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Abstract

The development of mathematical models for describing the dynamic behaviours of fluid conveying pipes,
micro-pipes and nanotubes under the influence of some thermo-mechanical parameters results into
nonlinear equations that are very difficult to solve analytically. In cases where the exact analytical solutions
are presented either in implicit or explicit forms, high skills and rigorous mathematical analyses were
employed. It is noted that such solutions do not provide general exact solutions. Inevitably, comparatively
simple, flexible yet accurate and practicable solutions are required for the analyses of these structures.
Therefore, in this study, approximate analytical solutions are provided to the nonlinear equations arising in
flow-induced vibration of pipes, micro-pipes and nanotubes using Galerkin-Newton-Harmonic Method
(GNHM). The developed approximate analytical solutions are shown to be valid for both small and large
amplitude oscillations. The accuracies and explicitness of these solutions were examined in limiting cases
to establish the suitability of the method.

Keywords: Thermo-mechanical; Non-linear Vibration; Galerkin’s method; Newton-Harmonic Balancing
Technique; Fluid-conveying structure.

1. Introduction

Nonlinear flow-induced vibration of pipes, micro-pipes and nanotube has been the topic of experimental,
numerical, and theoretical studies as it has attracted a large number of studies in literatures [1-37]. This is because,
modeling the dynamic behaviours of the structures under the influence of some thermo-fluidic or thermo-mechanical
parameters often results in nonlinear equations and such are difficult to find the exact analytical solutions. In some
cases where decomposition procedures into spatial and temporal parts are carried out, the resulting nonlinear
equation for the temporal part comes in form of Duffing equation. Application of analytical methods such as Exp-
function method, He’s Exp-function method, improved F-expansion method, Lindstedt-Poincare techniques, quotient
trigonometric function expansion method to the nonlinear equation present analytical solutions either in implicit or
explicit form which often involved complex mathematical analysis leading to analytic expression involving a large
number terms. Furthermore, the methods are time-consuming task accompanied with possessing high skills in
mathematics. Also, they do not provide general analytical solutions since the solutions often come with conditional
statements (i.e. except in limited circumstances where exact analytical solutions are possible) which make them
limited in used as many of the conditions with the exact solutions do not meet up with the practical applications since
they give approximated solutions that hardly provide an all-encompassing understanding of the nature of systems in
response to parameters affecting nonlinearity. Also, in practice, analytical solutions with large number of terms and
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conditional statements for the solutions are not convenient for use by designers and engineers [38]. Consequently,
recourse has always been made to numerical methods or approximate analytical methods in solving the problems
[39-61]. However, the classical way for finding exact analytical solution is obviously still very important since it
serves as an accurate benchmark for numerical solutions. Also, the experimental data are useful to access the
mathematical models, but are never sufficient to verify the numerical solutions of the established mathematical
models. Comparison between the numerical calculations and experimental data often fail to reveal the compensation
of modelling deficiencies through the computational errors or unconscious approximations in establishing applicable
numerical schemes. Additionally, exact analytical solutions for specified problems are also essential for the
development of efficient applied numerical simulation tools. Inevitably, exact analytical expressions are required to
show the direct relationship between the models parameters. When such exact analytical solutions are available, they
provide good insights into the significance of various system parameters affecting the phenomena as it gives
continuous physical insights than pure numerical or computation methods. Furthermore, most of the analytical
approximation and purely numerical methods that were applied in literatures to nonlinear problems are
computationally intensive. Exact analytical expression is more convenient for engineering calculations compare with
experimental or numerical studies and it serves as a starting point for a better understanding of the relationship
between physical quantities/properties. It is convenient for parametric studies, accounting for the physics of the
problem and appears more appealing than the numerical solutions. It appears more appealing than the numerical
solution as it helps to reduce the computation costs, simulations and task in the analysis of real life problems.
Therefore, an exact analytical solution is required for the problem. Newton-Hamonic Balancing technique as
proposed by Lai et al. [62] is a comparatively new technique for nonlinear cubic-quintic Duffing equation. The
simplicity, flexibility in application, and avoidance of complicated numerical integration has given the approach
added advantages over the previous methods. Combining the Galerkin’s method with Newton-Hamonic Balancing
technique in the analysis of non-linear initial-boundary value problems, provides complementary advantages of
higher accuracy, reduced computation cost and task as compared to the other methods as found in literature.
Therefore, in this research, analytical solutions are provided to the nonlinear partial differential equations arising in
flow-induced vibration in pipes, micro-pipes and nanotubes under different boundary conditions using Galerkin-
Newton-Hamonic Balancing Method. The nonlinear partial differential equations were converted to nonlinear
ordinary differential equations and then Newton-Hamonic Balancing technique is utilized to provide exact analytical
solutions to the nonlinear ordinary differential equations of vibration of the structures. The developed analytical
solutions are compared with the numerical results and the results of approximate analytical solutions and good
agreements reached. The analytical solutions can serve as a starting point for a better understanding of the
relationship between the physical quantities of the problems as it provides continuous physical insights into the
problem than pure numerical or computation methods.

2. Governing equations and boundary conditions

Case 1: Flow-induced vibration in pipe

Consider a pipe conveying hot fluid, subjected to stretching effects and resting on linear and nonlinear elastic
foundation (Pasternak, linear and nonlinear Winkler foundation) under external applied tension and global pressure
as shown in Fig. 1. Using nonlocal elasticity theory and Hamilton’s principle, we arrived at the governing equation of
motion as:

o'w ow ow ow EAaA@\ 0w
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Fig. 1. Pipe conveying hot fluid

If the pipe is slightly curved, then the governing equation becomes

Journal of Applied and Computational Mechanics, Vol. 3, No. 1, (2017), 60-79



62 M. G Sobamowo et. al., Vol. 3, No. 1, 2017
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Where Z,(x) is the arbitrary initial rise function. Using the Galerkin’s decomposition procedure to separate the
spatial and temporal parts of the lateral displacement functions as

w(x,1) =@ u(t) 3
Where u(t)the generalized coordinate of the system and @(X) is a trial/comparison function that will satisfy

both the geometric and natural boundary conditions. Applying one-parameter Galerkin’s solution given in Eq. (4) to
Eq. (3):

L
.[O R (x ,t)¢(x )dx (4-a)
where for the straight pipe:
o'w o'w ow o'w ( ) E4AoAO j o'w
R EI +(m,+m +u—+2vm, ——+|\myv - +PA-T -k -
( ) ax ( f) ot 2 H ot f ox ot f P axZ
EA%(ow Y |ow 0
thw +kw’ —| N, +=— j— dx ~=0
2L 2\ ox ox
And for the slightly curved pipe:
o'w o'w ow ow EAaAO\O'w
R(x,t)=El — e T+(m, +m,)— e +p— Py +2vm, " aver +(mfv2+PA -T -k, _Ejy
4-
. oz ow (aw)], [[ow &z (<)
+kw +kw’ =N, + I — | — —+— (=0
Ox Ox Ox Ox Ox
We have the nonlinear vibration equation of the pipe as:
Mi(t)+Gi(t)+(K +Cu()-Vu’(t)=0 5)

where
M :I: (m,+m, )o* (x )dx
G = LL [meu¢(x )[%j + ug’ (x )}dx

2¢}x

2
d ?dx

K=| {Ew(x)

1-2
j {m{z\/ +— @%) dx:ljl%—hf(x)}dx

For the slightly curved pipe, M, G K and C are the same but:

Z, ow [(ow Y ow 0°Z ,
Vo= j {¢(x){ o j{ e +(§J }dx}[axz p» 2} k¢ (x)}ﬂx (6-a)

The circular fundamental natural frequency gives

o, - {K +C (6-b)
M

¢

j( u®+ P4 T—EA“M)

where

px)— (6-0)

Case 2: Flow induced vibration in functionally graded micro-pipe

C*:r(PA _T_EAaAej
0 1

Consider the case of flow induced vibration in a functionally graded micropipe conveying hot fluid subjected to
stretching effects and resting on linear and nonlinear elastic foundation under external applied tension and global

Journal of Applied and Computational Mechanics, Vol. 3, No. 1, (2017), 60-79



Thermo-mechanical nonlinear vibration analysis of fluid-conveying structures 63

pressure. Applying strain gradient and coupled stress theories followed by Hamilton’s principle [28], we arrived at
the governing equation of motion for the functionally graded micropipe given as:

6 4 2 2
GA, (2zj+fzfj W Bl +6a, (21 LN j Ow ot (m, +m, )a—vjw%uvm, Ow
e 5 ox '’ 15 o’ ot ot Ox Ot

2 2 2 (7)
+(mfv2+PA -T -k, _EAaAHj@_werklw +hkw’—|N, +EA (aw ) dx 6—W2=O
1-2v Jox Ox ox

If the pipe is slightly curved, then the governing equation for the FG micropipe becomes:
6, 4 2. 2.
G, (21; +fzfj M +G4,, [21 LN j ow X km, +m )af ,u%—i-vaf aw
! 5 ox ! 15 x ot ot Ox Ot

N eqz{azaw( )H{gx_wﬁéﬂzo

= [E(r)z%aa = [ [ E(r)rsin® @)(rdrd 6)

®)

+hkw +kw —

EA_ oA
+(mfv *+PA-T —k, __Ja lid
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where

= [G(r)z?aa = [ [" EG (r)rsin® (0)(rdrd 0)
= [Exa =] [" EG)drd 0)

= [Grya =" [" G(r)drd 6)

r _r n . B r _r )1_ ,
p(r){” ]p+1—(” j P
rﬂ_rf r;)_ri

in which /,, /; and /> are the independent length scale parameters embedded in the constitutive equations of the higher
order stresses. If we follow the same procedure of applying the Galerkin’s decomposition procedure to separate the
spatial and temporal parts of the lateral displacement and then apply the one-parameter Galerkin’s solution, we
arrived at the same nonlinear vibration equation for the micropipe as:

Mi(t)+Gi(t)+(K +Cu(t)-Vu’(t)=0 ©)

But at this time, we have
M = [ (m, +m, )¢ (x Xix
_(* ¢ )
G= IO [meu¢(x )[dx J+,u¢ (x )}dx

K=jL{E1+GAEq(21§+§zl+lfﬂ d¢ [ (212+ zﬂab‘” , ¢}d
0 15 2

C =Il(mfu2+PA -7 —EAO‘MJ @ ? i
0 1

Lo (2 - h;i?f}dx
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For the slightly curved FG micropipe, M, G K and C are the same but

L EA% |0z, ow (ow Y ow 0°Z d¢
V= N, +— | ——+| — + |-k, —
jo ¢(x)ﬂ 2L ;‘;{Gx Ox (axjkx}[axz 8x2} 3dx3%x

The circular fundamental natural frequency gives:

o, - {K +C (10)
M

EAaA6
1-2v

where

2
d ¢a’x

L
C:IO(PA—T— =

j¢(x)

Case 3: Flow-induced vibration in nanotube

Consider a single-walled carbon nanotube conveying hot fluid, subjected to stretching effects and resting on
linear and nonlinear elastic foundation under external applied tension and global pressure. Following the Eringen’s
nonlocal elasticity theory [63-66] and Hamilton’s principle, we arrived at the governing equation of motion for the
single-walled carbon nanotube (SWCBT) as:

4 2. 2 2. 2 2.
EIZX—VZJr(mﬁmf)%t—%y%mm Tw. +(mfv2+PA T —kp_EA"MjaW {%r(%jdx}aw

a7 axar 1-2v Jax? |2e ol )" |ax?
o'w dw  dw (8w )2 ow 3w
m +m,)———+p———tk =+ 6k | — |+ —+2om, —— 11
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Po1=2v Jox 2L 0\ ox ox
If the nanotube is slightly curved, then the governing equation for the nanotube becomes:
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For nanotube conveying fluid, the radius of the tube is assumed to be the characteristics length scale, Knudsen
number is larger than 102, Therefore, the assumption of no-slip boundary conditions does not hold and modified
model should be used. Therefore, we have:

u 2_
VCF =—2%% _ _(14q,Kn)| 4] == ( Kn j+1 (13)
avg ,no —slip 0, 1 + Kn

where Kn is the Knudsen number, o is tangential moment accommodation coefficient which is considered to be 0.7
for most practical purposes [67].

T
a, =a, ;[tan (alKn )] (14)
64
%= 4 15)
37[(1 —j (
b
Therefore,
2-o0, Kn
UﬂVg»Vﬁp = (1 + ak Kn )|:4( o ](1 + Kl’l j+ I}Um’g,no—xlip = VCF (Uavg,no—xlip ) (16)

and Eq. (12) could be written as
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ow 82 e ow 2 EAcAO\Fw
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Again, following the same procedural method, the Galerkin’s decomposition procedure and then apply the one-
parameter Galerkin’s solution, we arrived at the same nonlinear vibration equation for the nanotube as:

M) +Gi(t)+ (K +Cu(t)-Vu(t) =0 (18)

=], o 4 oo w0 48

K:j:gz)(x){ d¢ ) —k Z¢ kl(eoa)de+(ea)2kpdf}dx
Cj[ u?+PA-T - Zd‘/jjd

. (2 L;f orsors(Z]|

3k e, 07 ()22 - e 0 {NU =T %} & } A

Here, we have

EA aAH (

For the slightly curved nanotube, M, G K and C are the same but:

oz, ow (ow odw 0Z,| , d’f SNEIA
[No _o{ﬁx o (6xj}dx]{5x Ox 2} k3dx3(x)+6k3(e”a) ﬂx)(@J

N ) v (19-)
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and the circular fundamental natural frequency gives:
K +C”

o = (19-b)
" M
where:
- . EAahb d’¢ ,d'¢
c _jo (PA r-=—- j¢(x)[dx2 (e,a) dedx (19-c)

3. The initial and boundary conditions

The structures (pipe, micro-pipe and nanotube) may be subjected to any of the following boundary conditions.

i Clamped-Clamped (doubly clamped)
Where the trial/comparison function are given as:

hp,L - L
¢(x ) =Coshﬂnx —cosﬂnx _| cos ,B,, Cosﬂn
sinh B,L —sinf,L

j(sinhﬂnx —sinf3,x ) (20)

or
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sinhB,L +sinfB L
cosh B, L —cos B, L
where 3, are the roots of the equation cos 8, L cosh 3,L =1. The initial and the boundary conditions are:
w(0,x)=4 w(0,x)=0 (22-a)
w(0,t)=w'(0,t)=0w (L,t)=w'(L,t)=0 (22-b)

é(x)=cosh B x —cos B,x —[ j(sinhﬂnx —Sin,b’nx) (21)

The applications of space function as given above for clamped-clamped will involve long calculations and
expressions in finding M, G K, C, and V, alternatively, a polynomial function of the form Eq. (23) can be applied
for this type of support system:

px)=a, +aX +a,X *+a, X’ +aX"* (23)
where X = % . Applying the boundary conditions
pe)=(X7-2X"+X*)a, (24)
Orthogonal function should satisfy the equation
[T (X p(x yx =1 (25)
Substitute Eq. (24) into Eq. (25), we have
1
a, =70 | (26)

\/aS (70a* 3154’ +540a° —420a +126)

For a =1, arrived at a, = 25.20 for the first mode.

ii.  Clamped-Simple supported
The trial/comparison function is given as:

é(x)=cosh B x —cos B,x —[COSh’B"L —cospL

sinh B L —sinf,L

where 3, are the roots of the equation, fan,L =tanh f3,L . The initial and the boundary conditions are:

j(sinh B,x —sinf,x) (27

w(0,x)=4 w(0,x)=0 (28-a)
w(0,6)=w'(0,6)=0w (L,t)=w"(L,t)=0 (28-b)

Alternatively, a polynomial function of the form Eq. (29) can be applied for this type of support system:
¢(x)=(%X2—§X3+X4ja4 29)

on using orthogonal functions, a, =11.625 for the first mode.

iii. ~ Simple-Simple supported

$(x)=sinBx,sinBL =0 = B, ="L—” (30)
The initial and the boundary conditions are:
w(0,x)=4 w(0,x)=0 (31-a)
w(0,t)=w "(0,t)=0w (L,t)=w"(L,t)=0 (31-b)
Alternatively, a polynomial function of the form Eq. (31) can be applied for this type of support system.
pex)=(X —2X " +X *)a, (32)

On using orthogonal functions, a, = 3.20 for the first mode

iv. Clamp-Free (cantilever)

#(x)=cosh B, x —cos B,x _[COShﬂnL +cos B, L

sinh B,L +sinf L

](Sinhﬁnx —Sinﬁnx) (33)
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or
sinh B,L —sinf, L
cosh B, L —cos 3,L
P, are the roots of the equation cosf3, Lcoshf3,L = —1. The initial and the boundary conditions are:
w(0,x) =4 w(0,x)=0
w (0,6) =w '(0,6) = 0w "(L,t)=w "(L,t) =0

#(x) = cosh f,x —cos f,x —[ j(sinh Bx —sinfix)

Alternatively, a polynomial function of the form Eq. (36) can be applied for this type of support system:
px)=(6X7-4X "+ X *)a,

Also, with the aid of orthogonal functions, a, = 0.6625 for the first mode

4. Nonlinear natural frequency by Newton-balancing method
If we substitute 7 = ax , the nonlinear equation (18) to be solved can be written as

(M)() Y i @)=0

@i (1) +

(34

(35-a)
(35-b)

(36)

(37

Since for the undamped clamped-clamped, clamped- 31mple and simple-simple supported structures, G = 0.

Applying Newton’s procedure, the displacement and the squared angular frequency can be expressed as
u (z’) =u, (r) +Au, (r)
o’ =0 + Ao}
Substituting Eq. (38) and (39) results into Eq. (37) gives

(0 + A )i () 3 ()] + S (0)+ A ()] 2o () + 4, ()] =0
On linearizing Eq. (40) with respect to the correction terms Au, (Z' ) and A, , we have
.. .. K +C Vv
(a)f +Aa)12)u1(r)+a)12Aul(r)+( ]\/+[ )[ul(r)]—ﬁ[uf (z’)}
K +C ¥
B2, ()] -3 [ (7) [ ()] =0

In order to find the periodic solution of Eq. (38), assume an initial approximation to 1, (Z' )

u,(r)y=Acost

(38)
(39

(40)

(41)

(42)

The above Eq. (42) is a periodic function of 7 of period 277 . On substituting u,(z) = A cos t into Eq. (41) gives:

. (K+C V
—(a)12+Aa)12)Ac0sr—a)12Aul+( v )[Acosr]—ﬁ[/fcofr]

+(KM;C)[A(ACOS r)]—%[A 2cos? r}[A(Acos z’)} =0

Eq.(42) can be expressed as:
_(0)12 +Aw} )Acos T+ @] A(ii,(t))+f (Acos T)+f, (Acos T)Au, =0

where Au, is a periodic function of 7 of period 277 . We have the following Fourier series expansion:

Acosr Zazl 1cos[ 2i —1 r}

/. (Acos 7)= ?"-i-szl.cos [(21’ —l)r}

where the Fourier coefficients are:
4 (K +C)H4 _3VA3 g __VA3 b _2(K+C)_3VA2 b __3VA2
! M aM 7 4AM M M 2M

4.1 First-order analytical approximation

For the first-order analytical approximation, we get:
Au,(7)=0

(43)

(44)

(45)

(46-a)

(46-b)

(47)
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Aw} =0 (48)
and therefore
u(t)=u,(r)=Acost (49)
On substituting Eq. (45), (46), (47) and (48) into Eq. (44), expanding the resulting expression in a trigonometric
series and then setting the coefficient of cos 7 to zero results in the first-order analytical approximation e, . The

corresponding approximate analytical periodic solutionu, (z) can be expressed as:
u,(t) =Acos (o) (50)

2
. [K+C w4 51)
M 4M

where angular frequency @, is the first-order analytical approximation. We can write Eq. (50) directly in terms

in which

of the primary parameters in the governing equations as:

K+C ¥4’
ul(z')—Acos{( IYERTY Jz} (1)

4.2 Second-order analytical approximation

For the second-order analytical approximation, we set
Au,(7)=c, [cos (7)—cos (32’)] (53)
By substituting Eq. (45), (46) and (53) into Eq. (44), follow by a trigonometric series expansion and then setting
the coefficients of cos 7 and cos 37 to zero result in a set of simultaneous equation in terms of ¢, and Aa)l2
2a,+b,c,—b,c,-24AAw, -24A w, —2c,0, =0 (54)
2a,-b,c, +b,c, +2c,0, =0 (55)

Solving Egs. (54) and (55) simultaneously, we have

WV
34° (j
Ab, -2
Ao = 5357 n all)s ) K +C - % (56)
[4 (b, ~b,)~18a,] 128{16( i j+12A2(H
M M
o = 24a, B -AV
= =
A(b, =by)=18a; o\, 4(K+C)+3A2[VJ (57)
M M
The corresponding approximate analytical periodic solution u,(7) is given as
u,(t) =u, (z)+Au, ()= Acos (w,t ) +c, [ cos (wt ) —cos (3ot )] (58)

Recall from Eq. (39) that o’ = a)l2 + Aa)12 . Therefore, the second-order analytical approximation frequency is

o, =\ o] + Aoy (59)
From Egs. (51) and (56), we have

2 2
128(]{ +C) +69A4(Vj +192A2(K +CJ(VJ
M M M M
8 16(1{ C )+12A2(Vj
M M
We can re-write Eq. (58) directly in terms of the primary parameters in the governing equations by substituting
Egs. (57) and (59) into Eq. (58) to have

given as:

(60)

w, =
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2 2
128[K *C] +69A“(LJ +192A2(
M M

K +C

i i)

t

u,(r)=Acos

cos |3

AV

)

o5 )]

128(
M

K +C

2 2
j +69A"(K) +192A2(K +C
M

il

4

M

)

oo 5w ()]

128[
M

K +C

2 2
] +69A4(1J +192A2(K +C
M

il

4

M

)

o5 ()

~

<~

69

(61)

4.3 Third-order analytical approximation

For the third-order analytical approximation, the relevant expressions must be extended. Going back to Egs.(38), (39)
and (41), replacingu,(7), Au,(r), o, and Awmby u,(r), Au,(r),®, and Aw,, respectively, in the equations,

we have:
(a)zz +Aw; )[—Acos z+c,[ 9cos (3r)—cos (z’)ﬂ —w; At (1)
+M[A cos T +¢,[cos () —cos (31’)}] —;—[A cos T +¢,[ cos () —cos (31’)}]3 (62)
+(KM;C)[A[ACOS z+c,[cos (z)—cos (31)]}} —%[A cos 7 +¢, [ cos () —cos (31’)}}2 =0
As before, Eq. (61) can be expressed as:
(a)z2 + Aa)f)[—A cos T +c,[ 9cos (37) —cos (Z'):H—COZZA[—A cos T +c,| 9cos (3r) —cos (T):[I
63
+f (Acos 7+c,[cos () -cos (3r)])+fx (A cos T+c, | cos (r)—cos (31)])Au2 =0 )
For the third-order analytical approximation, we set:
Au,(t)=c, [cos (T) —cos (37)] +c, [cos (31) —cos (51)} (64)

Substitute Eq. (64) into Eq. (63), employing a trigonometric series expansion and then setting the coefficients
ofcos T, cos3t and cos 57 to zero yields a set of simultaneous equation in terms of ¢,, ¢;and Aa)z2 as given in
Eq. (65-67):

3(A+¢,) V. 3(d+e, )V 3+ el
(d+c) V. 3(4+c) C‘—2a)2(A +CI)+2(K+CJ(A +cl)+w
2M 2M M
A+c) A+e )V AteJe]
62[3( +e,)V +3( +e Ve, +2(K +Cj+3( e Ve _2(022] (65)
M M M
3(A+e) V. Fel 3(A+e )
c}[ (A4 +c,) Ve (A4 +c,) 01]_2(A +¢,)A@? =0
2M 2M
(A +c1)3V _3(A +CI)ZV‘31 —Z(K +CJC _3Vcl3 +9a)2261
M M M ) AM 4
3(4 g A ;

(A +e, )V 3(4+¢)V Ve e
c -
oM 2M

+2KKA;C j—9w§ﬂ+l8clAa)22 )
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3(A+e, Vel 3(4+e,) Ve,
2M 2M

e, [_3(A )V, 3ch]

2M 2M

M 2M

[2(K+C) 3(A+cl)2V Wel 3(A+c Ve,
oyl = - - -

Solving Eq. (65-67), we have

2M

+50a)22]:0

o, (a0 —aya5)+ o (.05 —aya )+ o (a,05 — o)

2_
Aw; =

a (asas _a1a3)+ a, (a7a3 _0‘40'8)

alO (0{ as — a9a8)+all (azas _a7a8)

2

alO aaas alaS +a11 a7a3 a4a8

;=

alO aaas a1a3 +a11

where

(
o, (g0, —ago;
(

)+ ( )
)+(xu(a —a,a,)
)+, (aa )

—-a,04

C3(A+e, )V el 3(A+e, e,

2M

2M M

(A+e) vV 3(A+e) Ve, _2£K +C jc G
M 1

o _ 3Axe) Ve

M 4M

“3(4+c,)V 64

2M 2M

Y

+c, Ve, +9Vc12 HI[KHCY g
M oM M :

3(A+e Vel 3(4+c )y ve,

a5 =

2M 2M

A +c1)Vcl2 B

_3(4 +e,)'V PEICERNC +2(K +C j+3(

M

94 +e,)V  3(4+e,)V Jere (K +C
oM 2M

M 2M 2M M
A4+c) A4+c,)
%:3( +e )V _3( +cl)Vcl_2w2(A +cl)+2£K+C
2M 2M M
oy, =18¢,
a, =-2(4 +c,)

It should be noted that:

us(7) =u,(7) + Au,(7)

Substituting Eq. (58) and Eq. (64), we have:

uy () =[A4 +c, +c,]cos (o ) +[c; —c, —c, Jcos (Bwyt ) —c

Where the third-order natural frequency is given as:

j(A +e))+

cycos (Swy)

3(4 +c, Vel

2
128(1{ +CJ +69A4(
M

VT+192A2(K +CJ(V—j
M M N\m

K +C
o, = 8{16( o

=

{al (0, —a05) + o (05 — aya) + o (a0 — ;)

% (afyax - ) Ty, (0(7013 —0!40(8)
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Also, Eq. (69) can be written directly in terms of the primary parameters and related parameter to the primary
parameters in the governing equations as:

A 20 (alas _a9a8)+all (azax _a7a8)

A —
. 4(K +Cj+3A2(Lj oy (agay — o)+ oy, (a0 —a,at)
M M

2 2
uy(t) = IZS(K +C) +69A4(V—j +192A2[K+CJ(V—)
» M M M N\ m

K +C 2V
. 8|16 +124° | —
cos |: ( M j (M ﬂ t

+[al (a5 —a,05) + g (2,05 —a,0) + o (@0 — s, )}
T (aéas - a1a3)+ a, (a7a3 - a4a8)

&0 (0‘90‘3 — Qs ) +a, (a4a5 ~ azas) %y (alas — 00y ) +a, (azas ~ a7ax)

2T (aﬁas - ala3)+ ay, (a7a3 0,04 ) [0 (aﬁaS o ) +a, (a7a3 - a4a8)

+ AV
" K +C 14
8M 4( s j+3A2[—)
M M
2 2
128(K *Cj +69A“(V—) +192A2(K *C)[V—) (74)
M M M M
wos | 3 8{16[KA;CJ+12A2[L—H ;
J{al (ay0; —aa5) + o (a0 — a0 ) + o (@, —a7a3)}
0 (0(6068 _a1a3)+a11 (a7a3 _a4a8)

[am (ayes —asas ) + oy (@05 — e )]
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2 2
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M M M )\ M

wos | 5 8[16(KA;C)+12A2(%H ;

+[al (a0, —ay05) + o (05—, ) + oy (@, — oy, )}

ay (g — e ) + oy (a0 —ayaty)

Following the procedure given above, we write a generalized expression for the k#h-order of analytical
approximation as:

u,ﬁl(r):idj {cos (2j 1)z —cos (2 +1)T} (75)

j=1

O 1 = wkz-z + Aa)/f-z (76)

Also, it can easily be seen that as the nonlinear term, ¥ tends to zero, the frequency ratio of the nonlinear frequency

. 1)
to the linear frequency, —- tends to I:

a)b
o
Mm—b_l (77)
Where
w, = [(KTW)} (78-a)

It should be pointed out that when the nonlinear term, V is set to zero, we recovered the linear natural frequency.
Also, as the amplitude, 4 tends to zero, the frequency ratio of the nonlinear frequency to the linear frequency,

1)
—tends to 1.
a)b

Journal of Applied and Computational Mechanics, Vol. 3, No. 1, (2017), 60-79



72 M. G Sobamowo et. al., Vol. 3, No. 1, 2017

%Z—: -1 (78-b)
Furthermore, it can easily be shown that
limuy(t) =4 (79)
And for very large values of the amplitude A, we have
lim <~ = o (80)
40" @,

Where M, K, C and V are respective integral values of the respective space functions of the respective boundary
conditions and structure considered. On a general note, following Lai et al. [67], it can easily be shown that the exact
natural frequency of the fluid-conveying structures is given as:

_ 75,
1,exact 7/2 1 81'3)
2{j(l—§jsinzl) zdt:l (

0

For the general case in this work,

2

7
_I(K+C (v4? _ M
‘;_JK M j (2MH B {(KJ“C)_VAZ} (81-b)

M 2M

Where when the nonlinear term, V is set to zero, we recovered the linear natural frequency. Although, it is very
difficult to generate a general exact solution of Eq. (78). However, on using series integration method, we developed
an analytical solution for the nonlinear natural frequency as:

S

1221324(135]26[135
1+ _ 4+ == N 4+ -
[(zjé (24}9&2 246)7 (246

We also developed an approximated analytical solution:

&
O ( ; — ; ; (83)
1+0.25000&, +0.11680&, +0.59601£, ~1.90478&,* +2.04574&,’ )

Drcaer =

N 2n—1]2 . (82)
n

It can easily be seen that as the nonlinear term tends to zero, the frequency ratio of the approximated nonlinear
(03

frequency to the exact nonlinear frequency, tends to 1.
exact
10}
lim ——=1 (84)
V-0

exact

Also, it could be observed that as the amplitude A tends to zero, the frequency ratio of the approximated nonlinear

. .
frequency to the exact nonlinear frequency, > tends to 1.
exact
10}
lim ——=1 (85)
4-0 p

exact

6. Results and Discussion

The first five normalized mode shapes of the beams for clamped-clamped, simple-simple, clamped-simple and
clamped-free supports are shown in Fig. 2-5. Also, the figures show the deflections of the beams along the beams’
span at five different buckled and mode shapes.

Figs. 6-9 show the comparison of hyperbolic-trigonometric and the polynomial functions for the normalized mode
shapes of the beams for clamped-clamped, simple-simple, clamped-simple and clamped-free supports. The figures
depict the validity of the developed polynomial functions in this work as there are very good agreements between the
hyperbolic-trigonometric and the developed polynomial functions.
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Fig. 10 illustrates the effects of boundary conditions on the nonlinear amplitude-frequency response curves of the
nanotube. Also, the figure shows the variation of frequency ratio of the nanotube with the dimensionless maximum
amplitude of the structure under different boundary conditions. From, the result, it shown that frequency ratio is
highest in the beam which is clamped-free (cantilever) supported beam and lowest with clamped-clamped beam. The
lowest frequency ratio of the clamped-clamped beam is due to high stiffness of the beam with this type of boundary
conditions in comparison with other types of boundary conditions. The fundamental linear vibration frequency is the
lowest root of the resulting characteristics equation. It can be seen from the figure, in contrast to linear systems, the
nonlinear frequency is a function of amplitude so that the larger the amplitude, the more pronounced the discrepancy
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Fig. 10. Effects of boundary conditions on the
nonlinear amplitude-frequency response curves of the
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Fig. 11 shows effects of fluid-flow velocity on the nonlinear amplitude-frequency response curves of pipe. It is
observed that with increase of the length or by extension, the aspect ratio of the pipe, the nonlinear vibration
frequencies of the structure decreases while nonlinear vibration frequencies increases with the increase in the fluid-

flow velocity.

Fig. 12. Midpoint deflection time history for the nonlinear analysis of SWCBT when Kn=0.03 and U= 100 m/s
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Fig. 11. Effects of fluid-flow velocity on the
nonlinear amplitude-frequency response curves of CNT
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Fig. 12 illustrates the midpoint deflection time history for the nonlinear analysis of SWCBT when Kn = 0.03 and

U= 100 m/s while Fig. 13 presents the midpoint deflection time history for the nonlinear analysis of SWCBT when

Kn = 0.03 and U= 500 m/s. Also, Fig. 14 depicts the midpoint deflection time history for the linear analysis of

SWCBT when Krn = 0.03 and U= 500 m/s. Comparing Fig. 13 and 14,the stretching effects on the dynamic

behaviours of the SWCNT is depicted. It is depicted that increase in the slip parameter leads to decrease in the
frequency of vibration and by extension, decrease in the critical velocity.

8

6

Deflection, w(x,t) (x102 nm)
T S

&

-8

0 2 4 6 8 10 12 14 16 18 20
Time (sec)

Fig. 13. Midpoint deflection time history for the nonlinear analysis of SWCBT when Kn=0.03 and U= 500 m/s

Deflection, w(x,t) (x102 nm)
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Fig. 14. Midpoint deflection time history for the linear analysis of SWCBT when Kn=0.03 and U= 500 m/s

Fig. 15 shows the comparison of the linear vibration with nonlinear vibration of the SWCNT. It could be seen in
the figure that the discrepancy between the linear and nonlinear amplitudes increases with increment of the
maximum vibration. The nonlinear effects show the stretching effects. As stretching effect increases, the stiffness of
the system increases which consequently, increases in the natural frequency and the critical fluid velocity.

—— Linear vibration
6 ——%— Non-linear vibration

Deflection, w(x,t) (x102 nm)

0 2 4 6 8 10 12 14 16 18 20
Time (sec)

Fig. 15. Comparison of midpoint deflection time history for the linear and nonlinear analysis of CBT when
Kn=0.03 and U= 500 nv/s
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Fig. 16. Effects of slip parameter on the deflection of the nonlinear vibration (a) Kn=0.03 (b) Kn = 0.05

Effects of slip parameter, Knudsen number on the vibration of the nanotube is shown in Fig.16. It is depicted that
increase in the slip parameter leads to decrease in the frequency of vibration and by extension, decrease in the critical
velocity.
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Fig. 17. a-d Effects of nonlocal parameter and fluid flow velocity on the natural frequency of the nonlinear

vibration

In order to investigate the vibrational and stability behaviors of the structure, effects of fluid flow velocity on the
natural frequencies are carried out. As the flow velocity is increased from zero, the nanotube becomes more flexible
and the fundamental frequencies decreases as shown in Fig. 17 a-d. The natural frequency becomes zero when the
flow velocity of the conveyed fluid exceeds a certain value which corresponds to the critical flow velocity. Also, the
Figures depict the critical speeds corresponding to the divergence condition for different values of the system’s
parameters. It should be pointed out that as the total mass of the system which comprised of the masses of fluid and
CNT increases, the frequency of vibration decreases. When the system becomes stiffer (the stiffness of the system
due to bending and shears rigidities whose values depend on the second moment of inertia and the cross-sectional
areas of the CNC and the fluid), the nanotube vibrates at higher frequencies. For a CNT with certain characteristics,
the term, m,U” is constant along the nanotube’s length and the system’s flexibility decreases as the flow velocity
becomes greater. The real and imaginary parts of the eigenvalues related to the two lowest modes with different

Journal of Applied and Computational Mechanics, Vol. 3, No. 1, (2017), 60-79



Thermo-mechanical nonlinear vibration analysis of fluid-conveying structures 77
nanotube parameters are plotted for a range of dimensionless velocity, 0 - 4. It is found that the frequency of the first
mode becomes zero in vicinity of dimensionless velocity 1.18 while for the second mode, in the vicinity of 2.0.
When the flow velocity reaches the critical velocity, both the real and imaginary parts of the flexural frequency are
equal to zero for the first mode, which corresponds to a point of bounded neutral stability. When the velocity of the
fluid is greater than the critical velocity, the vibration frequency is zero. Although, the effect of the nonlocal
parameter on flexural frequency is not very significant, it is considered in this study because the small scale can
affect the critical flow velocity, as shown in Fig. 17. It could be inferred that by increasing the nonlocal parameter,
the natural frequency and the critical velocity decreased. Fig. 18a-b shows the effects of temperature change on the
frequencies of the CNT. From the figure, as the temperature change increases, the natural frequencies and the critical
flow velocity of the structure increase.

6 6
—#— Change in Temp. = 0K —#— Change in Temp. = 0K
—=— Change in Temp. = 15K —=— Change in Temp. = 45K
5] —— Change in Temp. = 45K 5 —+— Change in Temp. = 55K

Dimensionless Frequency
Dimensionless Frequency

L L L L L L L
0 L
0 02 04 06 08 1 1.2 1.4 16 1.8 2 0 05 1 1 > o 4 EW 4

Dimensionless flow velocity Dimensionless flow velocity
(a) (b)

Fig. 18. a-b Effects of temperature and fluid flow velocity on the natural frequency of the nonlinear vibration at
low/room temperature
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Fig. 19. Phase-space curve of u; versus u

Fig. 19 shows a phase-space/plane curve of u; versus u which shows the behaviour of the oscillator. The phase plots
show the behaviour of the oscillator when the amplitude is varied. It is periodic with center (0, 0) where stability
conditions can be observed. This situation is common in unforced, undamped cubic Duffing oscillators.

7. Conclusion

In this paper, unified analytical solutions are developed for the nonlinear equations arising in flow-induced
vibrations through pipes, micro-pipes and nanotubes using Galerkin-Newton-Balancing Method (GNBM). The
results showed that the alteration of nonlinear flow-induced frequency from linear frequency is tied to increasing
amplitude of oscillations, flow velocity, and thermal parameters. It can be concluded that as a starting point for
understanding the relationship between the physical quantities in these problems, the developed analytical solutions
can provide continuous physical insights into the problems than pure numerical or computational methods and can
also serve as a methodto verify the numerical or approximate analytical solutions.
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