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Abstract

In this paper, the synchronization of a new hyperchaotic complex system based on T-S fuzzy model is
proposed. First, the considered hyperchaotic system is represented by T-S fuzzy model equivalently. Then,
by using the parallel distributed compensation (PDC) method and by applying linear system theory and
exact linearization (EL) technique, a fuzzy controller is designed to realize the synchronization. Finally,
simulation results are carried out to demonstrate the performance of our proposed control scheme, and also
the robustness of the designed fuzzy controller to uncertainties.

Keywords: a new hyperchaotic complex system; hyperchaotic synchronization; T-S fuzzy model; parallel
distributed compensation (PDC) method; exact linearization (EL).

1. Introduction

Chaos is a very complex nonlinear phenomenon that exhibits some specific features such as crucial dependence on
initial conditions, Fourier transform spectra, strange attractors and fractal properties of the motion in phase space.
Because of these features, chaos synchronization has a strong application prospect in biology, physics, chemical reactions,
ecological systems, secure communication and so on [1,2]. Compared with the chaotic systems, hyperchaotic ones have
two or more positive Lyapunov exponents and that clearly improves the security by generating more complex dynamics
due to the separation of the tracks in more directions. Therefore, a secure communication system based on
hyperchaotic systems in not easy to be broken down and that's why the synchronization of hyperchaotic systems is
more meaningful to us. Recently, researchers have found or created many new hyperchaotic systems [3-8].

Controlling synchronization of hyperchaotic system has attracted a great deal of attention from various fields and
become a challenging work. In 1990, Carroll and Pecora [9] proposed the concept of chaotic synchronization for the
first time. From then on, many kinds of conventional and intelligent control methods have been applied to
synchronize two hyperchaotic (or chaotic) systems, such as linear state feedback control [10], active control [11],
passive control [12], neural network control [13], adaptive control [14,15], impulsive feedback control [16], delayed
feedback control [17], inverse optimal control [18], guaranteed cost control [19], backstepping control [20], fuzzy
control [21-24], etc. Among these control methods, some must use high gain in designing parameters, while others
need Lipschitz conditions for nonlinear terms to satisfy. Fuzzy logical system can approximate nonlinear functions to
arbitrary precision [25], and therefore fuzzy control is suggested as an alternative candidate for its ability of dealing
with uncertainties and nonlinearities.
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In 1985, a new fuzzy model, the Takagi-Sugeno (T-S) fuzzy model was proposed in [26] and has been widely
applied to many fields because of its simple structure with local dynamics. Delavari et al. proposed fuzzy control
schemes for controlling and synchronizing uncertain (fractional order) chaotic systems [27-29]. Following the idea of
representing a hyperchaotic system via a T-S fuzzy model and developing a fuzzy controller design method for
hyperchaotic synchronization, the fuzzy modeling and synchronization of the fourth Rossler system and the MCK
circuit was proposed in [30]. A robust fuzzy synchronization control for Lii hyperchaotic system was designed in
[31]. The synchronization of hyperchaotic Chen system based on fuzzy state feedback controller was developed in
[32]. A fuzzy controller was designed in [33] for the synchronization of Lorenz hyperchaotic system. The T-S fuzzy
identical synchronization of Henon hyperchaotic maps was proposed in [34]. A fuzzy modeling method for the
generalized asymptotic synchronization between Chen hyperchaotic system and Liu hyperchaotic system was
designed in [35]. In [36], a fuzzy robust controller was developed to synchronize Lii hyperchaotic system and Lorenz

hyperchaotic system, but only the H_ synchronization is derived.

All the above researchers considered the synchronization of real dynamical systems, i.e., dynamical systems with
real variables. Recently, for describing the real world better, many complex dynamical systems are proposed and
studied. Since Fowler et al. [37] generalized the real Lorenz model to a complex Lorenz model, which can be used to
describe and simulate the physics of a detuned laser and the thermal convection of liquid flows [38,39], complex
chaotic and hyperchaotic systems have been intensively studied. In secure communications, doubling the number of
variables or using complex variables (which means using higher dimensional chaotic systems) increases the content
and security of the transmitted information [40]. Thus, the synchronization in chaotic or hyperchaotic complex-
variable systems has been extensively investigated. The Synchronization and control of hyperchaotic complex
Lorenz system has been achieved in [41]. The dynamics of a new hyperchaotic complex Lorenz system and its
synchronization are introduced in [42].

Therefore, in this paper, the T-S fuzzy model of a new hyperchaotic complex system is presented, which is not
considered in any of the previous papers. Then, by using the parallel distributed compensation (PDC) method and by
applying linear system theory and exact linearization (EL) technique, a fuzzy controller is designed to realize the
synchronization. The problem is also solved in the presence of uncertainties.

The organization of this paper is as follows: section 2 details the representation of a new hyperchaotic complex
system by the T-S fuzzy models with six IF-THEN fuzzy rules. Section 3 is devoted to the design of fuzzy controller
by using the parallel distributed compensation (PDC) method. Simulation studies are shown in section 4, to
demonstrate the effectiveness of our proposed approach, followed by some concluding remarks in section 5.

2. Fuzzy Modeling

2.1 T-S Fuzzy Model
Consider the continuous-time T-S fuzzy rule base described as follows [43]:

R:IF pt) is M,,....and p,(¢) is M, THEN i(t)= 4x(¢)+Bw(t) (1)
where i =1,2,...,7 (7 is the number of fuzzy rules), x(t ) ER" and W(t ) € R" denote the state vector and
the control input vector, respectively, 4, € R™" and B, € R"™™ are known system matrix and control input
coefficient matrix with appropriate dimensions, respectively. p, (t ), D, (t ), s Py (l‘ ) are premise variables,
M, isafuzzyset(j = 1,2,...9).

By taking a standard fuzzy inference strategy, i.e., using a singleton fuzzifier, product fuzzy inference and center
average defuzzifier, the final continuous-time fuzzy T-S system is inferred as follows:

" Yo, (pONAx(0)+ Bw()
x(t)=+= -
> o(pl0)

2

Where
q

wi(p(t))zl_[Mij(pj(t)) (3)

J=1
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in which M, (p ; (t )) is the degree of membership of p; (t ) in M, ,with

Sol)>0,_

s “

r

#6)= 2 (PN x(e) + Bwle)) )
Note that
> u(ple)>0

w(plt))= 0,
in which g, ( p(t) can be regarded as the firing strength of the 7 th IF-THEN rules.

i=1.2,..r ©)

2.1 Fuzzy Modeling of a New Hyperchaotic Complex System

After the complex Lorenz model, many other chaotic and hyperchaotic complex-variable systems have been
reported, including the complex Chen and complex Lii systems [44], complex detuned laser system [45] and complex
modified hyperchaotic Lii system [46]. A novel hyperchaotic complex-variable system [47] which generates 2-, 3-
and 4-scroll attractors has recently been presented in the following form:

x(t)=y—ax+byz
)'/(t)Z cy—xz+z (7

. d. _ | _
()= E(xy +xy)—hz
where a, b, ¢, d and h are positive parameters, and X =u, +iu, and y=u, +iu, are complex

variables and i =+/—1. u;

5D hyperchaotic autonomous system as follows:

(j=12,..,5) and z= U are real variables. The real version of (7) is a

u, =u, —au, +buu, (®)

u, =u, —au, +bu,u,

U, =cu, —uu, +u,

u, = cu, —u,u,

L“S = d(u1u3 + u2u4)

The above system exhibits hyperchaotic behaviour for specific positive values of a, b, ¢, d and h and
different initial conditions. The (ul,u3) plane and the (ul JUs, U 5) space of the three-scroll hyperchaotic attractor
of (8) are represented in Figure 1 and Figure 2. According to the property of boundness of hyperchaotic systems, one
can assume that u, € [— rl,rl], u, € [— rz,rz] and u; € [— FS,FS], where the positive constants 7,, 7, and
rs are chosen according to the region of interest of the hyperchaotic complex system. It should be noted that since
there is no input in the autonomous hyperchaotic systems, the term Bl.w(t ) in the T-S fuzzy model is always equal

to zero in the process of fuzzy modeling.
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For the hyperchaotic system (8), we derive the following T-S fuzzy model rule base to represent it:

Rule I: If u, is M, and u, is M, and us is M, ,thenU=AlU.
Rule 2: If u, is M, and u, is M, and u; is M,, ,then U= AU .

Rule 3:If u, is M, and u, is M, and us is M, ,then U= AU .

Rule 4:If u, is M, and u, is M,, and u; is M, ,then U=A4U.
Rule 5:If u, is M,, and u, is M, and u, is M, ,then U= AU .
Rule 6:If u, is M,, and u, is M,, and u, is M, ,then U=A6U.

100

25

Fig. 2. The (ul yUs ,MS) space of the three-scroll hyperchaotic attractor of system (8)
where U = [ul U, Uy U, ”5]~ M ; are the membership functions chosen as follows:

Ml(u1)=M2(u2)=M5(u5)=l
1

1
Mn(”l):E 1+% ’Mlz(ul):E _%
1 1
1 1
le(uz)zz 1+L’i—2 ’Mzz(uz)zz _1/;_2
5 5
1 1
Mﬂ(“s)za 1+Z_5 )Msz(us):E 1_%
5 5

Therefore, the fuzzy modeling matrices A, are as follows:
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A=[-a 0 1+2br, 0 0 ]4,=[-a 0 1-2br, 0 0
0 -a 1+2br, O 0 -a 1-2br, O
=21, 0 c 0 1 2r,. 0 ¢ 0 1
0 —2r 0 c 0 0 255 0 ¢ 0
o o0 0 0 -h] 1o 0 o0 0 —h]

A=[-a 0 1 0 0 ]4=[-a 0 1 0 0
0 -a 0 1 0 0 -a 0 1 0
0 0 ¢ 0 1 0 0 ¢ 0 1
0 0 0 ¢ 0 0 0 0 ¢ 0
0 0 2dy 2dr, —h] 10 0 2dy -2dr, —h]

A =[-a 0 1 0 0 |4 =[-a 0 1 0 0 |
0 -a 0 10 0 -a 0 1 0
0 0 ¢ 0 1 0 0 c 0 1
0 0 0 c 0 0 0 0 c 0
0 0 -—2dr, 2dr, -h] 10 0 -2dn -2dr, —h]

2 2 2
Because the summation of the membership functions selected is ZM ;=1 ZM 5 =1 and ZM 5=1,
J=1 Jj=1 J=1
the output of the system namely the fuzzy model of hyperchaotic system (8) is shown as follows:

U

Il
.MN

M, (u1 ).M2 (uz ).MSJ. (u5 ).Aj U

Jj=1

+

AMN

I
—_

M, (”1 )-sz (”2 )-Ms (”5 )‘Aj+2' U

J

2
+ Z M, (”1 )'MZJ (”2 )-Ms (”5 )'A_/+4' U )

J=1
The error signal is obtained by the following equation:

e=U-U'

where U denotes the drive system state vector and U = [ul' w, uy' u," us '] is the response system

state vector. So, by considering M U as membership functions and A /.' as the fuzzy modeling matrices of the

response system:

(u, )M (u;")A4,. U + B wt)

'

. 2 . .
U'=> MM,
j=1
2
+ le (“1 ') sz (“2 ')-Ms (“5 ')-A_/u- U + B_/+2W(t)
=

2
+ lez (”1 ’)'Méj (“2 ')Ms (”5 ')-AJ"+4- U+ Bj+4w(t) (10)

J=1
Here we divide the controller u(t) into two subcontrollers by using the PDC method, and as it follows, a fuzzy
controller can be designed to realize the synchronization:
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Subcontroller w, (t ):
Rule 1: If u, is M, and u, is M, and uy is M, , then Wd(t)=KlU.
:If w, is M, and u, is M, and us; is M, , then Wd(l‘)=K2U.

Rule 2

Rule 3: If u, is M, and u, is M, and u; is M, , then Wd(l‘)=K3U.
Rule 4: If u, is M, and u, is M,, and u; is M, , then wd(t)=K4U
Rule 5: If u, is M, and u, is M, and u; is M, , then Wd(l‘)=K5U.
Rule 6: If u, is M, and u, is M,, and us is M, , then Wd(l‘)=K6U.

Subcontroller w, (t ) :

>

Rule 1: If u," is M1 and u,’ is M2 and ug' is M;l , then w,(t)=—K1 U'.
Rule 2: If u," is M1 and u,’ is M2 and ug' is Mslz , then Wr(l‘)=—IA<2U'.
Rule 3: If u," is er1 and u,’ is M;l and ug' is M5 , then W(t =-KsU'.
Rule 4: If u," is M, and u," is M, and u' is M, ., then W(l‘ =-K.U'".
Rule 5: If u," is M,, and u," is M, and u;' is M, . then Wr(t
Rule 6: If u," is M,, and u," is M,, and u;' is M, , then W(

The total fuzzy controller is constructed by the parallel connection method:
wlt) = w, (1) +w, (¢)

+ Z::Ml (”1 )-Mz (”2 )-Msj (M5 ).Kj. U

2 ~ ’
- lez (ul ')'M;j (uz')'M; (usl)'Kj+4’U (1)
=1

Substituting (11) into (10), and using the above equation, the closed-loop synchronization error system is derived
as follows:

+Z‘,]\ln(

Jj=1

&t)= 2M1 (e, )M, (10, ) M ()4, - BK )\ U
‘2 u, )M )i

(”2 )'MS (us )’(Aj+2 - BKj+2 ) u

Journal of Applied and Computational Mechanics, Vol. 1, No. 3, (2015), 134-144



140 Hadi Delavari et. al., Vol. 1, No. 3, 2015

+ ZZ: M, (”1 )'sz (MZ )'MS (”5 )-(Aj+4 -BK,., ) U

J=1
2

= M ()M ()M ()4 - BR ) U
=l

2 Ay ’
=3 M )M )M )4 - BR U

j+2 Jjt2
J=1

—ZM'u'.M'.u'.M'u'.A' - BK' U (12)
> My, (1, )M ()M () )

jt4 Jjt4
j=1

Assume that B is nonsingular. So, by choosing appropriately K, and K; (i=1,2,...,6), a Hurwitz stable

matrix L is derived such that:
L=diag(l,1,,1,,1,) (13)

For simplicity, the control input coefficient matrix B is chosen as B =1, where [ denotes the identity

matrix. The feedback gains K, and K are derived as follows:

A-K=4"-K =L (14)
where i =12 and j =1,2,3. Thus the Equation (12) is linearized as:
é(t)= Lelr) (15)

Assuming that L is a Hurwitz stable matrix, Equation (15) is asymptotically stable. Therefore, K, and K
are denoted as follows:

K =B'(4-L)K:;=B"(4'-L) (16)

1

3. Simulation Results

In this section, numerical simulations are presented to validate the effectiveness and performance of the proposed
fuzzy controller. The parameters of the drive system are chosen as a=3.5, b=0.06, ¢c=3, d=2 and

h =9 . The second parameter is different in the response system and is equal to & = 0.599 .
Let the initial values of the drive system be ul(O) =5, u, (O) =2, u, (0) =0, u, (0) =1 and us(()) =4,

while those of the response system are ul'(()) =3, uz'(O)Z 4, u3'(0) =3, u, (()) =2 and u '(O) =1.

By choosing a Hurwitz stable matrix L such as:
L = diag(-5,-4,-3,-2,~1)

and according to (16), the feedback gains K, and K; (i=1,2,3,4,5,6) are calculated. The whole

hyperchaotic synchronization system is simulated by Matlab R2012a using the Fuzzy Logic Toolbox. Let the
uncertainties be pulse signals with different amplitudes. The synchronization error convergent curves are presented
in Figs. 3-7, in which the synchronization between two identical hyperchaotic complex systems in the presence of

uncertainties is achieved and the synchronization error (e, = u; —u; ) for each state variable converges to zero.
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Fig. 3. The hyperchaotic synchronization error (€, ) of the system (8).
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Fig. 4. The hyperchaotic synchronization error (€, ) of the system (8).
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Fig. 5. The hyperchaotic synchronization error (€; ) of the system (8).
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Fig. 6. The hyperchaotic synchronization error (€, ) of the system (8).
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Fig. 7. The hyperchaotic synchronization error (€5 ) of the system (8).

4. Conclusion

In this paper, a new hyperchaotic complex system is represented by T-S fuzzy models. The structure of this
modeling method is simple and applicable to many hyperchaotic systems. The parallel distributed compensation
method is introduced to design the fuzzy controller by which the synchronization is achieved. Simulation results and
comparison studies are shown to demonstrate the effectiveness and performance of this method and the robustness of
the designed controller against uncertainties considered as pulse signals with different amplitudes.
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