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Abstract 

The development of mathematical models for describing the dynamic behaviours of fluid conveying pipes, 
micro-pipes and nanotubes under the influence of some thermo-mechanical parameters results into 
nonlinear equations that are very difficult to solve analytically. In cases where the exact analytical solutions 
are presented either in implicit or explicit forms, high skills and rigorous mathematical analyses were 
employed. It is noted that such solutions do not provide general exact solutions. Inevitably, comparatively 
simple, flexible yet accurate and practicable solutions are required for the analyses of these structures. 
Therefore, in this study, approximate analytical solutions are provided to the nonlinear equations arising in 
flow-induced vibration of pipes, micro-pipes and nanotubes using Galerkin-Newton-Harmonic Method 
(GNHM). The developed approximate analytical solutions are shown to be valid for both small and large 
amplitude oscillations. The accuracies and explicitness of these solutions were examined in limiting cases 
to establish the suitability of the method.  
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1. Introduction 
  Nonlinear flow-induced vibration of pipes, micro-pipes and nanotube has been the topic of experimental, 
numerical, and theoretical studies as it has attracted a large number of studies in literatures [1-37]. This is because, 
modeling the dynamic behaviours of the structures under the influence of some thermo-fluidic or thermo-mechanical 
parameters often results in nonlinear equations and such are difficult to find the exact analytical solutions. In some 
cases where decomposition procedures into spatial and temporal parts are carried out, the resulting nonlinear 
equation for the temporal part comes in form of Duffing equation. Application of analytical methods such as Exp-
function method, He’s Exp-function method, improved F-expansion method, Lindstedt-Poincare techniques, quotient 
trigonometric function expansion method to the nonlinear equation present analytical solutions either in implicit or 
explicit form which often involved complex mathematical analysis leading to analytic expression involving a large 
number terms. Furthermore, the methods are time-consuming task accompanied with possessing high skills in 
mathematics. Also, they do not provide general analytical solutions since the solutions often come with conditional 
statements (i.e. except in limited circumstances where exact analytical solutions are possible) which make them 
limited in used as many of the conditions with the exact solutions do not meet up with the practical applications since 
they give approximated solutions that hardly provide an all-encompassing understanding of the nature of systems in 
response to parameters affecting nonlinearity. Also, in practice, analytical solutions with large number of terms and 
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conditional statements for the solutions are not convenient for use by designers and engineers [38]. Consequently, 
recourse has always been made to numerical methods or approximate analytical methods in solving the problems 
[39-61]. However, the classical way for finding exact analytical solution is obviously still very important since it 
serves as an accurate benchmark for numerical solutions. Also, the experimental data are useful to access the 
mathematical models, but are never sufficient to verify the numerical solutions of the established mathematical 
models. Comparison between the numerical calculations and experimental data often fail to reveal the compensation 
of modelling deficiencies through the computational errors or unconscious approximations in establishing applicable 
numerical schemes. Additionally, exact analytical solutions for specified problems are also essential for the 
development of efficient applied numerical simulation tools. Inevitably, exact analytical expressions are required to 
show the direct relationship between the models parameters. When such exact analytical solutions are available, they 
provide good insights into the significance of various system parameters affecting the phenomena as it gives 
continuous physical insights than pure numerical or computation methods. Furthermore, most of the analytical 
approximation and purely numerical methods that were applied in literatures to nonlinear problems are 
computationally intensive. Exact analytical expression is more convenient for engineering calculations compare with 
experimental or numerical studies and it serves as a starting point for a better understanding of the relationship 
between physical quantities/properties. It is convenient for parametric studies, accounting for the physics of the 
problem and appears more appealing than the numerical solutions. It appears more appealing than the numerical 
solution as it helps to reduce the computation costs, simulations and task in the analysis of real life problems. 
Therefore, an exact analytical solution is required for the problem. Newton-Hamonic Balancing technique as 
proposed by Lai et al. [62] is a comparatively new technique for nonlinear cubic-quintic Duffing equation. The 
simplicity, flexibility in application, and avoidance of complicated numerical integration has given the approach 
added advantages over the previous methods. Combining the Galerkin’s method with Newton-Hamonic Balancing 
technique in the analysis of non-linear initial-boundary value problems, provides complementary advantages of 
higher accuracy, reduced computation cost and task as compared to the other methods as found in literature. 
Therefore, in this research, analytical solutions are provided to the nonlinear partial differential equations arising in 
flow-induced vibration in pipes, micro-pipes and nanotubes under different boundary conditions using Galerkin-
Newton-Hamonic Balancing Method. The nonlinear partial differential equations were converted to nonlinear 
ordinary differential equations and then Newton-Hamonic Balancing technique is utilized to provide exact analytical 
solutions to the nonlinear ordinary differential equations of vibration of the structures. The developed analytical 
solutions are compared with the numerical results and the results of approximate analytical solutions and good 
agreements reached. The analytical solutions can serve as a starting point for a better understanding of the 
relationship between the physical quantities of the problems as it provides continuous physical insights into the 
problem than pure numerical or computation methods. 
 
 
2. Governing equations and boundary conditions 

Case 1: Flow-induced vibration in pipe 

Consider a pipe conveying hot fluid, subjected to stretching effects and resting on linear and nonlinear elastic 
foundation (Pasternak, linear and nonlinear Winkler foundation) under external applied tension and global pressure 
as shown in Fig. 1. Using nonlocal elasticity theory and Hamilton’s principle, we arrived at the governing equation of 
motion as: 
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Fig. 1. Pipe conveying hot fluid 

 
If the pipe is slightly curved, then the governing equation becomes 
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Where Zo(x) is the arbitrary initial rise function. Using the Galerkin’s decomposition procedure to separate the 
spatial and temporal parts of the lateral displacement functions as 

( , ) ( ) ( )w x t x u t  (3) 

    Where ( )u t the generalized coordinate of the system and ( )x is a trial/comparison function that will satisfy 

both the geometric and natural boundary conditions. Applying one-parameter Galerkin’s solution given in Eq. (4) to 
Eq. (3): 
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    And for the slightly curved pipe: 
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We have the nonlinear vibration equation of the pipe as: 
3( ) ( ) ( ) ( ) ( ) 0     Mu t Gu t K C u t Vu t  (5) 
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For the slightly curved pipe, M, G, K and C are the same but: 
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 The circular fundamental natural frequency gives 
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Case 2: Flow induced vibration in functionally graded micro-pipe 

Consider the case of flow induced vibration in a functionally graded micropipe conveying hot fluid subjected to 
stretching effects and resting on linear and nonlinear elastic foundation under external applied tension and global 
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pressure. Applying strain gradient and coupled stress theories followed by Hamilton’s principle [28], we arrived at 
the governing equation of motion for the functionally graded micropipe given as: 
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If the pipe is slightly curved, then the governing equation for the FG micropipe becomes: 
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in which lo, l1 and l2 are the independent length scale parameters embedded in the constitutive equations of the higher 
order stresses. If we follow the same procedure of applying the Galerkin’s decomposition procedure to separate the 
spatial and temporal parts of the lateral displacement and then apply the one-parameter Galerkin’s solution, we 
arrived at the same nonlinear vibration equation for the micropipe as: 
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For the slightly curved FG micropipe, M, G, K and C are the same but  
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Case 3: Flow-induced vibration in nanotube 

Consider a single-walled carbon nanotube conveying hot fluid, subjected to stretching effects and resting on 
linear and nonlinear elastic foundation under external applied tension and global pressure. Following the Eringen’s 
nonlocal elasticity theory [63-66] and Hamilton’s principle, we arrived at the governing equation of motion for the 
single-walled carbon nanotube (SWCBT) as: 
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If the nanotube is slightly curved, then the governing equation for the nanotube becomes: 
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(12) 

 
For nanotube conveying fluid, the radius of the tube is assumed to be the characteristics length scale, Knudsen 

number is larger than 10-2. Therefore, the assumption of no-slip boundary conditions does not hold and modified 
model should be used. Therefore, we have: 

 ,

,

2
1 4 1

1

              

avg slip v
k

avg no slip v

U Kn
VCF a Kn

U Kn




 (13) 

where Kn is the Knudsen number, σv is tangential moment accommodation coefficient which is considered to be 0.7 
for most practical purposes [67]. 

 1
1

2    
B

k oa a tan a Kn


 (14) 

64

4
3 1


  
 

oa

b


 
(15) 

Therefore, 

   , , ,

2
1 4 1

1  

              

v
avg slip k avg no slip avg no slip

v

Kn
U a Kn U VCF U

Kn




 (16) 

 and Eq. (12) could be written as 
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(17) 

   Again, following the same procedural method, the Galerkin’s decomposition procedure and then apply the one-
parameter Galerkin’s solution, we arrived at the same nonlinear vibration equation for the nanotube as: 

3( ) ( ) ( ) ( ) ( ) 0     Mu t Gu t K C u t Vu t  (18) 
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For the slightly curved nanotube, M, G, K and C are the same but: 
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 (19-a) 

and the circular fundamental natural frequency gives: 


n

K C

M
  (19-b) 

where: 
2 4

2
2 40

( ) ( )
1 2

           


L

o

EA d d
C PA T x e a dx

dx dx

   


 (19-c) 

  
3. The initial and boundary conditions 

The structures (pipe, micro-pipe and nanotube) may be subjected to any of the following boundary conditions. 
 
i. Clamped-Clamped (doubly clamped) 

Where the trial/comparison function are given as: 

 ( )
 

     
n n

n n n n
n n

cosh L cos L
x cosh x cos x sinh x sin x

sinh L sin L

 
    

 
 (20) 

  
or 
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 ( )
 

     
n n

n n n n
n n

sinh L sin L
x cosh x cos x sinh x sin x

cosh L cos L

 
    

 
 (21) 

where n  are the roots of the equation 1n ncos L cosh L  . The initial and the boundary conditions are: 

(0, ) w x A (0, ) 0w x  (22-a) 

(0, ) '(0, ) 0 w t w t ( , ) '( , ) 0 w L t w L t  (22-b) 
 
The applications of space function as given above for clamped-clamped will involve long calculations and 
expressions in finding M, G, K, C, and V, alternatively, a polynomial function of the form Eq. (23) can be applied 
for this type of support system: 

2 3 4
1 2 3 4( )     ox a a X a X a X a X  (23) 

where 
x

X
L

. Applying the boundary conditions 

 2 3 4
4( ) 2  x X X X a  (24) 

Orthogonal function should satisfy the equation 

0
( ) ( ) 1

a
X X dx   (25) 

Substitute Eq. (24) into Eq. (25), we have 

 4 5 4 3 2

1
3 70

70 315 540 420 126

 
 
     

a
a a a a a

 (26) 

For a =1, arrived at 4 25.20a for the first mode. 

 
 
ii. Clamped-Simple supported 

 
The trial/comparison function is given as: 

 ( )
 

     
n n

n n n n
n n

cosh L cos L
x cosh x cos x sinh x sin x

sinh L sin L

 
    

 
 (27) 

where n are the roots of the equation, n ntan L tanh L  . The initial and the boundary conditions are: 

(0, ) w x A (0, ) 0w x  (28-a) 

(0, ) '(0, ) 0 w t w t ( , ) ''( , ) 0 w L t w L t  (28-b) 
Alternatively, a polynomial function of the form Eq. (29) can be applied for this type of support system: 

2 3 4
4

3 5
( )

2 2
    
 

x X X X a  (29) 

on using orthogonal functions, 4 11.625a  for the first mode. 

 
 
iii. Simple-Simple supported 

( ) , 0   n n

n
x sin x sin L

L

     (30) 

The initial and the boundary conditions are: 
(0, ) w x A (0, ) 0w x  (31-a) 

(0, ) ''(0, ) 0 w t w t ( , ) ''( , ) 0 w L t w L t  (31-b) 
Alternatively, a polynomial function of the form Eq. (31) can be applied for this type of support system. 

 3 4
4( ) 2  x X X X a  (32) 

On using orthogonal functions, 4 3.20a for the first mode 

 
 

 
iv. Clamp-Free (cantilever) 

 ( )
 

     
n n

n n n n
n n

cosh L cos L
x cosh x cos x sinh x sin x

sinh L sin L

 
    

 
 (33) 
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or  

 ( )
 

     
n n

n n n n
n n

sinh L sin L
x cosh x cos x sinh x sin x

cosh L cos L

 
    

 
 (34) 

n are the roots of the equation 1n ncos Lcosh L    . The initial and the boundary conditions are: 

(0, ) w x A (0, ) 0w x  (35-a) 

(0, ) '(0, ) 0 w t w t ''( , ) '''( , ) 0 w L t w L t  (35-b) 
  

Alternatively, a polynomial function of the form Eq. (36) can be applied for this type of support system: 

 2 3 4
4( ) 6 4  x X X X a  (36) 

Also, with the aid of orthogonal functions, 4 0.6625a  for the first mode 

 
 
4. Nonlinear natural frequency by Newton-balancing method 

 
If we substitute  t  , the nonlinear equation (18) to be solved can be written as 

2 3( )
( ) ( ) ( ) 0


  

K C V
u u u

M M
     (37) 

Since for the undamped clamped-clamped, clamped-simple and simple-simple supported structures, G = 0. 
Applying Newton’s procedure, the displacement and the squared angular frequency can be expressed as 

     1 1  u u u    (38) 
2 2 2

1 1      (39) 
Substituting Eq. (38) and (39) results into Eq. (37) gives 

              32 2
1 1 1 1 1 1 1 1

( )
0


                     

K C V
u u u u u u

M M
         (40) 

On linearizing Eq. (40) with respect to the correction terms  1u   and 1 , we have 

         

     

2 2 2 3
1 1 1 1 1 1 1

2
1 1 1

( )

( ) 3
0

           

             

 
K C V

u u u u
M M

K C V
u u u

M M

      

  
 (41) 

 In order to find the periodic solution of Eq. (38), assume an initial approximation to  1u   

1( ) u Acos   (42) 

The above Eq. (42) is a periodic function of   of period 2 . On substituting 1( ) u Acos  into Eq. (41) gives: 

   

   

2 2 2 3 3
1 1 1 1

2 2

( )

( ) 3
0

          

             


K C V

Acos u Acos A cos
M M

K C V
Acos A cos Acos

M M

     

  
 (43) 

Eq.(42) can be expressed as: 

       2 2 2
1 1 1 1 1( ) 0         xAcos u t f Acos f Acos u       (44) 

where 1u  is a periodic function of  of period 2 . We have the following Fourier series expansion: 

   2 1
1

2 1





    i
i

f Acos a cos i   (45) 

   2
1

2 1
2





    o
x i

i

b
f Acos b cos i   (46-a) 

where the Fourier coefficients are: 
3

1

( ) 3

4


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K C A VA
a

M M

3

3 4
 

VA
a

M

22( ) 3
 o

K C VA
b

M M

2

2

3

2
 

VA
b

M
 (46-b) 

 
 

4.1 First-order analytical approximation 

For the first-order analytical approximation, we get: 

 1 0 u   (47) 
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2

1 0   (48) 
and therefore 

1( ) ( ) u u Acos    (49) 
   On substituting Eq. (45), (46), (47) and (48) into Eq. (44), expanding the resulting expression in a trigonometric 
series and then setting the coefficient of cos  to zero results in the first-order analytical approximation 1 . The 

corresponding approximate analytical periodic solution 1( )u  can be expressed as: 

 1 1( ) u Acos    (50) 

in which 
2

1

3

4


 

K C VA

M M
  (51) 

where angular frequency 1  is the first-order analytical approximation. We can write Eq. (50) directly in terms 

of the primary parameters in the governing equations as: 

2

1

3
( )

4

          

K C VA
u Acos

M M
   (1) 

 
 

4.2 Second-order analytical approximation 

For the second-order analytical approximation, we set 

   1 1( ) 3    u c cos cos    (53) 

By substituting Eq. (45), (46) and (53) into Eq. (44), follow by a trigonometric series expansion and then setting 

the coefficients of cos and 3cos  to zero result in a set of simultaneous equation in terms of 1c  and 2
1  

1 1 4 1 1 1 1 12 2 2 2 0      oa b c b c A A c    (54) 

3 1 2 1 1 12 2 0   oa b c b c c   (55) 
 

Solving Eqs. (54) and (55) simultaneously, we have 

 
 

2
4

3 12
1

22 1

4
3

2

18
128 16 12

 
     

                  

o

o

V
A

a Ab a M

A A b b a K C V
A

M M

  (56) 

 
3

3
1

22 1

2

18
8 4 3


 

               
o

Aa A V
c

A b b a K C V
M A

M M

 
(57) 

The corresponding approximate analytical periodic solution 2 ( )u   is given as 

         2 1 1 2 1 2 2( ) 3       u u u Acos t c cos t cos t       (58) 

 Recall from Eq. (39) that 2 2 2
1 1     . Therefore, the second-order analytical approximation frequency is 

given as: 
2 2

2 1 1      (59) 

 From Eqs. (51) and (56), we have 
2 2

4 2

2
2

128 69 192

8 16 12

              
      

             

K C V K C V
A A

M M M M

K C V
A

M M

  (60) 

We can re-write Eq. (58) directly in terms of the primary parameters in the governing equations by substituting 
Eqs. (57) and (59) into Eq. (58) to have 
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2 2

4 2

2
2

2
4

3

2

128 69 192
( )

8 16 12

128 69
3

8 4 3

                                                

     
   

 
 
 
                

K C V K C V
A A

M M M M
u Acos t

K C V
A

M M

K C V
A

M M
cos

A V

K C V
M A

M M



2
2

2

2 2
4 2

2

192

8 16 12

128 69 192

8 16 12

             
                     
                                               

K C V
A

M M
t

K C V
A

M M

K C V K C V
A A

M M M M
cos t

K C V
A

M M

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

(61) 

 
 
4.3 Third-order analytical approximation 

 
For the third-order analytical approximation, the relevant expressions must be extended. Going back to Eqs.(38), (39) 
and (41), replacing 1( )u  , 1( )u  , 1  and 1 by 2 ( )u  , 2 ( )u  , 2  and 2 , respectively, in the equations, 

we have: 

       

       

       

2 2 2
2 2 1 2 2

3

1 1

2

1 1

9 3

( )
3 3

( ) 3
3 3 0

          
                  

                      

Acos c cos cos u

K C V
Acos c cos cos Acos c cos cos

M M
K C V

Acos c cos cos Acos c cos cos
M M

      

     

     

 (62) 

As before, Eq. (61) can be expressed as: 

         
         

2 2 2
2 2 1 2 1

1 1 2

9 3 9 3

3 3 0

                     

             x

Acos c cos cos Acos c cos cos

f Acos c cos cos f Acos c cos cos u

        

     
 (63) 

For the third-order analytical approximation, we set: 

       2 2 3( ) 3 3 5          u c cos cos c cos cos      (64) 

Substitute Eq. (64) into Eq. (63), employing a trigonometric series expansion and then setting the coefficients 

of cos , 3cos  and 5cos  to zero yields a set of simultaneous equation in terms of 2c , 3c and 2
2 as given in 

Eq. (65-67):
 

         

     

     

3 2 2
1 1 1 1 1

2 1 1

2 2
1 1 1 1 1 2

2 2

2 2
1 1 1 21

3 1 2

3 3 3
2 2

2 2

3 3 3
2 2

3 33
2 0

2 2

         
 

         
   

  
      

  

A c V A c Vc A c VcK C
A c A c

M M M M

A c V A c Vc A c VcK C
c

M M M M

A c V A c VcVc
c A c

M M M







 (65) 

   

   

     

3 2 3 2
1 1 1 1 2 1

1

2 2
1 1 1 21

2 2

2 2

1 1 1 1 2 2
3 2 1 2

3 3 9
2

2 4 4

3 6 9
2 9

4 2

9 3 3
2 9 18 0

2 2

       
 

                  
                    

A c V A c Vc Vc cK C
c

M M M M

A c V A c Vc Vc K C
c

M M M M

A c V A c V A c Vc K C
c c

M M M M





 

 (66) 
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     

   

2 22 2
1 1 1 1 1 1

2

2 2
1 1 1 21

3 2

3 3 3 3

2 2 2 2

3 33
2 50 0

2 2

   
    

  
          

   

A c Vc A c Vc A c V Vc
c

M M M M

A c V A c VcVcK C
c

M M M M


 (67) 

 
Solving Eq. (65-67), we have 

     
   

1 2 3 4 5 6 7 5 2 8 1 4 8 7 32
2

10 6 8 1 3 11 7 3 4 8

    
 

  
              


         

 (68) 

   
   

10 1 5 9 8 11 2 8 7 8
2

10 6 8 1 3 11 7 3 4 8

  


  
c

         
         

 (69) 

   
   

10 9 3 6 5 11 4 5 2 3
3

10 6 8 1 3 11 7 3 4 8

  


  
c

         
         

 (70) 

where 

   2 2
1 1 11

1

3 33

2 2

 
  

A c V A c VcVc

M M M
  

   3 2 3 2
1 1 1 1 2 1

2 1

3 3 9
2

2 4 4

        
 

A c V A c Vc Vc cK C
c

M M M M


  

 2 2
1 1

3

3 3

2 2


  

A c V Vc

M M
  

   2 2
1 1 1 21

4 2

3 6 9
2 9

4 2

              

A c V A c Vc Vc K C

M M M M
   

   22
1 1 1 1

5

3 3

2 2

 
 

A c Vc A c Vc

M M
  

     2 2
1 1 1 1 1 2

6 2

3 3 3
2 2

        
 

A c V A c Vc A c VcK C

M M M M
   

     2 2

1 1 1 1 2
7 2

9 3 3
2 9

2 2

              

A c V A c V A c Vc K C

M M M M
   

   2 2
1 1 1 21

8 2

3 33
2 50

2 2

          
   

A c V A c VcVcK C

M M M M
   

         3 2 2
1 1 1 1 1

9 2 1 1

3 3 3
2 2

2 2

          
 

A c V A c Vc A c VcK C
A c A c

M M M M
   

10 118 c  

 11 12  A c  

 
It should be noted that: 

3 2 2( ) ( ) ( )  u u u    (71) 
Substituting Eq. (58) and Eq. (64), we have: 

         3 1 2 3 3 2 1 3 3 3( ) 3 5      u A c c cos t c c c cos t c cos t     (72) 

Where the third-order natural frequency is given as: 

     
   

2 2
4 2

2

3

1 2 3 4 5 6 7 5 2 8 1 4 8 7 3

10 6 8 1 3 11 7 3 4 8

128 69 192

8 16 12

                  
        

                     
      
   

      

K C V K C V
A A

M M M M

K C V
A

M M

              
         

 (73) 
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Also, Eq. (69) can be written directly in terms of the primary parameters and related parameter to the primary 
parameters in the governing equations as: 

   
   

3
10 1 5 9 8 11 2 8 7 8

2 10 6 8 1 3 11 7 3 4 8

2 2
4 2

3

2

8 4 3

128 69 192( )

8 16 12

 
      
                  

                 
      

               

A V
A

K C V
M A

M M

K C V K C V
A Au

M M M M

K C V
Acos M M

         
         



     
   

 

1 2 3 4 5 6 7 5 2 8 1 4 8 7 3

10 6 8 1 3 11 7 3 4 8

10 9 3 6 5 11 4 5

 
 
 
 
 
 
                                                        

 



t

              
         

        
   

   
   

2 3 10 1 5 9 8 11 2 8 7 8

10 6 8 1 3 11 7 3 4 8 10 6 8 1 3 11 7 3 4 8

3

2

2 2
4 2

8 4 3

128 69 192
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(74) 

Following the procedure given above, we write a generalized expression for the kth-order of analytical 
approximation as: 

    
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1
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k j
j

u d cos j cos j    (75) 

2 2
1 2 2    k k k    (76) 

Also, it can easily be seen that as the nonlinear term, V tends to zero, the frequency ratio of the nonlinear frequency 

to the linear frequency, 3

b




tends to 1: 
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 (77) 

Where  

( )    
b

K C

M
  (78-a) 

It should be pointed out that when the nonlinear term, V is set to zero, we recovered the linear natural frequency. 
Also, as the amplitude, A tends to zero, the frequency ratio of the nonlinear frequency to the linear frequency, 

3

b




tends to 1. 
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Furthermore, it can easily be shown that 

30
( )


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t
lim u t A  (79) 

And for very large values of the amplitude A, we have 
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 (80) 

   Where M, K, C and V are respective integral values of the respective space functions of the respective boundary 
conditions and structure considered. On a general note, following Lai et al. [67], it can easily be shown that the exact 
natural frequency of the fluid-conveying structures is given as: 
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For the general case in this work, 
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 Where when the nonlinear term, V is set to zero, we recovered the linear natural frequency. Although, it is very 
difficult to generate a general exact solution of Eq. (78). However, on using series integration method, we developed 
an analytical solution for the nonlinear natural frequency as: 
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(82) 

We also developed an approximated analytical solution: 
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It can easily be seen that as the nonlinear term tends to zero, the frequency ratio of the approximated nonlinear 

frequency to the exact nonlinear frequency, 3

exact




tends to 1. 
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Also, it could be observed that as the amplitude A tends to zero, the frequency ratio of the approximated nonlinear 

frequency to the exact nonlinear frequency, 3

exact




tends to 1. 
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 (85) 

 
 
6. Results and Discussion 

 
The first five normalized mode shapes of the beams for clamped-clamped, simple-simple, clamped-simple and 
clamped-free supports are shown in Fig. 2-5. Also, the figures show the deflections of the beams along the beams’ 
span at five different buckled and mode shapes. 
Figs. 6-9 show the comparison of hyperbolic-trigonometric and the polynomial functions for the normalized mode 
shapes of the beams for clamped-clamped, simple-simple, clamped-simple and clamped-free supports. The figures 
depict the validity of the developed polynomial functions in this work as there are very good agreements between the 
hyperbolic-trigonometric and the developed polynomial functions. 
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Fig. 2. The first five normalized mode shaped of the 
beams under clamped-clamped supports 

 

Fig. 3. The first five normalized mode shaped of the 
beams under simple-simple supports 
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Fig. 4. The first five normalized mode shaped of the 
beams under clamped-simple supports 

 

Fig. 5. The first five normalized mode shaped of the 
beams under clamped-free (cantilever) supports 
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Fig. 6. Normalized mode shaped of the structures under 
clamped-clamped supports for Hyperbolic-Trigonometric 

and Polynomial functions 

Fig. 7. Normalized mode shaped of the structures under 
simple-simple supports for Hyperbolic-Trigonometric 

and Polynomial functions 
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Fig. 8. Normalized mode shaped of the structures under 
clamped-free supports for Hyperbolic-Trigonometric and 

Polynomial functions      

Fig. 9. Normalized mode shaped of the structures 
under clamped-simple supports for Hyperbolic-
Trigonometric and Polynomial functions 

 
Fig. 10 illustrates the effects of boundary conditions on the nonlinear amplitude-frequency response curves of the 

nanotube. Also, the figure shows the variation of frequency ratio of the nanotube with the dimensionless maximum 
amplitude of the structure under different boundary conditions. From, the result, it shown that frequency ratio is 
highest in the beam which is clamped-free (cantilever) supported beam and lowest with clamped-clamped beam. The 
lowest frequency ratio of the clamped-clamped beam is due to high stiffness of the beam with this type of boundary 
conditions in comparison with other types of boundary conditions. The fundamental linear vibration frequency is the 
lowest root of the resulting characteristics equation. It can be seen from the figure, in contrast to linear systems, the 
nonlinear frequency is a function of amplitude so that the larger the amplitude, the more pronounced the discrepancy 
between the linear and the nonlinear frequencies becomes. 
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Fig. 10. Effects of boundary conditions on the 

nonlinear amplitude-frequency response curves of the 
nanotube 

Fig. 11. Effects of fluid-flow velocity on the 
nonlinear amplitude-frequency response curves of CNT 

Fig. 11 shows effects of fluid-flow velocity on the nonlinear amplitude-frequency response curves of pipe. It is 
observed that with increase of the length or by extension, the aspect ratio of the pipe, the nonlinear vibration 
frequencies of the structure decreases while nonlinear vibration frequencies increases with the increase in the fluid-
flow velocity.  
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Fig. 12. Midpoint deflection time history for the nonlinear analysis of SWCBT when Kn=0.03 and U= 100 m/s  
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Fig. 12 illustrates the midpoint deflection time history for the nonlinear analysis of SWCBT when Kn = 0.03 and 

U= 100 m/s while Fig. 13 presents the midpoint deflection time history for the nonlinear analysis of SWCBT when 
Kn = 0.03 and U= 500 m/s. Also, Fig. 14 depicts the midpoint deflection time history for the linear analysis of 
SWCBT when Kn = 0.03 and U= 500 m/s. Comparing Fig. 13 and 14,the stretching effects on the dynamic 
behaviours of the SWCNT is depicted. It is depicted that increase in the slip parameter leads to decrease in the 
frequency of vibration and by extension, decrease in the critical velocity.  
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Fig. 13. Midpoint deflection time history for the nonlinear analysis of SWCBT when Kn=0.03 and U= 500 m/s  
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Fig. 14. Midpoint deflection time history for the linear analysis of SWCBT when Kn=0.03 and U= 500 m/s  
 
Fig. 15 shows the comparison of the linear vibration with nonlinear vibration of the SWCNT. It could be seen in 

the figure that the discrepancy between the linear and nonlinear amplitudes increases with increment of the 
maximum vibration. The nonlinear effects show the stretching effects. As stretching effect increases, the stiffness of 
the system increases which consequently, increases in the natural frequency and the critical fluid velocity. 
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Fig. 15. Comparison of midpoint deflection time history for the linear and nonlinear analysis of CBT when 
Kn=0.03 and U= 500 m/s  
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Fig. 16. Effects of slip parameter on the deflection of the nonlinear vibration (a) Kn=0.03 (b) Kn = 0.05  

 
Effects of slip parameter, Knudsen number on the vibration of the nanotube is shown in Fig.16. It is depicted that 
increase in the slip parameter leads to decrease in the frequency of vibration and by extension, decrease in the critical 
velocity.  
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(c) (d) 
Fig. 17. a-d Effects of nonlocal parameter and fluid flow velocity on the natural frequency of the nonlinear 

vibration 
In order to investigate the vibrational and stability behaviors of the structure, effects of fluid flow velocity on the 

natural frequencies are carried out. As the flow velocity is increased from zero, the nanotube becomes more flexible 
and the fundamental frequencies decreases as shown in Fig. 17 a-d. The natural frequency becomes zero when the 
flow velocity of the conveyed fluid exceeds a certain value which corresponds to the critical flow velocity. Also, the 
Figures depict the critical speeds corresponding to the divergence condition for different values of the system’s 
parameters. It should be pointed out that as the total mass of the system which comprised of the masses of fluid and 
CNT increases, the frequency of vibration decreases. When the system becomes stiffer (the stiffness of the system 
due to bending and shears rigidities whose values depend on the second moment of inertia and the cross-sectional 
areas of the CNC and the fluid), the nanotube vibrates at higher frequencies. For a CNT with certain characteristics, 
the term, mfU2 is constant along the nanotube’s length and the system’s flexibility decreases as the flow velocity 
becomes greater. The real and imaginary parts of the eigenvalues related to the two lowest modes with different 
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nanotube parameters are plotted for a range of dimensionless velocity, 0 - 4. It is found that the frequency of the first 
mode becomes zero in vicinity of dimensionless velocity 1.18 while for the second mode, in the vicinity of 2.0. 
When the flow velocity reaches the critical velocity, both the real and imaginary parts of the flexural frequency are 
equal to zero for the first mode, which corresponds to a point of bounded neutral stability. When the velocity of the 
fluid is greater than the critical velocity, the vibration frequency is zero. Although, the effect of the nonlocal 
parameter on flexural frequency is not very significant, it is considered in this study because the small scale can 
affect the critical flow velocity, as shown in Fig. 17. It could be inferred that by increasing the nonlocal parameter, 
the natural frequency and the critical velocity decreased. Fig. 18a-b shows the effects of temperature change on the 
frequencies of the CNT. From the figure, as the temperature change increases, the natural frequencies and the critical 
flow velocity of the structure increase.  
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Fig. 18. a-b Effects of temperature and fluid flow velocity on the natural frequency of the nonlinear vibration at 
low/room temperature 
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Fig. 19. Phase-space curve of ut versus u 

 
Fig. 19 shows a phase-space/plane curve of ut versus u which shows the behaviour of the oscillator. The phase plots 
show the behaviour of the oscillator when the amplitude is varied. It is periodic with center (0, 0) where stability 
conditions can be observed. This situation is common in unforced, undamped cubic Duffing oscillators. 

 
  
7. Conclusion 
In this paper, unified analytical solutions are developed for the nonlinear equations arising in flow-induced 
vibrations through pipes, micro-pipes and nanotubes using Galerkin-Newton-Balancing Method (GNBM). The 
results showed that the alteration of nonlinear flow-induced frequency from linear frequency is tied to increasing 
amplitude of oscillations, flow velocity, and thermal parameters. It can be concluded that as a starting point for 
understanding the relationship between the physical quantities in these problems, the developed analytical solutions 
can provide continuous physical insights into the problems than pure numerical or computational methods and can 
also serve as a methodto verify the numerical or approximate analytical solutions. 

    
 

A = 0.5 - 0.9 
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