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Abstract

In this article, finite difference method (FDM) is used to study the size-dependent free vibration
characteristics of rectangular nanoplates considering the surface stress effects. To include the surface
effects in the equations, Gurtin-Murdoch continuum elasticity approach has been employed. The effects of
surface properties including the surface elasticity, surface residual stress and surface mass density are
considered to be the main causes for size-dependent behavior that arise from the increase in surface-to-
volume ratios at smaller scales. Numerical results are presented to demonstrate the difference between the
natural frequency obtained by considering the surface effects and that obtained without considering surface
properties. It is observed that the effects of surface properties tend to diminish in thicker nanoplates, and
vice versa.
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1. Introduction

Nanoscience and nanotechnology is now regarded as one of the fastest developing and most revolutionary fields
of research, which has sparked promising novel technologies. Nanoscale structures such as nanobeams, nanoplates,
nanotubes and nanoparticles, which can be considered as the outcomes of direct molecular manipulation, are the
essential building blocks for various types of nanosystems and nanodevices [1, 2]. In recent years, there has been a
significant interest in developing micro/nanomechanical and micro/nanoelectromechanical systems (MEMS/NEMS),
such as capacitive sensor, switches, actuators, and so on. These devices can be contributed to novel technological
developments in many fields leading to industrial revolution [3, 4]. So far, three main methods have been presented
for studying mechanical behavior of nanostructures. These include atomistic [5, 6], semi-continuum [7], and classical
continuum models [8, 9]. However, both the atomistic and semi-continuum models are computationally expensive
and are not suitable for analyzing large-scale systems. Thus, the continuum mechanics approaches are widely
preferred due to their simplicity. The main feature of structures is their high surface-to-volume ratio, which makes
elastic response of their surface layers to be different from macroscale structures. For this reason, Gurtin and
Murdoch [10, 11] developed a theoretical framework based on continuum mechanics concepts that included the
effects of surface and interfacial energies. In their approach, the surface was modeled as a mathematical layer of zero
thickness perfectly bonded to an underlying bulk substance. The surface (interface) had its own properties, which
were different from those of the bulk material. These properties, such as surface energies, affect on physical,
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mechanical, and electrical properties as well as mechanical response of the nanostructure and can cause interesting
behavior. For example, Assadi et al. [12] and Assadi [13] studied free and forced vibration of nanoplates considering
surface effects. Moreover, Assadi and Farshi [14, 15] investigated surface effects on the vibration and buckling of
circular nanoplate. They reported that surface effects could have significant effects on the nanostructures. In addition,
increasing in the thickness causes reduction of the surface effects. Gheshlaghi and Hasheminejad [16] and
Nazemnezhad et al. [17] analyzed surface effects on nonlinear free vibration of nanobeams. Hashemi and
Nazemnezhad [18], and Sharabiani and Haeri Yazdi [19] investigated nonlinear free vibrations of functionally graded
nanobeams with surface effects. Ansari and Sahmani [20] analyzed bending and buckling behavior of nanobeams by
considering surface stress effects and normal stresses, using different beam theories. They indicated that the
difference between the behavior of nanobeams predicted with and without surface effects would depend on the
magnitudes of the surface elastic constants. Yan and Jiang [21] analyzed the bending and buckling of a thin
piezoelectric plate under mechanical and electrical loads, with consideration of surface effects. In these works [12-
21], because of using classical solutions, e.g., Navier’s method as used for simply-supported boundary conditions,
the above-mentioned researchers were not able to study other boundary conditions.

Recently, Ansari et al. [22] studied surface energies on the buckling, and maximum deflection of nanoplates using
first order shear deformation theory and generalized differential quadrature method (GDQM). Moreover, they [23]
analyzed forced vibration of Timoshenko nanobeams based on the surface stress elasticity theory using GDQM. They
indicated that the significance of surface effects on the response of nanoplate would rely on its size, type of edge
supports, and the selected surface constants. In addition, Farajpour et al. [24, 25] studied the surface effects on the
axisymmetric buckling and vibration of circular graphene sheets in using differential quadrature method (DQM).
They indicated that the size effects would decrease with an increase in the value of surface residual stresses. On the
other hand, Mouloodi et al. [26, 27] analyzed the surface effects on the bending and vibration of multicrystalline
nanoplate. In addition, Wang and Wang [28] investigated the surface effects on the bending and vibration of Mindlin
nanoplates. In these works [26-28], the finite element model was used to solve governing equations via classical
beam and plate theories. They showed that, depending on the boundary conditions, the deflections and frequencies of
nanoplates had a dramatic dependence on the surface effects.

The main objective of this article is to present a numerical method for the investigation of surface effects on the
free vibration of rectangular nanoplates with different boundary conditions. Adding the surface effects to the
nanoplate’s equilibrium equation, makes the equation more complicated. Solving this equation depends on the
boundary conditions. If the boundary conditions are simple, the equation will have an analytical solution. However, if
the boundary conditions change (e.g., in fixed and free support boundary conditions), numerical methods should be
used to solve it. In this paper, first, the governing differential equation has been introduced according to the literature,
and then this equation has been solved using the finite difference method (FDM) to obtain the natural frequency for
several combinations of boundary conditions. To verify the accuracy of the results obtained by the FDM method,
these results have been compared with the results of the analytical approach.

2. Problem statement

Nanoplates are common nanostructures which can be used in the development of NEMS devices such as sensors,
actuators and resonators. On the other hand, proper theoretical frameworks are needed to explore and understand the
mechanical behavior of nanoplates before they are used in such devices. Moreover, since nanostructures are too small
in size, they are always subjected to external actuations by different noise sources. Thus, understanding the dynamic
behavior of nanoplates helps the researchers to design proper NEMS devices with lowest noise for different
applications. In this article, an attempt has been made to furnish a general framework for the dynamic analysis of
nanoplates with the consideration of additional surface properties. Fig. 1 shows a nanoplate with length a, width b,
and thickness 4. The elasticity modulus, Poisson’s ratio and mass density of the bulk part of nanoplate are
respectively indicated by E, v, and p. In the present work, A* and z* are the Lame’s surface constants, while 7* is the
surface residual stress which is uniformly distributed on the upper and lower surfaces of the nanoplate. The surface
mass density of the nanoplate is also indicated by p°.
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Fig. 1. The geometry of rectangular nanoplate with surface layers
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The displacement components in the x, y, and z directions are obtained from the Kirchhoff’s plate model, as
follows:

ux(x’yaz) :uO(xayat)_Z%’ uy(x,y.z) =V0(x,y,t)—ZW, uz(x,y.z) = W(X,y,t) (1)

where uy, vo, and w are axial and transverse displacements of any point on mid-plane, and ¢ denotes time. Since the
axial displacements at the mid-plane (uo, vo) have a very small effect, they are neglected for the current analysis. The
resulting strain components in Cartesian coordinates, which are always considered to be the same for bulk and
surface parts of nanoplates, can be derived from the relations of Eq. (1) as follows:
. o*w . *w y ) o*w
=—z—07H, =—z—07H, =-2z
" ox? » ? * Ox0y
Assuming that both nanoplates bulk and surface are homogeneous and isotropic, the stress-strain relation of bulk
material subjected to thermal effect are expressed by

2
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where E, v and G denote the elastic modulus, Poisson’s ratio and shear modulus, respectively. b is the superscript
for bulk properties and effects. The constitutive relations of the surface layers s* and s, as given by Gurtin and
Murdoch [10], can be expressed as

5 s h
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where dqp is the Kronecker delta and a=f=)=x, y. ¢ are the residual surface tension components in Newtons per
meter under unconstrained conditions, while 2** and g** are the surface Lame constants on the s* and s~ surfaces,
respectively. Substituting the strain components from Eq. (2) into Eq. (4) gives additional surface stress components
in terms of transverse displacement ( W), as follows:
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The resultant bending moments acting on the cross sections of a nanoplate are obtained by the following integral
equations:

B2
M_ =(c Ty — +J‘ o, zdz
xx x 2 J-n/
S+ s— h k2 b
M, = (O;y _O;/y )E+J.—h/2 o, zdz, (6)

s+ s— h k2 b
M, =(c"-0 )—+I o), zdz.
Xy xy 2 -h/2

As can be observed from equations (6), the resultant bending moments acting on the nanoplate’s cross sections
have two distinct parts: the first part is the contribution of bulk stress components, and the second part arises from
surface stresses. Consequently, by substituting equations (5) and (3) into equations (6) and then simplifying the
obtained relations, the resultant bending moments with respect to transverse displacement (W) are acquired as
follows:

h2(2,us+/13)J62w_(vD+h2(rs+/ts)J62_w -
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pee { 2 axz 2 ayz
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2 K N 2 2,58 s 2
w | p rew s dw) (o RE 2ot
»y 2 ayZ 2 aXZ

2 Ox0Oy

In these equations, D is the classical flexural rigidity of the nanoplate without considering surface effects. Note
that the Poisson’s ratio of the bulk and surface parts remains the same, since the displacement field over the
nanoplate’s thickness is considered to be continuous. In order to derive the equilibrium equations of the nanoplate, it
would be necessary to find the shear forces acting on the cross sections. Additional cross sectional shear forces,
obtained from equations (5) and (4), must be added to the classical terms of shear force resultants. This concept must
be considered for both the lower and upper surfaces of the nanoplates, as follows:

_ S+ S—
0O, =M,, . +Mxy,y +0 ' +0
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The other equilibrium equation for a rectangular nanoplate in the transverse direction has been presented in [13]:

h/2 *w *w
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Finally, by substituting equations (8) into Eq. (9) and reformulating the obtained relations, the generalized
differential equation for the free vibration of rectangular nanoplates will be derived as a pure function of transverse
displacement (W):

2
Whw =20V = —(2p° +ph)2—;” (10)
t
In Eq. 10, V?=(6°/0x*)+(0%/0y?) is the Laplacian operator. The vibrations response is harmonic; therefore, the
deflection due to vibrations of a thin plate can be expressed as:
wix, p.1) =W (x,p)e'" (1n
where o is the natural frequency and i?=-1. Substituting Eq. (11) into Eq. (10) yields a biharmonic partial differential
equation, involving natural mode W(x,y)
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3. Solution procedure
3.1 Navier's method

Based on the Navier's method, the exact solutions for the free vibration of nanoplates, regarding simply-supported
boundary condition are expressed by

W= Z ZW,,,,, sin(ax) sin(fy) (13)

m=1 n=l
where a=mmla, and f=nnb. m and n are half-wave number along x and y direction. Substituting Eq. (13) into
Eq.(12), the fundamental frequency is obtained:

2 s s
2 (D+W> (@ +p2) 2% (@” + f7) (14)

w = B
(2p” + ph)

3.2 Finite difference method

The finite difference method is a powerful method for solving differential equations. Recently, Karamooz Ravari
et al. [29, 30] studied nonlocal effect on the buckling of rectangular, circular, and annular nanoplates using finite
difference method. The finite difference method replaces the nanoplate differential equation and the expressions
defining the boundary conditions with equivalent differences equations. The solution of the bending problem thus
reduces to the simultaneous solution of a set of algebraic equations written for every nodal point within the
nanoplate. Fig. 2 shows a rectangular nanoplate and the grid points which will be used in the finite difference
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method. By using this method, Eq. (15) can be used to estimate the derivative of the transverse displacement, W, for
the 7, j-th point as a function of its neighboring points.

aw
dx 2 (VV(HI ) I/V(i—l,j))
dW
- (VV(t J+1) VV(i,j—l))
dy y
aw 1
P =5 Wiy =2 Wy + W )
W _ 1 W QW+ W,
2 _r_z( @) ~ 2 Wy W joy)
> (15)
‘w1
PRI —5 Wasa jy =W jy +O Wy =AWy jy + Wiisa )
d‘w 1 A A
o == Wi jay =Wty +O W 5y =AW oy + Wi o))

y

d*w 1 (W(m,_m) Wit oy ¥ Wit jory + Wi joy +4 VV([,])J

dc’dy®  rlrd =20V + W gy Wy + W o)

Here 7, and r, are the distance between two grid points in the x and y directions, respectively. Substituting Eq.
(15) into Eq. (12) and developing a computer code in MATLAB the governing equation are solved.
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3.3 Boundary conditions

In this article, the free and simply-supported boundary conditions are investigated. Therefore, in this subsection
these boundary conditions are introduced, as shown in Fig.3.

3.3.1 Simply-supported boundary conditions

The simply-supported boundary conditions at all edges of nanoplate can be written as:

2
0 V2V 0
ox
oW _, an
6y2
W=0

These conditions lead to the following expressions:
Wiy = Wiz Wajy = Wi Wajen =Wajn Wiz =W

(18)
Waip =Wiap> Waip =Wy Wasp =Wy Wasp = Wiy
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VV(i,jil) = VV(i+1,ji1) = VV(:’—I,jil) = VV(iil,j) =0

3.3.2. Free-supported boundary conditions

The free-supported boundary conditions could be expressed as follows:

M, =0 (19)
V.=0
These conditions lead to the following expressions:
Wiy + C2=2V)W iy + Wiz jy +VWisa juny +V Wi jo1y =0
Wiy tV=2W; 1y + O =2V)W; jy + (Vv =2)W; ;1) + @ =VIWisa jur) + (20)
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Fig. 2 The rectangular nanoplate and finite difference grid points

(a) (b)
S S
T :"""""""
|
s s S : F
|

S S

Fig. 3 Combinations of boundary conditions, (a) simply-supported, S, (b) free-supported, F.
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4. Numerical results and discussion

In this section, we have attempted to illustrate the size-dependent behavior of natural frequencies of rectangular
nanoplates. For this purpose, the normalized natural frequencies (NNFs) are depicted in different examples versus the
nanoplates’ geometric parameters and mode numbers. The NNF is the ratio of the natural frequency obtained with the
consideration of surface effects to that obtained without the consideration of surface properties. Consequently, any
deviation of NNF from unity indicates the effect of surface properties on the natural frequency. Conversely, as this
parameter goes to unity, the effect of surface properties diminishes. The numerical results of this section are given for
aluminum nanoplates with the following material properties [13], in which E* is the surface elasticity:

E=685Gpa, v=v* =035 p=2700Kg/m>, 7°=091N/m, p°=546e" Kg/m’

K s 21
ES=609N/m, i =——L  —226NIm, ¥=—=FY  _526N/m @b
2(1+v) (A+v)(1—2v)

Because finite difference method results are sensitive to lower grid points, a convergence test is performed to
determine the minimum number of grid points required to obtain stable and accurate results for Eq. (16). In Fig. 4,
dimensionless natural frequencies (wa’ (ph/D)"?) is plotted versus the number of grid points for various length of
nanoplates. According to Fig. 4, the present solution is converging. From this figure, it is clearly seen that fourteen
number of grid points (N=M=14) are sufficient to obtain the accurate solutions for the vibration analyses.

For the first numerical example, the NNF is evaluated for different combinations of nanoplates’ length (a),
thickness (%) and vibration mode shape (m). Figs 5(a) and 5(b) show the effect of thickness on NNF of square
nanoplates no different nanoplates length with simply and free-supported boundary conditions, respectively. It is
concluded from the numerical results in Figs. 5(a) and 5(b) that as a nanoplate gets thicker, the effects of surface
properties tend to diminish, and vice versa. However, the curves of Figs. 5(a) and 5(b) get closer to each other at
higher values of length, so that for a >100 nm and a >120 nm, the NNF becomes more saturated as length increases.
This means that the NNF is more sensitive to nanoplate length at smaller scales.

Figs 6(a) and 6(b) indicate the effect of length on NNF of square nanoplates for different vibration mode
numbers, m, with simply and free-supported boundary conditions, respectively. From Figs. 6(a) and 6(b), it is
observed that the effect of surface properties can be ignored at higher modes of vibration. It should also be
mentioned that the NNF decreases considerably from vibration mode I to mode II; while this is not seen at higher
modes where the corresponding curves converge to each other at m >4 and m >5, respectively.

(a) (b)
40 — — 2
& | e 2
S, S
[a] / Q 26 1 /.—’
£ 34/ g v
g | % u{ /
o(‘g - = - e = é 1/ o e e e e N s i e
. / e
- > ! P4
o 321 / g 2/ -
7] N [] 4
] 2% S 2 ‘ —_——
g = s 1, -
g - & 201 -
L 287/ T
: I I I
E T R
2 .
z 4 ]
o 41 8 16 /
] c .
2 8
g g 141
E 2 p —®— a=20nm —¥— a=40nm E —@— a=20nm —¥—a=40nm
a — -+ a=60nm — — a=80nm 127 — ' a=60nm — —a=80nm
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16 ————T———————— 10 +—r——r—— T
3 45 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 3 45 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Number of Grid Points, (N=M) Number of Grid Points, (N=M)

Fig. 4 Convergence study and minimum number of grid points required for obtaining accurate results for dimensionless
natural frequencies by finite difference method with various nanoplate length, (h=4 nm), (a) simply-support boundary
conditions, (b) free-support boundary conditions.
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(a) (b)
m=1, b=100 nm m=1,b=100 nm
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Fig. 5 The NNF of nanoplates versus thickness for various nanoplate length (a) simply-supported boundary conditions, (b)
free-supported boundary conditions.

(@) (b)

h=3 nm h=3 nm

NNF

0 —m——mmm—— 0 F—m

20 40 60 80 100 120 140 20 40 60 80 100 120 140
a=b(nm) a=b(nm)

Fig. 6 The NNF of nanoplates versus length for various frequency number, m, (a) simply-supported boundary conditions, (b)
free-supported boundary conditions.

Table 1 Ratios of @w/@: for aluminum nanoplates with simply-supported boundary conditions (A=2 nm)

a=100 nm a=50 nm
] m=1 2 3 4 5 m=1 2 3 4 5
FDM 1 1.66 2.52 3.54 4.79 1 1.85 3.12 4.76 6.85
! Exact 1 1.66 2.52 3.57 4.83 1 1.83 3.07 4.76 6.90
FDM 1 1.28 1.65 2.01 2.60 1 1.33 1.79 2.39 3.12
03 Exact 1 1.28 1.66 2.12 2.64 1 1.32 1.79 241 3.16
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Table 2 Ratios of @w/: for aluminum nanoplates with simply-supported boundary conditions (A=4 nm)

a=100 nm a=50 nm
L] m=1 2 3 4 5 m=1 2 3 4 5
FDM 1 1.96 3.46 5.42 7.99 1 2.25 4.26 6.99 10.81
! Exact 1 1.94 3.43 5.48 8.11 1 2.24 4.29 7.16 10.85
FDM 1 1.37 1.92 2.63 3.48 1 1.47 221 3.23 4.59
02 Exact 1 1.36 1.89 2.63 3.54 1 1.46 222 3.27 4.62
Table 3 Ratios of wm/®1 for aluminum nanoplates with free-supported boundary conditions
h=2 nm h=4 nm
n a (nm) m=1 2 3 4 5 m=1 2 3 4 5
100 1 1.65 2.70 3.52 4.11 1 1.75 3.25 4.66 5.62
! 50 1 1.69 3.04 4.24 5.05 1 1.95 3.94 5.78 7.10
100 1 3.12 5.21 6.76 9.88 1 24 3.00 4.40 6.44
02 50 1 2.53 3.24 4.50 6.60 1 2.29 2.94 4.53 6.85

Tables 1 and 2 respectively show the numerical results of w,/w; for aluminum nanoplates with thicknesses of 4=2
nm and h=4 nm and simply-supported boundary conditions, and for different modes of vibration, two different side
lengths, a, and two different aspect ratios, #=a/b. Table 3 shows the numerical results of w./w; for aluminum
nanoplates with free-supported boundary conditions. From Tables 1 and 2, good agreements can be observed
between the FDM results and the results in [13]. The results in [13] are based on an exact analytical solution. Thus,
the results in Table 3 can be reliable.

The results of Tables 1 and 2 indicate that for thicker nanoplates, the surface effects are significantly smaller. It is
concluded from these tables that ratio w./w; decreases when surface effects are considered. Similarly, it can be
observed that at greater surface effects (for example, in thinner and larger nanoplates) the natural frequencies
corresponding to different modes of vibration are compacted into a narrower spectrum.

In Table 3, these results hold true for #=1; however, inconsistent results are obtained for #=0.5. For a better
understanding of the given results, the diagrams of w,/w; ratios versus vibration mode numbers have been presented
in Figs. 7 and 8. In Figs. 7 and 8(a), it is observed that in the presence of surface effects, the frequency ratio w./w;
becomes even /3 or 1/2 of its corresponding classical value. Moreover, it can be seen that the frequency ratio w./w;
for all curves with surface effects are lower than curves classical. In contrast, in Fig. 8(b), the frequency ratio w./w;
for curve with a=100 nm and 4=2 nm, is higher than curve classical. It should be noted here that in the absence of
surface effects, the w./w; ratio from the classical plate theory has a unique value for a given #. This has been shown
in Figs. 7 and 8 by dotted curves for the corresponding values of .

(a) (b)
=1 =0.5
25 d n
]| —@—a=100nm:h=2nm —@®— a=100nm:h=2nm
20 4| ——a=50nm:h=2nm == a=50nm:h=2nm .
° ]| =—&— a=100nm:h=4nm —#— a=100nm:h=4nm
S 15 J| —®—a=50nm:h=4nm | .- -.% —#— a=50nm:h=4nm
L: . - [+ | EERRREE classical
3 | A classical K > .
c . o
S 10 1 - 5 :
o K = ',-
o . z e
w 5 = . .
0 T T T T T T T T T T T T T T T T T
1 2 3 4 5 6 7 1 2 3 4 5 6 7
Frequency Number Frequency Number

Fig. 7 The om/o1 ratios of simply-supported nanoplates versus frequency number, m, for different geometries, (a) #=1, (b)
7n=0.5.
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(a) (b)
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Fig. 7 The ow/m1 ratios of free-supported nanoplates versus frequency number, m, for different geometries, (a) #=1, (b)
n=0.5.

Table 4 Classical ratios of ®wm/®; for aluminum nanoplates (for /=2 nm and h=4 nm).

Simply-supported boundary conditions Free-supported boundary conditions

n a (nm) m=1 2 3 4 5 m=1 2 3 4 5
100 1 247 4.85 8.01 11.78 1 2.15 4.52 6.70 8.30
! 50 1 247 4.85 8.01 11.78 1 2.15 4.52 6.70 8.30
100 1 1.59 2.54 3.80 5.30 1 2.30 3.10 4.90 7.45
02 50 1 1.59 2.54 3.80 5.30 1 2.30 3.10 4.90 7.45

Table 4 shows the classical numerical results of w,/w; for free and simply-supported aluminum nanoplates. It is
understood from Table 4 that at a certain value of 7, the classical ratio of w./w; is the same for different values of ‘a’
and ‘%’. This notion indicates the size-dependent behavior of natural frequencies.

5. Concluding remark

In this study, the size-dependent free vibration of rectangular nanoplates under the effect of additional surface
properties for free and simply-supported boundary conditions was studied. FDM was used to solve governing
equation. In this method, a complete set of numerical results are given for the NNF of Aluminum nanoplates. The
general observation is that as nanoplates get thinner and larger, the effects of surface properties increase. It is also
observed that by improving mode numbers (m), the surface effects diminish. In the same way, the natural frequencies
increase. This finding is more valid for larger nanoplates. It is observed that in some cases the ratio of w,/w; for
simply and free-supported boundary conditions become even /2 or 1/3 of its corresponding classical ratio (where the
surface effects had not been considered).

Nomenclature
E Modulus of elasticity & Strain components
E* Surface elastic modulus oy’ Surface stress components
v Poisson’s ratio o-,-jb Bulk stress components
P Mass density M Bending moment components
pe Surface mass density D Flexural rigidity
T Surface residual stress m Vibration mode shape
AS, 1 Surface Lame constants X,z Cartesian coordinates
o Natural frequency of nanoplate 7, 7, Distance between two grid points in

the x and y directions, respectively
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Displacements in the x, y and z Length, width and thickness of

vV, W directions, respectively a,b, h nanoplate, respectively
Superscripts Subscripts
N Upper and lower surfaces of Partial derivatives with respect to x
050 nanoplate, respectively s Oy and y, respectively
o) Surface of nanoplate
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