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Abstract 

In this study, the dynamic buckling of the embedded laminated nanocomposite plates is investigated. The 
plates are reinforced with the single-walled carbon nanotubes (SWCNTs), and the Mori-Tanaka model is 
applied to obtain the equivalent material properties of them. Based on the sinusoidal shear deformation 
theory (SSDT), the motion equations are derived using the energy method and Hamilton's principle. The 
Navier’s method is used in conjunction with the Bolotin's method for obtaining the dynamic instability 
region (DIR) of the structure. The effects of different parameters such as the volume percentage of 
SWCNTs, the number and orientation angle of the layers, the elastic medium, and the geometrical 
parameters of the plates are shown on DIR of the structure. Results indicate that by increasing the volume 
percentage of SWCNTs the resonance frequency increases, and DIR shifts to right. Moreover, it is found 
that the present results are in good agreement with the previous researches. 
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1. Introduction 

The stiff, strong, and lightweight composite materials are being widely used in many structural members, such as 
the multilayered composite plates. The laminated composite structures are made up of the layers of orthotropic 
materials that are bonded together, whereas the sandwich structures consist of a thick and light core surrounded by 
the face sheets which possess high strength and high stiffness, thereby increasing the resistance to bending. The 
dynamic stability problems which have attracted the attention of many researchers up to the present are still among 
the most important problems for the laminated composite plates. 

Many researches have been done on the mechanical analysis of the laminated plates. The natural frequencies and 
the buckling stresses of the cross-ply laminated composite plates were analyzed by Matsunaga [1] taking into 
account the effects of the shear deformation, thickness change, and rotatory inertia. The dynamic behavior of the 
laminated composite plates undergoing moderately large deflection was investigated by Kim and Kim [2] 
considering the viscoelastic properties of the material. In order to accurately determine the dynamic response of the 
cross-ply laminated thick plates subjected to a moving load, a solution procedure was presented based on the three-
dimensional (3D) elasticity theory by Malekzadeh et al. [3]. The natural neighbour radial point interpolation method 
(NNRPIM), an improved meshless method, was used by Dinis et al. [4] in the numerical implementation of an 
unconstrained third-order plate theory which was applied to the laminates. Honda et al. [5] extended the layerwise 
optimization (LO) procedure to the maximization problem of the fundamental frequencies of the sandwich plates 
with the fibrous composites and low stiffness core layers. A new inverse trigonometric zigzag theory was proposed 
by Sahoo and Singhand [6] which was implemented for the static analysis of a laminated composite and the 
sandwich plates. Heydari et al. [7] presented an analytical approach for the transverse bending analysis of an 
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embedded symmetric laminated rectangular plate using the Mindlin plate theory. In this study the surrounding elastic 
medium was simulated using the Pasternak foundation. A simple hyperbolic shear deformation theory which took 
into account the transverse shear deformation effects was proposed by Saidi et al. (8) for the free flexural vibration 
analysis of the thick functionally graded plates resting on elastic foundations. A method for studying the dynamical 
instability and non-linear parametric vibrations of the symmetrically laminated plates of complex shapes having 
different cutouts was proposed by Awrejcewicz et al. [9]. Liang [10] extended the Koiter–Newton method for the 
nonlinear buckling analysis of the thick and thin laminated composite plates. 

To the best of our knowledge, the dynamic buckling analyses of the sandwich nanocomposite plates have not 
received enough attentions so far. Motivated by these considerations, the purpose of this study is to investigate the 
dynamic buckling analysis of the nanocomposite laminated plates resting on an elastic medium based on SSDT in 
order to optimize the sandwich structures. The elastic medium is simulated with the orthotropic Pasternak medium. 
The Navier and Bolotin methods are applied to obtain the dynamic instability region of the system. To validate the 
work, the results are compared with those reported in the literature. The effects of different parameters such as the 
volume percentage of SWCNTs, the number and orientation angle of the layers, the elastic medium, and the 
geometrical parameters of the plates are shown on DIR of the structure. 

2. SSDT 

A schematic figure of the laminated plates with the nanocomposite layers is shown in Fig. 1with the Cartesian 
coordinate system  zyx ,,  which is used in the middle layer of the nanocomposite where the thickness coordinate 

z  ranges from h  to h . As can be seen in this figure, the length and width of the plates are a and b, 
respectively. The elastic medium is simulated by the spring and shear layers. 

 
Fig. 1. The embedded laminated plate with SWCNTs-reinforced layers  

Based on SSDT, we have [11] 
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where u , v , and w  are the displacements of the mid-plane along the axes x, y, and z, respectively, and x , y , 

and   are the rotations about the y, x, and z axes and account for the effects of the transverse shear. According to 
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Based on the displacement field of the quasi-3D SSDPT, the in-plane and the transverse shear strains of each 
layer may be expressed as: 
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The constitutive equation for the stresses σ  and the strains ε  matrix of the kth layer can be expressed as 
follows [12]: 
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where ( , 1, 2,...,6)ijQ i j   can be defined as: 
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where   denotes the orientation angle, and ( , 1, 2,...,6)ijC i j   are the elastic coefficients which can be obtained 

by the Mori-Tanaka model [13]. 
 
 

3. Energy Method 

 The strain energy U of the structure can be written as: 
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Combining Eqs. (7)-(13) yields: 
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where the force, moment, and transverse shear stress resultants may be defined as: 
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The external work induced by the elastic medium is [14]: 
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where wk  and gk are the spring and the shear constants, respectively. The total kinetic energy of the actuator-

nanocomposite-sensor structure may be written as: 
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Based on Hamilton's principle, the motion equations can be derived as follows: 
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where xeN  and yeN  are combinations of the mechanical, electrical, and surface forces. Furthermore, the mass 

moments of inertia can be defined as: 
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4. Solution method  

The steady state solutions to the governing equations of the plate motion which relate to the simply supported 
boundary conditions along the edges of the surface electrodes can be assumed as [15]: 
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The uniform compressive edge loading along x  and y  axes are
 xmN P   and ymN kP  , respectively. 

The in-plane load P is periodic and may be expressed as: 
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where  K is the linear stiffness matrixes and  M  is the mass matrix. In order to determinate the boundaries of the 
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According to this method, the first instability region is usually the most important in the studies of structures. It is 
due to the fact that the first DIR is wider that other DIRs, and the structural damping in higher regions becomes 
neutralized [4]. Substituting Eq. (34) into Eq. (33) and setting the coefficients of each sine and cosine as well as the 
sum of the constant terms to zero yields: 
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By solving the above equation based on the eigenvalue problem, the variation of   with respect to   can be 
plotted as DIR. 

 

5. Numerical Results 

A computer program is prepared for the numerical solution of the dynamic buckling of the laminated 
nanocomposite plates resting on an elastic foundation. The material properties of the laminated plates are listed in 
Table 1 [16].  

Table 1. Material properties of the Graphite/Epoxy [16] 
 

Properties Value 

11E  132.38 GPa  

22 33E E  10.76 GPa  

12G  3.61 GPa  

13 23G G  5.65 GPa  

11 23   0.24  

13  0.49  
  31578 /Kg m  
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In the absence of similar publications in the literature which cover the same scope of the problem, one cannot 
directly validate the results obtained here. However, the present study could be partially validated based on a 
simplified analysis suggested by Putcha and Reddy [17] on the buckling analysis of the laminated plates for which 
SWCNTS as the reinforced and elastic medium were ignored in this paper ( 0w g rk k C   ). For this purpose, a 

simply supported plate is considered with the same material properties as Ref. [17]. The results of the comparison are 
shown in Table 2. As can be seen, the present results are in good agreement with other works which indicate 
validation of this study.  

Table 2. Comparison of the present work with the published papers 
 

Theory 1 2/E E  

 3 10 20 30 40 
Classic theory, [17] 5.7538 11.4920 19.7120 27.9360 36.160 
Mindlin theory, [17] 5.3991 9.9652 15.3510 19.7560 23.4530 
Refined theory, [17] 5.3905 9.8336 14.8906 18.8778 22.1194 

Present work 5.3918 9.8452 14.9167 18.8769 22.1531 
 
Fig. 2 shows the effect of the number of layers on DIR of the structure. It can be seen that in the symmetric 

laminated composites (with three number of layers), DIR occurs in higher pulsation frequencies compared with the 
anti-symmetric ones (with two number of layers). The reason is that the symmetric laminated composite plates are 
more balance and stable. 

 
Fig. 2. DIR of the structures with various number of layers  

 
The influence of the orientation type of the layers is studied in Fig. 3. For this purpose, three various types of 

orientations of the layers are considered as: (0,0,0), (0,90,0), and (45, -45, 45). According to Fig. 3, it can be 
concluded that the composite structure with the angle-ply orientation of the layers has the highest frequency. 
Moreover, the composite structure with zero angle orientation of the layers has the lowest frequency. 

 
Fig. 3. DIR of the structures with various types of orientation angle of the layers  
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In Fig. 4, the effect of the SWCNTs volume percentage on DIR is probed. From this figure it can be observed that 

by increasing the SWCNTs volume percentage, the frequency increases, and DIR is occurred at higher frequencies. 
Therefore, by increasing the SWCNTs volume percentage, the stiffness of the structure increases.  

 
Fig. 4. DIR of the structures with different values of SWCNTs volume percentage versus an axial mode number 

 
The effect of the elastic medium which is modeled by the spring constant of the Winkler medium and the shear 

layer is studied in Fig. 5. Generally, the existence of the elastic medium causes the increase of the stiffness of the 
structure, and thereby the frequency increases. The Pasternak medium considers the vertical and shear loads; 
however, the Winkler medium only considers the vertical ones; therefore, the effect of the Pasternak medium is more 
than the Winkler medium. According to Fig. 5, the effect of the elastic medium on DIR is significant, and it can be a 
useful parameter to take the system away from the dynamic buckling condition. 

 
Fig. 5. The effect of the elastic medium on DIR of the structure 

Fig. 6 examines the influence of the loading types on DIR of the structure. Two types of loading including the 
uniaxial (along the x axis) and the biaxial (along the x and y axes) are considered. As it can be found, in the biaxial 
loading type, the frequency is lower than the axial loading type. The reason is that in the biaxial loading type, the 
load applied to the edges is higher than the axial loading type; therefore, DIR of the structure occurs sooner.  

6. Conclusion 

Based on SSDT, the dynamic buckling analysis of an embedded laminated nanocomposite plate was studied in 
this paper. The structure was surrounded by an elastic medium which generally was simulated by the Pasternak 
foundation. Using the energy method and Hamilton's principle, the motion equations were derived. In order to obtain 
DIR, the Navier and Bolotin methods were applied. The effects of the elastic medium, the volume percentage of 
SWCNTs, the number of layers, and the geometrical parameters of the plate on DIR of the structure were considered. 
Results indicated that the existence of the elastic medium increases the frequency of the plate. Furthermore, 
increasing the volume percentage of SWCNTs increased the frequency of the plate, and DIR occured at higher 
frequencies. In addition, present results are in a good agreement with those reported by Ref. [17]. Finally, it is hoped 
that the results presented in this paper would be helpful for the study and design of the rectangular laminated 
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nanocomposite plates. 

 
Fig. 6. The effect of the loading type on DIR of the structure 
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