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Abstract. This paper demonstrates a study on some significant latest innovations in the approximated techniques to 
find the approximate solutions of Caputo fractional Volterra-Fredholm integro-differential equations. To this aim, 
the study uses the modified Adomian decomposition method (MADM) and the modified variational iteration 
method (MVIM). A wider applicability of these techniques are based on their reliability and reduction in the size of 
the computational work. This study provides an analytical approximate to determine the behavior of the solution. It 
proves the existence and uniqueness results and convergence of the solution. In addition, it brings an example to 
examine the validity and applicability of the proposed techniques. 

Keywords: Modified Adomian Decomposition Method; Modified Variational Iteration Method; Caputo Fractional Volterra-
Fredholm Integro-Differential Equation. 

1. Introduction 

In recent years, the development of analytical and numerical methods for fractional integro-differential equations has been 
of great focus in numerous papers.  

In this paper, Caputo fractional Volterra-Fredholm integro-differential equation is used as follows: 

                
1

1 1 2 2

0 0

    , (   ,
x

c D u x a x u x g x Z x r F u r dr Z x r F u r dr       (1) 

with the initial condition 

  0 0 ,u u  (2) 

where  cD is the Caputo’s fractional derivative, 0 1  , and :u J   . Where  0,1J   is the continuous function 

which has to be determined, :g J   and : , 1,2iZ J J i    are continuous functions. : , 1,2iF i    are 

Lipschitz continuous functions. Abel [1] was the first who gave an application of fractional derivatives and applied the 
fractional calculus to solve the integral equation that arises in the formulation of the Tautochrone problem. Many 
mathematicians and physicists paid much attention and interest to the fractional integro-differential equations. This provides 
efficiency for the description of such practical dynamical arising in engineering and scientific disciplines as physics, biology, 
electrochemistry, chemistry, economy, electromagnetic, control theory, and viscoelasticity [4, 8, 9, 10, 17, 19, 20, 21, 22, 23, 
24, 25, 26, 27]. Recently, many scholars have concentrated on the development of numerical and analytical techniques for 
fractional integro-differential equations. For instance, Al-Samadi and Gumah [5] used the homotopy analysis technique for 
fractional SEIR epidemic model, Zurigat et al. [18] applied the same technique for system of fractional integro-differential 
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equations. Yang and Hou [15] applied the Laplace decomposition method to find approximate solution for the fractional 
integro-differential equations. Mittal and Nigam [13] used it to find approximate solutions for fractional integro-differential 
equations, applied the ADM. Ma and Huang [12] applied hybrid collocation method to examine integro-differential equations 
of fractional order. Furthermore, several authors like [5, 16, 18] studied the properties of fractional integro-differential 
equations. 

The present paper mainly aims to study the behavior of the solution that can be formally determined by analytical 
approximated techniques: the MADM and MVIM. The objective is to prove the existence, uniqueness results, and convergence 
of the solution of the Caputo fractional Volterra-Fredholm integro-differential equation. 

2. Modified Adomian Decomposition Method 

Consider the Eq. (1) with the initial condition (2). By operating with J  on both sides of the Eq. (1), it yields 

                 
1

0 1 1 2 2

0 0

  ,    ,
x

u x u J a x u x g x Z x r F u r dr Z x r F u r dr

    

 
 

   (3) 

Adomian’s method defines the solution  u x by the series 

0

  ,n

n

u u




  (4) 

and the nonlinear function iF is decomposed as 

1 2
0 0

 ,          ,n n
n n

F A F B
 

 

    (5) 

here An, Bn are the Adomian polynomials given by 
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 
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    
  (6-a) 

2
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1
.
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B F u

n d



  

 
 

    
  (6-b) 

The Adomian polynomials were introduced in [2, 3, 6] as 

 0 1 0 ,A F u  

  
1 1 1 0 ,A u F u  

    2  
2 2 1 0 1 1 0

1
,

2
A u F u u F u    

       3  
3 3 1 0 1 2 1 0 1 1 0

1
,

3
A u F u u u F u u F u      

(7-a) 

and 

 0 2 0 ,B F u  

  
1 1 2 0 ,B u F u  

    2  
2 2 2 0 1 2 0

1
,

2
B u F u u F u    

       3  
3 3 2 0 1 2 2 0 1 2 0

1
,

3
B u F u u u F u u F u      

(7-b) 

The components 0 1 2, , ,...u u u  are determined recursively by 

   0 0 ,u x u J g x   (8-a) 

          
1

1 1 2

0 0

, , .
x

k k k ku x J a x u x J Z x r A dr Z x r B dr 



  

 
 
   (8-b) 
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Having defined the components 0 1 2, , ,...,u u u the solution u in a series form defined by (4) follows immediately. It is 

important to note that the ADM suggests that the 0th  component 0u  be defined by the initial conditions and the function 

 g x  as described above. The other components namely 1 2, ,...,u u  are derived recurrently. The MADM was introduced by 

Wazwaz [14]. This method is based on the assumption that the function    J g x R x   can be divided into two parts, 

namely  1R x  and  2R x , under this assumption we set 

     1 2 .R x R x R x   (9) 

This decomposition is applied when the function onsists of several parts and can be decomposed into two different parts [2, 
3, 11, 14]. In this case,  R x is usuall  R x by a summation of a polynomial and trigonometric or transcendental functions. A 

proper choice for the part 1R is important. For the method to be more efficient, 1R  as one term of  R x  for at least a 

number of terms if possible and consisted of the remaining terms of  R x are selected. Consequently, the following modified 

recursive relation is developed as: 

   0 0 1 ,u x u R x   

            
1

1 2 0 1 0 2 0
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, ,
x

u x R x J a x u x J Z x r A dr Z x r B dr  
    

 
   

          
1

1 1 2
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, , , 1.
x

k k k ku x J a x u x J Z x r A dr Z x r B dr k 



   

 
   

(10) 

3. Modified Variational Iteration Method 

The following fractional equation is considered: 

  ,cD u Mu Nu g x     (11) 

where  cD is the Caputo fractional order derivative, is a linear differential operator, N  represents the nonlinear terms, 
and g  is the source term. The basic character of He’s method is the construction of a correction functional for Eq. (11), 

which reads 

             1

0

  [ ] ,
x

c
n n n n nu x u x s D u s Mu s Nu s g s ds        (12) 

where   is a Lagrange multiplier which can be identified optimally via variational theory [9], nu  is the thn approximate 

solution, and nu  denotes a restricted variation, i.e., 0.nu   To solve Eq. (9) by VIM, the Lagrange multiplier   is 

determined and identified optimally via integration by parts. Then, the successive approximations   , 0,nu x n   of the 

solution  u x  is readily obtained by using the obtained Lagrange multiplier and any selective function 0.u  The 

approximation 0u  may be selected by any function that just satisfies at least the initial and boundary conditions. With 

determined  several approximations   , 0,nu x n   follow immediately. The following variational iteration formulais 

obtained: 

 0     is an arbitrary initial guess,u x  

             1

0

  [ ] .    
x

c
n n n n nu x u x s D u s Mu s Nu s g s ds       

(13) 

By applying the operator J  to both sides of Eq. (11) and using the given conditions, we obtain 

   ,u R J Mu J Nu     (14) 

where the function R  represents the terms arising from integrating the source term g  and from using the given conditions, 

all are assumed to be prescribed. The following variational iteration formula in obtained for Eq. (14): 

 0     is an arbitrary initial guess,u x  

       1 .n n nu x R x J Mu x J Nu x 
           

(15) 

In this paper, MVIM is used that was introduced by Ghorbani et al. [7] and can be settled based on the supposition that the 
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function  R x , the iterative relation (15) can be split into two parts, namely  1R x and  2 .R x  Under this an assumption, 

we set 

     1 2 .R x R x R x   (16) 

Now, the following modified variational iteration formula is structured: 

   0 1 ,u x R x  

       1 0 0 ,u x R x J Mu x J Nu x           
 . 

          1 .n n nu x R x J Mu x J Nu x 
           

(17) 

Consequently, the approximate solution is given by 

   lim .n
n

u x u x


  (18) 

4. Main Results 

This section gives existence and uniqueness results of Eq. (1) with the initial condition (2) and proves it. Before starting 
and proving the main results, the following hypotheses is introduced: 

(A1) There exist two constants 
1 2
, 0F FL L   such that, for any  1 2, ,u u C J   

     
11 1 1 2 1 2FF u x F u x L u u    (19-a) 

and 

     
22 1 2 2 1 2FF u x F u x L u u    (19-b) 

(A2) There exist two functions  * *
1 2, , ,Z Z C D   the set of all positive functions are continuous on 

  , : 0 1D x r r x       uch that 

 
 *

1 1
0,1 0

sup   , ,
x

x
Z Z x r dr 


   

 
 

1
*
2 2

0,1 0

sup    , .
x

Z Z x r dr 


   

(20) 

(A3) The two functions , :a g J    are continuous.  
 

Lemma 4.1  If    0 , ,u x C J  then    ,u x C J    is a solution of the problem    1 2  if u  satisfies 

           

           

1 1
0

0 0

1
1

1 1 2 2

0 0 0

1 1
 ( )  ( )

Γ Γ

1
 ( )    ,    , ,

Γ

x x

x s

u x u x s a s u s ds x s g s ds

x s Z s F u d Z s F u d ds

 



 

     


 



    

 
   

 

 

  
 (21) 

 or .x J Our first result is based on the Banach contraction principle. 
 
Theorem 4.2  Assume that (A1), (A2) and (A3) hold. If  

 
1 2

* *
1 2 1.

Γ 1
F Fa Z L Z L




  
  

 (22) 

then, there exists a unique solution    u x C J  to    1 2 .  

Proof. By Lemma 4.1. It is obvious that a function u  is a solution to    1 2  if u  satisfies 

           

           

1 1
0

0 0

1
1

1 1 2 2

0 0 0

1 1
 ( )  ( )

Γ Γ

1
 ( )    ,    , .

Γ

x x

x s

u x u x s a s u s ds x s g s ds

x s Z s F u d Z s F u d ds

 



 

     


 



    

 
   

 

 

  
 (23) 

 Let the operator    : , ,T C J C J   be defined by 
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              

         
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1
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1 1 1
 ( )  ( )

Γ Γ Γ

 ( )    ,   , ,

x x
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Tu x u x s a s u s ds x s g s ds

x s Z s F u d Z s F u d ds
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

  

     

 



     

 
   

 

 

  
 (24) 

 we can be seen that, if  ,u C J   is a fixed point of T , then u  is a solution of    1 2 It is proved that T as a 

fixed point u  in  ,C J  . For that, let  1 2, ,u u C J  and for any  0,1x such that 

             

         

1 1
1 0 1

0 0

1
1

1 1 1 2 2 1

0 0 0
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 ( )  ( )

Γ Γ Γ

             ( )    ,    ,
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x s

u x u x s a s u s ds x s g s ds

x s Z s F u d Z s F u d ds

 



  

     

 



     

 
   

 

 

  
 (25) 

Consequently, we get 

             

 

       

       
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1
1 2 1 2
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1 1 1 1 2
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1
0

2 2 1 2 2
, 0

* *
1 2

1 2

1
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Γ

sup , sup
1

 ( )
Γ

sup , sup

.
Γ 1

x

x
s J J

s J J

F F

Tu x Tu x x s a s u s u s ds

Z s F u F u d

x s ds

Z s F u F u d

a Z L Z L
u s u s




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 





   


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



 

 

   

 
 

    
   
 

  
    







 (26) 

From the inequality (17), we have 

 
1 2

* *
1 2

1 2 1 2 .
Γ 1

F Fa Z L Z L
Tu Tu u u

 
  

  



 (27) 

This means that T  is a contraction map. By the Banach contraction principle, it is concluded that T  has a unique fixed 
point u  in  , .C J    

The existence result is studied here by means of Schauder’s fixed point Theorem.  

Theorem 4.3  Assume that 1 2,F F  are continuous functions and (A2), (A3) hold, if 

 
1.

Γ 1

a 





 (28) 

 Then, there exists at least a solution    ,u x C J   to problem    1 2 .  

Proof. Let the operator    : , , ,T C J C J  be defined as in Theorem 4.2. 

Firstly, it is proved that the operator T  is completely continuous. 

(1) It is shown that T  is continuous. 
Let nu  be a sequence such that nu u  in  ,C J  Then, for each ,nu u  ,C J   and for any x J  we have 
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0nTu Tu


   as ,n   therefore, T is continuous on  , .C J   

(2) It is verified that T  maps bounded sets into bounded sets in  ,C J  . 

Indeed, it is just shown that for any 0  , there exists a positive constant r, such that for each 
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(30) 

Therefore, Tu r or every ,ru hich implies that .rrT    

(3) It is examined that T maps bounded sets into equicontinuous sets of  , .C J   

Let   be defined as in Eq. (2) and for each u  ,  1 2, 0,1 ,x x   with 1 2x x be have 
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(31) 

Consequently, 
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(32) 

where  
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(35) 

It can be concluded the right-hand side of Eqs. (33), (34), and (35) is independent from u   and tends to zero as 

2 1 0.x x   This leads to      2 1 0Tu x Tu x   as 2 1.x x  i.e. the set  T   is equicontinuous. 

From 1I  to 3I together with the Arzela–Ascoli Theorem, it can be concluded that    : , ,T C J C J  is completely 

continuous. 

Finally, it is required to investigate that there exists a closed convex bounded subset   , :u C J u   
  such that 

.T     For each positive integer , then   is clearly closed, convex, and bounded of  ,C J  . It is claimed that there 

exists a positive integer   such that T    If this property is false, then for every positive integer  , there exists 

u    such that   ,Tu T    i.e.  Tu r 

  for some x J   where x   denotes x  depending on  . 

Although by using the previous hypotheses we have  
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Then, 
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By dividing both sides by   and taking the limit as    , we obtain 
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
 (38) 

which contradicts our assumption (18). Therefore, for some positive integer   we must have .T      An application 

of Schauder’s fixed point Theorem shows that there exists at least a fixed point u of T in  ,C J  Then, u is the solution to 

   1 2 in ,J and the proof is completed.  

   Theorem 4.4  Suppose that (A1)-(A3), and (22) hold, if the series solution    
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the m -order deformation is convergent, then, it converges to the exact solution of the fractional Volterra-Fredholm integro-

differential equation    1 2 .  

Proof. Denote as   0,1 , || . ||C   , the Banach space of all continuous functions on ,J with  1u x   for all x  in J .  

   First, the sequence of partial sums ns is defined, letting ns and ms  be arbitrary partial sums with n m . It is proved 
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(39) 

From Eqs. (4) and (5), we have  
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        1
1 1

0

1
max(|  ( ) [

Γ

x

n m n m
x J

s s x r a r u s u s
 


  

     (41) 
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             
1

1 1 1 1 1 2 2 1 2 1

0 0

, , ] |),
t

n m n mZ t s F s F s ds Z t s F s F s ds dr         

       1
1 1

0

1
max(  | | [

Γ

x

n m
x J

x t a r u s u s




  
    

             
1

1 1 1 1 1 2 2 1 2 1

0 0

, , ] )
t

n m n mZ t s F s F s ds Z t s F s F s ds dr         

  1 2

* *
1 1 1 1 1 2 1 1

1
,

Γ 1 n m F n m F n ma s s Z L s s Z L s s
                

 

 
1 2

* *
1 2

1 1 ,
Γ 1

F F
n m

a Z L Z L
s s

  

  
   

 

1 1n ms s


     

where  

 
1 2

* *
1 2

Γ 1
F Fa Z L Z L




  
   

 (42) 

Let 1n m  then 
2

1 1 2 1 0 ,m
n m m m m ms s s s s s s s

   
            (43) 

    so,  

1 2 1 1n m m m m m n ns s s s s s s s
              

1 1
1 0

m m n s s


          

2 1
1 01m n m s s


             

1

1
.

1

n m
m u






  
   

 

(44) 

Since 0 1  we have  1 1n m   then 

1 .
1

m

n ms s u
 




 


 (45) 

But  1u x  , so, as m  then, 0n ms s


  . It is concluded that ns is a Cauchy sequence in  0,1C , therefore, 

lim .n nu u  Then, the series is convergence and the proof is complete.  

5. Illustrative Example 

In this section, the analytical technique based on modified variational iteration method is presented to solve Caputo 
fractional Volterra-Fredholm integro-differential equations. 

Example 6.1 Consider the following Caputo fractional Volterra-Fredholm integro-differential equation: 

         
10.5 2 2

0.5 2

0 0

  
Γ 1.5 2 3

xx
c xx x x e
D u x u x e su s ds x u s ds          (46) 

with the initial condition 

  0 0,  u   (47) 

where the exact solution is  u x x . 

Applying the operator 0.5J to both sides of Eq. (46) yields 

         
10.5 2 2

0.5 0.5 0.5 2

0 0

0   .
Γ 1.5 2 3

xx
xx x x e

u x J J u x J e su s ds x u s ds
    

          
    

   (48) 

Then, 
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         
10.5 2 2

0.5 0.5 0.5 2

0 0

  .
Γ 1.5 2 3

xx
xx x x e

u x J J u x J e su s ds x u s ds
    

         
      

   (49) 

It can be seen in Eq.(22) that    
0.5 2

Γ 1.5 2

x x
g x   Suppose that    0.5R x J g x , the following relations are obtained from 

Eq. (49): 

     
0.5 2

0.5 0.5 ,
Γ 1.5 2

x x
R x J g x J

 
   

 
 

     
0.5 0.5 0.5 2

0 0

1 1
           ( )  ( ) ,

Γ 1.5 Γ 0.5 2Γ 0.5

x x

x s s ds x s s ds       

     
0.5 0.5 0.5 0.5 0.5 2

0 0

1 1
           (1 )  (1 ) ,

Γ 1.5 Γ 0.5 2Γ 0.5

x xs s
x s ds x s ds

x x
         

     
1 1

0.5 0.5 0.5 2.5 2

0 0

1 1
           (1 )  (1 ) ,

Γ 1.5 Γ 0.5 2Γ 0.5
xd x d            

         
2.5

          0.5,1.5 0.5,3 ,
Γ 1.5 Γ 0.5 2Γ 0.5

x x    

 
2.5

          .
Γ 3.5

x
x   

(50) 

In this stage, the modified Adomian decomposition method is applied as 

         
0.5 2 2.5

0.5
1 2 .

Γ 1.5 2 Γ 3.5

x x x
R x R x R x J x

 
      

 
 (51) 

And the modified recursive relation is used as 

   0 1 .u x R x x   

            
1

0.5 0.5
1 2 0 1 0 2 0

0 0

, ,
x

u x R x J f x u x J Z x s A ds Z x s B ds


    
 
   

 
12.5 2

0.5 0.5 2 2

0 0

            
Γ 3.5 3

xx
xx x e

J x J e s ds x sds


      
   

   

 
2.5 3 3 2

0.5 0.5            
Γ 3.5 3 3 2

x xx x e e x x
J J

  
       

  
 

 
2.5 3 3 2

0.5 0.5 0.5             0.
Γ 3.5 3 3 2

x xx x e e x x
J J J

     
           

     
 

 2 0.u x   

         0.nu x   

(52) 

Therefore, the obtained solution is 

   
0

 . i
i

u x u x x




   (53) 

   Here, the modified variational iteration technique is applied. Considering the modified iterative relations as 

   0 1 .u x R x x   

            
1

0.5 0.5
1 0 1 0 2 0

0 0

, ,
x

u x R x J f x u x J Z x s u ds Z x s u ds


    
 
   

       
12.5 2

0.5 0.5 2
0 0 0

0 0Γ 3.5 3

xx
xx x e

x J u x J e su s ds x u s ds


      
   

   

(54) 
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 
12.5 2

0.5 0.5 2 2

0 0Γ 3.5 3

xx
xx x e

x J x J e s ds x sds


      
   

   

 
2.5 3 3 2

0.5 0.5

Γ 3.5 3 3 2

x xx x e e x x
x J J

  
       

  
 

 
2.5 3 3 2

0.5 0.5 0.5

Γ 3.5 3 3 2

x xx x e e x x
x J J J

    
         

    
 

.x  

 2 .u x x  
.

.

.

 

  .nu x x  

 
Therefore, the obtained solution is 

  .u x x  (55) 

6. Conclusions 

This paper concludes with significant findings. The study successfully applies the modified Adomian decomposition and 
modified variational iteration methods to find the approximate solutions of Caputo fractional Volterra-Fredholm integro-
differential equation. The presentation of this study proves that these methods have a wider applicability that is based on the 
reliability of the methods and reduction in the size of the computational work. The methods are effective in the sense that they 
find analytical along with numerical solutions for wide classes of linear and nonlinear fractional Volterra-Fredholm integro-
differential equations. Importantly, this study proves the existence and uniqueness of the solution. The example presented in 
this paper illustrates further and establishes the precision and efficiency of the proposed techniques. 

Conflict of Interest  

The authors declare no conflict of interest. 

References 

[1] Abel, N., Solution de quelques problemes a laided integrales definites, Christiania Grondahl, Norway, 1881, 16-18. 

[2] Abbaoui, K., Cherruault, Y., Convergence of Adomian’s method applied to nonlinear equations, Mathematical and 
Computer Modelling 20 (1994) 69-73. 

[3] Adomian, G., A review of the decomposition method in applied mathematics, Journal of Mathematical Analysis and 
Applications 135 (1988) 501-544. 

[4] Alkan, S., Hatipoglu, V., Approximate solutions of Volterra-Fredholm integro-differential equations of fractional order, 
Tbilisi Mathematical Journal 10(2) (2017) 1-13. 

[5] AL-Smadi, M., Gumah, G., On the homotopy analysis method for fractional SEIR epidemic model, Research Journal of 
Applied Sciences, Engineering and Technology 18(7) (2014) 3809-3820. 

[6] Hamoud, A., Ghadle, K., Usage of the homotopy analysis method for solving fractional Volterra-Fredholm integro-
differential equation of the second kind, Tamkang Journal of Mathematics 49(4) (2018) 301-315. 
[7] Ghorbani, A., Saberi-Nadjafi, J., An effective modification of He’s variational iteration method, Nonlinear Analysis: Real 
World Applications 10 (2009) 2828-2833. 
[8] Hamoud, A., Ghadle, K., Bani Issa, M., Giniswamy, Existence and uniqueness theorems for fractional Volterra-Fredholm 
integro-differential equations, International Journal of Applied Mathematics 31(3) (2018) 333-348. 
[9] Hamoud, A., Ghadle, K., The approximate solutions of fractional Volterra-Fredholm integro-differential equations by using 
analytical techniques, Problemy Analiza-Issues of Analysis 7(25) (2018) 41-58. 
[10] Hamoud, A., Bani Issa,  M., Ghadle, K., Existence and uniqueness results for nonlinear Volterra-Fredholm integro -
differential equations, Nonlinear Functional Analysis and Applications 23(4) (2018) 797-805.  
[11] Hamoud, A., Ghadle, K., Modified Adomian decomposition method for solving fuzzy Volterra-Fredholm integral 
equations, Journal of the Indian Mathematical Society 85(1-2) (2018) 52-69. 

[12] Ma, X., Huang, C., Numerical solution of fractional integro-differential equations by a hybrid collocation method, Applied 
Mathematics and Computation 219(12) (2013) 6750-6760. 



Some New Existence, Uniqueness and Convergence Results for Fractional Volterra-Fredholm Integro-Differential Equations  
 

Journal of Applied and Computational Mechanics, Vol. 5, No. 1, (2019), 58-69 

69 

[13] Mittal, R., Nigam, R., Solution of fractional integro-differential equations by Adomian decomposition method, 
International Journal of Applied Mathematics and Mechanics 4(2) (2008) 87-94. 

[14] Wazwaz, A., A reliable modification of Adomian decomposition method, Applied Mathematics and Computation 102 
(1999) 77-86. 

[15] Yang, C., Hou, J., Numerical solution of integro-differential equations of fractional order by Laplace decomposition 
method, WSEAS Transactions on Mathematics 12(12) (2013) 1173-1183. 

[16] Zhang, X., Tang, B., He, Y., Homotopy analysis method for higher-order fractional integrodifferential equations, 
Computers & Mathematics with Applications 62(8) (2011) 3194-3203. 

[17] Zhou, Y., Basic theory of fractional differential equations, Singapore: World Scientific 6 (2014). 

[18] Zurigat, M., Momani, S., Alawneh, A., Homotopy analysis method for systems of fractional integro-differential equations, 
Neural, Parallel and Scientific Computations 17 (2009) 169-186. 

[19] Hamoud, A., Azeez, A., Ghadle, K., A study of some iterative methods for solving fuzzy Volterra-Fredholm integral 
equations, Indonesian Journal of Electrical Engineering and Computer Science 11(3) (2018) 1228-1235.  

[20] Salahshour, S., Ahmadian, A., Senu, N., Baleanu, D., Agarwal, P., On analytical solutions of the fractional differential 
equation with uncertainty: application to the basset problem, Entropy 17 (2015) 885-902. 

[21] Agarwal, P., Choi, J., Paris, R.B., Extended Riemann-Liouville fractional derivative operator and its applications, Journal 
of Nonlinear Sciences and Applications 8(5) (2015) 451-466. 

[22] Tariboon, J., Ntouyas, S.K., Agarwal, P., New concepts of fractional quantum calculus and applications to impulsive 
fractional q-difference equations, Advances in Difference Equations 19 (2015) 1-18. 

[23] Zhang, X., Agarwal, P., Liu, Z., Peng, H., The general solution for impulsive differential equations with Riemann-
Liouville fractional-order (1,2]q , Open Mathematics 13 (2015) 908-923. 

[24] Agarwal, P., Choi, J., Fractional calculus operators and their image formulas, Journal of the Korean Mathematical Society 
53(5) (2016) 1183-210. 

[25] Liu, X., Zhang, L., Agarwal, P., Wang, G., On some new integral inequalities of Gronwall-Bellman Bihari type with delay 
for discontinuous functions and their applications, Indagationes Mathematicae 27(1) (2016) 1-10. 

[26] Hamoud, A., Ghadle, K., Existence and uniqueness of the solution for Volterra-Fredholm integro-differential equations, 
Journal of Siberian Federal University. Mathematics & Physics 11(6) (2018) 692-701.  
[27] Baltaeva, U., Agarwal, P., Boundary–value problems for the third-order loaded equation with noncharacteristic type 
change boundaries, Mathematical Methods in the Applied Sciences 41(9) (2018) 3307-3315. 

 

© 2019 by the authors. Licensee SCU, Ahvaz, Iran. This article is an open access article distributed under the 
terms and conditions of the Creative Commons Attribution-NonCommercial 4.0 International (CC BY-NC 4.0 

license) (http://creativecommons.org/licenses/by-nc/4.0/). 


