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Abstract 

In this paper, the dynamic analysis of the composite sandwich truncated conical shells (STCS) with various 
boundary conditions subjected to the low velocity impact was studied analytically, based on the higher order 
sandwich panel theory. The impact was assumed to occur normally over the top face-sheet, and the contact 
force history was predicted using two solution models of the motion which were derived based on Hamilton’s 
principle by considering the displacement continuity conditions between the layers⸳ In order to obtain the 
contact force and the displacement histories, the differential quadrature method (DQM) was used. In this 
investigation, the effects of different parameters such as the number of layers of the face sheets, the boundary 
conditions, the semi vertex angle of the cone, and the impact velocity of the impactor on the impact response 
of the complete model were studied. 
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1. Introduction 

Today, the sandwich structures consisting of two thin face sheets and a relatively thick lightweight core with various 
shapes have gained widespread usage because of their higher strength-to-weight and bending stiffness-to-weight ratios 
[1]. The thin and thick circular conical shell structures rise to optimum conditions for the static and dynamic behavior. 
They are widely used in mechanical, civil, aerospace, architectural, and marine engineering applications such as 
hoppers, pressure vessels and tanks, space vehicle and space crafts, sub marines, and reactors nozzles [2].  

Since one of the main parameters of designing such structures is the evaluation of their dynamic response to the 
impact load, the impact of objects on sandwich structures has been an interesting subject for researchers during the 
last decades. Chai and Zhu [3] reviewed the numerical, mathematical, and experimental methods used for the analysis 
of the sandwich panels subjected to impact loading. They analyzed the impact responses according to the key 
parameters and; consequently, identified various classes of impact. The impact responses on the sandwich structures 
were classified into two main groups: the high velocity and low velocity impacts with the focus on the low-velocity 
impact. According to the mass ratio, the response under the low-velocity impact was further subdivided into three 
possible categories, namely, large, small, and medium mass impacts. 

A comprehensive review of the analytical models has been provided by Abrate [4] which classifies the previous 
researches into three categories: the spring-mass models (a combination of the global and local springs) which are used 
to present the transverse load-formation behavior, the energy-balance models that assume a quasi-static behavior of 
the structure, and the complete models in which the dynamic behavior of the structure is fully modeled. Shivakumar 
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et al. [5] used a two-degree-of-freedom model that consisted of four springs for bending, shear, membrane, and contact 
rigidities to predict the impact response of a circular plate. In their model, the contact force and the contact duration 
for the low-velocity impact on the circular laminates was calculated. Anderson [6] performed an investigation of the 
single-degree-of-freedom models for a large mass impact on the composite sandwich laminates. The stiffness 
parameters of the models were derived from the results of the three-dimensional quasi-static contact analyses of a rigid 
sphere indenting a multi-layered sandwich laminate. Gong and Lam [7] used a spring-mass model having two-degrees-
of-freedom to determine the history of the contact force produced during the impact. They also included the structural 
damping in their model. Malekzadeh et al. [8] presented a new computational method for the face sheets based on the 
improved higher order sandwich plate theory (IHSAPT) to analyze the transverse low velocity impact on the sandwich 
panels which was caused by a spherical impactor. In their study, a new three-degree-of-freedom (TDOF) springs-
masses-damper (SMD) model is proposed to predict the contact force history for the composite sandwich panels with 
a transversely flexible core. Khalili et al. [9] presented a new equivalent 3DOF spring-masses (SM) model that 
accommodated the normal impact at any location and used it to predict the low velocity impact response of the 
composite sandwich panels with a stiff and flexible core. Their method allowed more than one impactor to act 
simultaneously on the panel, at different locations, either on the same face sheet or on the opposite sides of the panel. 
Based on Love’s first approximation shell theory, the free vibration analysis of the conical and cylindrical shells with 
various boundary conditions was performed by Wilkins et al. [10]. In their theory, the transverse shear strain was not 
ignored. Using the finite deformation theory, Struck [11] studied the buckling analysis of the shallow open conical 
sandwich shells under uniform external pressure. 

Bardell et al. [12] used the h-p finite-element method together with the Love’s thin shell equations to investigate the 
natural frequencies of conical sandwich panels having the full range of classical boundary conditions which includes 
free, clamped, simply supported and shear diaphragm edges. Malekzadehfard and Livani [13] performed the free 
vibration analysis of thick truncated conical composite sandwich shells with flexible cores and simply supported 
boundary conditions based on a new improved and enhanced higher order sandwich shell theory and the first order 
shear deformation theory for the inner and outer composite face sheets. 

In the present paper, the study of the dynamic effects of low velocity impact on the sandwich conical shells with the 
simply supported and clamp conditions is performed using the higher order sandwich shells theory. In this analysis the 
elastic region, the displacements, and rotations are assumed to be small. The impact modeling is performed by using 
the complete model.  

Generally, in this paper, the partial differential equations of motion, obtained from Hamilton’s concept, are converted 
into algebraic equations by using the DQ method. Moreover, the core to the face sheet stiffness ratio, the core to the 
face sheet thickness ratio, semi-vertex angle, large radii of cone-to-length, the boundary conditions, the impactor mass, 
the impactor velocity, the orientation and stacking sequence, and the symmetric and anti-symmetric angle ply are 
investigated on the contact force and the maximum deflection of the thick laminated truncated conical sandwich shells. 

 

2. Formulation of conical composite sandwich shells 

Consider a STCS which is composed of two orthotropic laminated composite face sheets separated by an 
orthotropic thick compressible or incompressible core. The thickness of the top face, the core, and the bottom face 
layers are ݐ௧ , ,௖ݐ  ௕, respectively, and H is the total thickness of STCS. As shown in Fig. 1, r1 and r2 indicate the radiiݐ
of the cone at its small and large ends, respectively, α denotes semi-vertex angle of the cone, and L is the cone length 
along its generator. The origin of the coordinate system (x, ߮, z) is located on one corner of the mid plane of STCS; x 
is measured along the cone’s generator starting at the mid length, ߮ is the circumferential coordinate, and z is a 
straight line normal to the mid surface of the shell. The assumptions used in the present analysis are followed by those 
encountered in the linear elastic small deformation. u, v, and w are the displacement components in the axial, tangential, 
and radial directions, respectively. Based on the first shear deformation theory, the displacements u, v, and w of the 
face-sheets with small linear displacements are expressed through the following relations: 
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where ݑ௜ , ௜ݓ ௜ܽ݊݀ݒ  (݅ = ,ݐ ܾ) denote the displacement components of the face sheets of DCSP. In equation (1) , ݑ଴
௜ , 

଴ݒ
௜ , and ݓ௜are the displacements at the mid surface in the α, β, and ݖ directions. ߠఈ

௜  and ߠఉ
௜  are the rotations of a 

transverse normal around the α and β curvilinear coordinates, respectively. The kinematic equations for the strains of 
the face sheets are as follows [14]: 
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where ݑ଴
௜ ଴ݒ , 

௜ , and ݓ௜  are the displacements at the mid surface in the α, β, and ݖ directions, respectively; ߠ௫
௜  and 

ఝߠ
௜  are the rotations of a transverse normal around the α and β curvilinear coordinates, respectively. In the above 

equations, ݅ stands for the face sheets, ݅ = ݅ represents the top face sheets, and ݐ = ܾ represents the bottom face 
sheet. For the displacement fields of the core, the cubic pattern through the core thickness and the vertical displacement 
of the core are considered as follows:  
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Also, the kinematic relations of the core for STCS are based on small deformations [14]: 
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3. Governing equations 

In order to derive the motion equations of the laminated STCS, the energy method is used. The first variation of 
the strain energy for STCS during the elastic deformation is: 

න ௖ܷ ߜ
௧మ

௧భ

ݐ݀ + ෍ න ݐ௜ܷ݀ߜ

௧మ

௧భ

௧,௕

௜

= න න න ൫ℎ௫ߪ௫
௖ߝߜ௫

௖  +  ℎఝߪఝ
௖ ఝߝߜ

௖  + ௭ߪ
௖ߝߜ௭

௖  + ℎ௫ఝ߬௫ఝ
௖ ௫ఝߛߜ

௖  + ߬௫ఝ
௖ ௫ఝߛߜ

௖  
஺௭

௧

଴

+  ߬ఝ௭
௖ ఝ௭ߛߜ

௖ ൯݀ܣ௖ ݖ݀ ݐ݀

+ ෍ ቐන න න൫ߪ௫
௜ ௫ߝߜ

௜ + ఝߪ
௜ ఝߝߜ

௜ + ߬௫ఝ
௜ ௫ఝߛߜ

௜ + ߬௫௭
௜ ௫௭ߛߜ

௜ + ߬ఝ௭
௜ ఝ௭ߛߜ

௜ ൯݀ܣ௜

஺

௜ݖ݀

௭೔

ݐ݀

௧

଴

ቑ

௧,௕

௜

 

(10) 

 
The kinetic energy for STCS is given by: 
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whereߩ௜(݅ = ,ݐ ܾ, ܿ) is the mass per unit volume of the top and the bottom face sheets and the core, respectively; 
ሶݑ ௜ , ሶݒ ௜ , and ݓሶ ௜(݅ = ,ݐ ܾ, ܿ) are the velocities in the x, ߮, and z directions, respectively; "." denotes the first time 
derivative; ܸ௜(݅ = ,ݐ ܾ, ܿ) is the volume of the top and the bottom face sheets and the core, respectively. The first 
variation of the kinetic energy can be written as: 
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in which: 

௡ܫ
௜ = න ௜ߩ

௭
݅     , ݖ݀(௡ݖ) = ,ݐ ܾ, ܿ ܽ݊݀ ݊ =  (13) 6 ݋ݐ 1

 
However, substituting Eqs. (10) and (12) into the following equation [14] yields: 
 

ߜ න ݐ݀(ܮ)

௧మ

௧భ

= ߜ න –ܧ] (ܷ + ܹ)] ݐ݀ =  0

௧మ

௧భ

 

(14) 

 
By integrating the parts and collecting the coefficients of independent variations in 
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௕  , ௕ݓߜ  , ௫ߠߜ
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௕, sixteen equations of motion 
for STCS may be expressed as: 
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In the above relations, the components of the resultant forces and moments per unit of the length which act along 

the lines of the constant ݔ or φ in the face sheets and the core of STCS can be defined as [16]: 
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Substituting Eqs. (2), (3), (5)-(8) into Eqs. (1) and (4) and combining them with Eqs. (16) to (19) yields: 

{തܨ} =  (20) {Ξഥ}[ܦ]

in which: 

[ܦ] =  ቈ
௙ܦൣ

௜൧
௔×௔

0

0 ݇௢[ܦ௦
௜]௕×௕

቉     , ൣܦ௙
௜൧ = ቈ

௖×௖[ܣ]
௜ ௖×ௗ[ܤ]

௜

ௗ×௖[ܧ]
௜ ௗ×ௗ[ܦ]

௜ ቉ (21) 

The dimensions of the matrix ܦ for the core are: ܽ = 19, ܾ = 14, ܿ = 10, and ݀ = 9, and for the face sheets 
are: ܽ = 14, ܾ = 6, ܿ = 4, and ݀ = 4. Furthermore, the elements of [ܦ] for the core and the face sheets are given 

in appendix A. In addition, parameter ݇௢ is called the shear correction factor of FSDT which is equal to 
ହ  

଺
[17]. 

Components of ܨത and Ξഥ  for the face sheets and the core are defined as: 

{Ξഥ௖} = ଴௫ߝ}
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{Ξഥ௜} = ଴௫ߝ}
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(25) 

The superscript ܶ denotes the transpose. The considered boundary conditions (BCs) in this study are  
 
 Simply-Simply BC 

௜ݒ = ௜ݓ = ଶݒ
௖ = ଷݒ

௖ = ଶݓ
௖ = ଷݓ

௖ = ௫ܰ
௝ = ௫ܯ

௝ = ௫ܰ
∗௖ = ௫ܯ

∗௖ = 0  ,   on both ends 

݆ = ,ݐ ܾ, ܿ  and ݅ = ,ݐ ܾ 
(26) 

 Clamped-Clamped BC 

௜ݑ = ௜ݒ = ௜ݓ = ଶݑ
௖ = ଷݑ

௖ = ଶݒ
௖ = ଷݒ
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డ௪మ
೎
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డ௪య
೎
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݆ = ,ݐ ܾ, ܿ  and ݅ = ,ݐ ܾ 
(27) 

 Clamped-Simply BC 

௜ݑ = ௜ݒ = ௜ݓ = ଶݑ
௖ = ଷݑ

௖ = ଶݒ
௖ = ଷݒ

௖ = ଶݓ
௖ = ଷݓ

௖ =
డ௪೔

డ௫
=

డ௪మ
೎

డ௫
=

డ௪య
೎

డ௫
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௜ݒ = ௜ݓ = ଶݒ
௖ = ଷݒ

௖ = ଶݓ
௖ = ଷݓ

௖ = ௫ܰ
௝ = ௫ܯ

௝ = ௫ܰ
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∗௖ = 0  ,   at x=L 

݆ = ,ݐ ܾ, ܿ  and ݅ = ,ݐ ܾ 

(28) 

where  ݆ = ,ݐ ܾ, ܿ and ݅ = ,ݐ ܾ . 

 
 
4. Estimation of contact force history 

To predict the impact force, different methods such as the finite element code, the spring-mass model, and the 
Hertz’s perfect model could be used. The complete model for estimation of the contact force history is presented herein⸳ 
In the present study, the effects of the strain rate and the wave propagation on the impact response and the parts of the 
impactor body, the thermal effects, the acoustic emission, and the local damage are assumed to be neglected. 

 
 

4.1. Hertz’s complete model 

In this model, the improved nonlinear Hertzian contact law is used for obtaining the contact force history. Hertzian 
contact law is presented for the static loading on an isotropic linear elastic half-space [18]. It is also used for the case 
of the impact on the composite structures as follows [19]: 

F(t)=kcα1.5=kc(wi  (t) – ws(t))1.5                                                               (29) 

where α is the indentation٬ Wi is the displacement of the impactor, ws is the displacement of the shell, and kc is the 
Hertzian contact stiffness that is presented for the contact between the rigid spherical impactor and STCS as follows 
[20]: 

௖ܭ = ൬
4
3

൰ ௜ܴܧ
ଵ/ଶ ,

1
ܧ

=
1 − ௜ߥ

ଶ

௜ܧ
+

1 − ௦ߥ
ଶ

௦ܧ
 

 

(30) 

1
ܴ ∗

=
1
ܴ݅

+
1
2

(
1

ܴ1
+

1
ܴ2)

 

where i and s are related to the impactor and target, respectively. The equations of motion of STCS may be expressed 
in the compact matrix form as in Eq. (31). In the complete model, the equations of motion and the impactor are obtained 
as a set of nonlinear coupled ordinary differential equations in which wi and ws are obtained, then, the contact force 
history and the dynamic response are obtained from Eq. (29) as: 
  

}[ܯ] ሷ߯}[ܭ]{߯} = ݐ)ܺ ,    {ܳ} = 0) = 0 

݉݅ ܹଓ + (ݐ)ܨ = 0  ,ሷ ݐ)ܹ݅   = 0) = 0  ,  ሶܹ ݐ)݅ = 0) = ܸ0 

(31) 

(32) 

{ܳ} = {0,0, ܳ݉݊, 0,0,0,0,0,0,0,0,0,0,0,0,0} 

 
where  M  and  K  are the square mass matrix and the stiffness of the shell , respectively. Q is the impact force 
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vector, and Wi and mi are the displacement and mass of the impactor. For a concentrated load, the time coefficient is 
as follows: 
 

(ݐ)݊݉ܳ =
ସி(௧)

௔௕
sin 1ܿݔmߙ sin ݊ߚ  (33) 2ܿݔ

 
 

5. DQM 

DQM approximates the partial derivative of a function F , with respect to two spatial variables (x and) at a given 

discrete point ( , )i ix   as a weighted linear sum of the function values at all discrete points chosen in the solution 

domain ( 0 x L  , 0 2   ) with xN N  grid points along x and   axes, respectively. Then, the nth-order 

partial derivative of ( , )F x   with respect to x , the mth-order partial derivative of ( , )F x   with respect to  , and 

the (n + m)th-order partial derivative of ( , )F x  with respect to both x and   are expressed discretely at the point 

( , )i ix  as [21-23]: 

( )

1

( , )
( , ) 1,..., 1,

x
n N

i j n
ik k j xn

k

d F x
A F x n N

dx






  
  

(34) 

( )

1

( , )
( , ) 1,..., 1,

m N
i j m

jl i lm
l

d F x
B F x m N

d








 

  
  

(35) 

( ) ( )

1 1

( , )
( , ),

x
n m NN

i j n m
ik jl k ln m

k l

d F x
A B F x

dx d








 


  

(36) 

where ( )n
ikA  and ( )m

jlB are the weighting coefficients which may be defined as: 

(1)

(1)

1

( )
, , 1,2,...,

( ) ( )

, , 1,2,...,
x

i
x

i j j

Nij

ij x
j
i j

M x
for i j i j N

x x M x
A

A for i j i j N



   
 
  




  

 

 

(37) 

(1)

(1)

1

( )
, , 1,2,..., ,

( ) ( )

, , 1,2,...,

i

i j j

Nij

ij
j
i j

P
for i j i j N

P
B

B for i j i j N







  




   
 
  




  

 

(38) 

 

where M and P  are the Lagrangian operators which are defined as: 

1

( ) ( )
xN

i i j
j
j i

M x x x



    
 

(39) 

1

( ) ( )
N

i i j
j
j i

P


  



   

 

 

(40) 

The weighting coefficients for the second, third, and fourth derivatives are determined via matrix multiplication 

( 1)
( ) ( 1) (1)

( )

n
ijn n

ij ii ij
i j

A
A n A A

x x




 
    

  
 

(41) 

( 1)
( ) ( 1) (1)

( )

m
ijm m

ij ii ij
i j

B
B m B B

 




 
       

 

(42) 

Using the following rule, the distribution of the grid points in the domain is calculated as: 
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1
1 cos 1,...,

2 1i x
x

L i
x i N

N


  
       

  
 

(43) 

2 1
1 cos 1,...,

2 1i

i
i N

N 


 
  

        
  

 
(44) 

By using Eqs. (33)-(46), the motion equations for the low velocity impact of STCS can be expressed in the matrix 
form as: 

 
}[ܯ] ሷ߯} + {߯}[ܭ] = {ܳ} (45) 

 
where  M and  K  are the mass and stiffness matrixes, respectively; Q is the dynamic load vector, and ߯ =

଴ݑ}
௧  , ଴ݒ

௧  , ௧ݓ  , ௫ߠ
௧  , ఝߠ

௧  , ଶݑ
௖  , ଶݒ

௖  , ଶݓ
௖  , ଷݑ

௖  , ଷݒ
௖  , ଷݓ

௖  , ଴ݑ
௕ , ଴ݒ

௕  , , ௕ݓ ௫ߠ
௕ , ఝߠ

௕} is the displacement vector. The second and first 
time derivatives are defined using the Teoplitz matrices as follows: 

 

(46) 
    
    

11

1 1

,1
1

1 1

1,

1, 1

0,

1 cot ,
, 2,3, 4,..., , 2 ,

1 cot ,

a ,

i i

i n

t ijn j n j

j n

i j ij

a

a
i j n D a

a

a






 

   

 




 
     

 

 

   

(47) 

 
  

 
  

 

2

11

1

,1 12
22

1

1, 12

1, 1

1
,

12 6

1
,

2sin
, 2,3,4,..., , 2 .

1
,

2sin

,

i

i i

n
t ij

n j

j n j

n

i j ij

n
b

b

i j n D b

b

b b











 

 

 


  


 
 


    
  


 



  

 
Eq. (45) can be written as: 

(48)    2 1[ ] [ ] [ ] ,t t e tD M D C I K Q       

where    notes the Kronecker product, and tI  is the unit matrix. Finally, solving the above equation yields the 

deflection and the contact force of the structure which are discussed in the next section. 
 
 
6. Numerical results and discussion 

In this section, the effects of different parameters on the low velocity impact response of the sandwich truncated 
laminated shell is presented. For this purpose, a truncated laminated shell with the following orthotropic material 
properties of the face sheets and the core is considered (Table 1).  

 
Table 1. Material property of the face sheets and the core 

 

Material properties Face sheets core 

(0/90/core/0/90) 
3

231312

13 1312

321

m / kg 1627,49.0,22.0

GPa205.6,GPa895.6G  G

GPa34.10E  E, GPa 311  E









G  
3

231312

321

m / kg195.94,0

GPa45.3 G  G  G

GPa00689.0E E E







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Fig. 2 shows the effect of the semi vertex angle of the cone on the deflection histories. As can be seen, the central 

deflection of the laminated structure increases by increasing the semi vertex angle of the cone. This behavior is due to 
the increase of the stiffness of the structure by increasing the semi vertex angle of the cone. 

Fig. 3 presents the effects of different boundary conditions on the deflection histories of the structure. Three cases 
of the boundary conditions, namely, simply-simply (SS), clamped-clamped (CC), and simply-clamed (SC) are 
considered. It can be found that considering the CC boundary condition, the central deflection of the top face sheets 
increases. It is due to the fact that the structure with the CC boundary condition has more rigidity than the other assumed 
boundary conditions. 

The effect of the orientation angle of the face sheets on the deflection histories of the structure is shown in Fig. 4. 
Four cases of two-layers laminated conical shell are assumed as  00 0,0 , the cross ply type of  00 90,0 , and the angle-

ply types of  00 30,30   and  00 45,45   . It is evident that the deflection of the angle-ply is higher than the cross-ply 

type. As a result, the angle-ply type laminated structure leads to higher stiffness, and thus, higher deflection. 
Furthermore, the angle-ply lamina slightly shortens the contact duration.  

 

 
Fig. 2. The effect of the semi vertex angle of the cone on the deflection histories 

 

 
Fig. 3. The effect of the boundary conditions on the deflection histories 
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Fig. 4. The effect of the orientation angle of the face sheets on the deflection histories 
 
The impact velocity and the mass effects on the histories of the deflection are demonstrated in Figs. 5 and 6, 

respectively. As can be seen, the central deflection of the structure increases by increasing the impact velocity and the 
mass of the impactor. The reason is that the higher impact velocity and mass of the impactor which accompanies higher 
impact energy requires a larger deflection and an accompanying contact force to dissipate it. 

 

Fig. 5. The effect of the impact velocity on the deflection histories 

 

Fig. 6. The effect of the mass of impactor on the deflection histories 
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7. Conclusion 

Based on the higher order sandwich panel theory, the low velocity impact analysis of STCS with various boundary 
conditions was investigated. The impact was assumed to occur normally over the top face-sheet. The motion equations 
were derived based on the Hamilton’s principle considering the displacement continuity conditions between the layers. 
In order to obtain the displacement histories, DQM was applied. The effect of different parameters such as the 
orientation angle of the face sheets, the boundary conditions, the semi vertex angle of the cone, the impact velocity, 
and the mass of the impactor on the impact response were studied. The numerical result indicated that the central 
deflection of the laminated structure increased by increasing the semi vertex angle of the cone. Considering the CC 
boundary condition, the central deflection of the top face sheets increased. In addition, the deflection of the angle-ply 
was higher than the cross-ply type. Furthermore, the central deflection of the structure increased by increasing the 
impact velocity and the mass of the impactor.     
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