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Abstract

In this paper, we present an analytical method for solving a well-posed boundary value problem of mathematical
physics governing the vibration characteristics of an internal flow propelled fluid-structure interaction where the
pipeline segment is idealized as an elastic hollow beam conveying an incompressible fluid on a viscoelastic foundation.
The effect of Coriolis and damping forces on the overall dynamic response of the system is investigated. In actuality,
for a pipe segment supported at both ends and subject to a free motion, these two forces generate conjugate complex
frequencies for all flow velocities. On employing integral transforms and complex variable functions, a closed form
analytical expression is derived for the overall dynamic response. It is demonstrated that a concise mathematical
expression for the natural frequency associated with any mode of vibration can be deduced from the algebraic product
of the complex frequency pairs. By a way of comparative analysis for damping decrement physics reminiscent with
laminated structures, mathematical expressions are derived to illustrate viscoelastic damping effects on dynamic
stability for any flow velocity. The integrity of the analytical solution is verified and validated by confirming theresults
in literature in appropriate asymptotic limits.

Keywords: Analytical method, viscoelastic foundation, Coriolis and damping forces, conjugate complex
frequency pairs and damping decrement physics.

1. Introduction

Engineering examples of fluid-conveying slender systems interacting with axial flow abound in practice.
Other examples include flexible conduits containing flowing fluid, heat-exchanger tubes in axial flow
regions of the secondary fluid and containing internal flow of the primary fluid, nuclear reactor fuel
elements, monitoring and control tubes, thin-shell structures used as heat shields in aircraft engines and
nuclear reactors. Nonetheless, further engineering devices include jet pumps, certain types of valves and
other components in hydraulic machinery, towed slender ships, barges and submarine systems, etc.
Physiological examples may be found in the pulmonary and urinary systems and in haemodynamics.

As rightly pointed out by Paidoussis [1], although the work on the dynamics of pipes conveying fluid has
mostly been curiosity-driven over the years, it has nonetheless yielded rich rewards among which are : (i)
the development of theory for certain classes of dynamical systems, and of new analytical methods for
such systems; (ii) the understanding of the dynamics of more complex systems (such as the investigation
of the dynamics and stability of fluid-conveying curved and twisted pipes in complex spatial forms), and
(iii) the direct use of this work in some a priori unforeseen practical applications.
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For the fluid-conveying pipelines, it is common to observe Coriolis force components among the terms
describing the mathematical models of the system. This term has drawn researchers and engineering
physicists into probing its significance within the system. Mostafa [2] investigated the natural frequency of
a simply supported pipeline (hinged type) conveying 1-D incompressible steady fluid flow set on a
viscoelastic foundation. He stated that the Coriolis acceleration term arises because the fluid flows with a
velocity relative to the pipe, such that it causes the fluid-structural interaction model to belong to the class
of complex eigenvalue problems. It is noted in [2] that during free oscillations the Coriolis force term does
no work, i.e., it dissipates no energy. This term is also identified as a nonworking velocity-dependent load
called gyroscopic by [3,6]. Confirmation of this is provided by the experimental work reported in [4, 5]. In
the 1950s, proofs were claimed of researchers and mathematicians’ works showing that the Coriolis has
negligible effects even at the molecular scale level of interaction. However, as pointed out in [1], granted
that the gyroscopic (Coriolis) forces do no work in the course of free motions, but they nonetheless can exert
important influence on the overall dynamical behavior of a pipeline system.

It is observed that suppression of instability is a peculiar factor in some pipeline systems. A number of
efforts have been made by researchers to examine effects of different foundation on such systems. Fluid-
conveying pipes that rest on elastic foundations were examined by Lottati and Kornecki [7], where he found
that the critical flow velocity of fluid-conveying pipe resting on a Winkler foundation is higher than that
without a foundation. Others in a similar investigation are Stein and Tobriner [8], Dermendijan-Ivanova [9],
Chary et al [10] and Doarre et al [11]. Recently, Chellapilla and Simha [12] studied the problem of vibration
of fluid-conveying pipes on a two-parameter foundation model — the Pasternak-Winkler model, while
Mahrenholtz [13] extended the Winkler’s model to account for the effect of time dependence in the simplest
case to make it viscous, so that he applied the viscous model to solve a problem of rotating wheel sets on
polymer rubber sheets. In other methods, instabilities suppression were investigated via the use Eddy current
dampers by Saxena and Patel [14], Jae-Sung et al [15] and Tonoli [16].

In the recent work by Olayiwola [17], a direct method was used to investigate a fluid-conveying pipeline
system that is resting on a visco-elastic foundation via integral transforms. Szmidt and Przybylowicz [18]
studied the influence of electromagnetic damping on the dynamics of a pipe conveying fluid and observed
that within such a context, the Coriolis effect is seen to be a destabilizing one. Kuye [19] investigated the
effects of piping material viscoelasticity and the deformable sea bed foundation on offshore fluid-conveying
pipes.

This paper presents exact closed-form solutions for the natural frequencies, and demonstrates the
dependence of the complex natural frequencies on the Coriolis and damping forces, and the rational natural
frequency of the system. Also, the effects of Coriolis and damping forces on the dynamic response of the
system are highlighted and presented.

2. Analysis of an Euler Beam Conveying an Incompressible fluid

An analysis of the bending of a beam on a viscoelastic foundation based on the Winkler model is derived
from the assumption that the foundation's reaction forces are proportional at every point, to the deflection
of the beam at that point. The differential equation of the elastic line is based on the notion that the straight
beam is supported along its entire length by a viscoelastic medium and subjected to vertical forces in the
principal plane of the symmetrical cross section (see Figure 1).

Pipe Conveying Fluid

Fluid in

HiE

px.0=k W+u o

Fig. 1. Representation of modified Winkler foundation model
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The partial differential equation governing the dynamics of a fluid-conveying pipeline segment supported
on a viscoelastic foundation (Mostafa [2]) is

o'w 5 0w o*w ow o*w
El —+kw +p, U ——+ + + +2p,U
ko U St ()t 2 U S

) (1)

In literature of fluid-structure interaction mechanics, where fluid induced vibrations are studied, Eqn. (1) is
often non-dimensionalized as

ow  — — oW 62W aW 2
o&* o&*  or or 656
where
_ 4 k L4
v=UL|2 p=—P -r=t—2 24 ;gzl,W:K;ﬁ:_L k==Y
Pyt Pr L=\ p, + Py L L Elr El
whereas for the present study the dimensionless form is given by
a‘*W o'W o'W _ow — o'W
T+ T (1+./;f) 420, U5 =0 3)
o’ ot otox
where
4 2
r=12 |5 ;Wzvi;x_:x—;t_:t—;lszL &;g’f :&;kozkoL = 1L
EI L L T ElI ~ P EI O EL
o
The term 0 Z represents the acceleration due to the restoring force acting on the pipe arising from flexural

bending. The components k¥ and i %K depict the forces that emanate from the foundation stiffness and

e
damping respectively. Whilst ¢,U> 56 v
X

is the acceleration term from the centrifugal force due to the

y
internal flow in the deflected pipe. The component (1+¢; )E;TVZ is the acceleration due to the inertia force
t
-
on the pipe. The term 2¢ fU_ % represents the Coriolis acceleration as a result of internal fluid flow with
X

velocity U relative to the pipe motion. For comparison purposes:

Case 1: We expect that if the pipeline segment is conveying a fluid and an eventual situation calls for the
valve to be closed or the pump/compressor shut-off, then an entrainment fluid - be it hot, cold, pressurized
or otherwise - will be trapped in the pipe. When the flow velocityU =0, and Eqn. (2) — based on the non-
dimensionalization method in literature will become

+k WV +u

Lim e 2 2 7 2
GVZ ZGVZ oW ﬂaW”ﬁuaW _
o0& o&r  or? or

asU —0

That is,

ow oW _ow  — _
+ +1 +kV =0 4
&t ar? # or # @
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leading to
1

5 —ﬁim} YA=nr

which shows that, there is no fluid inside the pipe if the flow velocity is zero. This is not to be so. However,

Q, =

considering Eqn. (3) — based on this paper’s dimensionless method — withU =0, it becomes

Lim 4 2 i o 2
ow — OW —OW  _oW ow
+kV +&,U +20,U —=+ +(1+
_ (a A = O J
asU —0
That is,
ow  — oW _ow
3. +k +(1+ —+u—=0 5
D )
Leading to,

Q, = 1+§f { s 7 -a(1vg, ) (22 +k0)} Vi=nz

Revealing that, the system’s vibration, configuration and response are strongly affected by the entrainment
fluid in the pipe.

Case 2: If there is no fluid in the pipe, i.e.{, = =0, then Eqns. (2) and (3) respectively become

Lim 4 2 2
(?Z kg +u ZZVZ+2VZ uaaW 2 ﬂ”a;ayj
as f—0 d

drrr 2177 277 r _
ie. aVZ+uzaVZ+aVZ+ﬁaW +kV =0 (6)
Py oe2 o2 or

Leading to,
Q, :% —ﬁi\/ﬁ2—4(/14—/12u2+k0)} VAi=nzx
and
Lim 4 27 2 a 7
ow ow oW BW ow
( kg +¢,U? o +24,U e ——+a—+(1+¢ ) —= j
LISé’f —0 *
a“W ow  _ow
+k0W +(1+g“f) +,u?:O (7)

The literature method (Eqn. (6)) is showing that when no fluid is present in the pipe, there is still an internal
flow velocity. This is not possible and is likely a fundamental error in physics. However, Eqn. (7) shows
that the restoring and the inertial accelerations in dimensionless form are the balancing vectors.

Case 3: We now examine the governing equation (1) in its original form, that is, in its dimensional state;
such that when U =0, it becomes
o'w *w ow

El —+kw +(p, +p, |—+pu—=0 8
6)64 0 (pp pf)@l‘z ’uat ()

Leading to,

Q, =m{—ﬂi\/,u2 +ap, (1+¢, )(E1 (A1) +k0)} Vi=nz
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and when there is no fluid in the pipe i.e. p; =0
o'w o*w ow
ET kg +p, e 2= ©)
Ox ot ot
Leading to,

0, :L{_ﬂﬂpp (E] (4/L)* +k0)} Vi=nrx
2p,

It is confirmed that Eqn. (8) is similar to Eqn. (5), demonstrating that the natural frequency is dependent on
the mass or density of fluid flowing in the pipeline. We next define the following Fourier complex integral
transforms Jeffrey [21] and Wrede & Spiegel [21], namely:

F7 (.7)) J' (3,0 dE = (A
W (w0} = )iz =17 (2.7 o
F7 (A7 \/_LO W (A7) A=W (F.7)
where in this case
0 when —0<x <0
F(x,0)=W (X.0) when 0<x <1
0 when 1 <x <

On applying the Fourier transform on Eqn. (3) gives;
_ - .\ 4 2,2
JF +z (ygfy —l,U)dW_F +(ﬂ - U2 +k0)ﬂ_F
dr 2 (1+¢)  at (1+¢5)
( o (0 7 ) —i A% ( ~¢U ) _f(o’;)e—i/b?
(1+¢)
Subject to simple supports at both ends, i.e.,
(W(O,t) =W, (0,t)= 0]

W (Lt)=W, (Lt)=0

b) (11)

In conjunction with the following conditions
dw (0,) dW (L)
de dr
Since the resultant equation is an in-homogeneous second order ordinary differential equation in the
transform plane, we seek the solution in the next subsection.

3. Complex natural frequencies
In this subsection, our interest is to compute the complex natural frequencies from the solution W © (/I,t_) in Eqn.
(11). A closed form solution can be obtained via a complimentary equation of the form;
F(af)=de" (12)
leading to the following characteristic equation, namely;

52 +i [(Mé}lj__iﬁ)]s +(14 ki +k_0) Aes =0

(1+¢) (1+¢r)
to give complex conjugate pairs of the forms;
0 __[244,-U—iﬁj¢ [2/15/-17—1';7}2+( ~G U 1) (13)
1,2 —
’ 2(1+¢r) 2(1+¢r) (1+¢r)

In order to separate the Coriolis and damping forces from the complex natural frequencies, we introduce the
expression

226, U -ifi
Q= 24, U-in (14)
2(1+¢;)
into Eqns. (14). On comparing these equations with the Coriolis frequency, the relative frequencies are;
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_ 2
Q,=-0, (g—iiji 1+[§—ﬁj (15)
’ 2 2
where
_Qcor. 7 _£
":_ Q” ,/.lc _Qn

The algebraic product of the foregoing gives
A= U2 +k,
! ) (16)
(1+)

The observation from relation (16) is that the rational natural frequency of the system on the real axis is
independent of the Coriolis and damping forces, a generalized equation can readily be conjured as;

U2
Q2 =0} (1—(]—2} (17)

cr

QxQ,=0Q,° =(

to express the rational natural frequency as a function of critical flow velocity. As U =U,, , the rational

natural frequency tends to zero, i.e.Q, — 0, the system instabilities develop.

cr

3.1 Dynamic Response Analysis

For the case of a pipe segment that is subjected to a uniformly distributed load of the form /' Newton per

unit length is as illustrated in Figure 2 below. The deflection function for the static configuration is given
as, (see Nash, 1977);

—x

L

/2 /2

Fig. 2. Simply supported S-shape beam with distributed load

— o ot & 1w
W =p (1 ————t e 18
'Bf(+§f)(6 FIMNTRNE 420J (1)
where
L

B = ’1212 = withm , as the mass of pipe and the complete solution is as follows;

— — = - 2’

WE(AE)=A(A)e™ ™ +B (1) + J£ ) — (19)

(2 -4 0?27 +ky)

where

T (2)=(H e (0,0)e 47| (22 =, U 7 (0,0)e ) (20)

By applying the initial pipe velocity at the support ends, we solve for 4 (1),B (1) and W (A,t') as follows;

Journal of Applied and Computational Mechanics, Vol. 2, No. 2, (2016), 96-117



Effect of a Viscoelastic Foundation on the Dynamic Stability of a Pipeline System Conveying an Incompressible Fluid 102

Q,J (A
A(2) =~ ey (1) 2L | 2y
he Are)) o @1
QJ (4
B(A)= 2o gy (2)4—1 QZH(Z)_ZI—()
e e fnli+s) 22)
where
l)—IOW (£,0 7 *dx = p, (1+gf)jo( TS e (23)
4 2772 7
g A AT kg (24)
(1+¢)
The response in the Fourier domain is given as
(AT )= — 1 a1 )H(/l,o)
Ql _Q2
—iQ, —iQF (25)
(e — e ) (0 -0y) s ()
(Q-9Q,)(1+¢; ) Q;
Recalling the inverse Fourier transform namely (see ref. [20]);
7 M.x
W (%.0) J_j d 2 (26)
in conjunction with Eqns. (20, 23, 25 and 26) gives;
Qe — Qe P TSI A b
i 0, (e o076 T s T2 a0
W(x.)=p8 (1+<) 27)

3w ()
Next, on applying the initial conditions /" (0,0) =W (1) =0, the second term in Eqn. (27) becomes

) w(Qze—iQII_Qle—igzl‘_(Qz_Ql)J

118, (1+¢, ol (0,-0)

e e e

(92 (e —1)-0 (e —1))

S M) (@)
SHA ()= J;X( ~U¢ (e - )emd/l

)]

AT (A))=- (28)

and simplified to the form;

where

12
T2 T4 L2
2 4
On applying residue theory with A =+, , 37 {AJ (1)} =0 i.e., the system becomes identically zero; but
with A = J_r\/a , the following can be deduced, namely;
Sor ) T
i () (e 1) e )
SHAI ()} ==
420 (Q2 _Ql)

X(”‘(ji @')(e—f RE) ) (o 14|
2n
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resulting to

e (e 1))
1 (14 )(n-U%¢; ) (@,-2) @9)

x(sin\/n_l(l—x_)Jrsin 771x_)
We can infer the conditions at & =0 or 1such that 3" {AJ (1)} =0, since
15, 14 )n-0° ) s 1) e )
420\/; (Qz _Ql)
to deduce that

sin\/;:O

leads to the following condition viz.

T2 T4 2
\/;=nﬂ3/12=n27r2=[U2§f LY §f4_4koJ

From Eqn. (26), we have
Q) =4 -2°U°¢, +ky =0
but letting 7 = A% leads to
n’ —77[725_/ +ky=0
Since from Eqn. (27) \/; =nn and consequently 12 = n?z? then

nint —nzﬁzﬁzgf +ky=0
Solving to give
= i)
¢r n'r

— nw ky 1 ky jz
U, = 1+ +— 4o 30a
cr \/?( 2n47z4 8(}’1472'4 ( )

Leading approximately to

A (2))

4204/,

#0

Ucr =

That is,

— n

UCV = z + ko

NFRIN NG

As the foundation stiffness &, tends to zero, the critical velocity of flow reverts to the earlier result, viz.

(30b)

U, ="" wn=12,. (31)

Using Eqns. (26) and (29) on Eqn. (25), the dynamic response of the system follows as;

(Qze—inf_Qle—inf_ZQCd (e—iglf _e—ing))
(-

7 (7.7) B (1+¢ )| % (708 —1055* +565° —10%° -11) )
X, =
(02 -07)g (@ 1) (e 1)

nr (Qz _Ql)

-(sinmr(l—x_)+sinn7rx_)

and further reduces to the following form
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(Qze*"ng —Qe M —20,, (e —e ))
(Q,-)
W(f,?):ﬂf (1+¢) ix(7?)63—105x4+§6x5—10x6—11.) 7 .
201 (2 -02)g (@ -1)- (e 1))
M (@ -Q)
x(1=(=1)"" JsinnzE

where

Q=-Q, _\/chd +Qi Q, =-Q, +\/chd +Qi

o, :(2ﬂgfﬁ—ivﬁj o :\//14_§f(72/12 +h,

2(1+§f) 1+¢;
s

We shall comparing Eqns. (16) and (17) to examine the following three scenarios namely; at the critical,
sub-critical and post-critical flow points. Firstly;
4 7202 T
2 A GO vk (34)
O, (1+¢5)

where
U 2

2
F—U—z

(35)

Next, the arguments for computing the residues as in Eqn. (29) are A =+U. J¢r and possible only when
4 2

T2
(/1—\/;)(/1+\/;):0, wheren:{U—fﬁi U—fL—kOJ. From Eqn. (31) at the critical point, i.e.1-T'"> =0

(where divergence occurs), Eqn. (31) becomes

J=0, (36)
and, at the sub-critical points whereT" <1, the internal flow velocity takes the form

U<U, (37)
whereas, at the post-critical points i.e. whenI > 1, the flow velocity is such that

Us>U, (38)

These scenarios describe the dynamic behaviors of the pipeline segment with fluid transmission at various
flow velocities.

3.2 Logarithmic Decrement Analysis

All real systems dissipate energy when they vibrate. If the damping is significant, its effects must be included
in the analysis, particularly when the amplitude of vibration is required. Energy is dissipated by frictional
effects, as in the case of the pipe segment system resting on the visco-elastic foundation. Common types of
damping are viscous, dry friction and hysteretic, etc. A convenient way of determining the damping in a
system is to measure the rate of decay of oscillation. Consequently the logarithmic decrement, arising from
the ratio of any two successive amplitudes in the same direction can be applied. The same logarithmic
damping coefficient can be used as a measure of the damping capacity of a structure. Here, the effect of the
length between two supporting ends on the fluid-conveying pipeline damping capacity is particularly noted
and investigated. The characteristics of the decrement with the flow velocity and time are to be especially
studied.

Recall from Eqns. (11), (14) and (15) that the homogeneous form of the governing equation can be written
as
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dw" dw”

+20, ——+ QW =0 39
dt— ‘cd dr n ( )
Using 7 7 =e™" . Z transforms Eqn. (39) to the following
d’Z -
—+1,°Z =0 40
A (40)
where
B2 =00 -0
since, the solution to Eqn. (40) is Z = 4 cos(z +¢), then the solution to Eqn. (39) can be expressed as
W=l .y cos(@,1 +¢) (41)

This may represent typical simple harmonic motion, with its amplitude diminishing exponentially to zero

as the time 7 increases. Now, if we start measuring the motion when the phase angle s =0, i.e. W © =4 ,
then

W =e™ ' . gcospi (42)
As depicted by the displacement-time curves shown in Figures 3-5. When W =0,then cosz,7 =0 i.e.
#t =(2n-1)z/2, and whendw © Jdi =0, tanz i =-Q, /H, , leading to two successive amplitudes at
n=k and n =k +1 are compared to give the Amplitude Reduction Ratio (ARR) of the system as [23-24]

W - L’
ARR — _T;l — _e_ch (tr+l _tz) =—c M, (43)

Now, from the given ARR, the logarithmic decrement of the motion can then be deduced as
I4711-:%—1 2ch 7[
t wr - 2 2
Sk -2,
Hence, from Eqn. (43) and for the fundamental mode, we write the logarithmic damping for the mid-position
of the system is computed as;

1

(44)

=1
7 (30)
Q-Q
o=In f =In Sor 49(71 2)497 S0y (45)
W(z’t_J ch(e ' —e 2)—((216 T —Qe 2)

and

;3 Q. (e —e 1O ) _(Qe O QeI
(3] 2 g Rl
2 3360 (Q,-Q))

Invariably for the next cycle the following ensues viz;

(1 A . A |
w (2, Tj ch (eleIT _e—lQZT ) + (Qze —iQ,T _Qle—l Qr )
o=In 1 =In —-iQ (T+1) -iQ (T+1) —-iQ (T+1) ~iQ (TJrl) (46)
W(z,ﬂlj Q (o7 =B )i (e TR e T )

Ca

Recalling, the bending moment as

a7 (%.7)
M=E] ————~
dx?
where
dI (x_,t_) (e—inlf _e—inf)Jr(Qze—inF _Qle_,-gl;)
—_ = 1
) (@,-9)

x(2x_2—5x_3+4)?4—x_5)
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gives the strain energy of the structure as

vt Q. (efiﬂlf _e—inf)+(Qze—iQZF _Qleﬂ‘glz’)
Ul:J.O ﬁdx: 'B.f(l+é}') (Q —Q)
2 1 (47)
xfs(i—l—ox_ﬁrﬂx_z—Ex_3+§x_4—ix_5+ix_6j
7 2 9 5 11
i.e. whenx =0.5,
—iQF i, -iQF —iQ,F
1y ch(e T —e 2 )+(Qze " —Qe 2)
U,=|—=| (0.101 1+¢;
I [J (0.101)¢ B (1+¢;) Q-0
with other strain energies as;
2
. By (1+¢;)
3EV (1 1587E] O 107 i, —iof
U, =->-" || """ Q. le ™ =™ )+ (Que 77 Qe 48
o [2} (64)(313600) | 1 (e ) %)
(Q,-9)
and
1) 1)
=57} - (57
2 2
o - - 49
1 6 529Q§ ch (e—lQIt _e—tﬁzt )+(Qze—1§22t _Qle—lﬁlt ) ( )
-13) GG 4 0+9)
2) (64)(313600) (Q,-Q))
Consequently, the total strain energy can be computed as
: > (1587)EI N 2
Uz(lj (0.101)(1) +¥+£lj ﬂ
2 2) " (64)(313600) \2) (64)(313600)
o o o o (50)
( ) ch (e—let _e—lQZt )+(Qze—lQlt _Qle—zﬁzt )
x< B (14
! / (QZ_QI)
Whilst, the dissipation energy is obtained as follows;
2 2
21— 21—
oo ] - (1)
o o - o \)2 51
| 6 5290 ; ch (Qle—lﬂlt _Qze—tﬁzt )_iQIQZ (e—lQIt _eﬂQZt ) ( )
B P
(64)(313600) (Q,-9)
In view of the foregoing, the logarithmic damping decrement A becomes
Azlln{l+L}=lln{l+2} (52)
2 U, +U,+U; | 2 U
and computed as;
2
Azim[HLazJ (53)
2 383.2+3El +Q,
where
(Qe—iglf Q.0 )_Q192 (e—zQIF L] )
Y= ch
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The effect of viscoelastic foundation on the dynamic stability of the segment of a pipeline system conveying
an incompressible fluid is the motivation for this study. A close observation of each of the Figures 3, 4 and
5 indicates progressive damping profiles for the dynamic response as functions of time. The amplitudes are
exponentially diminishing for every successive beat. The damping effects are handled in Eqn. (42) as clearly
shown in Figures 3-5. The tendency for the formation of beat phenomenon could be tied to fluid-pipe mass
ratio in a manner that strongly illustrates an enhancing of the process with increasing fluid-pipe mass ratio.
It is also clear that the system acted like coupled oscillators — one on the part of the combined damping and
Coriolis forces, and the pipeline system as the second. In the characteristics, we observe that there are
envelopments formed by the slow-moving frequency displacements over the fast-moving frequency

response.
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The plots of the Amplitude Reduction Ratio (ARR) against the flow velocity show that increasing the fluid-
pipe mass ratio and modal values strongly affected the response amplitude reduction as the flow velocity
increases (Figures 6, 7). With smaller values of fluid-pipe mass ratio and modal values, ARR grew
exponentially to maximum values at smaller flow velocities while further increase in flow velocities
maintains almost constant peak values. Figures 8 and 9 illustrate the characteristics of ARR against the
values of coefficient of friction as the fluid-pipe mass ratio and modal values are respectively altered. An
effective control of the growing ARR vibration (oscillation) is observable as the coefficient of friction
increases.

Figure 10 demonstrates ARR relationships with the fluid-pipe mass ratio. It readily shows that ARR
increases steeply to the maximum value as the mass ratio increases between 0 to 1.0, while further increase
of the mass ratio maintain constant maximum value. The amplitude reduction ratio against the foundation
stiffness is depicted by Figure 11, where increasing the values of foundation stiffness produces a sharp
decrease in the ARR between the range of 0 and SOkN/m, after which further increase produces gentle
decrease in the ARR. The logarithmic damping decrement against the flow velocity and time are illustrated
by Figures 12 and 13, from which the saw-tooth profiles exhibit oscillatory characteristics for various values
of fluid-pipe mass ratio.
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Figures 14-17 show the bifurcation profile for the pre- and post-divergence characteristics of the pipeline
system. It is shown that as the foundation stiffness increases the critical flow velocity increases (Figures 14
and 15), while increasing the fluid-pipe mass ratio decreases the critical flow velocity (Figures 16 and 17).
The natural frequency of the system is demonstrated in Figures 18 through 21 where the two regions
describing the divergence situation, that is, when the flow is less- and greater- than the critical flow points
are shown.
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Fig. 14. Pre-divergence bifurcation profile for various values of foundation stiffnesss

It is noteworthy that the critical flow velocity increases with decreasing fluid-pipe mass ratio but with
increasing modal values. Then, in Figures 22 and 23, the system’s dynamic responses against the pipe length

for uniform fluid flow VelocityU =5m/s are presented as exhibiting a convex or concave parabolic
curvature depending on the values of mode and time. The table below gives the values of the parameters
used for developing the explained figures.

Table 1. Values of Coding Parameters

Description of parameters Values
Pipe length 30m
External radius 203mm
Internal radius 193mm
Density of pipe material 781kg/m3
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Density of fluid 850 kg/m3
Elastic constant of pipe material 200x109Pa
Coefficient of friction 0.3Ns/m for of the some curves
Foundation stiffness constant 1KN/m
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This paper proposes a concise analytic solution technique. The complex Fourier exponential transform
in conjunction with the employment of the contrived bending moment polynomial function for the case of
the pipe segment with an entrained fluid to transform the homogeneous partial differential equation of the
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mathematical Physics problem to an inhomogeneous ordinary differential equation in Fourier-time domain
demonstrated an apt mathematical solution method that can equally be exploited for the solution of non-
linear problems in conjunction with homotopy perturbation method (HPM), homotopy analysis method
(HAM) and differential transformation method (DTM). It is also noteworthy to state clearly that unlike the
modal complex frequencies the rationalized natural frequencies are independent of the damping and Coriolis
effects, but under the modulation of flow velocities and the foundation stiffness. Results in literature are
confirmed and validated in appropriate asymptotic limits. See [2], [17] and [19]. Our findings include:

1. The fluid-pipe mass ratio strongly affected both the natural frequency and the dynamic responses
of the system;
2. The system’s frequencies and responses are functions of the foundation stiffness k,and the

coefficients of friction u ;
3. For 4 =0.3Ns /m , the optimum foundation is likely between S00kN/m and 1.0MN/m, while for
k =500kN /m , the appropriate values of z may be 5.0 for ¢, =0.9 and 11.0 forg, =0.2.

Nomenclature
E  Young’s modulus (N /m 2) A wave .number
o damping decrement
1 moment of inertia (m 4) A logarithmic damping decrement

ARR Amplitude Reduction Ratio

p,  mass density of pipe per unit length (K g/m ) g, fluid-pipe mass ratio
Py mass density of fluid per unit length (Kg /m) k, foundation stiffness N /m
U internal flow velocity (m /s ) H dimensionless coefficient of friction
W transverse deflection ( m ) Q, system frequency at zero flow velocity
W dimensionless dynamic response Q,  natural frequency (dimensionless)
7. pipe’s end slope Q, complex frequency (dimensionless)
—ﬁ pipe’s end moment Q, conjugate complex frequency (dimensionless)
7 pipe’s end shear force Q. frequency due to Coriolis force
— . . . (dimensionless)
t dimensionless time . .
_ . ., . Q.; frequency due to Coriolis and damping forces
X coordinate of pipe’s neutral axis ¢ .
i ational lorati /52 (dimensionless)
g gravitational acceleration (m s ) U, critical flow velocity (dimensionless)
L pipe length (m)
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