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Abstract

In this paper, numerical spline-based differential quadrature is presented for solving the boundary and
initial value problems, and its application is used to solve the fixed rectangular membrane vibration
equation. For the time integration of the problem, the Runge—Kutta and spline-based differential quadrature
methods have been applied. The Runge—Kutta method was unstable for solving the problem, with large
errors in its results, but the spline-based differential quadrature method obtained results that agree with the
exact solution. The relative errors were calculated and investigated for different values of time and spatial
nodes of discretisation. It seems that the spline-based differential quadrature method is proper for the full
simulation of membrane vibration in both spatial and temporal solutions. For the time solving of the
membrane vibration, conventional methods, such as the Runge—Kutta method, are not useful even if the
time steps are considered too small.

Keywords: Runge—Kutta method, spline-based differential quadrature method, membrane vibration, time
integration.

1. Introduction

The differential quadrature method (DQM) has attracted appreciable attention over the past two decades. This method,
which was first introduced by Belman and Casti[1], can be used for calculating the natural frequencies of carbon
nanotubes [2], functionally graded Euler—Bernoulli beams [3], rotating beams [4], plates and shells of variable
thickness [5], nanotube-laminated composites [6], and doubly-curved shells [7]. The DQM can also be used in a vibration
analysis of nanobeams [8] and nanoplates [9,14] based on nonlocal theories.

In the DQM, any derivation can be approximated by weighting some coefficients, and based on how these
coefficients are calculated, there are different types of DQM. In generalized [4-9, 12] and harmonic [2] differential
quadrature methods, the coefficients are calculated by using Lagrange interpolation polynomial and harmonic functions,
respectively. In the modified cubic B-spline differential quadrature method (SDQM), a modification of cubic B-spline
functions is used to find the weighting coefficients [10].

The DQM can also be applied in time integration. Tanaka and Chen [13] presented a combined application of the dual
reciprocity boundary element method and the differential quadrature method to time-dependent diffusion problems. They
found that the DQM is numerically accurate, stable and computationally efficient in computing dynamic problems.
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In this paper, the rectangular membrane equation was solved by discretising the spatial derivatives by the SDQM. As
the initial value problem, the obtained equation was solved numerically by the Runge—Kutta method, but its solution was
very unstable even when the time step was considered too small. Therefore, the SDQM was used by discretising the
temporal derivatives. The relative errors of the computed middle displacement of the membrane are listed in Table 1, and
these results show good agreement with the exact solution. It seems that conventional time integration methods, such as
Runge—Kutta, cannot be applied to initial value equations obtained by using the SDQM to discretise the spatial
derivatives. It is noted that the Newmark method failed; instead, the membrane vibration equation can be solved
numerically with good accuracy by using the SDQM.

2. Weighting coefficient for SDQM

The approximation of a function derivative with respect to space variable at a node in SDQM is given by [11]:
(n)
DAf ()}, ZC,,f(X) M

where 7, j =0, 1/2 ,1,3/2 ,2,...,N—2,N—3/2,N—1,N—1/2,N and D, is a differential operator of
order 7. The subscript i indicates the value of D, { f (x)} at node X;in which x; =ik and for 0<x <1, h
is equal to ﬁ . In the SDQM, eq. (1) should be satisfied when function f(x) takes the cardinal spline basis functions
Qj (x) ; therefore, weighting coefficients are given in explicit forms:
m _ o
Ci,_/ - Qj (x,‘) (2)
The cardinal cubic B-spline interpolation function is written as follows:
Q,(x)=2770 _,(x)+21D_,(x)+ D, (x)
Q,(x) =2880 ,(x)
2

Q,(x) = —3608D_, (x) — 164D _, (x) + @, (x)
Q. (x) = 6048D_, (x) + 288D _, (x)

Q,(x) =-34230 ,(x)-164D _,(x)+ D,(x)

Q. (x)=440D_,(x) + 21D _(x) + D,(x)

Q,(6) = 210, (x) = D, (x) + B, ()

Qx)=0,(x), S5<i<N-5 (3)

Qu,(x)=210,,(x)-D,,(x)+P,_,(x)

Q, (x)=440D, ,(x)+ 21D, (x)+ D, ;(x)

Q,,(x)=-3423D,,,(x) ~ 164D (x) + D, _,(x)

Q. (x)=6048D  ,(x)+288D (x)

Q, ,(x)=-3608D,,(x)-164D,  (x)+ D, (x)

Q, ,(x)=283D, ,(x)

Q,(x) = 277D, (x) + 21D, (x) + O (x)
where

@, (1) =9, (x-x))- [(/w 5+ D, ——)}

)
+é[¢3(x—xj +h)+p,(x—x, —h)]

in which
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0 x<-2h
(x+2hY —2h<x<-h
(x+2hn) —4(x+h) —h<x<0
PO = oh—xf —a(h-x)  0<x<h 2
(2h—x) h<x<2h
0 x>2h

For solving the initial problem using the SDQM, the following discretisation can be applied for the first-order and
second-order derivatives, respectively. [11]

DA (0, = CQf(x)+ 2 C S (x) ©)
DS = COf )+ 3 COCD £ (i) + 3 COS €Y f(x,) )

3. Spatial SDQM discretisation

In this article, the free vibration of a fixed-edge rectangular membrane with @ and b lengths is studied.

ou _ o*u N o*u ®
o’ ox® oy’
u(0, y,t)=u(a,y,t)=u(x,0,t) = u(x,b,)=0 ©)
where u(X, y,t) is the displacement, X and y are the coordinates and ¢? = T which 7" and p are
Yo,

tension and density. The initial velocity is zero, and the initial displacement is:
u(x, y,0)= O.l(4x—x2 XZy—yz) (10)

For ¢* =5, a=4 and b =2, the exact solution of eq. (8) is:

o 7A5(m” +4n . max . n
u(x, y, =0. 42605022 oS ( ) ¢ [sin 272 sin 12 (11)
m=l n=1 (2m - 1) (2}’1 l) 4 4 2
The SDQM discretisation of the eq. (8) is written as below:
1 1
o= a2 (2) (2)
ui,j =c |: zclm m] Tzcj,mui,m:| (12)
a m=0 b m=0
By considering the boundary equations and relations (5), the above equation can be rewritten as follows:
2| 1 S (2) 1 3 2)
=) 7 2 Gt * 37 2 Clntn (3
m=y

4. Runge—Kutta method

For solving eq. (13) as the initial value problem, it should be written in state space.
(=[x Jr) (14
where
b= y
= Whvoy Wiy Moy e Uygy Uy e Uygp e Upyg e Uy (15)
and [K ]2( N-ia(v-1y contains the corresponding coefficient of each X,.
By using the Runge—Kutta method, eq. (14) is solved by applying the initial conditions. The result is depicted in

Fig. 1. for the middle point of the membrane, N =15 and time step 1x107" by comparing with the exact
solution. As shown in the figure, the Runge-Kutta solution diverged at # =0.14(s). In addition, the solution
becomes unstable for the other values of N . Also the Newmark method fails for solving eq. (18), and the
corresponding solution also becomes unstable. It seems that common time integration methods, such as the Runge—

Kutta and Newmark methods, should not be used for problems discretised based on the SDQM. Therefore, the
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SDQM method should be applied for the time integration of such problems to achieve stable and more accurate
results.
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Fig. 1. Comparison of the Runge—Kutta method and the exact solution

5. Numerical solution based on SDQM

Both the time and spatial discretisation of eq. (8) based on SDQM by considering the boundary conditions (9) is
presented below:

ou 1 &
(O] (O 0] @ @ — 2 (2) (2)
T;cO A, +Z]—;cmeO 110+2Tkszmp ,jp_ 2 Ctm mjk+ chjm 1mk (16)
at i,7,0 m— a m—2 b m—
where
o
T = t—’ i,j=0,1/2,1,3/2,2,.. M =2,M =3/2,M —1,M —1/2,M (17)
f
in which ¢ / is the end time of the simulation. By considering zero initial velocity, eq. (16) can be rewritten as
follows:
(%2109 © M 2 IS (2) 1 < (2)
ZTkamO 110+z]}€m ZT :C ?chm m,j,k b_zzcjm i,m,k (18)
m=2 m:i m=1
The above equation can be written in matrix form:
[4]u]+[u]B]+[c]=0 (19)
where
Uiy Ui
Uy g o Unow
U, Uy s m
[U] = Unapg o Unoiom (20)
Uy -+ Uinam
| Unanv-1n - Unovom |
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and [A]Mx( v+3y2 18 the coefficient matrix of the right side of eq. (16), [B ]( N+3y2ur 18 the coefficient matrix of the

second term in the left side of eq. (16) and [C ] 1<) 18 Telated to the first term of the left side of eq. (16) representing

the initial displacement. Eq. (19), which is called a Sylvester equation, is solved by the “lyap” function in MATLAB
software, and the displacement of the rectangular membrane is obtained.

The relative error values of the SDQM in calculating the middle point of the rectangular membrane in ¢ = 1(s)
for 7, =2(s) arelisted in Table 1 for M and N from 30 to 50 nodes. In many cases, the M and N values

have satisfactory results (i.e., error < 1%), but in general, the increasing or decreasing of the relative error has no
regular, specified manner. For example, when M is equal to 48 nodes or 50 nodes, the relative errors are less than
0.3% for any values of N, but when M is equal to 49 nodes, the relative errors are less than 8%. For both the

temporal and spatial solutions of the membrane vibration, the SDQM achieved good agreement with the exact
solution. For example, the displacement of the membrane is shown in Fig. 2. for four periods of time.

Table 1. Error values of the #(%, % 1)
exact — SDOM M

exact
31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50

31 274 0.67 206 075 072 039 092 084 085 042 083 044 095 020 035 038 008 0.05 241 0.11
32 288 0.67 185 075 078 060 104 095 0.88 036 09 046 096 026 034 037 006 0.05 532 0.04
33 285 0.70 1.58 071 0.78 0.78 1.04 099 0.86 027 096 063 087 035 034 032 004 0.04 565 001
34 295 076 141 070 084 1.04 1.10 1.02 090 0.09 103 040 0.84 046 036 027 002 0.02 757 0.05
35 290 0.77 1.19 065 084 130 104 094 0.86 083 1.00 0.18 0.73 0.52 035 025 007 0.08 3.83 0.12
36 296 0.83 1.04 062 09 1.64 105 0.13 0.89 024 1.04 009 069 0.61 036 027 0.14 0.12 4.67 0.08
37 288 095 1.00 055 089 193 100 082 086 029 101 001 063 064 034 026 016 0.15 2.09 0.09
38 291 097 094 050 094 226 101 069 0.89 022 1.04 009 060 0.71 037 025 025 0.17 193 0.14
39 280 097 084 044 089 244 097 056 086 0.13 1.01 017 054 074 033 028 004 0.18 173 0.16
40 278 1.02 0.75 040 085 259 099 044 0.74 0.13 1.05 025 052 0.78 032 030 062 022 1.65 0.18
41 265 1.04 068 034 065 253 096 041 050 0.16 1.06 032 048 0.76 028 031 135 025 1.53 0.17
42 257 110 0.67 026 045 243 098 036 0.10 024 113 039 047 075 024 033 181 029 151 0.09
43 241 112 079 0.13 063 218 095 033 030 030 1.13 044 045 0.71 020 032 190 033 144 0.07
44 252 118 1.09 004 094 194 098 031 0.60 026 1.17 052 044 0.65 023 037 190 042 143 030
45 229 120 143 030 1.03 163 08 031 0.71 009 1.13 058 043 0.68 030 039 180 041 149 023
46 217 127 172 069 1.08 136 092 031 0.77 0.05 1.12 067 043 0.70 037 044 1.78 037 153 0.18
47 202 129 175 125 1.06 1.08 090 026 0.78 0.18 1.03 072 043 0.65 048 047 170 0.14 1.64 0.17
48 190 136 178 216 1.07 085 090 027 0.79 028 094 081 043 0.65 0.62 056 1.69 0.05 0.06 0.13
49 1.76 139 1.68 3.61 102 064 088 031 078 036 080 085 030 0.63 078 062 163 0.00 1.17 023
50 1.65 146 1.66 624 1.02 046 088 041 0.78 041 0.67 092 049 0.64 096 0.67 1.63 0.00 123 035
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Fig. 2. The displacement of the membrane for four periods of time
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6. Conclusion

The full solution of the membrane vibration is divided into two parts: spatial and temporal solutions. The spatial
discretisation is applied to the membrane vibration equation easily, and the obtained equation is the initial value
problem that could be solved by conventional methods such as the Runge—Kutta and Newmark methods, but the
numerical solutions are unstable and have large errors. In this paper, the SDQM is proposed for solving the time
solution of the membrane vibration equation instead of conventional time-integration methods. By using the SDQM,
the full solution achieves good agreement with exact solution and has good stability.
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