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Abstract. This paper is an attempt to determine quasi-static thermal stresses in a thin elliptical plate which is 
subjected to transient temperature on the top face with zero temperature on the lower face and the homogeneous 
boundary condition of the third kind on the fixed elliptical curved surface. The solution to conductivity equation is 
elucidated by employing a classical method. The solution of stress components is achieved by using Goodier’s and 
Airy’s potential function involving the Mathieu and modified functions and their derivatives. The obtained 
numerical results are accurate enough for practical purposes, better understanding of the underlying elliptic object, 
and better estimates of the thermal effect on the thermoelastic problem. The conclusions emphasize the importance 
of better understanding of the underlying elliptic structure, improved understanding of its relationship to circular 
object profile, and better estimates of the thermal effect on the thermoelastic problem. 
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1. Introduction 

The theoretical study of the heat flow within hollow elliptical structures has been of considerable practical importance in a 
wide range of sectors such as mechanical, aerospace, and food engineering fields for the past few decades. Unfortunately, there 
are only a few studies concerned with steady and transient state heat conduction problems in the elliptical objects. A short 
history of the research work associated with the thermoelasticity provides an insight into various approximate methods like the 
Ritz energy method, Galerkin’s Method, finite element models, and the perturbation theory to solve the system. In the most 
recent literature, some researchers have undertaken studies on heat conduction analysis, which can be summarized as given 
below. Gupta [1] introduced a finite transform involving the Mathieu functions used for obtaining the solutions for boundary 
value problems involving elliptic cylinders. Sato [2] subsequently obtained the mathematical solution for the heat conduction 
problem of an infinite elliptical cylinder during heating and cooling considering the effect of the surface resistance. Recently, 
El Dhaba [3] used a boundary integral method to solve the problem of the plane uncoupled linear thermoelasticity with heat 
sources for an infinite cylinder with elliptical cross section which was subjected to a uniform pressure and a thermal radiation 
condition on its boundary. However, a few studies have been done to eliminate the thermoelastic problems successfully. Most 
recently, Helsing [4] formulated an elastic problem with mixed boundary conditions, that is, Dirichlet conditions on parts of 
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the boundary and Neumann conditions on the remaining contiguous parts, and solved it on an interior planar domain using an 
integral equation method. Dang and Mai [5] estimated mixed boundary value problem for a biharmonic equation of the Airy 
stress function which modeled a crack problem of a solid elastic plate using an iterative method. Al Duhaim et al. [6] 
determined the thermal stress of a mixed boundary value problem in half space by using Jones’s modification of the so-called 
Wiener-Hopf technique. Parnell et al. [7] employed the Wiener-Hopf and Cagniard-de Hoop techniques to solve a range of 
transient thermal mixed boundary value problems on the half-space. Nuruddeen and Zaman [8] obtained the analytical solution 
of transient heat conduction in a solid homogeneous infinite circular cylinder using the Wiener-Hopf technique owing to the 
mixed nature of the boundary conditions. Very recently, Bhad [9,10] has obtained a few thermoelastic solutions for elliptical 
objects using the integral transform technique. The above reviews clearly suggest that, in contrast with the classical circular or 
rectangular structures case, nearly all investigators so far have focused on the thermoelastic problems in elliptical membranes 
either in the steady or unsteady state. In particular, there seems to be no rigorous analytical or numerical reports on the quasi-
static transient response of a thin elliptical plate subjected to a thermal load. The primary purpose of the current work is to fill 
this gap. Both analytical and numerical techniques can be the best methodology to solve such problems. Nevertheless, it is 
observed that mostly numerical solutions are preferred due to either non-availability or mathematical complexity of the 
corresponding exact solutions. Rather, limited utilisation of analytical solutions should not diminish their merit over numerical 
ones; since exact solutions, if available, provide an insight into the governing physics of the problem that is often missing in 
any numerical solution. However, to the best of authors’ knowledge, very few works have been published to determine the 
temperature distribution and its associated stresses in an elliptical plate with boundary conditions of radiation type on the 
outside surfaces with independent radiation constants. Owing to the lack of research in elliptical objects in the elliptic-cylinder 
coordinate system, the authors have been motivated to conduct this study using the classical method. 

The object of this paper is to study the quasi-static thermal stresses in a thin elliptical plate subjected to a sectional heat 
supply on the upper face with the lower face kept at zero temperature. To establish the quasi-static problem formulation, the 
following assumptions need to be made: (i) The material of the cylinder is elastic, homogeneous, and isotropic, (ii) A thin-
walled cylinder has been considered during the investigation with a ratio of the length to the thickness greater than 8, (iii) The 
deflection (the normal component of the displacement vector) of the mid-plane is small as compared with the thickness of the 
plate, and (iv) The stress perpendicular to the middle plane is small compared with the other stress components and may be 
neglected in the stress-strain relations. The success of this research mainly lies in the analytical procedures which present a 
much simpler approach for optimisation of the design regarding the material usage and performance in the engineering 
problem, particularly in the determination of the thermoelastic behaviour in the elliptical disc engaged as the foundation of 
pressure vessels, furnaces, etc. Actually, by considering a circle as a special kind of ellipse, it is shown that the temperature 
distribution and history in a circular solution can be derived as a special case of the present mathematical solution for the 
elliptical disc. 

 

2. Formulation of the problem 

It is assumed that a thin elliptical plate is occupying the space :3),,{(: RzD   ,00   ,20  
}2/2/   z  under unsteady-state temperature field with no internal heat source within it. The geometry of the plate as 

shown in Fig. 1 indicates that an elliptic coordinate system ),,( z  is the most appropriate choice of the reference frame, 

which is related to the rectangular coordinate system ),,( zyx  by the relation ,coscosh cx   ,sinsinh cy  zz  .  

 

 
Fig. 1. Physical configuration of the elliptical plate 

 
The length 2c is the distance between its common foci as shown in the geometrical configuration described in Fig. 1 which 

can be defined as 2222 bac  .  The curves  constant represent a family of confocal hyperbolas, while the curves 
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 constant constitute a family of confocal ellipses. Both sets of curves intersect each other orthogonally at every point in 

space. The geometry parameters are given as ],0,0[    )2,0[  , and ].2/,2/[ z  The plate is subjected to the 

arbitrary initial temperature over the upper surface )2/( z  with the lower surface )2/( z  at zero temperature and 

boundary condition of the third kind on the curved surface; Under these prescribed conditions, the quasi-static thermal stresses 
are required to be determined. 

 

2.1 Heat conduction of the problem 

The governing differential equation for heat conduction and boundary conditions can be defined as:  
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in which ),,,( tzT  is the temperature of the plate at point ),,( z  at t  time, 0T  is the temperature at time 0t  on the 

circumference of the elliptical plate of radius 0  on the upper face, )2,1( iia  are radiation coeffiecnts, 0  is a 

constant,   is the coefficient of thermal conductivity, C /  represents thermal diffusivity in which   is the thermal 

conductivity of the material,   is the density, C  is the calorific capacity which is assumed to be constant, and h is the 

metric coefficient given by: 

)]2cos2(cosh2/[22   ch                                   (5) 

and the 2 denotes the two-dimensional Laplacian operator  
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2.2 Associated thermal stress problem 

The medium is defined by ,00    ,20   and ,2/2/   z  and compiling various boundary conditions in 

the elliptical coordinates are defined to determine the influence of thermal boundary conditions on the thermal stresses. Since it 
is assumed that the cylinder is sufficiently thin, we can introduce the assumption that the plane, initially normal to the middle 
or neutral plane )0( z  before bending, remains straight and normal to the middle surface during the deformation, and the 

length of such elements are not altered. This means that the axial stress, which is considered negligible compared with the 
other stress components, may be neglected in the stress-strain relations. Thus, for solving the quasi-static thermoelasticity 
problem by using the displacement potential method [11], we assume the potential function ),,,( tz such that it satisfies 

the equation given below:  
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in which G is the shear modulus,   denotes Poisson’s ratio, and t is the coefficient of linear expansion, respectively. 

The components of the stresses are represented by the use of Goodier’s potential stress function ),,,( tz  as: 
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It is observed that the displacements and stresses obtained from equations (7) and (8) do not satisfy the boundary conditions, 

i.e., the plate should be stress-free. To complement the solution, we found out that the complementary stresses ij  satisfying 

the following relations: 
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0,0    on a                            (9)     

To solve the isothermal elasticity problem, let us make use of the Airy potential stress function ),,,( tz  which satisfies 

the bi-laplacian equation as: 

02])22[  h                                          (10)  

Then, the complementary stresses in terms of the Airy stress function are given by   
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Thus, the final stresses can be represented as 
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The equations (1) to (12) constitute the mathematical formulation of the problem under consideration. 
  

3. Solution to the problem  

3.1 Solution to the temperature field 

We assume that the temperature distribution ),,,( tzT   is given by: 
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in which the function )(tnf  for all time t will be determined later on from the heat conduction equation, ),( qnce   is the 

ordinary Mathieu function of the first kind of order n, and ),( qnCe  is the modified Mathieu function of the second kind of 

order n. In this case, it is found that the temperature on the face 2/hz   is zero.  

By using equation (13) in equation (1), one obtains: 
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in which the constant mnA ,  can be determined from the nature of temperature prescribed on the upper face. Now, by using 

condition (3), one obtains the function ),( f  by the well-known theorem on Fourier’s series [1, pp. 296] which can be 

expressed as:  
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Both sides of equation (16) are multiplied by )2cos2(cosh   ),,( rpqpCe  ),,( rpqpce   and integrated with respect 

to   from 0 to 2 , and with respect to   from 0 to a. Then, by using orthogonal property [1, pp. 175-176], all terms 

vanish except when mrnp  , . Hence, 
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The function given in equation (1) represents the temperature at every instant and all points of a thin elliptical plate of finite 
height which is subjected to transient temperature on the upper surface )2/( z  with the lower surface )2/( z  at zero 

temperature, and the curved surface has homogeneous boundary conditions of the third kind. 
 

 

3.2 Solution to the thermal stresses 

By referring to the fundamental equation (1) and its solution (13) for the heat conduction equation, the solution for the 
displacement function is represented by Goodier’s displacement potential ),,,,( tz  referred to by equation (8) as 
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Now, assume Airy’s stress function ),,,( tz  which satisfies condition (10) as 
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in which mnX ,  and mnY ,  are the arbitrary functions that can finally be determined by using condition (9).  
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By substituting mnX ,  and mnY ,  from equation (20) into equation (19) we get the final Airy’s function as 
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Using equations (8) and (18), one obtains the stresses due to temperature as: 
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Using equations (11) and (21), one obtains the thermal complementary stresses as: 
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By substituting equations (22-27) into equation (12) we obtain the complete solution in terms of the displacement potential 
  and the stress function   as: 
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4. Transition to circular plate 

When the elliptical plate tends to a circular plate of the radius 0 , the semi-focal 0c  and then m  is the root of the 

transcendental equation .0)(0 mJ  Also 0e  [as  ],  dcosh2   dsinh2cosh22 2/2 crdr , 

,coshsinh    rh cosh [as 0h ], ,cosh drrd  ,sinh drdh   

By using results from [12] we obtain: 
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Taking into account the parameters above, the temperature distribution in the cylindrical coordinate is finally represented 
by: 
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in which 
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The aforementioned degenerated result agrees with the previous result [13]. 
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5. Numerical Results, Discussion, and Remarks 

For the purpose of simplicity of calculation, the following dimensionless values are introduced: 
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jiEijijTT

tcezz
                            (33) 

By substituting the value of equation (33) into equation (13) and components of stresses, we obtained the expressions for 
temperature and the thermal stresses, respectively, for our numerical discussion. The numerical computations have been 
carried out for an Aluminum (pure) elliptical plate with the physical parameter as 0 = 1 m,  = 0.08 m, reference 

temperature as 150 0C, and )()(),( iif    in which 00   i  and  20  i . The thermo-mechanical 

properties are considered as modulus of elasticity E = 70 GPa, Poisson’s ratio  = 0.35, thermal expansion coefficient  = 
2310-6 /0C, thermal diffusivity  = 84.18 m2s−1, and thermal conductivity  = 204.2 Wm−1K−1. The mnq ,2 0.0986, 

0.3947, 0.8882, 1.5791, 2.4674, 3.5530, 4.8361, 6.3165, 7.9943, 9.8696, 11.9422, 14.2122, 16.6796, 19.3444, 22.2066, 
25.2661, 28.5231, 31.9775, 35.6292, and 39.4784 are the positive and real roots of the transcendental equation 

0),(2 qanCe .  In order to examine the influence of heating on the plate, the numerical calculations were performed for all 

the variables, and the numerical calculations are depicted in the following figures with the help of MATHEMATICA software. 
Figures 2–5 illustrate the numerical results of the temperature distribution and stresses of the elliptical plate under the thermal 
boundary condition that are subjected to arbitrary initial temperature on the upper face while keeping lower face at zero 
temperature. Figure 2(a) indicates the temperature distribution along the direction of z -axis of the plate. The maximum 
values of temperature magnitude arise from the upper face due to additional heat supply. The distribution of temperature 
gradient at each instance decreases the axial direction tending and attains its minimum at the lower face which is kept at zero 
temperature.  

 
Fig. 2(a). Temperature distribution   along z  for different values of   

 

 
Fig. 2(b). Temperature distribution   along   for different values of   

Fig. 2(b) illustrates the temperature profile along the time direction for various values of the radius. Temperature trend 
increases along the time direction from inner core to the outer curved surface irrespective of the angular direction for a fixed 
value of .z  At the outer part of the thickness, temperature fluctuation seems more stable due to the accumulation of energy 
which is caused by more exposure to heat sources; hence, thermal expansion is more at the outer part of the plate which gives 
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high tensile force. Figure 3(a) depicts that the radial stress 


  attains its minimum at the outer core due to the compressive 

forces occurring at the outer region. Figure 3(b) indicates the dimensionless radial stress along the angular direction for 
different values of the thickness; it is clear that the radial stress follows the sinusoidal nature due to the periodicity of Mathieu 
function. 

 
Fig. 3(a). Dimensionless radial stress along   for different values of z  

 

 
Fig. 3(b). Dimensionless radial stress along  for various values of z  

 

 

Fig. 3(c). Dimensionless radial stress along   for different values of   

 
Figure 3(c) shows the dimensionless radial stress along the radial direction for different time series; the stress attains its 

maximum at the core of the inner part which may be due to initial temperature, and lowers towards the outer part for different 
time series along the radial direction. Figure 3(d) depicts the dimensionless radial stress along the time series for different radii; 
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the stress increases gradually with the increase in time for different radii and stabilizes after a certain time due to the rate of 
temperature change with respect to time.  

 

Fig. 3(d). Dimensionless radial stress along  for different values of   

 

 
Fig. 4(a). Dimensionless tangential stress along  for different values of z  

 

 
Fig. 4(b). Dimensionless tangential stress along  for different values of   

 
Figures 4(a) and 4(b) represent dimensionless tangential stress; both graphs are sinusoidal in nature showing vibration of 

the plate due to the periodicity of Mathieu function. Figure 4(c) gives the dimensionless tangential stress along time series for 
different radii; it is shown that tangential stresses are maximum at inner core of the plate and lower towards the outer end and 
stabilize after a certain time.  
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Fig. 4(c). Dimensionless tangential stress along  for different values of   

 

 

Fig. 4(d). Dimensionless tangential stress along  for different values of   

 

 
Fig. 5(a). Shear stress 


 along    for different values of z  

Figure 5(a) represents dimensionless shear stress profile. The graph is sinusoidal in nature showing vibration of the plate 

due to the periodicity of Mathieu function. Figures 5(b) and 5(c) indicate the shear stress along  - direction of the plate for 

different values of z  and time. The maximum value of stress magnitude occurs at the outer edge due to the additional heat 
energy throughout the body. The distribution of stress at every point of z and time decreases towards the central part of the 
ellipse boundary; thus, it tends to zero at the unheated part. Figure 5(d) depicts that the shear stress 


 attains zero at 

 2,2/3,,2/,0 , whereas on the other parts, it attains its maximum due to the accumulation of thermal energy 

dissipated by sectional. 
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Fig. 5(b). Shear stress 


 along  for various values of z  

 

Fig. 5(c). Shear stress 


 along  for different values of   

 
Fig. 5(d). Shear stress 


 along   for various values of   

6. Conclusion 

In this manuscript, we have described the theoretical treatment of the quasi-static thermal stresses in a thin elliptical plate. 
The temperature distribution and the stresses in the form of ordinary and the modified Mathieu functions are used to determine 
the solution by classical methods. The analytical technique proposed here is relatively straightforward and widely applicable 
compared with the methods proposed by other researchers. The results obtained while carrying out the research are generalized 
as follows: 
• The advantage of this approach is its generality and its mathematical power to handle different types of mechanical and 

thermal boundary conditions during induced stresses under thermal loading. 
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• The maximum tensile stress shifts from the outer surface due to maximum expansion of the outer part of the plate, and its 
absolute value increases with the radius. This shifting of stress could be due to heat, stresses, concentration, or available 
internal heat sources under the known temperature field. 

• Finally, the maximum tensile stress occurs in the circular core on the major axis compared with the elliptical core indicating 
the weak distribution of heat. This difference might be due to insufficient penetration of heat through the elliptical inner 
surface. 

• The aforementioned thermal stress calculation concept can be beneficial in the field of micro-devices or microsystem 
applications, planar continuum robots, prediction of the elastoplastic bending, and so forth. 
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