error is selected 10-6. For all calculation, the uniform 
and rectangular mesh grid are considered in both directions x and y-direction. In order to achieve the valid results, the 
independence of the results from the mesh is checked. In Table 1, the mesh independent result is shown. It is observed 
there is no variation in the results for 160×50 grid. 

 

Fig. 2. Structure of the proposed ANN  

3.2 Artificial Neural Network (ANN) 

Although with the amount of datasets generated from FVM the curve fitting process can be done and a correlation to 
estimate the MHD entrance length can be obtained, but the suggested correlation will not be accurate. Therefore, in 
order to obtain a precise correlation for the MHD entrance length, it is necessary to develop the amount of datasets. For 
this purpose, in the second step, the obtained datasets from the first step are used for the training of ANN. 

Table 1. Mesh independence for parabolic inlet velocity 

ucm (m/s) Mesh number Re Ha 
0.1892 40×25 

1400 10 
0.1901 80×50 
0.1905 160×50 
0.1905 320×100 

 

ANNs are nonparametric models that can handle large amount of datasets and they are capable of doing linear and 
nonlinear regression. ANN model can be adjusted without any need of detailed knowledge of the underlying problem. 
These unique features have made ANNs applicable in many fields of science. 
70 datasets obtained in the first step are used to train in a feed-forward back-propagation network. In this network, the 
Reynolds and Hartmann numbers are considered as input data and the entrance length is considered as a target data. 
The schematic of the artificial neural network (ANN) is demonstrated in Fig. 2. Levenberg-Marquardt (LM) algorithm is 
used to determine the appropriate multi-layer functions for describing the relationship between input and target data.  
The sigmoid (log-sigmoid) activation function are applied for the hidden layers and the linear activation function is 
applied for the output layer, which are expressed mathematically as: 

Log-sigmoid: 
1

1 inout x
y

e


 (9) 

Linear: out iny x  (10) 

where xin is the input and yout is the output. For modeling the ANN mathematically, the general expression is defined: 
 

1
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j
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         (11) 

where w is the weight, b is the bias and f is the activation function.  
The appropriate network can be reached when the mean square error (mse) between the output data and the target is 
minimized. As the error becomes constant, the training process is stopped (Fig. 3) and the trained network with 
determined accuracy will be reached. In Table 2 the characteristic of the trained network, the neuron and layer numbers 
are reported. After that, the trained ANN is applied for the prediction of Lem in the previous range of the Reynolds 
number and Hartmann number ranging from 14 to 20, also for the Reynolds number ranging from 1160 to 2000 while 
the Hartmann number changed from 4 to 20. After the generation of the required data from ANNs, in the last step, using 
300 available datasets, the surface fitting is carried out to obtain a precise correlation for the MHD entrance length of 
MHD channels. 
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4. The Proposed Correlation 

Applying all steps mentioned in section 3, the MHD entrance length of channel flows as the function of Ha and Re 
can be obtained as follows: 

2
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(13) 

To validate the proposed correlations, Table 3 is presented. It can be observed, the proposed correlations have an 
acceptable accuracy. In additions, the comparison between the results obtained from the Eqs. 12 and 13 with the FVM 
and ANN results are presented in Table 4. It can be observed that there is a good agreement between the results. So, the 
ANN can be a reliable tool for developing the data in a simple way by spending a short time. 
 

 
Fig. 3. Neural Network training performance 

 
Table 2. Characteristic of  the trained network 

 

Re range Ha range Neurons number Training function Layers number 

600 – 1100 4-10 
1st layer: 2 

2nd layer: 1 

1st layer: Log-sigmoid 

2nd layer: pure line 
2 

Table 3. Validation of  the proposed correlation 
 

Re Ha 
Lem/D.Re 

Eq. (12) Eq. (13) Hwang et al. [19] Flores et al. [20] 

800 4 0.056 0.059 0.057 0.06 
1200 4 0.056 0.059 0.057 0.064 
900 10 0.037 0.039 0.036 0.04 
1800 10 0.037 0.039 0.036 0.04 

Table 4. Comparison of  the obtained results from proposed correlations with numerical and ANNs results 

1400 700 Re 
Eq. (13) Eq. (12) ANN FVM Eq. (13) Eq. (12) ANN FVM Ha 

0.625 0.597 0.598 0.596 0.312 0.347 0.349 0.348 7 

0.585 0.572 0.575 0.572 0.292 0.323 0.325 0.323 8 

0.550 0.548 0.550 0.547 0.275 0.299 0.301 0.300 9 

0.519 0.523 0.525 0.522 0.259 0.277 0.279 0.277 10 

0.491 0.496 0.498 0.497 0.246 0.256 0.258 0.255 11 

0.467 0.470 0.472 0.471 0.231 0.236 0.238 0.235 12 
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5. Results and Discussions 

Figs. 4 (a and b) present the development of the MHD centerline velocity (ucm) in the direction of flow along the 
channel for different Reynolds and Hartmann numbers. It can be seen that by increasing of the Reynolds number the 
flow reach to fully developed condition later (Fig. 4a). It happens because as Reynolds number increases, the boundary 
layers thickness decreases which leads to the increasing of the MHD entrance length. Whereas, with increasing of the 
Hartmann number, the flow reaches to fully developed condition sooner (Fig. 4b). The Hartmann number represents the 
ratio of the Lorentz force (FL) to the viscous force (Fμ). The Lorentz force (FL) is a resistance body force and proportional 
to the velocity value. Indeed, when FL rise up far from the wall the MHD entrance length decreases due to the increasing 
in the boundary layer growth.  
Figure 5 shows the velocity changes in the flow direction along the channel. The development of the velocity distribution 
can be observed. In the inlet, the velocity has the parabolic distribution and by moving across the channel the velocity 
distribution changed until it reaches to the fully developed conditions.  
The effect of Hartmann number on velocity profile is plotted in Fig. 6. It can be seen that by increasing of the Hartmann 
number, the velocity profile becomes flattened. According to Eq. (8), Ha is directly proportional to Lorentz force. 
Indeed, the augmentation of the Hartmann number leads to grow the Lorentz force, which is the resistance force and 
apply in the opposite direction of the flow. 
In Fig. 7, the variation of the Lorentz force (FL) in the entrance region of channel is depicted. It can be seen that by 
moving in the direction of flow along the channel, FL in centerline of the channel decreases and when the flow becomes 
fully developed, FL turns constant. According to Eq. (3), the Lorentz force is proportional to the electrical conductivity 
(σ), external magnetic field (B0), and velocity (u). Since σ and B0 are constant, FL only depends on u. Therefore, FL is 
reduced because of the centerline velocity decreases along the channel. 

  
(a) (b) 

Fig. 4. Velocity variations along the channel for different values of Ha and Re 

  

Fig. 5. Velocity distribution along the channel axis (Re = 1167) Fig. 6. Effect of the Hartmann number on velocity profile 
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Fig. 7. Distribution of the Lorentz force in the entrance region 
(Re = 1167) 

Fig. 8. Effect of the Hartmann number on the Lorentz force   
(Re = 1167) 

The effect of the Hartmann number on Lorentz forces in the centerline of the channel (FL) is presented in Fig. 8. As 
mentioned before, the Hartmann number is the ratio of the Lorentz force to the viscous force, so the Hartmann number 
is directly proportional to the Lorentz force. Thus, as expected, with increasing of the Hartmann number FL increases. 
In order to gain insight into some of the results, the vectors of the velocity u and the Lorentz force FL are shown in Fig. 9 
and Fig. 10. The velocity vectors along the channel are given in Figs. 9 (a, b, c). As expected, the velocity vectors change 
in the flow direction over the entrance region, up to the region far from entry (fully developed region) that the velocity 
vectors have no further change in the flow direction. As well, it can be seen that as the Hartmann number increases the 
velocity vectors in the same cross section of the channel become flattened. 
Figs. 10 (a, b, c) show the vectors of Lorentz force (FL) along the channel. As discussed earlier, FL is proportional to the 
velocity directly. Thus, the variation pattern of FL in the flow direction is similar to the velocity. However, because FL is 
the resistance force, affects in the opposite direction to the flow and velocity. Moreover, the velocity has maximum value 
in the centerline of the channel so the FL is also maximum there. As well as, near the walls FL decreases as the velocity 
reduces. 

 

(a) Ha = 8 

 

(b) Ha = 12 

 

(c)  Ha = 16 

Fig. 9. Velocity vectors along the channel (Re = 1400) 

The effect of the Reynolds and Hartmann numbers on the MHD fully developed centerline velocity and the MHD 
entrance length are shown in Fig. 11 and Fig. 12. It can be found that with increasing the Reynolds number both the 
fully developed centerline velocity and the MHD entrance length increase (Fig. 11). The Reynolds number is the ratio of 
the inertia to viscous forces. The augmentation of Re means the increase in inertia. Thus, the centerline velocity 
increases and the boundary layer growth is declined and therefore the flow becomes fully developed later.   
As can be observed in Fig. 12, when the Hartmann number increases, the MHD fully developed centerline velocity and 
the MHD entrance length reduce. Increasing of Ha means an increase of Lorentz force, faster boundary layer growth, 
sooner fully developed condition and hence reduce of entrance length. 
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(a) Ha = 8 

 

(b) Ha = 12 

 

(c)  Ha = 16 

Fig. 10. The Lorentz force vectors along the channel (Re = 1400) 

 

  

Fig. 11. Effect of Reynolds and Hartmann number on ucm Fig. 12. Effect of Re and Ha on MHD entrance length 

6. Conclusion 

In this work, a solution based on the numerical finite volume method (FVM) and artificial neural networks scheme 
(ANNs) was successfully applied to investigate the two-dimensional magnetohydrodynamics channel developing flows. 
Correlations for prediction of the MHD channel flows entrance length were proposed. The values of the entrance length 
obtained from proposed correlations were compared with the literature validated data and a very good agreement was 
observed between them. The results were presented graphically and the effect of the governing parameters on the 
entrance length and the velocity profiles were discussed. It was concluded that with increasing of the Reynolds number, 
the entrance length increases. In contrast, the entrance length reduces when the Hartmann number increases. Also, it 
was found that with the increase of the Hartmann number, the velocity profile gets flattened and consequently, the 
entrance length becomes shorter. 
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Nomenclature 

B Total magnetic field (T) P Gauge pressure (Pa) 
B0 External magnetic field (T) Re Reynolds number 
b Induced magnetic field (T) u x-component of  the velocity (m/s) 
E Electric field (N/C) uc Potential core centerline velocity (m/s) 
FL Lorentz force (N) ucm MHD fully developed centerline velocity (m/s) 
Ha Hartmann number v y-component of  velocity (m/s) 

J Density of  electric current (A/m2) x Coordinate in the direction of  flow (m) 
L Length of  channel (m) y Coordinate in the direction normal to flow(m) 
ℓ Characteristic length (m) ρ Density (kg/m3) 

Le Entrance length (m) σ Electrical conductivity (Ω.m)-1 
Lem MHD entrance length (m) μ Dynamic viscosity (Pa.s) 
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