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Abstract. This study primarily deals with introducing an efficient numerical technique called the Complementary
Functions Method (CFM) for the solutions of the initial value problem for the linear elastic analysis of anisotropic
rotating uniform discs. To bring the performance of the method to light, first, closed form formulas are derived for
such discs. The governing equation of the problem at stake is solved analytically with the help of the Euler-Cauchy
technique under three types of boundary conditions namely free-free, fixed-free, and fixed-guided constraints.
Secondly, the CFM is applied to the same problem. It was found that both numerical and analytical results coincide
with each other up to a desired numerical accuracy. Third, after verifying the results with the literature, a parametric
study with CFM on the elastic behavior of discs made up of five different materials which physically exist is
performed. And finally, by using hypothetically chosen anisotropy degrees from 0.3 through 5, the effects of the
anisotropy on the elastic response of such structures are investigated analytically. Useful graphs are provided for
readers.
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1. Introduction

Rotating discs are essential structural components and continue to be used in a variety of engineering applications. For a
very long time, researches have paid close attention to the stress and deformation analyses of stationary and rotating discs with
uniform and variable thickness in mechanical engineering designs. These studies originated with the application of isotropic
and homogeneous materials as a disc's principal material. In process of time, engineers became familiar with anisotropic
materials [1-3] which enable engineers to increase the critical and burst speeds of such discs [4-29].

Tang [4] obtained closed-form stress solutions for rotating anisotropic discs with constant thickness for three cases: a solid
disc, a disc mounted on a circular rigid shaft, and a disc with a circular hole at the center. Murthy and Sherbourne [5]
presented analytical solutions for rotating stress-free anisotropic annular discs with variable thickness and a disc mounted on a
circular rigid shaft (fixed-free). Reddy and Srinath [6] obtained closed-form solutions for stresses and displacement in an
anisotropic rotating circular disc of variable thickness and variable density. They found that the stresses and displacement were
lower when the mass density of material of the disc increased radially. They also presented graphically the degree of anisotropy
and density variation on stresses and displacement. Chang [7] obtained closed-form stresses in a rotating disc or cylinder made
of orthotropic material. He employed a semi-inverse technique for the material considered to be linear elastic and
macroscopically homogeneous. Chang [8], in his another study, analytically obtained the stresses in rotating discs or cylinders
made of general orthotropic material. The radial and circumferential stresses in a rotating circular disc were functions of radial
coordinates only, and shear stress was equal to zero in Chang’s [8] study. By using a laminated plate theory on layered plates
with extension-bending coupling, Bert [9] obtained approximate solutions with stress-free boundaries. Gurushankar [10]
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studied thermal stresses in a rotating nonhomogeneous anisotropic disc of varying thickness and density. Christensen and Wu
[11] used anisotropic materials in the optimal design of flywheels. By defining the displacement field by means of both an
algebraic and trigonometric series, Belingardi et al [12] approximately calculated the stress distribution in rotating discs made
of orthotropic material. For uniform discs with and without a central hole, Belingardi et al. [12] concluded that the previous
analytical solution for a disc with a central hole could give rise to unacceptable results. Genta and Gola [13] developed a
particular closed-form solution for the constant thickness disc with a central hole made of an orthotropic material. Lekhnitskii
[14] proposed a closed-form solution for the stress analysis in orthotropic disc and cylinders under pressure. Elishakoff [15]
studied buckling of polar orthotropic circular plates resting on an elastic foundation in the context of Rayleigh's method. Oilin
et al. [16] calculated the burst speed of aero engine disks. Employing the classical laminated plate theory, Tiitiinci [17]
determined the stresses and deformations resulting from centrifugal forces in rotating especially orthotropic circular plates.
Titiinct [17] also studied the effect of anisotropy with a stiffness ratio, which was defined as the ratio of circumferential
stiffness to radial stiffness. The plate was assumed to be rigidly fixed to a concentric rod allowing no deformation in its central
region. In Tiitiincli’s [17] study, the outer boundary was free of any constraints, or the plate was placed in a stiff casing which
prevented radial deformation. Arnoldi et al. [18] addressed two major aspects of failure analysis, that is, the static and cyclic
limit (burst) speeds for composite disks with constant thickness subjected to both internal pressure loading (as one would see in
a hydro burst test) and pure rotation (as in the case of a free spinning disk). They graphically displayed their results (interaction
diagrams) in a designer friendly format. Zhou and Ogawa [19] obtained elastic solutions of a rotating solid disc made of a
cubic anisotropic material using direct displacement method. Displacement, strain, and stress distributions within the disc were
expressed as simple functions of polar coordinates in the study. Callioglu [20] conducted a stress analysis on a rotating hollow
disc made of rectilinearly glass-fiber/epoxy prepreg under thermal loading. In another study, Callioglu [21] carried out a
thermal stress analysis of curvilinearly orthotropic rotating discs. Callioglu et al. [22, 23] analytically investigated the elastic-
plastic stress analysis of a curvilinearly orthotropic rotating annular disc for strain hardening material behavior. Sayer et al. [24]
handled thermoelastic stress analysis in a thermoplastic curvilinearly fiber reinforced composite disk. Tahani et al. [25]
analyzed deformation and stress fields in circumferentially fiber-reinforced composite rotating disks based on a semi-analytical
method. Koo [26, 27] studied vibration analysis and critical speeds of polar orthotropic annular discs and composite laminated
rotating discs. Alexandrova and Vila Real [28] offered a mathematical model for displacement and stress fields in elastic-
perfectly plastic anisotropic annular disks. Nie et al. [29] investigated the material tailoring problem for a rotating disc
composed of a radially inhomogeneous material to attain a constant hoop stress, a constant radial stress, or a constant in-plane
shear stress throughout the disc. By the development of technology, and because of their impeccable heat-resistance features,
orthotropic materials were supplanted by functionally graded materials (FGM). A functionally graded material may also be
modelled as a non-homogeneous orthotropic material [30-38]. Zeng et al. [38] considered variable thickness discs, while others
concentrated on uniform discs [30-37].

In this work, the elastostatic behavior of polar orthotropic rotating annular discs under three different boundary conditions
is studied both analytically and numerically. The complementary functions method (CFM) is introduced for the numerical
solution technique. The present analytical and numerical results are verified with the exact and numerical ones in the available
literature. A comprehensive parametric study is conducted to consider the effects of polar orthotropic material types which
physically exist, boundary conditions, and anisotropy degree on the radial variation of the radial displacement, radial stress,
hoop stress, and von-Mises equivalent stress. Moreover, basic characteristics and each step of the CFM are more clearly
explained in detail through the problem covered in the present study. In these respects, this study also offers a distinguished
analysis in the related realm.

2. Governing Equation

By representing the derivatives of the related quantity with respect to the radial coordinate by the prime symbol, under the
axisymmetric loading and plain-stress conditions, the strain- displacement relations in the infinitesimal theory of elasticity,

&, —u, , are written as:

g (r)=u.(r), gg(r)z”r(”) (1)

r

where u, indicates the radial displacement, and &, and &, stand for the radial and tangential strain components,

respectively. The strain-displacement relations in Eq. (1) are used for both isotropic and polar orthotropic materials in the linear
elastic analyses. By using the plain stress assumption for polar orthotropic materials, the stress-strain relations, that is, Hooke’s
law, take the following form:

E" VVBEH '
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where Qj terms are the transformed on-axis in-plane stiffness terms (6 =0) or the elements of the transformed in-plane
stiffness matrix of a lamina when a ply is rotated by an angle 6 about the radial coordinate in case cross-ply symmetric

laminates with respect to the radial coordinate or balanced symmetric laminates (see Appendix). The elements of the
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transformed off-axis in-plane stiffness terms (0 # 0) are to be revisited in Section 5. In Eq. (2) @), and 0Q,, are referred to
as the radial stiffness and the circumferential stiffness, respectively. In Eq. (2), o, and o, also imply the radial and hoop
stresses; E, (r)and E,(r) come to mean Young’s modulus in the 7 and 6 directions, respectively. Poisson’s ratios, v, and

v,, » are not independent but are related to each other as follows:

v or v re
Zor _Zr0 3
Equilibrium equation, in case a uniform disc or a circular annulus rotates at a constant angular velocity, o, is (Fig. 1)
o, —C
o,’+(—’ "’j+pw2r =0 4)
r

where p denotes the material density. By substituting stresses in Eq. (2) and the first derivative of the radial stress with
respect to the radial coordinate into the equilibrium equation given by Eq. (4) and replacing strain components with their
counterpart radial displacement expressions given in Eq. (1), the following second order Navier differential equation with
constant coefficients is derived in terms of the radial displacement:

” u; _ ﬂ“z P a)z ”

u!+ —u, =-

oroor 0,

where the ratio of 4, denotes the anisotropy/polar degree of the disc material and indicates the ratio of circumferential

®)

stiffness to the radial stiffness. In the present study, an additional stiffness ratio, 4, , is defined to make the parametric study
easier and plausible as follows:

ﬂ"l:_le :ﬂv. = "
Q E re 2" ro
11 r
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2.1 Analytical Solution

By using Euler-Cauchy solution technique, the governing equation with constant coefficients in Eq. (5) is solved as follows:

u, =r_“/Z(Cl+r2‘/ZC2)——Q Ejga)_zj,z)r3 =r_%(Cl+r‘sz)+Qr3 (7
where
_ __ P
6_2\/2’ Q_Qn(lz_g) (8)

In the absence of both the inner and outer pressures (p, = p, =0), the boundary conditions are to be used in the

determination of integration constants in Eq. (7) to consider just centrifugal force effects. Let a, and b be the inner and outer
radii of the disc, respectively (Fig. 1). As easily guessed, traction-free boundary conditions for rotating discs (Fig. 1c) are
studied more extensively in the available literature, but the fixed-guided constraints have attracted less attention.

After determining the integration constants C,and C, according to the boundary conditions (Fig. 1), the radial
displacement is obtained in the first place. Substitution of the first derivative and the radial displacement in Eq. (7) into
Hooke’s law in Eq. (2) gives both the exact radial and hoop stresses.

cbm

Q)

@ (b) (©

Fig. 1. a) A rotating disc with fixed-guided surfaces, b) A rotating disc mounted on a rotating rigid shaft, c) A rotating circular annulus
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Integration constants in Eq. (7) are found for free-free supported discs (ar (a)=0,0,(b)= 0) as (Fig. 1c),
1 1
o _2(h+3)00s> " (3 +3) 07
: (a° =b%)(-24,+¢&)
Lipres +E+ (10)
2(4, +3)Q(a2(ﬂ )l 6)]
C =
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for fixed-free supported discs (u, (a)=0, o, (b)=0) as (Fig. 1b),
1 1
o abéa " 2(-22, - £)+2(4 +3) Qa2
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. Y 2n v )+ 2(4 + )62
P (2h+E)+b (24 +€)
and finally for fixed-guided (u, (a)=0,u, (b)=0) supported discs as follows (Fig. 1a):
Q(bé 2(5 6) ath 2(§+6)J
o @bt (12)
[b Lee) _a;(:mj
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It may be noted that solution (7) becomes unbounded when A, —9=0 for ordinary orthotropic materials.

2.2 Numerical Solution with CFM

The complementary functions method (CFM) is one of the methods profitably and truthfully used for the solution of initial
value problems (IVP) [39-40]. Its central advantage over many methods is that it allows stable accurate numerical solution of
ordinary differential equation sets even with variable coefficients up to any desired precision after converting the two-point
boundary value problem (BVP) such as Eq. (5) into IVP such as the following.

Egv., (Vv D

{u, '(r)} IE, E {u (r)} { 0 }
- 2 + 2 (13)
o, (r) Ey(E, —Epv,y)  Egv, 1 ]lo, (r) —p(r)a’r

E. rz(vrovw—l) E (r) r

Under axisymmetric loading and plane-stress conditions, Eqgs. (5) and (13) govern the elastostatic behavior of uniform
discs made of polar orthotropic materials, which rotate at a constant angular velocity, w, about the axis passing through its
center. As one may easily guess, for isotropic and homogeneous materials: E=FE, =E,. .

The authors have also employed this method directly or used it as an assistive method in some static, buckling, and
dynamic problems [41-46]. In the present study, CFM is to be first directly applied to the elastic behavior of rotating polar
orthotropic uniform discs. In the IVP, it is necessary to transform a second order differential equation into two first-order
differential equation sets. The principal variables in the I[IVP may be chosen in different ways. For example, in general, the [IVP
transformation with variables z; =u, and z, =u is frequently adopted instead of using variables z; =u, and z, =0, , which
is the most convenient form of the problem available, as in the present study.

To explain CFM, the frequently chosen variables, z; =u,and z, =uare used as the principal variables of the IVP. This

labelling also means that z,=u. =z, and z,=u. To transform BVP into IVP, the governing equation, Eq. (5), is rewritten in

terms of only z;, z, , and their first derivatives.
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2
zz'+lzz—l—§zlz—pw r (14)
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Then, the following, which describes the IVP form of Eq. (5), may be easily obtained:
, 0 1 0
{Zl (x)}: 22 1 {Zl(x)}_‘r pa)Z (15)
2,'®)) |5 —l&&)]) |-
r r Qn

where the last term at the right side is called the nonhomogeneous term. Under the chosen physical boundary conditions, in
CFM, the general solution of Eq. (5) over the interval [a, b] is given by [39-40]:

ur(x):uo(x)+blu1(x)+b2u2(x) (16)
where u,(x) is the particular solution of Eq.(15), while u,(x)and u,(x) are the homogeneous solutions of the same

equation, which should be linearly independent. As expected, b, and b, are constants which should be determined from the
given physical boundary conditions of the chosen problem. In all the four solution stages in CFM, all terms at the right side
wo(x),u,(x),uy(x), b, and b, are to be determined.

The prescribed boundary conditions consisting of either initial zero conditions or initial Kronecker delta conditions are first
used to find w,(x ), u, (x )and u,(x ) with the help of either the particular or the homogeneous solution of Eq. (15) in the
first three stages. In the final stage, the given physical boundary conditions such as u, (a) =0 and u, (b) =0 are considered

to determine unknown constants b, and b, by using the solution given in Eq. (16). Then, the numerical solution procedure

becomes complete.
In the first stage let z,=u,, z,=u,, solve Eq. (15) with non-homogeneous term under the first prescribed boundary

conditions that is under zero initial conditions, z,(a)=0,z,(a)=0 and get the particular solution, u,(x ), and its derivative
ug(x ), at the same time. In the second stage, let z, =u,,z, =u; . Solution of Eq. (15) without non-homogeneous term under
the second prescribed boundary conditions z,(a)=1,z,(a)=0 gives the first homogeneous solution u,(x ) and its derivative
u;(x ), simultaneously. In the third stage, after letting z, =u,,z, =u} , again solve Eq. (15) without non-homogeneous term
under prescribed boundary conditions z,(a)=0,z,(a)=1 to reach the last homogeneous solution u 2(x) and its derivative
u}(x ), at once. After imposing u,(x ),u,(x)and u,(x)into the general solution, Eq. (16), the physical boundary conditions
of the differential equations such as Eq. (17) should now be applied to determine the remaining unknown coefficients b, and
b, in a straight forward manner. For example, for fixed-guided discs (Fig. 1) the following may be written.

u, (a)=u,(a)+bu,(a)+bu,(a)=0
u, (b)=u,(b)+bu, (b)+bu,(b)=0

u,(a) u,(a)||b, 3 -u,(a)
L(b) Mb)HbZ}_{%(b)} (18)

This is a linear equation set of order two; therefore, the solution may be written readily in an explicit form as follows:

U, (@) u,(a)
—u,(b) u,()

(17

This gives:

_ 7, (@, (0) +u, (DJu,(a)

1

u, (@) u,(a) u (@), (b) —u,(b)u,(a)
u,(b) u,(b)
(19)
u(a) -u,(a)
_ u,(b) —u,(b) :—uo(b)ul(a)+uo(a)ul(b)
@ w@)|  w@u,0)—u,(0u,(@)
u,(b) u,(b)

The solution process comes to an end by substitution of b; and b, in the general solution of the radial displacement, Eq.
(16). As understood from the above, z; =u,(r)and z,=u(r) are concurrently obtained at the end of the four stages of
CFM. This may be helpful for much more advanced studies. After determining the radial displacement and its derivatives as

explained above, the radial stress and the tangential stress (hoop stress) are achieved from Hooke’s law in Eq. (2). As a final
remark, it may be noted that, in the first three stages, which require the numerical solution of the first degree ordinary
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differential equations which may be either nonhomogeneous or homogeneous form, a procedure like RK4 or RKS from Runge-
Kutta family may be used.

3. Verification of the Results

As a comparative example, a disc with a=2cm and b=5c¢m is chosen [35]. The disc is made of an injection molded Nylon 6
composite containing 40wt% short glass fiber (MAT-5). The material properties are given in Table 1. The dimensionless elastic
stress and displacements are defined as:

o, 5 - P E, " 20
ekl : (20)

G, =—"—,
' Ps o’b’ pbwzb ’

Comparisons of dimensionless radial displacements, radial stresses, and hoop stresses with the literature for MAT-5 are
presented in Table 2 for traction-free discs. Table 2 depicts a perfect synchronization of the results. Table 2 also verifies that
RK4 is basic but a sufficiently powerful technique in the numerical solution procedure to be used in the solution of these types
of problems.

Table 1. Anisotropic materials and their properties

Label E, (GPa) E¢(GPa) o (k_g3) Vrg
m
Polycarbonate [26] MAT-1 2.2 2.2 1220 0.3
GFRP (E-Glass/Epoxy) [26] MAT-2 28.6 8.27 1800 0.26
CFRP (T300/N5208) [26] MAT-3 181. 10.3 1600 0.28
A Glass Fiber/Epoxy Prepreg [21-23] MAT-4 21.8 26.95 2030 0.15
An injection molded Nylon 6 composite containing MAT-5 12.0 20.0 1600 021

40wt% short glass fiber [21-23, 35]

Table 2. Comparison of dimensionless radial displacement, radial stress, and hoop stress with the literature for MAT-5 under stress-free
boundary condition

a/b Exact Exact Numerical Numerical Numerical
(Present) [35] [35] (Present) [36]
uT
0.4 0.329539158 0.3295 0.3295 0.3295391 0.3295391
0.5 0.314078601 0.3141 0.3142 0.3140786 0.3140785
0.6 0.313829940 0.3138 0.3141 0.3138299 0.3138298
0.7 0.318607411 0.3186 0.3189 0.3186074 0.3186073
0.8 0.322816974 0.3228 0.3229 0.3228170 0.3228169
0.9 0.322827116 0.3228 0.3229 0.3228271 0.3228270
1 0.315959666 0.3160 0.3160 0.3159597 0.3159597
or
0.4 0 0 0 0 0
0.5 0.106551013 0.1066 0.1067 0.1065510 0.1065510
0.6 0.140870514 0.1409 0.1409 0.1408705 0.1408704
0.7 0.136928401 0.1369 0.1367 0.1369284 0.1369283
0.8 0.108397223 0.1084 0.1086 0.1083972 0.1083971
0.9 0.061651073 0.0617 0.0618 0.06165107 0.06165102
1 0 0 0 0
)
0.4 0.823847895 0.8238 0.8238 0.8238477 0.8238477
0.5 0.665450057 0.6655 0.6654 0.6654500 0.6654499
0.6 0.572354580 0.5724 0.5722 0.5723545 0.5723544
0.7 0.503078385 0.5031 0.5027 0.5030784 0.5030782
0.8 0.441460245 0.4415 0.4420 0.4414602 0.4414601
0.9 0.380274671 0.3803 0.3805 0.3802747 0.3802746
1 0.315959666 0.3160 0.3160 0.3159597 0.3159597

4. Examples with CFM

In this section, some problems related to uniform rotating discs made of physical anisotropic materials whose properties are
given in Table 1 are to be considered. The anisotropy degrees of the physical materials are presented in Table 3. The same inner
and outer radii, a=2cm and b=5cm, are to be used for the disc geometry as in the previous section. The equivalent stress based
on von-Mises failure criteria under plane-stress assumption is defined as:

0,, =0, —0,0,+0, (1)

Numerical values of the dimensionless tangential stresses at the inner surface for different types of physical materials and
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boundary conditions are exhibited in Table 4. This table shows that the tangential stresses at the inner surface are higher than
the outer surface under free-free conditions. The minimum circumferential stresses are obtained at the inner surface for the disk
having fixed-guided surfaces.

Table 3. 1; and A, ratios of physical materials presented in Table 2

M=Vl Ay = Eg/E,
MAT-1 0.3 1
MAT-2 0.075 0.289
MAT-3 0.016 0.057
MAT-4 0.185 1.236
MAT-5 0.35 1.667

Table 4. Dimensionless tangential stresses at the inner surface for different materials and boundary conditions

og(a)
Free-Free Fixed-Free Fixed-Guided
MAT-1 0.8529999 0.1522351 0.06300001
MAT-2 0.8492961 0.05094031 0.01685186
MAT-3 0.8511305 0.01205892 0.003651363
MAT-4 0.8151127 0.09269719 0.03813651
MAT-5 0.8238477 0.1510878 0.06935726

4.1 Stress-Free Boundaries

Variations of the dimensionless radial displacement, radial, hoop, and von-Mises equivalent stresses along the radial
direction with free-free boundary condition and physical anisotropic materials are illustrated in Fig. 2. The following are
observed in Fig. 2:

* The materials MAT-1, MAT-4, and MAT-5, which have 4, > 1, show all symmetric wave-like radial displacement

variations along the radial direction. This was also observed in Peng and Li’s study [35]. When 4, < 1, this wave-like

variation becomes too small to be noticed as in MAT-2 and MAT-3.
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Fig. 2. Variation of the elastic quantities with material types for free-free boundary conditions

* MAT-3 offers maximum radial displacements.
* Maximum radial displacements are mostly at the inner surface for all materials except for MAT-4.
* Radial stresses at both surfaces vanish. This situation is consistent with the surface free boundary conditions. In the
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intermediate surfaces, radial stresses are all in tension. Maximum radial stress occurs around the middle surface slightly
closer to the inner surface for all types of materials. Although they are very close to each other, the radial stresses are higher
to some extent for orthotropic materials with A, < 1 than the others.

* Maximum radial stress is around one sixth of the maximum tangential stress.

* The tangential stresses and equivalent stresses which are all in tension show familiar radial variation. They increase

monolithically by increasing the radial coordinate. The maximum hoop stress and equivalent stress are at the inner surface.

* The curves of equivalent stresses are almost in the same character of the curves of hoop stresses, since circumferential

stresses are dominant for free-free boundaries.

* Maximum hoop and equivalent stresses are observed in materials MAT-2 and MAT-3, whose orthotropic degrees are less
than unit, 1, < 1.

4.2 Fixed-Free Boundaries

Variations of the dimensionless radial displacement, radial, hoop, and von-Mises equivalent stresses along the radial
direction with fixed-free boundary condition and the materials in Table 1 are illustrated in Fig. 3. The following conclusions
may be drawn from Fig. 3:

* Radial displacements diminish at the inner surface, while the radial stresses vanish at the outer surface in accordance with
the applied boundary conditions.

* The radial displacements progressively increase from the inner surface towards the outer surface.

* Both the radial stresses and equivalent stresses decrease by increasing radial coordinate.

* For this boundary condition, the influence of the radial stresses over the hoop stresses seems to be increased.
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Fig. 3. Variation of the elastic quantities with material types for fixed-free boundary conditions

* The anisotropic materials having greater anisotropy degree exhibit much higher radial displacements. In other words,
MAT-5 has the highest radial displacement, followed by MAT-4, MAT-1, MAT-2, and MAT-3, respectively.

* Variations of the hoop stresses along the radial direction may be different with respect to the type of materials. For
example, the maximum hoop stress is around the middle surface for both MAT-5 and MAT-4. Among them, MAT-5 has the
maximum hoop stress. The maximum hoop stress in MAT-1 is observed at the region very close to the inner surface. For MAT-
2 and MAT-3, the differences in the magnitudes of the hoop stresses at both surfaces are very small.

* MAT-5 shows almost symmetric behavior in the variation of the hoop stresses.

* The maximum radial stresses occur at the inner surface. MAT-3 having the smallest A; and A, ratios in all materials in
Table 2, offers the highest maximum radial stress, followed by MAT-2, MAT-4, and MAT-1, respectively. MAT-5 has the
smallest maximum radial stress.

* It may be observed that when the anisotropy degree increases, the numerical value of the maximum radial stress
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decreases.

* The variations of both the radial stress and equivalent stress curves show similar characteristics with the same order of materi
al types.

4.3 Fixed-Fixed Boundaries

Variations of the dimensionless radial displacement, radial, hoop, and von-Mises equivalent stresses along the radial
coordinate with fixed-fixed boundary condition and the materials in Table 1 are illustrated in Fig. 4. The outcomes that can be
extracted from Fig. 4 may be as follows:

* The radial stresses vanish at both the inner and outer surfaces as compared with the boundary conditions.

* The maximum radial displacements occur at the vicinity of the middle surface. MAT-5 followed by MAT-4, MAT-1,
MAT-2, and MAT-3, respectively, gives the highest radial displacement.

* MAT-3 presents almost no radial displacement.

* The absolute values of the maximum radial stress are almost twice of the maximum hoop stresses.

* MAT-2 followed by MAT-3 has the highest radial stresses.

* Radial stresses may have almost symmetric variation with respect to the middle surface. They may be in both tension and
compression. Tensions are located at the inner surface of the disc.

* The tension-compression behavior is also observed in the variation of hoop stresses. However, this is not full symmetric.
The maximum hoop stresses are either at the inner surface or at the vicinity of the inner surface of the disc. Compressions
occur at the outer surface.

* The highest hoop stresses are observed in MAT-5 followed by MAT-1, MAT-4, MAT-2, and MAT-3, respectively.

* MAT-3 has almost stable variation for the hoop stresses.

* The variation of the equivalent stresses takes almost a symmetric form due to the existence of compressions at the outer
surface for both the radial and hoop stresses.

* MAT-3 followed by MAT-2, MAT-1, MAT-4, and MAT-5, respectively, gives the smallest equivalent stresses at the middle
surface of the disc. MAT-3 followed by MAT-2, MAT-2, MAT-1, MAT-4, and MAT-5, respectively, also shows the highest
equivalent stresses.
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Fig. 4. Variation of the elastic quantities with material types for fixed-fixed boundary conditions

5. Investigation of Anisotropy Effects

To study the effect of the fiber orientation angle 6, reconsider Q, which is an element of the transformed in-plane

stiffness matrix of a lamina when a ply is rotated by an angle 6 about the radial axis. By referring to directions along the fiber
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and transverse to the fiber by subscripts x and y, respectively, and denoting the in-plane shear by subscript s, the transformed
off-axis in-plane stiffness terms are given in Appendix (6 # 0). As expected, different transformed stiffness terms and
eventually different resultant stresses through the thickness of a laminate may be developed according to the chosen
anisotropic material types and/or fiber orientations of each lamina for the same material. Stress discontinuities at ply interfaces
may also occur at some fiber orientations in each ply. As stated above, A, is referred to as the anisotropy degree of the
inhomogeneous material and indicates the ratio of circumferential stiffness to the radial stiffness. As a numerical example,
consider an anisotropic material (CFRP (T300/N5208) of E, = 181.0 GPa; E, = 10.3 GPa; E; = 7.17 GPa; vy, = 0.28,
and labelled by MAT-3) in Table 1.

Table 5. Corresponding fiber angles for a certain anisotropy degree (0° < 6 < 90°)

Ay 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 2

+6 (°) 33.39 36.24 38.40 40.15 41.62 42.89 44.00 45 51.60
Ay 3 4 5 6 7 8 9 10 17.19
16 (°) 55.56 58.47 60.84 62.87 64.69 66.37 67.97 69.53 85.27

Corresponding fiber angles for a certain anisotropy degree for the chosen material are given in Table 5 for (0° < 8 < 90°).
The angles may be originated from either the cross-ply symmetrical laminates (namely all the plies are oriented at 0 ° and 90 °
with respect to the radial coordinate axis) or the balanced symmetrical laminates (plies oriented at 6, that is, for each ply
oriented +8 there must exists a ply oriented at —6). As stated above, the same anisotropy degrees for specially orthotropic
laminates may also be obtained by placing stiffeners in the very radial and circumferential directions. Variation of the ratios of
the transformed stiffness terms with respect to the fiber orientation angle (0° < 6 < 90°) is presented in Figure 5.
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Fig. 5. Variation of the ratios of the transformed stiffness terms with respect to the fiber orientation angle

As shown in Fig. 5 and Table 6, 4, = 9 corresponds to the fiber orientation angle of 8 =+67.974°, in other words,
(£67.974°), laminate configurations. As stated above, for ordinary orthotropic materials, solution (7) becomes unbounded at
A, = 9. It is also clearly seen in Fig. 5 that the anisotropy degree curve has an inflection point when A, = 9. The overweight
of circumferential stiffness on the radial stiffness increases at a snail's pace from A, = 0 through A, = 1. However, when
A, > 1 the supremacy of the circumferential stiffness on the radial stiffness increases by leaps and bounds. In the present study,
for some values of the anisotropy ratios between 0.3 and 5 (0.3 < A, < 5), variations of the radial displacements, the radial
stress, and the hoop stress with the anisotropy degrees and boundary conditions are graphically illustrated in Figs. 6, 7 and 8.
As stated above, the anisotropy degrees are chosen hypothetically in this section. However, the values of the other ratio, 4,
are chosen as A; = 0.284, in accordance with the polar orthotropic character.

Consider Fig. 6.

* For fixed-guided ends, the maximum radial displacement is placed almost at the mid-way surface when A, < 1. The
maximum radial displacement begins to shift towards the outer surface by increasing anisotropy degrees greater than 1. Radial
displacement increases by increasing anisotropy degree from 0.3 to 5.

* For fixed-free ends, the radial displacements steadily buildup by increasing anisotropy degrees towards the outer surface
of the disc.

* For free-free ends, while the maximum radial displacement comes about at the inner surface of the disk for 0.3 < 4, <
0.6, it occurs at the outer surface at higher degrees of 4, > 0.6 in accordance with the wave-like variation with the radial
coordinate.

Fig. 7 shows that:

* For fixed-guided ends, the radial stress may be either in tension or compression in nature. For both 0.3 < 4, < 0.9 and
1 < A, <5, the radial stress decreases by increasing anisotropy degrees. The differences in the decrease are more notable for
the anisotropy degree greater than unit. While the tension stresses are placed at the inner surface, the compression stresses are
located at the outer surface.

* For fixed-free ends, radial stresses decrease by increasing anisotropy degree. The maximum radial stress occurs at the
inner surface. It may be concluded from the figure that, for anisotropy degrees greater than 5, the radial stress at the inner
surface starts to be diminished, whereas the maximum radial stress begins to emerge at the vicinity of the inner surface. This
means that when circumferential stiffness is more than five times higher than radial stiffness, the hoop fibers carry more load
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than the radial fibers; eventually, the radial stress at the inner surface is weakened.
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* For free-free ends, increasing anisotropy degrees makes maximum radial stresses which are close to the inner surface

much smaller.

The following conclusions may be achieved from Fig. 8:
* For fixed-guided surfaces, as the anisotropy degree increases, the maximum hoop stresses increase. While tensions are at
the inner surface, compressions are at the outer surface. Maximum hoop stresses are in the vicinity of the inner surface. As the

anisotropy degree increases, the location of the maximum hoop stress shifts to the middle surface.
* In both fixed-free and free-free boundary conditions, hoop stresses are all in tension.

* As the anisotropy degree increases, the magnitudes of hoop stresses increase under all boundary conditions.
* Maximum hoop stresses are observed at the inner surface for free-free, at either inner or outer surface for fixed-free, and

at either the vicinity of the inner or mid-way surfaces for fixed-fixed discs.
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6. Conclusion

The fact that rotating discs made of a polar orthotropic material have not been studied comprehensively was the motivation
of the present study. In this work, compact analytical formulas are offered for determination of the elastic response of rotating
polar orthotropic uniform discs under three different boundary conditions. The same problem is also originally solved
numerically by an efficient initial value problem solution technique called the complementary functions method (CFM). The
perfect accordance is observed between the analytical and numerical solutions. After validation of the results, parametric
studies by both analytical formulas and numerical CFM results are conducted to study the elastic behavior of such discs made
of either physically anisotropic or hypothetically anisotropic materials. Quite useful results about the general elastic behavior
of such discs are obtained, which are exhibited by graphs for the readers. The present study also reveals that CFM is a
powerful and an accurate numerical method to be applied to advanced studies of such structures.

Appendix
The transformed off-axis in-plane stiffness terms are (6 # 0)
0,= c4Qxx +s 4ny +2¢%s ZQU +4cs ZQSS
(O :czs2QXX +czszny -i—(c4 +s4)QXy —4czs2QSS (A1)
0, =50, +c'0,, +27%Q,  +4c’s’Q,

where
c=cosf,s =sinf,v, = E—yv - (A2)
The transformed on-axis in-plane stiffness terms are (6 = 0)
1 Eyv,,
_ E —— v xy
Q.X.X E X 1
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Xy EX
1 Ev,
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