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Abstract 

In this paper, under the existence of system uncertainties, external disturbances, and input nonlinearity, global 
finite time synchronization between two identical attractors, which belong to a class of second-order chaotic 
nonlinear gyros, are achieved by considering a method of continuous smooth second-order sliding mode control 
(HOAMSC). It is proved that the proposed controller is robust to mismatch parametric uncertainties. Also it is 
shown that the method have excellent performance and more accuracy in comparison with conventional sliding 
mode control. Based on Lyapunov stability theory, the proposed controller and some generic sufficient conditions 
for global finite time synchronization are designed such that the errors dynamic of two chaotic behavior satisfy 
stability in the Lyapunov sense. The numerical results demonstrate the efficiency of the proposed scheme to 
synchronize the chaotic gyro systems using a single control input. 

Keywords: smooth second-order sliding mode control (SSOSMC), chaos synchronization, Lyapunov stability, 
uncertainty, finite time converges, chaotic gyros stability. 

1. Introduction 

Since Pecora and Carroll first demonstrated the synchronization of two identical chaotic systems under different 
initial conditions [1], the feasibility of synchronizing chaotic systems of various types has attracted significant 
interest. In essence, the chaos synchronization problem entails controlling the dynamic behavior of a ‘‘slave’’ system 
by means of a control input, such that its oscillation, following a period of transition, mimics that of the ‘‘master’’ 
system. Nowadays, chaos and its synchronization have found application in many fields of engineering and science 
such as in secure communications, chemical reactions, power converters, biological systems, and information 
processing, mechanics, etc. [2-3]. Many methods have been presented for the control and synchronization of chaotic 
systems [4–9]. Gyros are a particularly interesting form of nonlinear system, and have attracted intensive study in 
recent decades due to their utility in the navigational, aeronautical and space engineering domains. Recent research 
has identified various forms of gyro systems with linear or nonlinear damping characteristics and has shown that 
these systems exhibit a diverse range of dynamic behavior, including both sub- harmonic and chaotic motions [10–
13]. Zheng [14] extended the findings of Chen [15] and applied active control theory to synchronize two identical 
chaotic gyros with nonlinear damping. Various approaches for achieving chaos synchronization using fuzzy systems 
have been proposed [16]. Furthermore, adaptive fuzzy controllers have been used to control and synchronize chaotic 
systems [17-18]. 
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In [19] higher order sliding mode control techniques, in specific ‘‘prescribed convergence law’’, ‘‘quasi continuous’’ 

and ‘‘super twisting’’ control algorithms are used to robustly stabilize the glucose concentration level of a diabetic patient 
in presence of the parameter variations and meal disturbance.  In [20] finite time second order sliding mode is proposed 
for removing chattering in systems with relative degree two. In [21] a second order sliding mode controller is designed 
for uncertain linear systems with parametric uncertainty and [22] studies the applicability of ‘‘sub-optimal’’, ‘‘twisting’’, 
‘‘super-twisting’’ and ‘‘with a prescribed law of variation’’ algorithms of second order sliding mode control strategies to a 
wind energy conversion system, which present finite time convergence, robustness, chattering and mechanical stress 
reduction, and are of quite simple online operation and implementation. 

Accordingly, the current study develops a smooth second order sliding mode control to synchronize two identical 
chaotic gyros systems with different initial conditions, system uncertainties and external disturbances. Based on the 
proposed control, scheme convergence is proved using a Lyapunov function in a way that the error state trajectories 
converge in finite time to zero. 

The rest of the paper is organized as follow: Section 2 explores the dynamic of nonlinear gyros system. In section 
3, the definition of chaos synchronization of the two coupled gyro systems is obtained and the current 
synchronization problem is formulated. Section 4 for chaos synchronization of the gyro systems in general master-
slave configuration a smooth sliding mode control is introduced and designed. Section 5 discusses stability condition. 
Section 6 presents the results of simulations designed to evaluate the effectiveness of the proposed scheme. Finally, 
section 7 draws some brief conclusions.   

 

2. Description of Nonlinear Gyro Modeling 

The equation governing the motion of a symmetric gyro mounted on a vibrating base is shown in Fig.1 in terms 
of the notation angle , i.e. the angle which the spin axis of the gyro has with the vertical axis, is studied by Chen 
[15]. The sketch of a single axis, rate-integrating floated gyro is shown in Fig.2. This system is used in aircraft and 
ships to afford to wait while the gyros are warmed up and could supply the necessary power, which continue to be 
the case in strategic defense systems. Also, the dynamic of a symmetrical gyro with linear-plus-cubic damping of 
the angle   can be expressed as: 

... .
2 2 3 3

1 2((1 cos ) / sin ) sin( ) c c sin sinf wt               
 

(1) 

Where sinf wt  represents a parametric excitation,
.

1c  and 3
2c  are linear and nonlinear damping terms, 

respectively, and 2 2 3((1 cos ) / sin ) sin( )       is a nonlinear resilience force. 

 
Fig. 1. A schematic diagram of a symmetric gyroscope. 

 

By giving the states 1x  ,
.

2x   this system can be transformed into the following nominal. Consider that 
2 2 3( ) ((1 cos ) / sin ) sin( )g           then: 

.

1 2

.
3

2 1 1 2 2 2 1( ) c ( sin )sin(x )

x x

x g x x c x f wt



    
 

 
(2) 

This gyro system exhibits complex dynamics and has been studied by Chen [15] for values of 2 100  , 1  , 

1 0.5c  , 2 0.05c   and 2w  . The values of f  is in the range 32 36f  . Figs.3 and 4 illustrate the irregular  



    Mohammad Reza Behjameh, Hadi Delavari, Ahmadreza Vali Vol. 1, No. 1, 2015  

Journal of Applied and Computational Mechanics, Vol. 1, No. 1, (2015), 26-34 

28
 

motion exhibited by this system for 35.5f  and initial conditions of 1 2( , ) (1, 1)x x    .  

 
 
 

 

Fig. 2. The single axis floated gyro schematic.[25] 
 
The next section examines the problem of synchronizing two identical gyros with different initial conditions and 

parameter uncertainties and introduces the HOSMC to cope with the system uncertainties and external disturbances 
appearing in the slave system. 

 

 
Fig. 3. Time history of chaotic gyro. 1x versus time t  

 
Fig. 4. Time history of chaotic gyro. 2x versus time t . 

3. Formulation and Model of Error Dynamical System 

In this part, the synchronization model between the master system and the slave system will be studied. For this 
purpose, we choose the system (3) as the drive system and system (4) as the response system. This implies that when 
the drive-response system is synchronized, system (4) will trace the dynamics of system (3). Our aim is to design 
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controllers ( )u t that will make the response system achieve synchronism with the drive system. Consider two coupled, 

chaotic gyro systems of the form: 
.

1 2

.
3

2 1 1 2 2 2 1(x ) c ( sin )sin(x )

x x

x g x c x f wt



    
 

 
(3) 

    And consider the coupled system of Eq3, chaotic gyro systems of the form [4] 
.

21

.
3

1 1 2 2 2 12

1 2

(y ) c ( sin )sin(y )

(y ,y ) (t) (t),

y y

y g y c y f wt

f d u





    

  
 

 
 

(4) 

   where u∈R is the control input,  is an uncertainty term representing the unmodeled dynamics or 

structural variation of the system and d(t) is the time-varying disturbance. In general, the uncertainty and the 
disturbance are assumed to be bounded as | Δ f |≤ , | d (t) |≤ b, where and b are positive constants.  
   In the discussions above, the systems described in Eq. 3 and 4 correspond to the master system and the slave 
system, respectively, and the objective of the current control problem is to design an appropriate control signal u(t) 
such that for any initial conditions of the two systems, the behavior of the slave converges to that of the master, i.e. 
 

lim(y(t) (t)) lim (t) 0
t t

x e
 

    
 

(5) 

   where is the Euclidean norm of a vector. 

 If the error states of the coupled systems are defined as  and , respectively, then the 

dynamic equations of these errors can be determined directly by subtracting Eq. (3) from Eq. (4), then by 
rearranging the equation, the following error dynamical system is obtained. 

.

1 2

.
3

2 1 2 1 1 1 2 2 2

3
2 2 1 1 1

1 1 2 2

(e ) g( ) c (e )

( sin )[sin(e ) sin ]

(e ,e ) (t) (t)

e e

e c e g x x x

c x f wt x x

f x x d u





      

    
     

 

 
 
 

(6) 
 

  
 

4. Introduction and Design of Smooth (High Order) Second Order Sliding Mode Control 
(SSOSMC) 

A Consider SISO dynamics: 
.

(t) u,s g s R    
 
(7) 

 
which will be further interpreted as the sliding variable dynamics calculated along the system trajectory. The 

condition 0s  defines the system motion on the sliding surface, u R is a control input that needs to be smooth, and 
g(t) is a sufficiently smooth uncertain function. 

The problem that is addressed in this section is to design smooth control u that drives
.

s, 0s  in finite time. The 

drift term (t)g is to be cancelled by means of a special observer to be developed further. The prescribed compensated s-

dynamics in (7) is chosen as: 
. (p 1)/p
1 1 1 1 2

. (p 2)/p
2 2 1 1

( )

( )

x x sgn x x

x x sgn x









 


 

 
 
(8) 

 
Definition. We call a system finite-time stable if it is asymptotically stable with a finite settling time for any 

solution and initial conditions [24]. 
   Lemma 1. Let , 1 2, 0   . Then the system (8) is finite time stable with the settling time being a continuous 

function of the initial conditions, vanishing at the origin. 
Proof. Consider the following Lyapunov function candidate: 
 
 
 

1 2(y , y )f

 

.

1 1 1e y x  2 2 2e y x 

2p 
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12
(p 2)/(p)2

1

0

2
(2 2)/p2

2 1

(s) , 1
2

2 2 2

x

p

x
V s sgn ds p m

x p
x

p









   

 



 

 
 
(9) 

 
Its derivative is: 
 

. .

(p 1)/p
(p 2)/p 2 1 1 1

2 1 1 2 (p 2)/p

1 1 1

(p 2)/p (p 1)/p(p 2)/p (p 2)/p
2 2 1 1 2 2 1 1 1 2 1

(2p 3)/p

1 2 1

[ , ].

( ) ( )

V
V x

x

x x sgnx
x sgnx x

x sgnx

x x sgn x x x sgn x x

x









  








   





 
 
  

  



 
 
 

(10) 

 
Apply the LaSalle theorem. The set :{V( ) 0}x x  consists of the axis 1 0x  , and the only invariant set inside 

1 0x   is the origin 1 2 0x x  . Thus, the finite time convergence of 1 0x   and 2 0x   to zero is assured. It is easy to 

see that system then the finite time stability implies here the finite-time stability and the continuity (and the 
homogeneity) of the settling time function. Lemma 1 is proven. 

The sliding variable dynamics (7) is sensitive to the unknown bounded term (t)g . Let the variables ( )s t and u(t) be 

available in real time, (t)g be ( 1m )-times differentiable, so that ( 1) (t)mg  has a known Lipchitz constant 0L .  

The control function u(t) is Lebesgue-measurable. Eq. (7) is understood in the Filippov sense [23], which means in 
particular that ( )s t  is an absolutely continuous function defined for 0t  . 

Let the sliding variable dynamics be of the form (7), with (t)g being (m − 1)-smooth with a known Lipchitz 

constant 0L   of ( 1) (t)mg  . Control u is easily provided by: 

 
/( 1)

1

. ( 1)/( 1)

2

(s) ,

(s).

m m

eq

m m

u u s sgn w

w s sgn







 

  


 

 
 
(11) 

 
In the SMC field, the sliding surface is generally taken to be: 

2 1,s e e   (12) 

where  represents a real number. From [24], the existence of the sliding mode requires the following conditions to 
be satisfied: 

2 1 0s e e       
(13) 

and 
. . .

2 1 0s e e    
(14) 

 
Accordingly, the equivalent control law is given by: 
 

3 3
2 1 2 1 1 1 2 2 2 2 2

1 1 1 1 1 2 2

( ) g( ) ( )

( sin )[sin(e ) sin ] (e ,e ) (t) (t)

equ e c e g e x x c e x c x

f wt x x f x x d u





       

        
 

 
(15) 

 
In the sliding mode, the error dynamics become 

.

1 2 1,e e e   
 

(15a) 
.

2 1 2.e c e  
 

(15b) 
Using SSOSM control (9), with p = 3 and m = 2 the control law is obtained as follow: 
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3
2 1 2 1 1 1 2 2 2

2/3 1/23
2 2 1 2

( ) g( ) ( )

(s) (s)

u e c e g e x x c e x

c x s sgn w s sgn ds



 

      

    
 

 

(16) 

 
The process of synchronization is shown in Fig.5 simply. 
 
 

 
 

 
 
 
 
 
 
 
 
 

Fig. 5. The block diagram of synchronization process 

5. Stability Analysis 

The ability of the control signal given in Eq. (16) to drive the error of the system in Eq. (6) to the sliding mode 

(t) 0s  , i.e. to guarantee the attainment of the reaching condition 
.

(t) 0V   can be expressed in the form of the 

following theorem. 
 
Theorem 1. Consider the master– slave system given in Eqs. (3) and (4). The two systems are synchronized by the 

control signal u(t) defined in Eq. (16) Thus, the error state trajectory converges to the sliding surface (t) 0s  . 

Proof. Let the Lyapunov function of the system be defined as 20.5V s . The first derivative of this system with 
respect to time can be expressed as: 

. .

. .

2 1

3
1 2 1 1 1 2 2 2

3
2 2 1 1 1

1 1 2 2 2

1 1 2 2

[ ]

[ ( ) g( ) ( )

( sin )[sin( ) sin ]

( , ) (t) (t) (s) ]

[ ( , ) (t) (s)]

( ) ( ( )) .

eq

V ss

s e e

s c e g e x x c e x

c x f wt e x x

f e x e x d u ku e

s f e x e x d ku

s k s k s






   



 

      

    
      

     

     

 

 
 
 
 
 

(17) 

Since ( )k    , the reaching condition 
.

(t) 0V  is always satisfied. Thus, the proof is achieved. 

6. Simulation 

In this section, the synchronization behavior between the two chaotic nonlinear gyros will be studied. For this 
purpose, we choose the system (3) as the drive system and the system (4) as the response system. This implies that 
when the drive-response system is synchronized, the system (4) will trace the dynamics of the drive system. Results 
of the work and discussions are presented here. 

The parameters of the nonlinear gyros systems are specified as follows: 2 100  , 1  , 1 0.5c  , 2 0.05c  , 

2w  and 35f  . The initial conditions are defined as: 1(0) 1x  , 2 (0) 1x   , 1(0) 1.6y  , 2 (0) 0.8y  . An 

assumption is made that the uncertainty term, i.e., 1 1 2 2 1(e , e ) 0.1sin( )f x x y      and the disturbance term, i.e.

( ) 0.3cos( )d t t , are bounded by 1 1 2 2(e ,e ) 0.1f x x       and ( ) 0.3d t  respectively. The simulation results 

are shown in Figs.6– Figs.11. Figs.6 shows control input signal. Figs.7 and Figs.8 confirm that the master and slave 
systems achieve a synchronized state following control activation. 

 
 
 

Slave 

Master 

Proposed Controller 
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Fig. 6. Control input chaotic gyro synchronization system.. 

 

 

Fig. 7. Time responses of controlled chaotic gyro synchronization. (master and slave system output are 1 1,x y )  

 
 

Fig. 8. Time responses of controlled chaotic gyro synchronization. (master and slave system output are 2 2,x y ) 

 
The results demonstrate that the system error states are regulated to zero in finite time following activation of the 

control signal at t=2s. In addition, it can be seen that the control input is chatter free even though the overall system 
is subject to uncertainty and disturbance. 

In Figure 9, sliding variable trajectory is shown and it is illustrated that reaching phase in proposed controller is 
less than conventional SMC. As it can be seen in Fig.10 and 11, accuracy and performance of proposed control 
algorithm (smooth second order sliding mode control) for synchronization of chaotic system is much better than 
conventional control method (sliding mode algorithm.) 
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Fig. 9. Sliding variable using Proposed FTSOSMC and conventional SMC. 

 

 

Fig. 10. Time response of error states 

 

Fig. 11. Time response of error states 
 

7. Conclusion 

In this paper, a novel smooth second-order sliding mode (SSOSM) control is studied and its finite-time 
convergence proved for a system driven by sufficiently smooth uncertainty and disturbances. SSOSM control was 
applied to make synchronization between two identical chaotic nonlinear systems via smooth second order sliding 
mode control. It is demonstrated via simulations that the chaotic systems, after activating smooth second order 
sliding mode controller signal in t=2s, is synchronized as fast as possible. The performance and time of 
synchronization chaotic systems via smooth second order sliding mode control decrease in comparison with the 
sliding mode controller. It is also shown synchronization of the chaotic systems is controlled in the presence of 
uncertainty as well as without parameter uncertainty. 
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