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Abstract 

This paper presents a nonlinear model of a clamped-clamped microbeam actuated by an electrostatic 
load with stretching and thermoelastic effects. The frequency of free vibration is calculated by 
discretization based on the Differential Quadrature (DQ) Method. The frequency is a complex value due to 
the thermoelastic effect that dissipates energy. By separating the real and imaginary parts of frequency, the 
quality factor of thermoelastic damping is calculated. Both the stretching and thermoelastic effects are 
validated by the referenced papers. This paper shows that the main nonlinearity of this model is voltage, 
which makes the difference between linear and nonlinear models. The variation of thermoelastic damping 
(TED) versus geometrical parameters, such as thickness, gap distance and length, is investigated and these 
results are compared by linear and nonlinear models in high voltages. This paper also shows that in high 
voltages the linear model has a large margin of error for calculating thermoelastic damping (TED) and thus 
the nonlinear model should be used. 

Keywords: thermoelastic damping, stretching effect, resonator, differential quadrature method. 

1. Introduction 

In MEMS, there are kinds of damping which affect the performance of the devices. These damping are divided by 
two parts: a) extrinsic b) intrinsic. Extrinsic damping can be weakened by suitable design, proper methods of 
fabrication and appropriate operating conditions. For example, squeeze film damping is the extrinsic damping that 
can be minimized by encapsulating the devices [1, 2]. 

Thermoelastic damping (TED) that increases with miniaturization of devices is the intrinsic damping in MEMS 
[1]. The intrinsic damping cannot be weakened by suitable design, proper methods of fabrication and appropriate 
operating conditions [2]. The first who predicted the thermoelastic damping was Zener [3, 4]. Alblas [5] treated 
conversion of mechanical energy into heat in vibrating elastic beam. He found that this damping for macro structures 
is negligible. Lifshitz and Roukes [6] obtained the quality factor of thermo-elastic beam in micro scale and found that 
thermoelastic damping in micro and nano scales is important.  

For calculating the quality factor of thermoelastic damping, there are two methods: energy method and 
eigenfrequency method. In the energy method, dissipated and maximum stored energy should be calculated (for 
example see [7, 8, 9, and 10]) and in the eigenfrequency method, real and imaginary parts of eigenfrequency should 
be calculated (for example see [1, 11, 12, and 13]). Each method can be done with numeric or analytic procedures or 
combination of them.  

Nayfeh and Mohammed [1] modeled an electrostatically microplate by considering TED. They obtained an 
expression for quality factor analytically by using a perturbation approach. Sun and Saka [11] derived an analytical 
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expression of thermoelastic damping for circular microplate. They also obtained a critical thickness that represents 
the maximum damping.   

In MEMS, there are different actuating and sensing mechanisms such as thermal, optical, electrostatic, 
electromagnetic, piezoresistive and piezoelectric but electrostatic actuation is often preferred [14]. In electrostatic 
actuation an elastic conductor is located above a stationary conductor. The electrical load is composed of two 
components, including AC and DC voltage. The applied DC voltage deforms the upper elastic surface that causes to 
change in the system capacitance and to stretch the mid-plane of the elastic surface.  

There are many phenomena which appear in nano scales such as van der Waals interaction, Casimir force, size 
dependency of the mechanical performance of nano structures [40], surface residual stress and surface stiffness [39] 
but in this paper, these forces and phenomena are ignored due to investigating TED in the micro-beam.  

There are a number of studies investigating the electrical actuation in micro structures. Batra and et al. reviewed 
them in [15]. In their review, many works of Nayfeh and et al. are seen [16-24]. In one of them, Nayfeh and et al. [16] 
presented a nonlinear model of electrically actuated microbeams considering mid-plane stretching.  

Accordingly MEMS resonators are devices that vibrate with AC voltage around the static deflection that is due to 
DC polarization voltage. The thermoelastic damping as well as frequency of structure of resonator is affected by the 
DC voltage because the thermoelastic damping is directly related to imaginary part of frequency [7]. In addition, in 
MEMS resonators, high sensitivity and resolution are needed [2] so to achieve this purpose, the damping in such 
devices should be decreased. However, studying the behavior of thermoelastic damping in resonators is necessary for 
manufactures of MEMS.  

The differential quadrature (DQ) method was first introduced by Belman and Casti [25]. This numerical 
technique is employed in many nonlinear problems such as nonlinear free vibration of isotropic beams and 
orthotropic plates [26-32]. Also, Malekzadeh used DQ method for solving large amplitude free vibration of laminated 
skew plate, [33] tapered plate, [34] thick functionally graded plate [35] and composite beams [36].  

In this paper, a nonlinear model of clamped-clamped microbeam actuated by electrostatic load with stretching and 
thermoelastic effects is presented. The frequency of free vibration is calculated by discretization based on DQ 
method. In this method, the differentiations are approximated by linear algebraic expressions. The frequencies are a 
complex values due to the thermoelastic effect that dissipates the energy. The frequencies are obtained by iteration 
for a silicon microbeam and by separating the real and imaginary parts of frequencies. The quality factor of 
thermoelastic damping is calculated in the first mode of free vibration. Both stretching and thermoelastic effects are 
validated by papers in reference. This paper shows that the main nonlinearity of this model is the voltage that makes 
the difference between linear and nonlinear model. The variation of TED versus geometrical parameters such as 
thickness, gap distance and length is investigated and these results are compared using linear and nonlinear models at 
high values of voltage. Furthermore, this paper shows that at high values of voltages, the linear model has large error 
for calculating the TED and for this reason the nonlinear model should be used. 

2. Modeling 

The resonator, the figure 1, is modeled as a microbeam bending under the electrostatic load which is a DC 
voltage (polarization voltage) V୮. This electrostatic load is uniform along the width of microbeam and is applied by 
a uniform parallel electrode lying under the microbeam without fringing field effect. The microbeam is also clamped 
at both ends. w(x, t) is defined as the transverse deflection of the beam. The vibration equation of nonlinear thermo-
elastic beam considering mid-plane stretching is derived by adding thermal moment, M୘, and thermal axial force, 
N୘, in "Nonlinear 2-D Euler-Bernoulli Beam Theory" with stretching effect which is presented in [37]. 
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Where 

M୘ = Eα୘b න zθdz (2) 

N୘ = Eα୘b න θdz (3) 

 
whereθ = T − T଴  in which T(x, z, t) and T଴  are defined as temperature field of the beam and stress-free 

temperature (in equilibrium) respectively. Also, t , α୘, E, P(t), L, b, d, ϵ and ρ are time, coefficient of thermal 
expansion, Young’s modulus, applied axial force, length, width, the gap distance, the dielectric constant and the 
material density,  respectively. It is noted that the cross section of the microbeam is rectangular, thus the area and 
moment of inertia of the cross section are A = bh and I = bhଷ 12⁄  where h is the thickness.  
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Fig. 1.Schematic of electrically actuated resonator. 

 
In the thermal model, Lifshitz and Roukes [6] assumption is used so the thermal gradient in the z direction is 

much larger than gradient in x direction. The thermal conduction equation, containing the thermoelastic coupling 
term, can be written as following. 

κ
∂ଶθ
∂zଶ = ρc୴

∂θ
∂t

− βT଴z
∂
∂t

ቆ
∂ଶw
∂xଶ ቇ (4) 

 
Where c୴ and κ are specific heat at constant volume and the thermal conductivity, respectively and β =

Eα୘ (1 − 2ν)⁄  is thermal modulus where ν is the Poisson ratio.  
So the equations (1) and (4) represent the governing equations of nonlinear vibration of microbeam with TED. In 

addition, thermal and elastic properties are independent from temperature and the temperature change due to TED is 
assumed small thus the vibration of microbeam is investigated around a constant temperature, in this case this 
temperature is considered T଴.  

For convenience, the nondimensional variables are introduced (denoted by hats) 
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ஒ୘బୢhయ

ச୲̅୐మ . Substituting equation (5) into equation (1) and (4), the following equation is 

obtained 
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Boundary conditions at the boundaries of beam are as following 

w(0, t) = w(L, t) = 0 ,    
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ฬ
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Substituting equation (5) into equation (10) yields 
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3. Harmonic Vibration in Conduction Equation 

Assuming a harmonic vibration in the ݊th mode shape in the form 

,ොݔ)ෝݓ (ݐ̂ = ෍ ܴ௡(ݔො)݁௜Ω೙௧መ ,ොݔ)෠ߠ   ,    ,ݖ̂ (ݐ̂ = ෍ Θ௡(ݔො,  ௜Ω೙௧መ (12)݁(ݖ̂

Where Ω௡ is the frequency and ܴ௡(ݔො) and Θ௡(ݔො,  are the ݊th mode shapes of the beam and the associated  (ݖ̂
temperature variation respectively. Equations (12) are substituted into (7) and (9). 

߲ଶΘ௡(ݔො, (ݖ̂
ଶݖ߲̂ = ݅Ω௡ߙହΘ௡(ݔො, (ݖ̂ − ݅Ω௡̂ݖ

߲ଶܴ௡(ݔො)

ොଶݔ߲  (13) 

 



 Effect of thermoelastic damping in nonlinear beam model of MEMS resonators by differential quadrature method 

Journal of Applied and Computational Mechanics, Vol. 1, No. 3, (2015), 112-121 

115

෡௡ܯ
் = න ,ොݔ)Θ௡ݖ̂ ݖ̂݀(ݖ̂

భ
మ

ି
భ
మ

 ,    ෡ܰ௡
் = න Θ௡(ݔො, ݖ̂݀(ݖ̂

భ
మ

ି
భ
మ

 (14) 

To solve equation (13), some boundary conditions are needed. These boundary conditions are ∂Θ௡ ∂zො⁄ = 0 at ̂ݖ =
േ 1 2⁄  because the upper and lower surfaces of the beam are adiabatic and there is no flow heat across those surfaces. 
Then, solving equation (13), yields 
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4. Nonlinear thermoelastic damping 

In this section, the nonlinear thermoelastic damping is obtained by using the DQ method [36]. For this purpose, 
equation (6) is discretized based on the DQ method [36]. 
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The last term in the right side of equation (21) representing the electric load, is expanded by Maclaurin series to 
M terms. Now, by applying harmonic vibration, relations (12), in the linear terms of (21) and substituting relations 
(17) and (18) into (21) the following equation is obtained. 



Nassim Ale Ali, ArdeshirKaramiMohamadi  Vol. 1, No. 3, 2015 

Journal of Applied and Computational Mechanics, Vol. 1, No. 3, (2015), 112-121 

116 

−Ω௡
ଶ ܴ௜ + ෍ ௜௝ܣ

(ସ)
௝ܴ

ே

௝ୀଵ

+ ௡ܥଵߙ
் ෍ ௜௝ܣ

(ସ)
௝ܴ

ே

௝ୀଵ

= ቌ෍ ௜௝ܣ
(ଶ)

௝ܴ

ே

௝ୀଵ

ቍ ൞ ෠ܲ௜ + ෍ ൦ߙଶ ቌ෍ ௜௝ܣ
(ସ)

௝ܴ

ே

௝ୀଵ

ቍ ෍ ௜௝ܣ
(ଵ)ݓෝ௝

ே

௝ୀଵ

+ ଷߙ ቌ෍ ௜௝ܣ
(ଵ)ݓෝ௝

ே

௝ୀଵ

ቍ

ଶ

൪

ே

௜ୀଵ

ൢ

+ ସߙ ௣ܸ
ଶ ൭ ෍ ݉

ெ

௠ୀଶ

ෝ௜ݓ
௠ିଶ൱ ܴ௜ 

(25) 

The discretized clamped-clamped boundary condition is obtained as the following 
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In order to solve the equations (25) and (26), a direct iterative method, which was presented in [36], is used. The 
real and imaginary parts of obtained nonlinear complex frequency are separated for calculating the thermoelastic 
damping  
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It is noted that by neglecting the nonlinear terms in equation (25) the linear model is achieved. 
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For calculating the static deflection due to electrical load the discretized and dynamic, equation (21) should be 
reduced to static form. 
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5. Validation of DQ Method 

The validations of thermoelastic damping and stretching effects are done. For stretching effect validation, the 

electric load and thermoelastic damping are neglected and ൫߱ ߱଴ൗ ൯
ଶ
 is calculated and listed in Table 1 and 

compared with the results that are represented in Reference [38] where ߱ is the real part of nonlinear frequency, ߱଴ 
is the real part of linear frequency, ܴ is the mode shape in the middle of microbeam and ݎ is the radius of gyration 
of the cross-section area. 

 
Table 1.comparison between DQ method and [38] 

 FEM [38] DQ method (N=24) ݎ/ܴ
ฬ
݁ݑ݈ܽݒ ܯܧܨ − ݁ݑ݈ܽݒ ܳܦ

݁ݑ݈ܽݒ ܯܧܨ
ฬ ൈ 100 

0.6 1.0216 1.0204 0.1175 
0.8 1.0383 1.0362 0.2023 
1 1.0598 1.0566 0.3019 

1.5 1.1343 1.1269 0.6524 
2 1.2382 1.2246 1.0984 

2.5 1.3708 1.3490 1.5903 
3 1.5320 1.4996 2.1149 

 
For thermoelastic damping validation, a microbeam whose properties are listed in Table 2, is considered. The 

calculated thermoelastic damping, as a function of beam thickness, ℎ, illustrated in Fig. 2 and compared with 
Lifshitz and Roukes model [6]. This figure shows that the linear thermoelastic damping is obtained properly.  

 
Table 2.properties of silicon microbeam 

଴ܶ (ܭ) ߩ (ܽܲܩ) ܧ (݇݃ ݉ିଷ) ߢ ߥ (ܹ݉ିଵିܭଵ) ݀(݉ߤ) (݉ߤ)ܮ 
293 165.

9 
2330 0.22 156 2 700 

=ா∆ (݉ߤ)ܾ (݉ߤ)ℎ (ଶ݉ିଶܰିଵܥ)ߝ (ଵିܭଵି݃݇ܬ)෠ܲ ܿ௩ (ଵିܭ10ି଺)்ߙ ்ߙܧ
ଶ

଴ܶ ܿ௩⁄  
2.59 0 713 8.85×10-12 5 5 0.4573 

 



 Effect of thermoelastic damping in nonlinear beam model of MEMS resonators by differential quadrature method 

Journal of Applied and Computational Mechanics, Vol. 1, No. 3, (2015), 112-121 

117

 
Fig. 2.comparison between Lifshitz and Roukes model [6] and DQ method 

 

6. Results 

All the results that are represented here are based on the data which listed in Table 2. In these results linear and 
nonlinear TED are compared with physical and geometrical parameters. 

As approximated electrical load, the maximum value of ݉ in equation (25) should be determined. Fig. 3 shows 
the variations of nonlinear TED versus ݉ for both boundary conditions. As shown in this figure, beyond ݉ = 13 
the TED becomes constant so this value is chosen for approximation of the electrical load. 

 
Fig. 3.variations of nonlinear TED versus ݉ for clamped-clamped boundary conditions 

 
Fig. 4 shows the variations of linear and nonlinear TED versus voltage. As can be seen in this figure, there is an 

obvious difference between linear and nonlinear models. For high value of voltage, the linear model cannot give the 
correct value of TED because the voltage increases the stretching effect of the microbeam (The first term in equation 
(25) represented this effect). Therefore, in the following results, for illustrating the differences between linear and 
nonlinear models, the comparisons between them are done at high values of voltages. There is also a difference in 
low values of voltages due to ∑ ݉ெ

௠ୀଶ ෝ௜ݓ
௠ିଶ that is multiplied by ߙସ ௣ܸ

ଶ in equation (25). The approximation of 
electrical load in equation (25) is more accurate than equation (28). Therefore, in low values of voltages, the 
nonlinear model is also more accurate. Also, for ensuring that the microbeam is not instable due to pull-in, the 
deflection of the microbeam center is depicted in this range of voltage in the Fig.5. The maximum deflection of the 
microbeam is 0.4 [16] for nonlinear model of the microbeam. As shown in Fig. 5 the deflection of the microbeam 
does not reach to maximum deflection, so pull-in instability does not occur.  
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Fig. 4. Variations of linear and nonlinear TED versus voltage for  ℎ =  ݉ߤ5

 

 
Fig. 5. Deflection of the center of the microbeam versus voltage 

 
 
Fig.6 shows the TED versus thickness at ௣ܸ =  In this case, there is small difference between the linear and .ݒ30

nonlinear models. In both models, the critical thickness presented by [6] and [11] is observed. In the critical thickness 
TED has maximum value. If we want to investigate the effect of thickness, we should use the models in which the 
thick thickness is considered. 

 
Fig.6. Variations of linear and nonlinear TED versus thickness for ௣ܸ =  ݒ30
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The variations of TED versus length is showed in Fig.7 by considering ௣ܸ = ,ݒ30 ℎ =  according to this ,݉ߤ5

figure, the values of TED in nonlinear model are less than linear model especially in the maximum of TED. This 
different behavior is result of the integration of the second term through the length on the right side of equation (1). 
Therefore, the length can affect the stretching effect in the nonlinear model so the behavior of TED versus length is 
different in the linear and nonlinear models. 

 

 
Fig.7.variations of linear and nonlinear TED versus length for ௣ܸ = ,ݒ30 ℎ =  ݉ߤ5

 
Fig.8 shows the variations of TED versus gap distance, ݀, by considering  ௣ܸ = ,ݒ30 ℎ = ܮ ݉ߤ5 =  .݉ߤ50

According to this figure, behavior and values of TED in linear and nonlinear models are different. The TED in linear 
and nonlinear models starts at different values, as shown and discussed in Fig. 4, and for nonlinear one decreases. In 
the linear model, TED has constant behavior in this range of the gap distance. The gap distance affects the stretching 
effect due to electrical load so the nonlinear model has different value and behavior with respect to linear model. 

 

 

Fig.8.variations of linear and nonlinear TED versus gap distance for ௣ܸ = ,ݒ30 ℎ =  ݉ߤ5
 

Fig.9 shows the variation of TED versus ෠ܲ. In both linear and nonlinear models by considering ௣ܸ = ,ݒ30 ℎ =
  .As can be seen in this figure ෠ܲ has a little effect on the TED .݉ߤ5
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Fig.9.variations of linear and nonlinear TED versus ෠ܲ for ௣ܸ = ,ݒ30 ℎ =  ݉ߤ5

 

7. Conclusion 

In this paper, it is shown that an applied voltage is a main nonlinear effect in MEMS resonators and at high values 
of voltage, as differences between linear and nonlinear model of MEMS resonators increase. Also, based on the 
obtained results, the TED variation versus length and gap distance, as the geometric parameters, have different 
behaviors in the linear and nonlinear models at high values of voltage because the voltage can intensify the stretching 
effect that is considered in nonlinear model. Therefore, at high values of voltage, the linear model cannot calculate 
the correct TED. In this case, the nonlinear model in which stretching effect is considered should be used. 
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