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Abstract. This paper investigates the axial unsteady flow of a generalized Burgers’ fluid with fractional
constitutive equation in a circular micro-tube, in presence of a time-dependent pressure gradient and an electric
field parallel to flow direction and a magnetic field perpendicular on the flow direction. The mathematical model
used in this work is based on a time-nonlocal constitutive equation for shear stress with time-fractional Caputo-
Fabrizio derivatives; therefore, the histories of the velocity gradient will influence the shear stress and fluid motion.
Thermal transport is considered in the hypothesis that the temperature of the cylindrical surface is constant.
Analytical solutions for the fractional differential momentum equation and energy equation are obtained by
employing the Laplace transform with respect to the time variable 7 and the finite Hankel transform with respect to
the radial coordinate r. It is important to note that the analytical solutions for many particular models such as,
ordinary/fractional Burgers fluids, ordinary/fractional Oldryd-B fluids, ordinary/fractional Maxwell fluids and
Newtonian fluids, can be obtained from the solutions for the generalized fractional Burgers' fluid by particularizing
the material coefficients and fractional parameters. By using the obtained analytical solutions and the Mathcad
software, we have carried out numerical calculations in order to analyze the influence of the memory parameters
and magnetic parameter on the fluid velocity and temperature. Numerical results are presented in graphical
illustrations. It is found that ordinary generalized Burgers’ fluids flow faster than the fractional generalized Burgers’
fluids.

Keywords: Electro-magneto-hydrodynamic (EMHD) flow, Porous medium, Thermal-fluidic transports, Fractional model,
Micro scale flow.

1. Introduction

In modern era, viscoelastic fluids have wide research interest due to their many useful applications. Lubricants, polymeric
solutions, colloidal solutions, and artificial and natural gels are few examples of viscoelastic fluids. Flows of such fluids
through porous media are important for engineering and bioengineering.

Since 1695, Leibniz and L'Hospital have initiated the differential calculus of fractional order. The theory of fractional
derivatives, fractional integrals and of the fractional differential equations has intensively developed in last year’s. Also, the
fractional calculus became an important tool for the mathematical modeling of the complex transport phenomena such as
anomalous diffusion, flows with heat and mass transfer of viscoelstic materials, etc. Interesting results about flows of
viscoelastic fluids modeled by the fractional calculus are given in the references [1-6].

The space-fractional derivatives and time-fractional derivatives have the advantage of describing heredity of materials and
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processes, respectively the memory properties of materials. Mathematical models with time-fractional derivatives are more
realistic for to describing many practical phenomena than the differential equations of integer order.

Combined electro-magneto-hydrodynamic (EMHD) effects in the thermo-fluidic transport through small scale channels
lead to the improvement of fluidic devices performances. Chakraborty et al. [7] investigated the thermal transport in the
EMHD flows in the presence of Joule heating and viscous dissipation when the wall heat flux is constant. They have studied
the influence of the applied magnetic field on the fluid temperature and velocity.

Analytical solutions for the transient rotating electro-magneto-hydrodynamic flow in a parallel micro-channel have been
determined by Jian et al [8]. They described analytically several particular cases of alternating current (AC) and direct current
(DC) magnetic and electric fields. Their results demonstrate that the fluid velocity is strongly influenced by the applied
magnetic field. It is also observed that the EMHD speed rises in the normal direction with the increase in the rotating Reynolds
number and diminishes along the axis of rotation.

The analysis of heat transfer through a capillary domain in the EMHD flow of blood was carried out by Sinha and Shit [9].
They determined that the Joule heating parameter can be used to control the blood temperature. Additionally, their
investigation highlighted that the magnetic field can be used as a tool to control blood flow, especially in surgical operations.
Wang et al. [10] studied the convective EMHD flows of a third grade fluid between two micro-parallel plates. Analytical
solutions for the fluid temperature and velocity have been obtained by employing the perturbation method. Results demonstrate
that both temperature and velocity distribution are maximum for Newtonian fluids and are diminishing for non-Newtonian
fluids. The Lorentz force increases with the rise in the value of magnetic parameter and it results in considerable suppression of
the convection.

The flows of fluids through permeable porous media are of major significance in industry, biomechanics, geomechanics,
etc. It is known that the flows in porous media can be described by the Darcy’s law. The flow of a fluid with the Jeffrey's
constitutive equation in a circular cylinder filled with porous medium has been investigated by Jyothi et al. [11], while Ghosh
et al. [12] studied the flow in a channel of an Oldroyd-B fluid generated by a rectified sine pulses. The peristaltic transport in a
porous medium through an asymmetric channel has been examined by Elshehawey et al. [13]. Their results could be useful in
medical applications.

In the present paper we consider unsteady flows of a generalized Burgers fluid in a circular microtube filled with the porous
medium. The mathematical model is described by a time-fractional constitutive equation for shear stress. The generalized
fractional constitutive equation is based on the Caputo-Fabrizio time fractional derivative with exponential kernel. In this
mathematical model, the histories of the velocity gradient influence the shear stress.

The thermal transport is considered in hypothesis of constant temperature on the cylinder surface under presence of Joule
heating and viscous dissipation. The fluid motion is an axial flow generated by a time-dependent pressure gradient and an
electric field in the flow direction and an applied magnetic field perpendicular on the flow direction.

Analytical solutions for the velocity and temperature fields are determined by using the Laplace transform with respect to
the variable t and the finite Hankel transform of order zero with respect to the radial coordinate r.

Obviously, the solutions for the fractional generalized Burgers fluid contain solutions for particular cases
(fractional/ordinary Burgers fluids, fractional/ordinary Oldroyd-B fluids, fractional/ordinary Maxwell fluids and Newtonian
fluids) obtained from the general case by particularizing the material coefficients and fractional parameters.

By using the analytical solutions and the software Mathcad, the curves corresponding velocity and temperature for different
values of the fractional parameters and magnetic parameter have been plotted. It is found that the fluids modeled by the
fractional constitutive equation flow slower than ordinary fluids. Also, the temperature values are lower for the fractional fluids.

2. Mathematical Formulation of the Problem.

Let us consider an incompressible viscoelastic electrolyte solution with density p and the constant shear viscosity & . The

solution is in micro-channel of length L and radius R. The electrolyte solution has electric conductivity o and is in the
influences of the combined applied electromagnetic force and oscillating pressure-gradient. The capillary is filled with porous
medium with porosity . The combined effects of the the electric field E = Fe_ and the magnetic field B = Be, generates the

electro-magneto-hydrodynamic (EMHD) force in the direction of flow, where e_, and e, are the unit vectors along z and radial
directions, respectively, of cylindrical coordinate system (r,6,z). The flow of fluid is along axial direction (z-axis) of the

capillary and no flow is assumed in the radial or azimuthal direction. In porous medium, the continuity and momentum
equations for incompressible fluid are

Vv=0, (D

V.VV-‘:-@:—l(Vp +VI +b+R)), 2)
ot P

where p is density, p is pressure, 7 is stress tensor, vis velocity, bis body force and R, is Darcy's resistance of porous
medium. The shear stress tensor 7 for generalized Burgers’ fluids is given by [14]:
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2
T+A‘£+ﬂ o7 _ [A A —

A 52
st 7ot

st 3

where A=L+L,L=Vvand xis the dynamic viscosity of the fluid, and 4,, 4, are the relaxation time, respectively the

retardation time, and 4,, 4, are the material parameters heaving the dimension [s*] and 5/t denotes the upper convected
derivative defined as

2
ST _5(0T)_S(UT yp pyp) o
ot> ot\ ot ot \ dt

The generalized Burgers’ model given by Eq. (3) reduces at Burgers fluid for 4, =0, Oldroyd-B fluid for4, =4, =0,

Maxwell fluid for 4, = 4, = 4, = 0 and the Newtonian fluid for 4, =4, =4, =4, =0.

For axisymmetric flow binary electrolyte solution, the Poisson-Boltzmann equation describes the electric potential € of
electrical double layer by [15-18]

10, 0&(r) 2 2z2ecny i
——N(r—)=k"¢ k = 5
rar(r r) ), (kT) ®)
with conditions
o¢
E(R)=€,, > =0, (6)

where T ,k,.e,,n,z, .k ~',k and € are the absolute temperature of the electrolytic solution, the Boltzmann constant, the

electronic charge, the ionic concentration in the bulk phase, the absolute value of the valence for a electrolyte ions, the
thickness of electrical double layer, the Debye-Hiickel parameter, and the dielectric constant respectively. The imposed body
force b on the fluid is a combined effect of applied magnetic and electric field effects to the system.

The EMHD body force is [20-25, 27, 30]

b=JxB+p (r)E, (7a)
where J is given by the Ohm's law
J=0E+0vxB, (7b)
and o is the electric conductivity of the flow. For the considered problem the body force b takes the form
b=(p, (r)E —cB% (r,t))e, +cEBe,, ®)

where p, () = —ek *€(r), E=Ee_, v=v(r,t)e., B=Be, are the net charge density of the electrolyte solution, the axial

component of applied electric field, the axial velocity of the fluid, and the constant external magnetic field in orthogonal
direction to the flow respectively. The Darcy's resistance for generalized Burgers’ fluid is given by the following equation [26]

(1+21§+ﬂ, )R, = ’””(1+13t b 9)

where R, =Re_, k is the permeability constant of the medium and y is the porosity of the medium. With the help of Egs.

(2) and (8) one obtains the momentum equation for incompressible flow with combined electroosmotic and pressure effects in
the form

pa—v—pop(l‘)-i-ek E€(r)+oB% (r,t) :li(rrm)P.R, (10)
ot r or

where —Vp = p, p(t)is the pressure gradient along axial directionz, p(¢)is continuous function and r_ is shear stress in
the axial direction and is given by generalized Burger fluid model [28]
82 62 0 ov

v u(A 157 + A4 —+D)—, (11)

or
+ 1z
= AT, o or

where A (i =1 to 4) are the material constants. The appropriate initial and boundary conditions for velocity are
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v (r,0) = avé:”) L,=0, (12a)
v(R,1)=0. (12b)

We now introduce the following dimensionless parameters in Egs. (5), (6), (9)-(12)

.V - F . r . vt . AIV . ﬂgv . v?
v = Vi = = ro=—t :_se = = 5 = 5 = 5
v, u R R? 21 RTS SRS R“
. AV . p . €€ E . 1 w, . R uyv
A =P =Py =T, = iy = R = o R = (13)
R Py PR To R R, k,
szaBsz.L 1//R2 kR,

H K, ko

where v,,H_,K and K are the Hembholtz-Smoluchowsky velocity, the Hartmann number, the non-dimensional

electrokinetic width and the permeability parameter of the porous medium respectively. Dropping "*" notations, the governing
equations in the non-dimensional form takes the form

z—‘;—p(t)—Kze(r)+H;v(r,t):%a%(rz',z)+KLoiR, (14)
o 0
(izat—2+ﬂ15+l)r (ﬁ +ﬂ3—+ )— (15)
(/12 +ﬂq—+1)iR ( +23—+ ) (16)
li P2 aé(’ﬂ)) :KZG(’,,)’ (17)
r or

along with initial and boundary conditions

ey=1, 28 o, (18)
V(r,o) _ 6‘} (r,t) |’:0: O,V (O,I) :0’ (19)
ot
or_(r,t)
’0 ==z’ 7 - :O’ 20
T}z (r ) at | 0 ( )
OR(r,t)
R(r,0)= o= 21
(r,0) o -0 (21)
The solution of Eqgs. (17), (18) takes the form,
1,(Kr)
E(r)=—"—o, 22
1,(K) @2

where /, is the first kind of modified Bessel function with order zero. In order to consider a fractional model, we generalize

the constitutive Eq. (15) with Caputo-Fabrizio time fractional derivative with non-singular kernel " * , namely we have
A+ A0 + 4, 0" e, =(1+ 470" + Af*‘@f’“)i—v, (23)
r

where " 8 is defined as [29],
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1
“o (1 )= [ ew(- 2y ) 0<a <, 4)
1-a*° 1-
with the properties
im™ 0,"(f €)=/ (@), (25)
Lo @) =" 0,48 f ()}, (26)
and the Laplace transform £ of Caputo-Fabrizio time fractional derivative " ,“*"is given by [29]

£ 5 oy = L) =0 ©) =g O©)==f " (0)

27
qg+a(l-q) @7

Finally, our goal is to find solutions for the differential equations (14), (16), (23) along with conditions (19)-(21). To do this,
we will employ the Laplace transform with respect to the time variable t and the finite Hankel transform with respect to the
radial coordinate .

3. Solution of the Problem

In order to solve the fractionalized form of generalized Burger bio-fluid model with the combined electric and magnetic
effects in porous medium we will use the Laplace transformation and zeroth order finite Hankel transform. We apply the
Laplace transform to Egs. (14), (16) and (23) and we use the initial conditions from Egs. (19)-(21) along with the formula (27)
we get

a7 0)~P@) 2 1) = LR L7 (), (28)
q K, r or
(1+ 4g + 4q>)R(r.q) = —(1+ 4g + 4> W (r.9), (29)
q’ q v (r.q)
(e P arama - 0= (A ﬂ)qM}ﬁJr(l—ﬂ)q) o GO

From Eq. (30) we can write as

q P+ (4 - P+l +p (-a)g+advr, q)

7 (ra) = g+ —a+l)g+a (1 Bqg+p  or

(€2))

a+(—-a)g ﬁq +(/13 L+Dg+p
Fa ) = pg T +(h—a+g+a’ 32)

Eqgs. (31) and (32) gives

7 (rq) = F,y(g) 24 (;’q) (33)
Similarly from Eq. (29) we can write
R(r,q)=-A@q)W (r,9) (34)
where,
/14(]2 +Aq +1
A(g)=—""——""—. 35
@ Aq’ + g +1 33
Substituting Egs. (22), (33) and (34) in Eq. (28)
L0 otran = —pay K LK) JRLEPINeS
Faﬁ(q)r » (m(r.g))=-P(q) o1 (K) +(q+H, +KOA(61))V (r,9), (36)

Applying the finite Hankel transform to above equation

& @@ Journal of Applied and Computational Mechanics, Vol. 5, No. 4, (2019), 577-591



582 Abdul Rauf and Yasir Mahsud, Vol. 5, No. 4, 2019

(q) K’rJ(r,) P(q)J,(r,)
(F (@)} +q +— X, +H W (r,.q)= q(K2+r’12)+ . , (37)

n

where v (7,,q) = J.; w (r,q)J,(r,r)dr, J,is the zeroth order Bessel function of first kind and J (7, ) = 0 for all n. With Eqs.
(32) and (35) the expression v (r,,q) takes the form

() = F(rn,q)P(qf(” Frg) nK () (38)
q K’ +r

where,
B,+Bg+B,q°+Bg’+B,q'+Byg’
('Bo,n +{’p1,nq + ‘Bz,nqz +q33,nq3 + ;’B4,nq4 + ‘:BS,nqS +q36,nq6 '

and the functions 3, ,,*B, ,,...,"B; , and constants B, B,,..., B are given in Appendix A. Letgq,,,q,,,...,q,, be the roots of

F(r,,q)= (39)

the polynomial B, , + B, ,q +°B, ¢ 24 B9 P4 ‘}34’"(14 + ‘,Bs’nqs + ‘136,,,96 (These roots can be computed numerically). By simple

calculation we can write partial fractions as

F(rq)= B,+Bqg+B,q’+Bg’+B,gq'+Byg’ 26: a, (40)
B @ -49,,)4 49,4 95,9 =9,,)q =495, —45,,) ‘136 =,
where a,, (i =1,2,...,6) are in Appendix B. The inverse Laplace transform of Eq. (40) is
J t
VG 2" 1)
6,n i=1
Thus the inverse Laplace transform for function F'(7, ,q) /g involved in the second term of (38) is
1 8 ai n q; at
ro)=[of (0T = Zq—’(e ). (42)
6,n =19 n
Using Egs. (41) and (42) we can write the inverse Laplace transform for Eq. (38)
J,(r, K? r,J (7,
V)= 0 py 2 E LGy 3)

K2

n

where f (r,,t)* p(t) represents the convolution of two functionsf and p. If g(r,t), »r €[0,1]has the Hankel transform

g(r,,t), the inverse Hankel isg(r,t)zZZJo(Wn)/ Jl(r,)xg(r,,t). The required solution for velocity component can be

n=1

obtained by applying the inverse Hankel transform to Eq. (43) and is given by

v(r,t)= 22 Jf(,,,T)P(l_T)dT+2K Z ot

2 ,,J( )l LKy ot (“44)

4. Thermal Transport in Electro-magneto-hydrodynamics Flow

In this section we will derive solution for the time-fractional temperature distribution due to EMHD flow of a generalized
burger fluid. The energy equation which describes the mathematical model for the temperature distribution ® is [30]

Yo O o00(r,t) o p v ov(r,t), 00O(r,t)
pCr@r( ot )+ pC BV (r+ B )+ ( or y = ot

P P

(45)

where y, represents the thermal conductivity of the fluid and C, represents the specific heat capacity of the fluid at

constant pressure. Let ©, denotes the constant wall temperature through microchannel walls due to combined effects of
viscous and Joule heating [31], then the appropriate initial and boundary conditions are

0(r,00=0,, 0<r<R, (46)
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OR,1)=0,, 0<t. (47)

Using the dimensionless parameters defined in Eq. (13) along with the parameters @ =(©-0,)/(0,-0,),
©, =0R’E’ / k Egs. (45)-(47) become (after dropping * notation)

li(ra—(a)—i-Sz +E(_Ha2u2 +E, (a_u)2 :Pra—G) (48)
ror or or ot
0(r,00=0, 0<r<1 , O0¢t)=0, 0<t, 49)

where the constants E_,H , S, and P are the Eckert number, the Hartmann number, the dimensionless volumetric heat
generation due to Joule heating, and the Prandtl number respectively. These constants are defined as

__(mE) :BR\/ES % GO (50)
‘ /170(®1_®w) ‘ ‘ H ’ (®1_®w) 7o

The time fractional form of temperature distribution can be written as

li(1”@)—1-7)(}’,0:PrCF(?f(*D(r,t), (51a)
ror or
where
D(r,t)=S. +E,HNV(r,t)+E, (%)2, (51b)
A

in which y is the fractional parameter and the velocity v (r,¢)is given by Eq. (44). The Laplace transformed form of Egs.
(50)-(51) along with Eq. (49) is given by

16 00 ~ Prq@

rar o) P T ey 2

r or

0(,¢) =0 (53)

where L{O(r,q)} = 6(}’,5]) and L{D(r,q)} = 5(r,q ). Now we apply the finite Hankel transform to Eq. (52) along with Eq.
(53), we get

3 (I-y)g +y =
@ 5 = D 9
(rn q) [(l—]/)}’nz +P}"]q +}/I”n2 l(rn q) (54)
with
p— 1 J—
Dy(r,,q) = [ 1, (m, ) D(r,q)dr (55)
Denoting by
= A=y +y
D, (r 5 = 5
() 0=y’ +Prig+yr’ (56)
we can rewrite it
e 1
D,(r,,q)=y,+p, ——,
. (7,,9) =7, 'Bq+5n (57)
where
1- P, :
S U4 Ry S G S — (58)
(I=p)r, +Pr [(A=y)r, +Pr] (I=p)r, +Pr
From Egs. (55) and (57),
Dy(r,.t) = LD, (r,,9)} = [, (1), (o, ), (59)
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D,(r,,t) = LD, (r,,q)} =7,5() + e, (60)

where OJ(¢) represents the Dirac delta distribution. By using convolution theorem and Egs. (59) and (60), the Laplace
transformed form of temperature distribution can be written as,

o(r, .t) = y,,Dl(rn,t)+ﬂne’5”‘J. %D (r,,1)dT. (61)

The thermal transport @(7,#) in the electro-magneto-hydrodynamics flow of time fractional form of generalized Burgers'
fluid can be obtained by applying the finite inverse Hankel transform to Eq. (61)

7/ D( 9 ﬂ 5,7
O(r,t)=2 1 m,)+2 n J(W) D (r,,7)dt 62
; J, ,,> ol Z JEr) Je ©
4.1 Special case y =1
We know that
PO _ i gro(r.1). (63)
ot y—l

Applying the limity — 1to Eq. (62) we obtain the thermal transport ®(r,¢) in the EMHD flow of ordinary generalized
Burgers' fluid as,

© e,rnz
o )_P ;J( )

with D, (r,,t)is given by Eq. (59), D(r,t) given by Eq. (51) but with velocity v (r,¢) given by Eq. (44) corresponding to

o). e D( o), (64)

ordinary fluid.

5. Numerical Results and Discussion

The axial unsteady electro-magneto-hydrodynamic flows of fractional generalized Burgers’ fluids within a circular tube
with isothermal surface have been studied. The mathematical model is described by the fractional constitutive equation with
time-fractional Caputo-Fabrizio derivatives with exponential kernel. In the considered model, the histories of the velocity
gradient influence the shear stress. Also, the thermal memory effects are considered in fractional energy equation.

The fluid motion is generated by the combined influence of external electric and magnetic fields and the pressure gradient
in the axial direction. Exact analytical solutions for the fluid velocity and thermal transport have been determined by using the
Laplace transform with respect to time variable ¢ and the finite Hankel transform of order zero with respect to the radial
coordinate 7.

By employing the Mathcad software, numerical calculations were carried out in order to obtain numerical values of
velocity v(r,f) and temperature 7(r,f). In the analytical expressions (44) for velocity and (62) for the temperature needs to know
the positive roots of the equation J,(x)=0. These roots have been determined with the subroutine “root(f{x),x,a,b)” from

Mathcad. In our numerical calculations, we used n = 200 terms in the series solutions (44) and (62). By numerical simulations,
we have observed that the influence of terms corresponding to # > 200 is insignificant.
For the numerical computations presented in this paper, we have used the oscillating pressure gradient

pt)=02+ 0.lcos(3m / 2) +0.05sin(z t), the Hartman number Ha = 0.1, Prandtl number Pr = 7 and the thermal fractional
parameter y = 0.6 .

The influence of permeability K ; of porous medium on the fluid velocity has been analyzed in graphs from Figs. 1- 4. In
these figures we have compared the ordinary fluids corresponding to fractional parameters (a) @ = # =1 with the fractional
ones corresponding to the fractional parameters (b) «, # €(0,1) . We have considered following cases: generalized Burgers’
fluids with 4, =10, 4, =1.9, 4, =0.9, 4, =1.4, Burgers’ fluids for which 4, =10, 4, =1.9, 4, =0.9, 4, =0, Oldroyd-B fluids
characterized by 4, =10, 4, =0, 4, = 0.9, 4, = 0 and Maxwell fluids with 4, =10, 4, =0, 4, =0, 4, =0.

It is observed from Figs. 1-4 that the values of fluid velocity are increasing with the permeability of porous medium. This
fact is due to the Darcy’s resistance which decreases for increasing values of the parameter X . Also, it is important to note that

fractional fluids flow slower than the ordinary fluids. This behavior is produced by the stronger damping of the velocity
gradient in the case of fractional fluids due to the kernel of the Caputo-Fabrizio derivatives (See Eq. (33)). Graphs from Figs.
1-4 reveals that the Burgers’ fluids flow faster that the generalized Burgers fluids and Oldroyd-B fluids, whereas the velocity of
Maxwell fluids has the highest values. The different fluid behaviors are due to the different way in which the gradient of the
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velocity is damped (the mathematical expressions of the damping kernels differ from fluid to fluid).

0.15 T T T T 01 T

T T
a=01,4= 05

~ (b)

01

Veloeity

Velocity

=-0.02

Fig. 1. Velocity profile v (r,t) of Burgers’ fluid (4, =1.4,4,=0.9,4, =1.9,4,=10) fort =1, K =0.1, H, = 0.1 and various values of K,
(a) Generalized Burgers’ fluid; (b) Fractional Generalized Burgers’ fluid.

0.2 T T T T 0.15 T T

(a) a=pal (b) T a=01,B= 03

0.1

Velocity
Velocity
=
S

E=)

05

o T L o T =

Fig. 2. Velocity profile v (r,t) of Burgers’ fluid (4, =0,4, =0.9,4, =1.9,4 =10) fort =1, K =0.1, H, = 0.1 and various values of K
(a) Burgers’ fluid; (b) Fractional Burgers’ fluid.

0.2 T T T T 0.15 T T T T

(a) a=f=1 (b) a=01,p8= 03

0.1

Velocity
(=]
=
-

Fig. 3. Velocity profile v (r,t) of Oldroyd-B fluid (4, =0,4, =0.9,4, =0,4, =10 ) fort =1, K =0.1, H, = 0.1 and various values of K,
(a) Oldroyd-B fluid; (b) Fractional Oldroyd-B fluid.

Fig. 5 has been plotted to highlight the influence of the fractional parameter & on the fluid motion when the fractional
parameter #=0.7 . It can seen from Fig. 5 that for small values of the time ¢, the values of velocity are increasing with the

fractional parameter o while, for large values of the time t velocity values are decreasing with the fractional parameter o .
Fig. 6 has been plotted to highlight the influence of the fractional parameter 4 on the fluid motion when the fractional

parameter & = 0.4 . One can see from Fig. 6 that for small values of the time ¢, the values of velocity are decreasing with the
fractional parameter £ while, for large values of the time t velocity values are increasing with the fractional parameter £ . The

behaviors highlighted in Figs 5 and 6 are due to the time-evolution of the weight function of the velocity gradient in the
constitutive equation, namely %, (1) = L {Faﬁ (q)} with graphs given in Fig. 9.
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Fig. 4. Velocity profile v (r,t) of Maxwell fluid (4, =0,4,=0,4,=0,4,=10)for +=1,K =0.1, H,=0.1
(a) Maxwell fluid; (b) Fractional Maxwell fluid.
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Fig. 5. Velocity profile v (r,t), versus r , of generalized Burgers’ fluid (4, =0.2,4, =0.1,4, =0.8,4, =0.15) for
K =0.1,K,=0.4, H, =0.1 and different values of & with f fixed.
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Fig. 6. Velocity profile v (r,t), versus r , of generalized Burgers’ fluid (4, =0.2,4, =0.1,4, =0.8,4, =0.15) for
K =0.1,K,=0.4, H, =0.1 and different values of f witha < .
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Fig. 7. Profile of temperature ©O(r,t) versus r of generalized Burgers’ fluid (4, =0.4,4, =0.1,4, =0.3,4, =0.15) for
H,=0.1K =45K,=04, E_ =12,y =0.6 and different values of & witha < .
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Fig. 8. Profile of temperature ©(r,¢) versus  of generalized Burgers’ fluid (4, =0.4,4, =0.1,4, =0.3,4 =0.15) for
H,=0.1K =45K,=04, S, =0.6,y =0.6 and different values of & witha < .
Figs. 7 is prepared to demonstrate the effects of S_, the Joule heating coefficient, on the temperature profile together with

fractional parameters. The temperature profile increases with the increase in the values of S_. Fig. 8 represents the effects

of Eckert number £ along with the fractional parameters on the thermal transport. We used higher values of Eckert number E_ .

An

increase in fluid thermal transport is observed with the increase in the values of £, .
In refs. [32, 33], authors used Eckert number to investigate the EMHD thermofluidic temperature profile in a channel flow.

They have used for the Eckert number the values £, =1,1.2,1.4 . For the higher values of Eckert number, a remarkable increase

in thermal transport profile was observed in refs. [32, 33], therefore a good resemblance of the results from this paper it is
found with results given in [32, 33].

Fig. 9. Profile of function F,, ,(¢) versus « for 4, =0.4,4, =0.1, 4, =0.3,4 =0.15, 4 = 0.7 and different values of time? .

6. Concluding remarks

The exact analytical solution of time fractional model EMHD fluid flow through a cylindrical micro channel is derived for

both velocity and thermal transport profiles with the help of Laplace and finite Hankel transforms. The following is a summary
of main findings in the paper.

As anticipated, the drag force falls as the permeability of porous medium rises and this increases the velocity profile for all
kinds of fluids (a generalized Burgers' fluids, a Burgers' fluid, a Maxwell fluid and an Oldroyd-B fluid). This is
resemblance with the fact that velocity profile reduces with permeability. Furthermore an opposite effect is observed with
the increase in the magnitude of applied magnetic fields.

A comparative study has been carried out numerically to distinguish the distinct behavior of ordinary model solutions and
fractional model solutions.

It is observed that we can control the fluid velocity and thermal transport performance with the variation of fractional
parameters.

The ordinary fluid moves slower/faster than the fractional fluid for certain values of time ¢.

The Joule heating parameter can be used to control the fluid thermal transport.

For large values of the Eckert number, increase in fluid temperature is observed.

Fractional order EMHD flow through capillary and its thermal behavior have important applications in Biochip technology.

Thus, our results are also important in the control of liquid samples of nano-volumes present in microfluidic devices. These
liquid samples have applications in medical diagnosis and biological analysis.
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Appendix A
B, =-K,af (A.1)
B, =K,(-a-p+2af - ph —aph) (A2)
B,=K,(-l+a+B-af -2 — ai +2afl — A’ - P, —aBl,), (A.3)
B, =K, (=4 +al + A —afl, — A} + BAT — A, —ald, + 2af4, -2 BAA,), (A4)
B, =K (-4, +ad, + Bl —afd, =244 +2BAA, — BA)), (A5)
By=Kq’ (-4 +BA) (A.6)
By, =—af-Ha’K afp—K ;) ap, (A.7)

P, =—a—Ha’Ka—Kyla—B—-Ha'K ,f—K ] f+2af—K af +2Ha’K jaff +

2 2 2 2 2 (A8)
2K jrlafi - A — Ha'K Ay ~ Ha'K yafh, ~ K yrafphy ~ K 2ok — afid,

P,, =—-1-Ha’K,—K ) +a-K,a+Ha’K a+K o+ -K f+Ha’K [+
K, p—-af+2K af —Ha’K jaff —K v} aff — 4 —Ha’K A —Ha’K a4 — K jr}ad, +
Py =K K 1 B~ K By + 2HaK s, + 2K 12y — Ha'K 32— i - (A9)
HazKoﬂﬂ'z —HazKOaﬂ/Iz _Kornzaﬂ/lz _Ko”nzﬂ? _('MS +K07'nzaﬂ3 _ﬁ/% +2aﬁ%3 -
Ko akdy = phi —Krlak, — o,
B, =-K,+K,a+K,f-K,af-K 4 ~Ha’K A, — K} 2, —K a4, + Ha’K jal, +
K 20 + Ha'K B, + K 12 s + 2K 0~ Ha'K sy ~ K 2, ~ Ha'K 3
K, pA} +Ha’K A} — A, —Ha’K A, — Ha’K jad, —K ;v ald, + A, —K BA, — K v} A, —

K @B, + 2Ha K yafp, + 2K yr2afhy —2Ha K B2y — A+ aidy + B, —afpi, — (A.10)
A2 _Ko”nzﬂ'l/i?» +K0rn2a/11/13 + pAA _Kornzaﬂzﬁ? - P4 —Korn22,4 —ad, +
K rlad, - BA, +2apA, —K 1 ad A, — PAA,
PB,, =—KA+Kad +K pA —Kapl —K A +K pA° KA, —Ha’K A, —K 1}, — (A.11)
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K,al, + Ha’K joA, + K v} ad, + Hi’K A, + K v} pA, + 2K ;oA —Ha’K jafA, —
K rlaf, —2Ha*K A2, —2K BA A, +2Ha K A4, —Ha*K (BA2 = 2,0, — K 122, 2 +
Kornza/lz/% +ﬂﬁz/13 _/14 +Ol/7,4 +ﬁﬂ*4 —0(,314 _/1114 _Kornzﬂqﬂﬂ +K0rnza/1114 + ﬂﬂ‘lﬂﬂ _Ko”nzaﬂzﬁﬂ _ﬂﬂzﬁﬂ

"BS,n = _Ko/iz +Koaﬂ*z +Koﬂﬂ*2 _Koaﬂﬂz _2Koﬂ1ﬂ*z +2Ko:3/11/12 _I{azKoﬂ*z2 -

2 2 2 2 2 (Alz)
K pAZ +Ha*K BA2 = A2, —K 2 2,0, + K 120k 2y + Ao,
By =K, +K pA (A.13)
s B,+Bgq, +B,q' +Bg  +Bg' +Bg’
1 H 0 lqz,n th,n 3qz,n 4qt,n Sql,n $, $l — 1’ 2,3,4,5,6. (A14)

in ;I}G’n fi=iot (qi,n _q‘/'s" )
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