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Abstract. This study presents the effect of porosity on mechanical behaviors of a power distribution functionally 
graded beam. The Euler-Bernoulli beam is assumed to describe the kinematic relations and constitutive equations. 
Because of technical problems, particle size shapes and micro-voids are created during the fabrication which should 
be taken into consideration. Two porosity models are proposed. The first one describes properties in the explicit 
form as linear functions of the porosity parameter. The second is a modified model which presents porosity and 
Young’s modulus in an implicit form where the density is assumed as a function of the porosity parameter and 
Young’s modulus as a ratio of mass with porosity to the mass without porosity. The modified proposed model is 
more applicable than the first model. The finite element model is developed to solve the problem by using the 
MATLAB software. Numerical results are presented to show the effects of porosity on mechanical behaviors of 
functionally graded beams.  

Keywords: Mechanical Behaviors; Porous material; Functionally graded material; Beam Analysis; Finite Element Method. 

1. Introduction 

 Functionally graded materials (FGMs) represent a new generation of materials with revolutionary properties, composed of a 
mixture of two different materials (metal and ceramic) and have great practical applications in engineering and industrial fields [1]. 
The constituent mixture varies smoothly though a specified spatial direction to avoid the stress concentration induced by 
discontinuity of material properties. During fabrication processes of FGM, the large difference in solidification temperatures 
between material constituents may cause micro voids or porosities within the materials during sintering [2]. Aqida et al. [3] 
presented the causes of the porosity formation which are air bubbles entering the melt matrix material, the water vapor on the 
particles surfaces, the gas entrapment during the mixing process, the evolution of hydrogen, and the shrinkage during the 
solidification. Kim et al. [4] fabricated FG the nano/micro porous titanium surfaces using anodizing and found that the amorphous 
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titanium dioxide nanotubular layer significantly improves the hydrophilicity. Wattanasakulpong et al. [5] discussed the effect of 
porosities happening inside FGM samples fabricated by a multistep sequential infiltration technique.  

 Nowadays, lots of researchers are interested in studying the mechanical behavior of FG porous beams. There are two different 
models of the porosity in the literature. The first model is derived from the rule of mixtures which is discussed in the next sections. 
Ji et al. [6] used a simple mixture rule to provide a unified description of the physical properties of polyphase composites in terms of 
component properties, volume fractions, and microstructures, and then exploited the proposed model for porous materials as a 
special class of two-phase composites. Wattanasakulpong and Ungbhakorn [7] studied linear and nonlinear vibrations of elastically 
restrained FG beams having porosities by using the differential quadrature method (DQM). Wattanasakulpong and Chaikittiratana 
[8] illustrated the vibration behavior of porous FG Timoshenko beams by using Chebyshev collocation method and assumed a beam 
with even and uneven distributions of porosities over the cross-section. Atmane et al. [9] presented the effects of the thickness 
stretching and the porosity on mechanical behaviors of FG beams resting on elastic foundations and derived closed form solutions 
by using the Navier technique. Ebrahimi and Mokhtari [10] obtained vibrational behavior of a rotating porous FG beam by using 
DQM.  Ebrahimi and Jafari [11] and Ebrahimi et al. [12] analyzed thermo-mechanical vibrations of FG porous beams under 
various thermal loadings by employing a semi-analytical differential transform method. Shafiei et al. [13] studied nonlinear 
vibrations of porous imperfect FG tapered microbeams based on the modified couple stress and Euler–Bernoulli theories.  
Ebrahimi and Barati [14] presented a higher order refined beam model to investigate the vibration of viscoelastic nanocrystalline 
silicon nanobeams with porosities.  

 The second model for the porosity assumes that the porous material properties vary through the thickness of the structure 
according to the specific continuous function. The following groups of research exploited this model to investigate the mechanical 
behavior of the porous structures. Magnucki and Stasiewicz [15] investigated the elastic buckling of a porous isotropic beam by 
means of the Finite Element Method (COSMOS). Jabbari et al. [16] studied the thermal buckling of a sandwich piezoelectric 
circular plate made of the porous material and concluded that increasing the porosity of a porous plate in saturated and unsaturated 
conditions has different results in relation to the stability of the plate; the stability of saturated and unsaturated porous plates 
decreases and increases, respectively, when the porosity is increased. Xue et al. [17] presented a constitutive model for FG porous 
shape memory alloys. Chen et al. [18] investigated the elastic bending and buckling behavior of Timoshenko FG porous beams and 
found that an increase in the porosity coefficient leads to lower critical buckling loads of functionally graded porous beams. 
Kitipornchai et al. [19] studied the buckling and the vibration of FG porous nanocomposite beams where the internal pores and 
graphene platelets (GPLs) were layer-wise distributed in the matrix according to different patterns.   

 According to the widespread literature reviews, we found that no researchers have attempted to address the softening in modulus 
of elasticity when expressed as a ratio of the mass of a porous beam to the mass of a non-porous one. Therefore, the effect of the 
porosity on functionally graded structures needs more investigation. The present study is intended to fill this gap in the literature by 
considering a modified porosity model. The material graduation is assumed to be a continuous power function distributed through 
the beam thickness. The static, buckling and vibration behavior of the porous FG beam are then studied. The manuscript is 
organized as follows: Section 2 describes the mathematical modelling of functionally graded porous materials. The governing 
equations of a porous FG beam with Euler-Bernoulli kinematic assumptions are presented in Section 3. A numerical finite element 
model is developed to solve the governing equations. Section 4 demonstrates the model validation and shows numerical results. 
Finally, Section 5 summarizes the concluding remarks.    

2. Functional graded Formulation 

2.1 Material graduation Functions 

Functionally graded materials (FGM) are a special class of composites manufactured from a mixture of two or more 
constituent materials (especially ceramics and metals). The mixture has a continuous variation of properties relative to a 
specific spatial direction (commonly through the thickness direction). The simplest and the most accepted homogenization 
method to estimate the effective properties at micromechanics level is known as Voigt rule [20] which states that the volume 

fraction of materials are graded across the beam thickness  z  by the following functions [21]: 
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where  V  is the volume fraction, k is a nonnegative power exponent, h is a total beam thickness, and subscripts c and m 
represent the ceramic and metal, respectively. Therefore, the Young’s modulus and the mass density of FGM can be described 
by the following relations: 
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The constituent metal of the FG beam in the present manuscript is the steel [Em= 210 GPa, m = 7.8 g/cm3 and m is 0.3] 

and the ceramic is the alumina [ cE = 390 GPa, c = 3.96 g/cm3, and c is 0.3]. The material properties distribution through 

the beam thickness is presented in Fig.1 which shows that at 0k   the beam is completely the pure ceramic, at 10k   the 
beam is approximately the pure metal, while at 1k   properties change linearly from the metal at the bottom surface to the 
ceramic at the top surface. It is worth noting that, the exponent parameter has an inverse effect on the Young’s modulus rather 
than the density. That means, as the exponent increases from 0 to 10 (the ceramic rich phase to the metal rich phase), the 
Young’s modulus decreases gradually from 390 GPa to 210 GPa, while the density increases from 3.96 g/cm3 to 7.8 g/cm3.  

 

 

Fig. 1. The variation of the Young modulus and the density at different material distributions (k). 
 

2.2 Porosity models 

In the present analysis, two models of porosity are presented. The first one is considered previously by many authors, and 
the other one is adopted according to experimental observations. A geometrical description of a functionally graded simply-
supported beam of the length (L), the width (b), and the thickness (h) with a random porosity distribution is shown in Fig. 2. 

 

Fig. 2. A porous functionally graded simply-supported beam. 

a) Classical Model 

By considering an FGM beam with the porosity fraction ( 1  ) distributed consistently between the ceramic and the 
metal, the modified rule of mixtures is proposed as [7, 9, 10]: 
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By substituting Eq. (1) into Eq. (3), the equivalent modulus and density functions, including the porosity parameters, can be 
written as: 
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b) Adopted model 

   According to the experimental observation by Sarkar et al. [22], the actual strengths of a composite are lower than those 
obtained through the theoretical estimation by applying the simple rule of mixtures. Therefore, the modification of the rule of 
mixture is needed. Bert [23] predicted the elastic moduli of solids with the oriented porosity with a semi-empirical approach 
and concluded that the linear variation of the porosity is insufficient to consider a reduction in the rigidity of the structure. 
Hardin et al. [24] found that the elastic modulus decreases nonlinearly with the porosity and that the steel exhibits a critical 
porosity level above which it loses all the stiffness. Watchman et al. [25] stated that “Gibson and Ashby proved that the 
strength of a strut in the scaffold is the same as the strength of the bulk material and this is related to the strength of the cellular 
solid (scaffold) by its relative density”. Sabree et al. [26] exploited Gibson and Ashby model to study the mechanical properties 
of porous ceramic scaffolds. Zok and Levi [27] proved that the effect of the matrix porosity on the modulus can be described 
by an empirical relationship related the moduli with the density. For a porous body, there are many theoretical models linking 
the elastic properties with the porosity and consequently with the apparent density [28].  
   In the present analysis, it is assumed that the porosity and the density are inter-related by an explicit function given in Eq. 
(4.b). On the other hand, the elastic modulus is related explicitly to the density ratio and implicitly to the porosity as follows: 
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where the equivalent mass along the thickness can be calculated by: 

( )o hm z dz             at         0   (6a) 

( )hm z dz              at                (6b) 

The effect of the porosity on the equivalent mass, (m), and different material exponents, (k), is presented in Fig. 3. As 
shown, the equivalent mass is reduced as the porosity increased. However, the equivalent mass is increased by increasing the 
material exponent due to the increase in metal phase in the constituents. 

 

Fig. 3. Variation of the equivalent mass of functionally graded material versus the material distribution and the porosity. 

The variations of rigidities, 2 ( )D z z dz  , of the porous function graded beams for classical and modified models with 

different material distributions are illustrated in Fig. 4. It is concluded that the rigidity of the FG beam is increased by 
increasing the material graduation or decreasing the porosity percentage. The effects of the porosity and the material graduation 
for the two models show similar behavior, however, the porosity in the adopted model is more significant than the classical 
model. At material exponent k=4, the rigidity of the classical model is decreased by 22.7% as the porosity increases to 0.2. At 
the same conditions, the rigidity of the modified model is decreased by 36.36% which indicates the reliability of this model. 

3. Problem Formulation 

3.1 Mathematical Problem 

Regarding a thin beam (L/h >20), the geometrical fit conditions of the Euler–Bernoulli theory describe the in-plane (u) and 
the transverse (w) displacements by: 

( , , ) ( , ) o
o

dw
u x z t u x t z

dx
   (7a) 

( , , ) ( , )ow x z t w x t  (7b) 

where ou  and ow  are the mid-plane axial and transverse displacements, respectively, and t denotes the time. The governing 

equations of motion can be described by [29]: 
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        (a) Classical Model                              (b) Adopted Model   

Fig. 4. Variation of the equivalent rigidity of functionally graded material versus the material distribution and porosity factor for a 
classical and adopted models. 
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where q(x,t) denotes the magnitude of the distributed vertical load on the beam, N is the applied axial compressive force,   is 

the material density, and M is the bending moment. The governing equations of motion can be presented in terms of 
displacements as: 
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3.2 Numerical Problem     

The variational form of the equilibrium equations in terms of the displacements for the porous FG beam can be represented 
by: 
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 (10) 

To discretize the porous FG beam to elements, the in-plane and transverse displacement components at the mid-plane of a 
beam-element can be described by [20, 30, 31]: 
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where U, W and   are the plane displacement, the transverse displacement and the slope at the nodal points, respectively, 

and Ni is a group of Lagrangian interpolation shape functions for in-plane displacements, and kN  is a set of Hermetian 

interpolation shape functions for transverse displacements. By substituting and integrating Eq. (11) into Eq. (10), the following 
equation of motion can be represented in the matrix form as: 

     { } { } { } { }bM d K d K d F Q     
  (12) 
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where M is the mass stiffness matrix, bK is the geometrical buckling matrix, K is the stiffness matrix, d is the 

displacement of the nodal value, d is the acceleration, F is the concentrated force vector, and Q is the distributive force 
vector. For the static problem, the buckling stiffness and mass matrices are neglected, and therefore, the following equilibrium 
equation is solved. 

   { } { }K d F Q   (13) 

However, for the buckling and the free vibration, the eigenvalue problems are solved using the following relations: 

 { } { }bK d K d     (14a) 

  2{ } [ ]{ }K d M d  (14b) 

where { }d  is the eigenvectors,   is the eigenvalues (critical buckling loads), and 2  is the eigenvalues of dynamic 

system (natural frequencies). 
 

4. Numerical Results 

In this section, numerical results of the static buckling and the free vibration of a porous FG beam are presented for the two 
proposed models. The material constituents and their distributions are presented in section 2. The geometrical dimensions of 
the beam are b×h×L= 1×0.1×10 m. 

4.1 Static Analysis 

In this analysis, the system of linear equations (Eq. 13) are solved and the non-dimensional center deflection (the maximum 

for the simply supported beam) is calculated by 4
max 0100 / (max( ))cW E I qL w . Figure (5) illustrates the porosity and 

material graduation effects on the bending deflection of the beam under the uniform distributed load. It is worth noting that the 
deflection in both models is increased by increasing the material graduation and the porosity percentage due to the decrease in 
the equivalent modulus of the elasticity. As the porosity increases from 0 to 0.2 at k=2, the deflection increases from 1.814 to 
2.3155 (by 27%) for the classical model and from 1.814 to 2.984 (65%) for the adopted model. This means that the adopted 
model is more sensitive to the porosity than the classical model. Note that the change in the classical model is only due to the 
linear effect of the porosity. However, the change in the adopted model is due to the coupling effect of the porosity and the 
density. In addition, from the engineering viewpoint, increasing the porosity to 0.2 makes the structure very weak which is 
consistent with the adopted model. 

 

 
                        a) Classical Model                                 b) Adopted Model 

Fig. 5. Effect porosity and material graduation on the static bending of the FG beam.   

4.2 Buckling Analysis 

When a slender structure is loaded in compression, it may lose its ability to carry the load while it reaches to a critical load 
value, known as the critical buckling load. Therefore, it is motivating to illustrate the effect of the porosity on the critical 
buckling load. To calculate the critical load, the eigenvalue problem (Eq. 14a) is solved to find the smallest eigenvalue  of 
the structure. The effects of the porosity and material distribution on the non-dimensional buckling load 

 2
/N NL E I ( )c min   are presented in Fig. (6). As depicted in the above-mentioned figure, the buckling load is decreased by 

increasing the porosity and the material graduation for the two proposed models. Moreover, as the porosity increases from 0 to 
0.2 at k=2, the buckling load decreases by 21% for the classical model and by 39% for the adopted model which shows that the 
adopted model is more pronounced. 
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                          a) Classical Model                                  b) Adopted Model 

Fig. 6. Effect porosity and material graduation on the critical buckling load of the FG beam. 

4.3 Dynamic Analysis 

The free vibration of a porous FG beam is investigated in this subsection. The eigenvalue problem (Eq. 14b) is solved to 
find the first three natural frequencies of the porous beam structure. The non-dimensional natural frequency is calculated 

according to the formula, 2 2
i i c cL A / E Iw    , i = 1,2,3. It is known that the natural frequency of a structure is a function 

of both density and elasticity, but they have inverse effects (the natural frequency decreases as the density increases or as the 
stiffness decreases).  
 

 

                            a) Classical Model                                b) Adopted Model 

Fig. 7. Effect porosity and material graduation on the fundamental natural frequency of the FG beam. 

 

                            a) Classical Model                                b) Adopted Model 

Fig. 8. Effect porosity and material graduation on the 2nd natural frequency of the FG beam. 

As can be seen in Fig. 1, for a functionally graded material, as the material exponent increases the equivalent young’s 
modulus decreases and the density increases. As a result, the natural frequencies decrease as shown in Figs. (7-9). Figure 7 
presents the variation in the first natural frequency with respect to the material distribution and the porosity percentage for the 
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classical and the adopted model, respectively. As illustrated in the above-mentioned figure, the first natural frequency is 
decreased by increasing the material exponent k for both models. Although the porosity has trivial effects on the frequency in 
the classical model, it has a noteworthy effect on the frequency for the adopted model. For this case, by fixing the material 
exponent at k=1, and increasing the porosity from 0 to 0.2, the first natural frequency decreases by 2% for the classical model 
and by 14% for the adopted model. The effects of the porosity and the material distribution parameter on the second and the 
third natural frequencies show similar behavior as presented in Figs. 8 and 9. 

 

                           a) Classical Model                                  b) Adopted Model 

Fig. 9. Effect porosity and material graduation on the 3rd natural frequency of the FG beam. 

5. Conclusions 

A modified porosity model is presented to study the static bending, the buckling and free vibrations of a porous functionally 
graded beam. The porosity effects are studied using two models. The material graduation is assumed to be distributed through 
the beam thickness according to a nonlinear power function. Kinematic fit conditions of Euler-Bernoulli beams with elastic 
Hookean constitutive equations are implemented. The finite element method is used to solve the problem. The most significant 
findings of the obtained results can be summarized as follows: 
a) A model is proposed to consider the variation in the elasticity as an implicit function of the porosity and an explicit function 
of the density which is more applicable from the experimental viewpoint compared to the classical model.  
b) The static deflection is increased by increasing both the porosity and the material distribution parameter for the two 
presented models. 
c) The critical buckling load is decreased by increasing both the porosity and the material distribution parameter for the two 
models. 
d) The frequency is decreased by increasing the material exponent for both models. However, the frequency is more 
pronounced by the porosity in the proposed model, while the porosity effect on the frequency in the classical model is 
insignificant. 
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