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Abstract. This paper presents a technique to evaluate the fracture parameters by combining the edge based
smoothed finite element method (ESFEM) and the scaled boundary finite element method (SBFEM). A semi-
analytical solution is sought in the region close to the vicinity of the crack tip using the SBFEM, whilst, the
ESFEM is used for the rest of the domain. As both methods satisfy the partition of unity and the compatibility
condition, the stiffness matrices obtained from both methods can be assembled as in the conventional finite element
method. The stress intensity factors (SIFs) are computed directly from their definition. Numerical examples of
linear elastic bodies with cracks are solved without requiring additional post-processing techniques. The SIFs
computed using the proposed technique are in a good agreement with the reference solutions. A crack propagation
study is also carried out with minimal local remeshing to show the robustness of the proposed technique. The
maximum circumferential stress criterion is used to predict the direction of propagation.

Keywords: Stress intensity factor; Singularity; Edge based smoothed finite element method; Scaled boundary finite element
method.

1. Introduction

In fracture mechanics, the analysis of cracked bodies includes evaluating the stress intensity factors (SIFs) which
characterize the near crack-tip stress fields. Though analytical solutions are available to evaluate the SIFs for several cases,
when it comes to unconventional geometries, numerical methods are the only choice. Several methods have been developed
such as the finite element method (FEM), the boundary element method (BEM), the extended finite element method (XFEM),
the phantom node method [1 , 2], meshfree methods, the scaled boundary finite element method (SBFEM), the smoothed finite
element method (SFEM), the natural element method (NEM) [3], and the iso-geometric analysis (IGA) [4]. However, there are
still ongoing challenges and there is a continuous demand and effort from the industry and academics towards obtaining an
optimal solution in terms of computational time and accuracy.

Fracture, being a very complex phenomenon, requires special methods to obtain accurate results. Since every method has
its own advantage and disadvantage, combining methods so that one can complement the other is an elegant approach [5, 6].
The FEM, being highly versatile in the lot, has been coupled with several methods. For example, the Smoothed XFEM
(SmXFEM) was developed by combining the smoothed FEM (SFEM) [7] with the XFEM in [8] to ease the numerical
integration. Recently, the second order smoothing has also been successfully used in combination with the XFEM yielding
better results [9]. The SFEM is a versatile method which was introduced to the FEM framework by Liu et al. after being
successfully used with meshfree methods. The method eliminates the requirements of the derivatives. It has been widely used
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for polygonal elements too recently [10, 11, 12] due to its versatility. Since we are using simplex meshes, we propose to use
strain smoothing which is found to be advantageous compared with the regular FEM. In particular, we use the edge based
smoothed finite element method (ESFEM) [13]. The ESFEM has been shown to be superior, in terms of both accuracy and
convergence, to the conventional FEM and also it possesses the advantages of the SFEM such as being applicable to any n-
sided polygonal element, doing away with the computation of derivatives, and also reducing mesh dependency. However, in
order to better capture the solution in the singular region we propose to use the SBFEM.

Though SBFEM was first introduced to evaluate the dynamic stiffness matrix for an infinite domain [14], it was later
extended to solve problems in finite domain [15]. Recently, it has been widely used for polygonal elements [16]. Since the
method doesn’t require a fundamental solution, it has been very useful for solving problems which involve singularities such as
in fracture mechanics [17]. In [18] the method was combined with the XFEM in order to circumvent the need for singular basis
functions. It was also widely used to evaluate the fracture parameters of different materials like piezo-electric materials [19],
functionally graded materials [20], elastoplastic materials [21], and anisotropic biomaterials [22].

Therefore, in this approach, we propose to use the SBFEM and ESFEM in tandem to solve linear elasto-static problems
involving singularities. The SBFEM is used in the vicinity of the crack tip and the ESFEM is used in the rest of the domain.
The theoretical formulation of the ESFEM is presented in Section 2. We also present the governing equations and elaborate on
the stiffness matrix computation. The formulation of the SBFEM is presented in Section 3 including the SIFs evaluation. The
procedure for coupling both the methods is explained in Section 4. Finally, some numerical examples solved in linear elastic
fracture mechanics regime are shown in Section 5 to demonstrate the accuracy and the convergence of the proposed technique,
followed by concluding remarks.

2. Formulation of edge based smoothed finite element method

The strain smoothing [23] was first used in the meshfree methods to avoid instabilities that arose in nodal integration due to
vanishing derivatives at the nodes. This was solved by using an averaged strain over each integration domain. Later, the strain
smoothing technique was applied to the FEM by Liu et al [7] and named SFEM. The SFEM combined the advantages of the
FEM such as the use of simplex meshes and the smoothing technique which requires only the shape functions to compute the
strains rather than the derivatives as in the conventional FEM. The SFEM basically involves subdivision of the element into a
number of sub-cells over which the strain is spatially averaged. This averaging depends on the integration domain. This could
be formed based on elements [7], nodes [24], or edges [13].

2.1 Governing equations

In SFEM, the smoothed strains are obtained as the spatial average of the compatible strain field in the smoothing domain
which need not be the element in general. The procedure for arriving at the stiffness matrix is the same as FEM, only in case
that smoothed strains are used instead. Consider a linear elastic 2D domain € with boundary I'. The external tractive forces
are applied along I', and known displacement conditions are applied along I', . In the absence of body forces, the governing

equations are given by

Vie=0 in Q (M
The boundary conditions are described as follows:

6-n=t on T, (2a)

u=u on T, (2b)

where, V is the divergence operator, ¢ is the Cauchy stress tensor, n is the unit outward normal, and t is the applied
tractive stress. Under the assumption of small displacements and strains, the strain can be written as

£=V,u 3)
where V, is the symmetric part of the gradient operator. The constitutive relation is given by
c=C:¢ “4)
The constitutive relations, the strain displacement, and the boundary conditions are substituted into Eq. (1). The resulting
equation is multiplied by a test function and integrated in the domain by making use of the Gauss Divergence theorem after
which the strong form of the PDE (Eq. (1)) is converted into an equivalent weak form as in Eq. (5) : find ueld , VveV
such that

Is(u):C:s(v)szJ.tvdF vy e P! (5)
Q Q
where u is the trial function of the approximation and v is the test function. &/ and )V are the trial and the test

function spaces, respectively. The domain € is discretized into elements Q" and by following the standard Galerkin

procedure, the continuous weak form is converted into a discrete weak form. The problem is to find ue U/ b wveV" such
that
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a(u” v"y=ev"), wv' eV (6)

After substituting the piecewise approximation functions, we end up with a set of linear equations which are similar to the
conventional FEM except for the integration procedure as follows:

Ku" =f @)

where

(T
K_jB CBAQ ®
Q

2.2 Strain smoothing

In SFEM, the integration is performed over smoothing domains rather the elements. In case of the ESFEM, the local
smoothing domains are constructed based on the edges of elements. For a domain Q with N number of edges,

Q=0 uQ?U---QF and Q) NQ/ =& for i =, . In the present study, triangular elements are considered and the

smoothing domains are as shown in Fig. (1). For an edge £, the smoothing domain Qi‘ is constructed by joining the nodes of

the edges to the centroids of the adjacent elements. It can be seen in Fig. (1) that for some edges, the smoothing domains are
triangular and contribute to only one element while others are quadrilateral and contribute to two elements. However, the shape
functions remain the same as the parent element. At a pointx in domain Q" | the smoothed derivative of the shape function,
N, (x), is given by

An exterior edge k

- An Interior edge k

% Domain A* corresponding to Edge k
-
o

Gauss Point along the boundary of
domain A* corresponding to Edge k

o Nodes

. Centroid of an element

Fig. 1. Schematic illustration of the construction of smoothing cell in the ESFEM. The smoothing cell is constructed by connecting the
centers of the elements that make up an edge with the element vertices. The shaded region is the smoothing cell.

N =[Ny, @oedo
Qk

€))

where @(x) is the smoothing function and i =x,y . In this case, we use a piecewise constant function defined as
follows:

D(x) =1 A4S (10)
0, X$Qk

where Aek is the area of the smoothing domain Qi‘ corresponding to edge k, given by:
13
Ak = j dQ==>"4"
£ = 0=y ,Z:‘ (11)
o -

where N Ck represents the number of elements around the edge k and A’ is the area of the J™ element adjacent to the edge

k. As noted earlier, irrespective of the element, N Ck =1 for an edge along the domain boundary and N ek =2 for all other
inner edges. Once all the derivatives are found, the smoothed strain displacement matrix is assembled as in the regular FEM by
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replacing the compatible strain operators with the smoothed strain operators. For any polygon, the smoothed strain
displacement matrix corresponding to the support domain based on the ESFEM is given by

B(x) = |:§1 (x), B2(X),-, By (x)} (12)
where,
Nl,x (X) 0
B/(x)=| 0 N,,(x)| where, I=12,n (13)

N,,(x) N,.(x)

where, n is the number of nodes that contribute to the domain Qéf , n =3 for boundary edges, and n = 4 for interior edges.

However, it should be noted that the above-mentioned expression is evaluated by applying the Divergence theorem to Eq. (9)
as shown below:

- 1 )
Ny == [ N on’ (T (14)
e l—k

where, n’ is the normal to the segment Ff e ¥ of the boundary corresponding to edge k given by

ny(x) 0
n'(x)=| 0 nl(x) (15)

ny (X) ng (%)

2.3 Stiffness matrix formulation
The smoothed derivative in the domain corresponding to edge & is numerically computed as
l NS Gk
N, (X):ATZZNI (xg )} (xS where, i=x,y (16)

e s=1g=1

where, Aek is the area of the smoothing domain Qéf , N, is the number of segments along the boundary T'* of the domain

QF | and Gy is the number of Gaup points along the segment T¥ . /¥ and n} are the length and unit outward normal of

segment l"f respectively. The smoothed stiffness matrix is then given by:

N N
K=Y Ki =) [B'CBi0=-B CBA/ (17
k=1 k=1 G

where Ki represents the smoothed stiffness matrix computed over the smoothing domain associated with edge £.
Note: The smoothed strain can also be computed directly from the compatible strains by averaging it in the domain.
However, it require derivatives and Jacobian to be evaluated unlike the aforementioned method.

3. SBFEM formulation

The scaled boundary polygon is used to capture the singular fields at the vicinity of the crack -tip as shown in Fig. (2). The
crux of the SBFEM lies in scaling the polygon with respect to the scaling center with a dimensionless parameter & which has

a value of 0 at the scaling center and a value of 1 on the boundary as shown in Fig. (2). The scaling center has to satisfy the
scaling requirement, therefore, it is chosen inside the scaled boundary polygon such that the whole boundary is visible. The
boundary of the polygon is defined in terms of circumferential coordinate 7 discretized by using the finite element shape

functions. Important equations to obtain the stiffness matrix and the SIFs using the SBFEM are summarized in this section.

3.1. Stiffness matrix from the SBFEM

The transformation of the Cartesian coordinate system to the scaled boundary coordinates is related as

X =gx () =sN(m)x (18)
where x is a point in the domain and N(7) is the shape function defined as
N@) =[N (DLN (iDL, Ny (D1] (19)

M is the number of nodes of an edge of a scaled boundary polygon and I is the identity matrix of size 2x2. The
displacement field at a point inside the domain in the scaled boundary coordinates is obtained by interpolating u($) with
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shape functions on the boundary of the polygon in circumferential direction as

u(s,n) =N@mu(s) (20)

Y (22,90), = +1

| Line element

Crack faces

/

/]

Radial lines

(x1,1).m= -1

4 scaling centre (€=0)
similar curve to s

Fig. 2. Tllustration of the scaled boundary coordinate system for a cracked domain. The scaling center is chosen at the crack tip.

The strain field in the scaled boundary coordinates is obtained by substituting Eq. (20) into Eq. (3) which is written as
6 =B (D) s + LBy () @n
The stress field in the scaled boundary coordinates is obtained by substituting Eq. (21) into Eq. (4) as
o(&.1) =C[Bl<n)u(cf>,§ +éBz(77)“(§)] 22)

where B, and B, are the strain displacement matrices as mentioned in [25]. The stress and strain fields obtained are

substituted in virtual work equation and by invoking the arbitrariness of the displacement in the radial direction, the scaled
boundary finite element equation in the displacement is obtained as

Eo& u(é) g +(By —E; +E})éu(é) - ~Eyu(§) =0 (23)
which describes the equilibrium in the radial direction with q(&) as the internal nodal forces on a surface with a constant & .
() = Egéu($) ; +Efu(®) (24)

E,, E,,and E, are the coefficient matrices that are related to the boundary and the material properties of the domain as

defined in [25]. It should be noted that Eq. (23) is a homogeneous second-order differential equation with displacements as
unknowns. It can be transformed into a system of first-order ODEs using

u($) u($)
=7
f{q(f)},g {q(cf)} (5)
where Z is the Hamiltonian matrix.
—1T -l
z-| BF Fo 26)
-E, +EE;'E] -EE;'

The transformation leading to real Schur form matrix S, is expressed as

V. Wy
zZ = S

For a bounded domain, the values corresponding to the negative eigenvalues of Z gives finite displacements at the
scaling center. Therefore, the solution to Eq. (25) is

u@) =y, S (28)

q(&) =y, & e (29)
Here, Eqgs. (28) and (29) are calculated around the boundary of the polygon (& =1) and eliminating the term ¢ leads to
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q=vy,v,'u (30)

The static stiffness matrix of the scaled boundary polygon is

KSBFEM — ‘l’q ‘l’;l (31)

The integration constants ¢ are determined by the nodal displacements on the boundary u, =u(¢ =1) . Substituting £ =1
into Eq. (28) leads to

|
cC=vy, u, (32)

3.2. SIFs using the SBFEM
The stress at a point in the scaled boundary coordinate is obtained by substituting Eq. (28) into Eq. (22).

o=V 5" (33)
where I is the identity matrix and ¥ are the stress modes corresponding to the displacement modes ¥, defined as

¥, =c(B,(nv,S+B, (v, ) (34)

At the crack tip, the stress modes corresponding to the singularity contributes and all other modes vanishes as & — 0. The
stresses corresponding to the singular stress mode is written as

o) = wle S ) (35)

The superscript (s) refers to the stress modes corresponding to the singular fields at the crack tip. For an elastic, isotropic,
and homogeneous material, the matrix S) is a 2x2 diagonal matrix with the strength of singularities of crack-tip sitting

along the diagonal of the matrix. The SIFs K(8) = [K 1 (O).K (49)]T are written in terms of the scaled boundary coordinates

as

-8
K(0) =\2zL¥") (%) ) (36)

where L is the characteristic length and 7(8) is the radial distance at an angle € from the crack tip to the boundary as
shown in Fig. (2).

4. Coupling of the ESFEM and the SBFEM

Since the effect of singularity is limited only to a small region around the crack tip, it is sufficient to treat this small region
via the SBFEM. In the present study, triangular meshes are used since they can be easily generated even for complex structures.
Since the regular FEM requires the computation of derivatives and also imposes mesh quality conditions such as in the internal
angles of the elements, meshing becomes non-trivial even with triangular elements. Moreover, triangular meshes are also less
accurate due to the low order of approximation of the field. Therefore, SFEM is used in this study along with in particular the
ESFEM, which has been shown to be more accurate than the other versions, sometimes even outperforming 4-noded linear
elements. Therefore, the ESFEM is used for the remaining portion of the domain. Since we deal with linear problems, the
stiffness matrix of the domain is independent of the solution and can be found separately. The stiffness matrix of the SBFEM
domain is computed based on the linear boundary elements and the ESFEM is used elsewhere. The stiffness matrix obtained
from both methods are assembled as in conventional finite elements and solved for unknown displacements and stresses. It can
be seen in Fig. (3) that the support domain for the edges along the SBFEM domain boundary partly overlap with the SBFEM
domain. Therefore, much care is needed in evaluating the gradients in the ESFEM. Only the domain shown in Fig. (3(b))
should be considered contributing to the stiffness matrix computed via the ESFEM. The stiffness matrices are then assembled
as per corresponding degrees of freedom indices and solved for the unknown displacements. The nodal displacements are used
as the input for computing the strength of singularity and the SIFs via the SBFEM. To evaluate the SIFs, the stress modes
corresponding to the scaled boundary domain are calculated using Eq. (35) and the SIFs from the Eq. (36).

5. Numerical section

In this section, the robustness of the proposed formulation is demonstrated along with a few standard benchmark examples
from the linear elastic fracture mechanics. The influence of mesh size and the size of the scaled boundary domain on the stress
intensity factors are studied. The results from the present simulation, especially the mode-I and mode-II stress intensity factors
are compared with empirical solutions. Unless mentioned otherwise, the following material properties are chosen: Young's

modulus of E =3x10"Pa and Poisson's ratio of v = 0.3 . For all the examples, a state of plane strain condition is assumed.
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(@ (b)

Fig. 3. Smoothing domain based on the ESFEM corresponding to the bold edges along the boundary of SBFEM domain (a) Default
domain when the ESFEM is used all through (b) Actual domain considered in the current case.

5.1 Edge crack under pure mode-I
In this first example, a plate with an edge crack under uniform tension of o =1.0Paas shown in Fig. (4), is considered.

The dimensions of the plate are 1mm % 2mm with crack length of a = 0.5mm . The empirical solution for the mode-I SIF, X,

is given by
K[ =cora =3.5423Palmm (37)
o=10Pa
4 [y Y ) i . ) 4 [y
[}
- N
b=1.0mm
A1
L A\ A v v Al v A A\
o=10Pa

Fig. 4. Details of a finite plate with an edge crack under tensile stresses

2 3 4
where ¢ =1.12—- 0.231(%) + 10.55(%j -21.72 (%j + 30.39(%) is the finite geometry correction factor. The domain is

discretized with 3-noded triangular elements. In this study, a sample mesh employed as shown in Fig. (5). A region in the
vicinity of the crack tip is identified and is replaced with the scaled boundary region. The choice of the shape of the scaled
boundary region is arbitrary. In this example, the scaled boundary region is identified by performing a search algorithm of
elements that are associated with the element containing the crack tip. This results in a “hexagon' shaped region (Fig. 5).

The red line in Fig. (5) represents the crack. The stiffness matrices of the constant strain triangular elements are obtained by
using the ESFEM and the hexagonal region is treated as the scaled boundary polygon with linear elements around the boundary.
The crack tip is taken to be the center of the scaled boundary region. The salient feature, as mentioned before, is that
singularity of any order can be represented semi-analytically. However, the accuracy of it depends on the discretization
employed on the boundary of the scaled boundary element. In this case, it is associated with the underlying triangular mesh.
Once the scaled boundary region is identified, the degrees of freedom of internal nodes are condensed during the solution
process. The number of elements on the boundary can be increased by maximizing the size of the scaled boundary domain.
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A study on the convergence of the strength of singularity and mode I SIF of the crack is carried out by increasing the
number of line elements around the scaled boundary polygon with a constant mesh consisting of 3321 nodes (6400 elements).
The results are presented in Table (1). It can be observed that the strength of singularity converges to the theoretical value of
0.5 as the number of line elements around the boundary of the scaled boundary polygon is increased. Table (1) shows that the
stress intensity factors converge to the empirical solution as the number of sides of the scaled boundary polygon are increased.

Fig. 5. A fixed mesh (mesh: 21x41 nodes) for two cases of scaled boundary domains (red color line represents initial crack length; black
color circle represents the scaling center): a) 12 linear elements along the boundary of the scaled boundary polygon. b) 36 linear elements
along the boundary of the scaled boundary polygon.

Table 1. Convergence of the strength of singularity for a domain with an edge crack with number of elements around the scaled
boundary region. The domain is discretized with T3 elements consisting of 3321 nodes (6400 elements). The crack length is taken as

a =0.5mm.
Number of elements 6 12 24 48 96
S11 0.5031 0.5182 0.5036 0.5009 0.5002
S22 0.5031 0.4925 0.4991 0.4998 0.4999
KI 4.6121 4.1400 3.7585 3.36399 3.5875

As can be seen, Fig. (6) shows the convergence of the SIF with increasing number of degrees of freedom. Three different
crack lengths are studied. Though the SIF increases with the crack length, it is observed that the value of SIFs have similar
convergence for different crack lengths. Therefore, it can be inferred that the accuracy and the rate of convergence of K;
depends on the number of elements in the scaled boundary polygon while it is independent of the crack length.

10"

—8—a=03
—+—a=04
—¥—a=0.5
//
“l / |
o
5]
&,
X
I
<
107" ¢ ]
102 ‘
10°° 1074 103
1
vDOF

Fig. 6. Convergence of the SIF for an edge crack domain under mode I for different crack lengths.

A crack propagation study is carried out for the same problem. The domain is discretized using 3321 nodes. Based on the
previous studies, a SBFEM domain consisting of 48 linear elements is used around the crack tip. The maximum
circumferential stress criterion [26] is used to predict the crack propagation angle (c.f Eq. (38)). This criterion is based on the
assumption that the crack propagates in the direction normal to the maximum circumferential stress.
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K, —JK?+8K}

6. =2arctan (38)
4K

The values of K;, Ky, and 6 of the crack during different stages of the crack growth are presented in Table (2). The small

deviation in the crack path is adjusted locally in the scaled boundary domain retaining the existing ESFEM mesh without any
changes. Different stages of the crack growth are shown in Fig. (7).

Table 2. SIFs and angle of inclination at various stages of the crack growth

Crack width KI KII 0
0.3 1.7125 2.59 x 10-3 -3.03x 10-3
0.4 2.1779 2.82x 10-3 -2.59x10-3
0.5 2.9123 3.96 x 10-3 -2.72 x 10-3
0.6 4.1556 0.0062 -0.00299
0.7 6.5423 0.0102 -0.00314
N
(a) Crack width=0.3 units (b) Crack width=0.7 units

Fig. 7. Crack trajectory in a plate with an edge crack under tensile loading at different stages of growth with increments of 0.1 units. The
black circle shows the scaling center. The SBFEM domain is shifted as the crack propagates.

5.2. Edge crack under mixed mode

In this stage, a plate with an edge crack under mixed mode loading condition is chosen. The geometry and the loading
conditions of the domain are as shown in Fig. (8). The dimensions of the plate are 7mm x 16mm with a crack length of
a =3.5mm . The reference solution for an edge crack problem under shear load is

K; =34.0Paymm, K, =4.55Pavmm (39)
T
a =3.hmm
a L =16mm
L T " W = Tmmn
7 =1Pa

W

e -

s Prain. S
] s

Fig. 8. Mixed mode: Geometry and boundary conditions

The convergence of the SIFs K; and Ky are studied with increasing number of degrees of freedom. Based on the results in
the previous numerical example (Table (1)), a minimum of 48 linear elements are used along the boundary of the scaled
boundary polygon to better capture the singularity at the vicinity of the crack-tip. Finite element meshes, as shown in Fig. (5),
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are adopted. It can be seen in Fig. (9) that the SIF converges to the reference solution with increasing number of nodes.

The crack propagation for the same problem is simulated with the proposed technique. The domain with an edge crack is
discretized as shown in Fig. (10a). In the vicinity of the crack tip, a square domain is identified from the base mesh. The
continuous red line in Fig. (10a) represents the initial crack and to simulate the crack faces, the nodes along the red line are
duplicated. The stiffness matrices of the T3 elements are computed by using the ESFEM and the stiffness matrix of the square
domain is computed by using the SBFEM. On the other hand, Fig. (10b) is the zoomed view of the scaled boundary polygon as
in Fig. (10a) with the scaling center located at the crack tip represented by the black circle. The maximum circumferential
stress criterion is used to predict the crack propagation angle. The crack incremental length is chosen as Aa = 0.5. After the
crack kinks, the domain is discretized again and a square SBFEM domain is identified from the new mesh such that it aligns to
the crack tip as shown in Fig. (11a) with the scaling center (black circle) at the crack tip. The length of the SBFEM domain is
taken as twice the length of the crack incremental length and the scaling center is chosen at the crack-tip. Moreover, Figs. (11a)
and (11b) depicts the discretization of the domain at the 2" and the 4" incremental step. The red line in Fig. (11) represents the
predicted crack path. To obtain the crack path, the scaling center corresponding to each incremental step of the SBFEM domain
is chosen and plotted. On the other hand, Fig. (12) shows the crack path obtained from the proposed technique with 7
incremental steps choosing Aa = 0.5. It is observed that the crack path from the present technique is consistent with that
reported in [27].

10!

—%—K,
—a—K,| J -

([ 7 — KR
]

102k n/ 1 T
107 :
108 1074 1073
e
VDOF
Fig. 9. Convergence of the SIF for an edge crack domain under Fig. 10. (a) Discretization of an edge crack plate under mixed mode
shear stress (black circle represents the scaling center and the red line represents

the initial crack length), (b) Zoomed view of the SBFEM domain
(red color ‘x’ represents nodes around the boundary of the scaled
boundary polygon). For color illustration, readers are referred to the
online version.

"

—O— Present
Ref [27]

10

8 o

0 1 2 3 4 5 6 7

Fig. 11. Discretization of an edge crack plate under mixed mode:  Fig. 12. Crack path of a plate with an edge crack under mixed mode
(a) 2nd incremental step and (b) 4™ incremental step (red line loading with a crack increment of Aa = 0.5.
represents the predicted crack path).
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6. Conclusion

A technique to evaluate fracture parameters combining the ESFEM and the SBFEM is presented. The ESFEM is used to
calculate the stiffness matrix of the domain away from the crack tip and the SBFEM is used to calculate the stiffness matrix of
the domain at the vicinity of the crack tip in order to capture the crack-tip singularity. The size of the SBFEM domain depends
on the accuracy with which the strength of singularity needs to be represented. The presented technique doesn’t require any
prior knowledge of asymptotic behavior near crack-tip fields. Numerical results show the accuracy and the efficiency of the
proposed technique. The computed SIFs are in good agreement with the reference solutions. Crack propagation is also carried
out to study the versatility of the proposed method. The predicted crack trajectories agree well with the references. Moreover, it
is noted that only minimal re-meshing is required locally around the crack tip. The important conclusions in coupling the
ESFEM and the SBFEM are as follows:

e The convergence of the stress intensity factor is independent of the crack length.

e For a fixed number of elements in the scaled boundary polygon, singularity is independent of the global mesh.

e For a fixed global mesh size, the strength of singularity is independent of the crack size and improves with increasing
number of degrees of freedom of the scaled boundary polygon.
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