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Abstract. Steady state natural convection is numerically investigated in an enclosure using variable thermal conductivity, 
viscosity and thermal expansion coefficient of Al2O3–water nanofluid. This study has been conducted for a wide range of 
Rayleigh numbers (103≤ Ra ≤ 106), concentrations of nanoparticles (0% ≤ Φ ≤ 7%), enclosure aspect ratios (0.5 ≤ AR ≤ 2) and 
temperature differences between the cold and the hot walls (1≤ ∆T≤ 30). The main idea in this study is about the effect of 
temperature on natural convection pattern of nanofluid by changing nanoparticles concentration. Also, changing thermal 
expansion coefficient with temperature is considerd in this study which will have significant effects on natural convection and 
has not been considerd before. In low Rayleigh numbers (Ra= 103) and for cavities with AR≥1, the pattern shown in the 
average Nusselt number versus volume fraction of nanoparticles diagram deteriorates by increasing ∆T. However, for other 
cases, increasing ∆T has a positive effect on Nu-Φ diagram. The actual Nuselt number curve depicts that dispersing 
nanoparticles in base fluid deteriorate natural convection heat transfer which is in a good agreement with experimental works.  

Keywords: Nanofluid; Natural convection; Variable property. 

1. Introduction 

  Natural convection in enclosure is an important phenomenon and has extensively attracted attention because of its wide 
applications in electronics cooling, solar collectors, heat exchangers and so on [1-3]. Using dispersed nano-scale particles 
especially metallic or metallic oxide in base fluid, known as nanofluid [4] is a technique for improving the heat transfer 
coefficient of the base fluid. However, there are contradictory remarks about natural convection of nanofluid. 
In many numerical studies [5-7] the effective viscosity of nanofluid is accounted by Brinkman model [8] and these studies 
have showed that the average Nusselt number for the nanofluids is more than that of the base fluids. Polidori et al. [9] and Ho 
et al. [10] used Maiga model [11] to express the viscosity of nanofluids. Their results indicated a slight reduction of heat 
transfer rate for nanofluid by increasing nanoparticles volume fraction. Aminossadati and Ghasemi [12] investigated the 
natural convection of nanofluid by means of Brownian model [13, 14] to describe nanofluid properties. Their study showed 
that the average Nusselt number increases for nanofluid. The investigation of natural convection of nanofluids in enclosure 
cavity with variable properties was performed by Abu-Nada et al. [15]. They declared that when Ra=1000, the heat transfer 
rate improves by increasing nanoparticles concentration; but for Ra>1000, the mentioned parameter reduces by enhancing the 
nanoparticles volume fraction more than 1%. 
Controversial debates also exist about experimental work on natural convection. Some experimental studies [16, 17] depicted 
an enhancement in the natural convection heat transfer by adding nanoparticles to the base fluid; however, some others [18-22] 
showed contradictory results. Some other experimental studies [23, 24] expressed that the effect of nanoparticles dispersion in 
base fluids on the natural convection heat transfer depends on solid volume fraction and Rayleigh number. Nnanna et al. [16] 
experimentally observed that adding Cu nanoparticles to ethylene glycol improves the natural convection heat transfer. Nnanna 
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and Routhu [17] experimentally achieved similar enhancement for Alumina–Water nanofluids. Putra et al. [18] carried out an 
experimental study to investigate the natural convection heat transfer of Al2O3 and CuO–water nanofluids inside a horizontal 
cylinder heated from one end and cooled from the other for Rayleigh numbers ranging from 106 and 109. Nanoparticles 
concentration and aspect ratio varied between 1% and 4% and 0.5 and 1.5, respectively. They found out that the natural 
convection heat transfer decreases systematically by adding nanoparticles to the base fluid; Deterioration escalates with 
increasing particles concentration particularly for CuO–water nanofluid. Wen and Ding, experimentally investigated the natural 
convection of water–TiO2 nanofluid in an enclosure [19] and a vessel composed of two discs [20] both heated from bellow. 
They reported that for the Rayleigh numbers less than 106, the natural convection heat transfer rate drastically decreased with 
the increase of particle concentration, particularly at low Rayleigh numbers. Moreover, an experimental study [21] on natural 
convection of Al2O3–water nanofluid in a vertical cylindrical enclosure heated from below with the nanoparticles volume 
concentration between 0.5% and 6%, showed that the heat transfer rate across the enclosure is deteriorated increasingly by the 
enhancement of solid volume fraction. More recently, experimental and numerical investigations on the natural convection heat 
transfer of TiO2–water nanofluids in a square enclosure were conducted by Hu et al. [22]. Experimental results show that the 
natural convection heat transfer of nanofluids is not better than water and even worse when the Rayleigh number is low. In a 
vertical long enclosure with an aspect ratio of 6.14, Nnanna [23] experimentally observed that the natural convection heat 
transfer increases for nanofluids of volume fractions ranging from 0.2% to 2% and decreases for nanofluids with volume 
fractions above 2%.  Ho et al. [24] carried out an experimental study on the natural convection heat transfer of Al2O3–water 
nanofluids in three different sizes of square enclosures. For all ranges of Rayleigh Numbers, they observed a decrease for the 
nanofluid’s Nusselt number with volume fractions above 2%. However, compared to water, for nanofluids containing much 
lower particle fraction for example, 0.1 vol%, a heat transfer enhancement of about 18% was found in the largest enclosure at 
sufficiently high Rayleigh numbers. 
In previous numerical studies, various models are used for representing nanofluid properties and these models have got more 
precision over time. In general, adding a little amount of nanoparticles to base fluid leads to the increase of the average Nuselt 
number but average Nuselt number is deteriorated by increasing nanoparticles concentration. Although, experimental works 
have different results, in general, actual Nuselt number diminishes with increasing nanoparticle concentration.  
The properties of nanofluids change with temperature and these changes are recently considered in numerical simulations. 
Water expansion coefficient also depends on temperature, and its value at 50 °C is twice as much more than the value at 20 °C. 
However, no numerical studies have inspected the natural convection with variable expansion coefficient. Similarly previous 
experimental works neglected the impact of average fluid temperature on natural convection heat transfer. Furthermore, 
transient natural convection solution as non-dimensional case hasn’t been considered in any previous numerical studies for a 
better assessment. This study investigates the steady state natural convection of Al2O3–water nanofluid with variable 
properties and thermal expansion coefficient in a rectangular cavity.   

2. Mathematical formulation 

  Fig.1 shows the schematic diagram of a two-dimensional square cavity that is filled with water-Al2O3 nanofluid. The height 
and the width of the cavity are noted by H and W respectively and aspect ratio (AR) is defined as W/H. Nanofluid is 
considered single phase and homogenous. Diameter of nanoparticles is considered to be equal to 47 nanometers. Table 1 
presents the thermophysical properties of base fluid (water) and nanoparticles at T=20 °C. It is assumed that nanofluid flow is 
laminar and incompressible. Both viscosity and thermal conductivity of the nanofluid are considered variable.  
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Fig.1. Schematic diagram of the physical model for the enclosure. 

Table 1. Physical properties of pure water and Al2O3 nanoparticles 

 ρ (kg m−3) CP (J kg−1K−1) k (Wm−1K−1) β (K−1) 
Pure water 998.2 4179 0.603 2.064×10−4 
Al2O3 3970 765 25 8.5×10−6 
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For the transient natural convection; continuity, momentum and energy equations in two-dimensional cavity can be written in 
non-dimensional forms as follows:  
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In the above equations, the following non-dimensional parameters are used: 
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The actual Rayleigh number is also defined as: 
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Where, fluid properties are calculated at average fluid temperature (
2

ch TT   ). The nanofluid density is written as: 
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Also, the thermal diffusivity of nanofluid is expressed as: 

nfp

eff
nf C

k
)(   (8) 

And, the heat capacitance and the thermal expansion coefficient of nanofluid are equaled to: 
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The effective coefficient of thermal expansion of the nanofluid, βeff, is defined by: 
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And thermal expansion coefficient of the base fluid for temperature range between 15 – 65 °C is considered with polynomial 
function as:  
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Where, T is temperature in °C. With substituting Eqs. 10 and 12 in Eq. 11 and integrating it, temperature dependence of the 
expansion coefficient is defined as: 
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and then: 
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Contours of ƒ (βT) pure water at Ra=105 is shown in Fig. 2. Temperature differences between cooled and heated walls (∆T) are 
considered 1 and 30 °C. one can see from this figure that the buoyancy force changes with temperature and its value is 
increased by enhancing water temperature. 
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Fig. 2. Contours of ƒ(βT), a) for ∆T=1 °C, b) for ∆T=30 °C. 

Dimensionless effective dynamic viscosity (μeff/µ) is independent of temperature at least for temperatures which are not very 
different with room temperature and defined as [25]: 
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The nanoparticles volume fraction and the nanofluid temperature lie in the ranges between 0.0001 and 0.071, and between 20 
°C and 50 °C, respectively. According to [26], μf(T) can be calculated by: 
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That T0 is 20 °C and this model considers temperature effect on base fluid with a wide range of temperature between -8 and 
150 °C. Effective thermal conductivity of the nanofluid is determined from [25]: 

66.0

03.010

66.04.0 PrRe4.41 





















f

s

frf

eff

k

k

T

T
=

k

k  (17) 

 
Where Pr is the Prandtl number of the base liquid, T is the nanofluid temperature in K, Tfr is the freezing point of the base 
liquid in K, ks is the thermal conductivity of the solid nanoparticles, and φ is the nanoparticles volume fraction. Re is the 
nanoparticles Reynolds number: 
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That kb is the Boltzmann constant (kb=1.3807×10−23 J/K). All of properties calculate at the nanofluid temperature – see [27] -. 
For the pure water, kf is [27]:  

134.2*385.6*717.4*194.0*  032696.0 096437.0 251242.0 797015.0)(


 TTTTTk f
 (19) 

Where T* is a dimensionless temperature given by (T + 273.15)/300. The boundary conditions used to solve Eqs. (1) to (4) are 
as follows: 
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The local and the average Nusselt numbers for the vertical heated or cooled wall are given by: 



 E. Ghahremani et. al., Vol. 3, No. 4, 2017  

Journal of Applied and Computational Mechanics, Vol. 3, No. 4, (2017), 240-250 

244

 wallcooledor  heated0 on the f

eff

X

θ

k

k
Nu 










  (21) 

dYNuNu
on the 


 wallcooledor  heated

 
(22) 

 
The local and the average actual Nusselt numbers for heated wall are also calculated as: 
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3. Numerical approach 

  The finite volume method [28, 29] is used to solve the governing Eqs. (1) – (4) with the corresponding boundary conditions 
given in Eq. (20). Both second-order implicit and explicit schemes are adopted to deal with the discretization of temporal terms 
in the governing equations. The SIMPLE algorithm is utilized to solve the coupling between velocity and pressure. 
Convection-diffusion terms are discretized by Hybrid scheme and the system is numerically modeled in FORTRAN. The 
solution procedure is iterated in every step until the two following convergence criterions are satisfied: 
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Where, χ in Eqs. (25) and (26) is U, V, θ and the residual mass of the grid control volume. The numerical results of this work 
are compared with those of former studies in terms of natural convection in a cavity with vertical hot and cold walls in an air-
filled enclosure with Pr=0.7 at different values of Rayleigh numbers as presented in Table 2. To ensure the grid independency 
of the numerical solutions, different grids have been tested for the case of water (Φ=0) at Ra=105 as listed in Table 3. To 
accomplish this, eight combinations of spatial resolution are considered. The relative deviations of the measure are also given 
with reference to that of the case with the finest spatial (120×120).  The difference between the spatial 100×100 and 120×120 
is negligible, so 100×100 grid is used in this study.  

 
Table 2. Comparison of results for average Nusselt number in an air-filled square enclosure at different values of Rayleigh number and 

Pr=0.7. 

Raf 
Num    

present Ho et al. [10] Barakos Mitsoulis[3] Fuseyi Hyun [30] 
104 2.248 2.246 2.245 2.302 
105 4.539 4.522 4.510 4.646 
106 8.908 8.825 8.806 9.012 

 
Table 3.Grid independency (Ra=105, Φ =0) 

Number of cells Nusselt number Deviation (%) 

60×60 6.0753 0.0162 

80×80 6.0338 0.0091 

100×100 5.9820 0.0004 

120×120 - - 

4. Results and discussion 

  The ranges of the Rayleigh numbers value, volume fractions of nanoparticles, and the aspect ratios used in this work are 
Ra=103 -106, 0 ≤ Φ ≤ 7 %, and 0.5 ≤ AR ≤ 2, respectively. The temperature of the enclosure’s right wall is fixed at the 
reference temperature i.e., 20 °C, whereas the difference between the hot and the cold walls is varied between 1-30 °C. The 
Prandtl number at the reference temperature is calculated as 6.93. 
Fig. 3 displays the local Nusselt numbers (Nu) distributions along the heated surface for various values of nanoparticles 
volume fractions (Φ = 0%, 1%, 4%, 7%) and Rayleigh numbers (Ra=103,104, 105, 106) for a square cavity (AR=1) when 



Effect of variable thermal expansion coefficient and nanofluid properties on steady natural convection in an enclosure 

Journal of Applied and Computational Mechanics, Vol. 3, No. 4, (2017), 240-250 

245

temperature differences between the cold and the hot walls are 1 and 30 °C. It is obvious that for all Rayleigh numbers, when 
∆T is enhanced, the local Nusselt number increases along the hot wall due to the increase of the thermal expansion coefficient 
of the base fluid. The difference between Φ = 1% and the pure fluid case is negligible whereas the effect of nanoparticles on 
the local Nusselt number becomes more evident at higher concentrations. As the temperature difference between the cold and 
the hot walls increases, the locations wherein the addition of nanoparticles improves the local Nusselt number is shifted to the 
upper half of the heated surface particularly at low Rayleigh numbers (this location shifts from y≈0.5 for ∆T=1 toward y≈0.6 
for ∆T=30 °C for the case of Ra=103). 
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Fig. 3. Local Nusselt number for the case of ∆T=1 °C (left column) and ∆T=30 °C (right column), a) Ra=103, b) Ra=104, c) Ra=105, d) 
Ra=106. 

 
The contour maps regarding the streamlines of Al2O3-Water nanofluid filled in a square cavity at Ra=103-106, are plotted 

in Fig. 4 for different values of the nanoparticles volume fraction (Φ = 0%, 1%, 4%, 7%) and ∆T=30 °C. As Φ increases, the 
streamline contours show deterioration in the absolute values of the maximum stream functions at Ra=103. For the case of 
nanofluid with Φ = 7%, the absolute maximum stream function is 47% less than that of pure water. At other Rayleigh numbers, 
higher absolute value of the maximum stream functions corresponds to the nanofluid with 1% nanoparticles volume fraction. 
At Ra=105 and Ra=106, the maximum values of the absolute stream function for the nanofluid with 4% nanoparticles 
concentrations are more than that of pure water which are still lower than the values for the nanofluid with a volume fraction of 
1%. The absolute vertical velocity component at the enclosure mid-section is decreased with enhancement of φ due to the 
increase of the fluid viscosity; however, as shown in Fig. 5, heat diffuses more through the cavity because the thermal 
conductivity coefficient increases. It is also seen from Fig. 5 that the vertical velocity is asymmetric, i.e. its value is higher in 
the left hand side of the cavity around the heated surface and that is because the fluid’s thermal expansion coefficient at the left 
section of the cavity is higher than the other side (Fig. 2).  
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Fig. 4. Contours of streamlines in square enclosure for ∆T=30 °C. 
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Fig. 5. Vertical velocity component at the enclosure mid-section, a) Ra=103, b) Ra=105. 
 

Fig. 6 shows the average Nusselt number and the normalized average Nusselt number for a wide range of the cold and the 
hot walls temperature differences (∆T) for the case of AR=1. Average Nusselt number slightly increases at low ∆Ts when the 
volume fraction of nanoparticles is increased from zero (clear fluid) to 7% for the case of Ra = 103. However, the addition of 
nanoparticles to the base fluid causes the average Nusselt number to deteriorate for higher ∆Ts in comparison with lower ∆Ts. 
For low Rayleigh numbers (Ra=103) and low ∆Ts, heat transfer is dominated by conduction and hence thermal conductivity 
determines the heat transfer rate. By rising ∆T, convection becomes the principal phenomenon in the heat transfer rate and 
viscosity effect dominates the favorable thermal conductivity effects when solid volume fraction increases. As φ increases, the 
average Nusselt number is diminished for the case of Ra=104 - 106 at law ∆T. This trend of decreasing is mitigated as the 
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temperature difference between the cold and the hot walls is intensified. When ∆T is assumed 30, the average Nusselt number 
for the nanofluid with Φ = 1% and Φ = 2% is more than that of pure water. It is also evident from this figure that for all ranges 
of ∆T, deterioration is more significant for the case of Ra=104 with dispersion of nanoparticles in the base fluid, because 
inertia forces are smaller compared to those of Ra=105 and 106 as mentioned in [31]. 
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Fig. 6. Average Nusselt number (left column) and normalized average Nusselt number (right column) for square enclosure, a) ∆T=1 °C, b) 
∆T=10 °C and c) ∆T=30 °C. 

Fig. 7 displays the normalized average Nusselt number along the heated wall with a variety of nanoparticles volume 
fractions for the nanofluid, the Rayleigh numbers and ∆Ts for the cavity with different aspect ratios. In a cavity with AR=0.5, 
adding nanoparticles to the pure water has a positive effect on the average Nusselt number at Ra=103 and its effect becomes 
more significant by increasing ∆T due to the domination of conduction [32]. Heat conduction coefficient of the nanofluid will 
increase by augmenting the fluid temperature. This behavior contradicts with that of the cavities with AR=1 and AR=2. For 
Ra=103, rising nanoparticles concentration leads to reduction of the average Nusselt number for a cavity with AR= 2 and its 
negative effect becomes more noticeable as ∆T increases. For AR=2, heat transfer is accomplished by conduction and 
convection at low ∆T, but convective heat transfer becomes dominant by enhancing ∆T. For the case of Ra=104, increasing the 
nanoparticles concentration has the worst effect on the average Nusselt number for AR=2, but for AR=0.5 and at lower ∆Ts, its 
negative effect is less than that the cases of Ra=105 and Ra=106. In general, the average Nusselt number is less sensitive to 
aspect ratio for Ra=105 and Ra=106. 
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Fig. 7. Normalized average Nusselt number for the enclosure with AR=0.5 (left column) and AR=2 (right column), a) ∆T=1 °C, b) ∆T=10 
°C and c) ∆T=30 °C. 

Fig. 8 depicts the average actual Nusselt number – as defined by correlation (24) – versus actual Rayleigh number for ∆T=30 
°C. A generic correlation equation in the form of power function with a coefficient of determination of R2=0.9982 is presented 
here, that is valid for Rayleigh numbers in the range of 103-106. 

0.31030.0589act actNu Ra   (27) 

From Fig. 9 it is realized that pure water is the only fluid which is located above the curve for Ra≥104. Addition of 
nanoparticles to the base fluid deteriorates both the actual Nusselt number and the actual Rayleigh number. It is worth to 
mention this deterioration escalates with decreasing temperature differences between cooled and heated walls (decreasing in 
average fluid temperature). 
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Fig.8. Actual average Nusselt number 

5. Conclusion 

Steady state natural convection heat transfer of Al2O3-water nanofluid in an enclosure with vertical hot and cold walls is 
investigated numerically. Considering the impact of fluid temperature on thermal expansion coefficient causes totally different 
patterns in natural convection heat transfer by increasing nanoparticle concentration. For all ranges of Rayleigh numbers, heat 
transfer intensifies by increasing the temperature difference between the cold and the hot walls (i.e. increasing the average 
temperature of the fluid) due to the enhancement of the thermal expansion coefficient. For all cases except AR ≥ 1 at Ra = 103, 
a reduction in the temperature difference of the cold and the hot walls, deteriorates the relation between the average Nusselt 
number and the nanoparticles volume fraction. In general, the average actual Nusselt number decreases with nanoparticles 
concentration increment. 
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Nomenclature 

Cp specific heat, J/(kgK) 
df molecule water diameter 
dp nanoparticles diameter 
g gravitational acceleration, m/s2 
k thermal conductivity, W/(mK) 
kb Boltzmann constant 
L length of the cavity, m 

Nu local Nusselt number on the heated or cooled wall 

Nu  average Nusselt number 

p fluid pressure, Pa 

p  modified pressure 

P dimensionless pressure 
Pr Prandtl number 
Rnp radius of nanoparticles, m 
Ra Rayleigh number 
T temperature, K or °C 
Tc cooled wall temperature, K or °C 
Th heated wall temperature, K or °C 
Tfr freezing point temperature, K 

u, v velocity components in x, y directions, m/s 
U, V dimensionless velocity components 
x, y Cartesian coordinates, m 
X, Y dimensionless coordinates 

Greek symbols 

α thermal diffusivity, m2/s 
β thermal expansion coefficient, 1/K 
φ solid volume fraction 
μ dynamic viscosity, Ns/m2 
ν kinematic viscosity, m2/s 
θ dimensionless temperature 
ρ density, kg/m3 

Subscripts 

act actual 
eff effective 
f fluid (pure) 

nf nanofluid 
s solid nanoparticle 

np nanoparticle 
0 reference value at 20 °C 
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