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Abstract: The intent of this analysis is to explore the influence of thermal radiation paired with variable thermal 
conductivity on MHD micropolar fluid flow over an upper surface. The novelty of the present model is to consider 
the fluid flow along an upper horizontal surface of a paraboloid of revolution (uhspr) with the porous medium.  
This physical phenomenon is described by a set of coupled non-linear ODEs by using suitable scaling analysis. The 
ODEs along with the boundary conditions are solved numerically. Influence of various flow parameters on 
momentum, thermal and concentration boundary layers is discussed graphically. It is noticed that the variable 
thickness of the surface has a leading consequence on the boundary layer progression along the surface. Moreover, 
the results of this study are not only useful for industrial applications but also present a basic understanding of the 
physical model. 

Keywords: Micropolar fluid; variable thermal conductivity; thermal radiation; paraboloid of revolution. 

1. Introduction 

   The boundary layer flow on a moving continuous surface is encountered in many engineering and manufacturing processes 
such as quenching of metallic sheets in a chilled bath, ion exchange liquid chromatography columns, subterranean chemical 
waste disposal, aerodynamic extrusion of plastic sheets etc. The problem of flow-induced due to a continuously moving 
surface with constant speed was originally explored by Sakiadis [1]. Crane [2] examined the influence of a stretched surface on 
the time-independent flow of a viscous fluid. The flow of a non-Newtonian fluid towards a stagnation point on a surface of 
stretching was explored by Ishak and co-workers [3]. Elbashbeshy and his associates [4] examined the effect of variable heat 
flux and heat generation on an unsteady porous stretching surface. Waqas et al. [5] reported the flow of a micropolar liquid 
induced by a nonlinear stretching sheet with convective heat condition. Nadeem and his associates [6-8] discussed the heat 
transfer in a micropolar fluid in different geometries. 
   In the engineering and industrial applications such as mechanical, civil, marine and aeronautical structures and designs the 
thickness of the sheet is not uniform and it plays an important role. The weight of structural elements can be reduced through 
the variable thickness and thus use of material is improved. Lee [9] is the pioneer to investigate the boundary layer flow along 
a slender body with non-uniform thickness by highlighting the flow through a needle with variable diameters. This model 
enables to describe the thickness and extensibility of the materials of the sheet which are used in many practical applications. 
Khader and Megahed [10] investigated the effects of varied thickness and partial slip on the boundary layer flow due to a sheet 
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with nonlinear stretching. In their study, it is observed that the local skin friction coefficient improved with growing wall 
thickness parameter for the power-law index is less than one, while a reverse trend is noted when the power-law index exceeds 
unity. In a subsequent paper [11] they examined the thermal radiation and variable thermal conductivity effects on MHD flow 
caused by a stretching sheet. Daniel et al [12] explored the effect of thermal radiation coupled with Newtonian and Joule's 
heating on the boundary layer flow of a thermally stratified nanofluid past a nonlinearly stretching surface with a non-uniform 
thickness. They reported that the non-uniform thickness enhanced the fluid temperature and nanoparticle concentration. 
Several authors [see references 13-19] discussed the heat transfer effects on the boundary layer flows over a thin needle.  
   In aerospace science claims, the pointed edge of a rocket and aircraft are neither vertical nor inclined surfaces. These 
surfaces are of variable thickness and can be treated as the surface of revolution of a paraboloid. The study of fluid flow and 
heat transfer on these surfaces is more complex. In view of these, Davis and Werle [20] derived the numerical solutions to the 
problem governing the fluid flow along a paraboloid of revolution at zero angles of attack. Animasaun and Sandeep [21] 
studied the buoyancy induced flow of a nanofluid over an uhspr with non-uniform thermal conductivity and viscosity. They 
reported that the free convective flow along the surface with variable thickness is more reliable and suitable when the velocity 
power index is less than one. Makinde and Animasaun [22] examined the nonlinear thermal radiation on the chemically 
reactive alumina-water nanofluid containing gyrotactic-microorganism on an uhspr. In their model, the bio-convection is 
imposed assuming the diffusion coefficients of reactant A (bulk-fluid) and reactant B (catalyst at the surface) to be unequal. It 
is found that the local skin friction coefficient is maximum at greater values of thickness parameter while the local heat transfer 
rate is lesser at large values of temperature parameter. Gnaneswara Reddy and Sandeep [23] analyzed the transport 
phenomenon of energy and mass on MHD nanofluid flow past an uhspr. Koriko et al. [24] explored the partial slip impact on 
the boundary layer flow of Carreau nanofluid over an uhspr. They suggested that the buoyancy parameter is responsible for the 
rapid fall of temperature and increase of velocity distributions across the fluid layers. Recently, many researchers [25-31] 
studied numerically/analytically the influence of nanoparticles on heat transfer of a fluid through various flow models. 
   In spite of its several applications not much attention has been paid on the non-Newtonian fluid flows over a non-linear 
stretching surface with varied thickness. So, the main aim of this paper is to explore the effect of thermal radiation and 
buoyancy force on heat and mass transfer of a micropolar fluid flow over an uhspr immersed in a porous medium. A variable 
magnetic field is considered in this model. The content of this investigation is as follows. Mathematical formulation of the 
problem and boundary conditions are presented in section (2). Section (3) contains the method of solution. Section (4) deals 
with the results and discussion. The key features of this investigation are highlighted in Section (5). 

2. Mathematical formulation 

A steady boundary layer flow of an incompressible non-Newtonian micropolar fluid over an uhspr immersed in a Darcy 
porous medium is proposed. The Cartesian coordinate system is chosen such that x-axis is considered along the direction of the 
horizontal surface and y-axis perpendicular to it. It is assumed that the flow of the micropolar fluid under investigation prevails 

in the region   1 / 2m
A x b y

    , where A is a non-negative constant, b is a nonnegative parameter and m is the velocity 

power index pertaining to stretching as illustrated in the Fig.1. The flow is generated by stretching the surface of the paraboloid 
of revolution with a velocity 0 ( )m

wU U x b  , where 0U  is reference velocity. It is pertinent to mention that the origin is 

not the starting point of the flow and the flow starts at the point  (1 )/2
( ,0)

m
A b


. The flow is exposed to a flexible magnetic 

field of strength ( 1)/2
0 ( ) mB B x b   . It is also considered that the magnetic Reynolds number is very small and the electric 

field due to polarization of charges is negligible. The thermal conductivity of the fluid is taken to be variable. The effects of 
buoyancy, thermal radiation are incorporated in the study. The surface thermal convective conditions are considered in the 
investigation. 
The governing expressions for micropolar fluid over an uhspr can be written as (see Refs. [22, 32]): 
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Fig. 1. Schematic flow geometry 

The boundary conditions of the present flow are: 
1

2
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It is reported that the thermal conductivity (T)K approximately varies linearly with temperature in the range from 00 F  to 
0400 F [see Kays [33]]. Following Arunachalam and Rajappa [34], (T)K is of the form 

( ) (1 ) where w
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Using the Rosseland approximation (Rosseland [35]), the radiative heat flux can be reduced in the form: 
* 4

*
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Expanding 4T  in a Taylor series about T as: 
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and then neglecting higher order terms beyond the first degree in  T T , we get 
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In view of the equations (9) and (11), equation (4) reduces as follows: 
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3. Method of solution 

To solve the equations (2) – (4), we consider the following similarity transformations:  
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In view of above similarity transformations, equations (2), (3), (5) and (12) are reduced to: 
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The dimensionless governing equations (14) to (17) are depending on   while the boundary conditions (18) to (21) are 

depending on * . In order to facilitate the computation transform the domain from * ,   to  0, , so we introduce the 
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Equations (14) – (17) together with the boundary conditions (18) – (21) reduce to 
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The corresponding boundary conditions are 
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Physical quantities with engineering applications are the wall drag force fC , the dimensionless wall couple stress wM , 

measure of heat transfer xNu and measure of mass transfer xSh are defined by 
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Using equation (29) in equation (28), we obtain 
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The set of coupled nonlinear ODEs (22) - (25) together with boundary conditions (26) and (27) are solved using the powerful 
RKF-45 algorithm. The correctness of the numerical algorithm is ascertained by comparing our results, viz., ''(0)f for 

various values of velocity power index m with those of Fang et al. [36] and Khader and Megahed [10] 

when 0  , 0M  , 1 0Da  , 0  , 0  , 0Nr  , Pr 0 , 0Sc n  , 1Bi  for * 0.5  and * 0.25  are tabulated 

in Table .1 and it reveals that our results are excellently agreed. 

Table 1. Comparison between the results of the present and previous study for (0)f   when 
1 Pr 0M Da Nr Sc n           , 1Bi   

m  

''(0)f  
* 0.5   * 0.25   

Fang et al. [36] Khader and Megahed [10] Present Fang et al. [36] Khader and Megahed [10] Present 

10.0 
9.0 
7.0 
5.0 
3.0 
2.0 
1.0 
0.5 
0.0 

1.0603 
1.0589 
1.0550 
1.0486 
1.0359 
1.0234 
1.0000 
0.9799 
0.9576 

1.0603 
1.0588 
1.0551 
1.0486 
1.0358 
1.0234 
1.0000 
0.9798 
0.9577 

1.060306 
1.058938 
1.055127 
1.048614 
1.035949 
1.023484 
1.000062 
0.979990 
0.957661 

1.1433 
1.1404 
1.1323 
1.1186 
1.0905 

--- 
1.0000 
0.9338 
0.7843 

1.1433 
1.1404 
1.1322 
1.1186 
1.0904 

--- 
1.0000 
0.9337 
0.7843 

1.143340 
1.140432 
1.132305 
1.118616 
1.090506 

--- 
1.000062 
0.933881 
0.784320 

4. Results and discussion 

The objective of this part is to analyze the impact of free convection, variable thermal conductivity, and thermal radiation 
on the micropolar fluid flow over an uhspr immersed in a Darcy porous medium. The value of velocity power index ( m ) is 
taken to be less than one. The outcome of the analysis is discussed graphically through the flow variables for several sets of 
physical parameters.  

It is clear from Fig. 2 (a) that as the inverse Darcy parameter 1Da increases the fluid velocity is seen to diminish owing to 

the increased Darcy resistance offered by the porous medium. Higher values of 1Da  correspond to greater resistance to fluid 
flow resulting in deceleration of flow and thus the velocities are reduced and the associated hydrodynamic boundary layers are 
thinner. Fig. 2(b) displays the microrotation enhancement across the fluid region 0 1.768   for an increment in 1Da  

and subsequently it decreases with a reduction and later merge and ultimately satisfy the free stream condition. This is in 
conformity with the fact that porosity stabilizes the growth of the boundary layer. Besides smaller fluid mass, the obstruction 
due to the porous medium generates more heat and thus the temperature of the fluid enhances as 1Da is incremented as 

illustrated in Fig. 2(c). In a similar fashion, the species concentration enhances with increasing 1Da as shown in Fig. 2(d). 
   The effect of thermal buoyancy parameter   on the flow field is plotted in Figs. 3(a)-(d). It is noted that increasing values 
of thermal buoyancy parameter have an enhancing effect on velocity and decreasing effect on temperature and species 
concentration profiles. 
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Fig. 2. (a) Velocity (b) Microrotation (c) Temperature and (d) Concentration profiles for various values of 1Da  
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Fig. 3. (a) Velocity (b) Microrotation (c) Temperature and (d) Concentration profiles for various values of   
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Physically, buoyancy force acts as a favorable pressure gradient which accelerates the fluid within the boundary layer. Also, it 
is observed that the enhanced thermal buoyancy leads to the formation of thicker boundary layers. According to the analysis of 
Animasaun [37] and Shah et al. [38] the slope of a linear regression through data points (slp) on the wall is estimated as 
0.119320743099865 and far upstream, that is at 10   it is 0.00002994104728357098 which accounts for the increase in the 

velocity. Microrotation is observed to diminish near the boundary 0 1.414  and later it increases in 1.414 6  and 

eventually attains the free stream velocity as shown in Fig. 3(b). The slope of a linear regression through data points (slp) at the 
wall is -0.067246204058868 accounts for the decrease in micro-rotation while at 2  it is 0.0004029054399767807 accounts 

for the increase. 
Figs. 4 (a) and (b) are the graphs of velocity and shear stress reflecting the influence of velocity power index m  by taking 

7  , * 0.2   and 0.1M   and fixing the other parameters. It is interesting to note that a significant overshoot in velocity 
near the boundary is noticed for 0.2m  . With increment in m  the overshoot of velocity is gradually reduced. The velocity 
distribution across fluid is seen to decrease with increase in m  in the region 0 2.222   and later shows a negligible 

enhancement reaching the far up stream condition as   . The shear stress decreases sharply near the boundary and 

increases later which is corroborated with nature of velocity. We may conclude that velocity and shear stresses are greatly 
influenced by the wall thickness and buoyancy parameters as well as the power index.   
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Fig. 4. (a) Velocity and (b) Shear stress profiles for various values of m          
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Fig. 5. (a): Velocity and (b) Microrotation profiles for various values of *  
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Fig. 5. (c) Temperature, concentration profiles for various values of *  Fig. 6. Temperature profiles for various values of  
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Fig. 7. Temperature profiles for various values of Nr  Fig. 8. Temperature profiles for various values of 1Bi  

The effect of thickness parameter ( * ) on velocity, microrotation, temparature and concentration is plotted in Figs. 5(a)-(c) 
respectively.  It is observed that all the profiles decrease monotonically from the surface to the ambient fluid for different 
values of the thickness parameter. Boundary layer becomes thinner when *  is incremented. Also, the variation is prominent 
in the vicinity of the boundary.  
The nature of variable thermal conductivity parameter   on     is discussed in Fig. 6. It is observed that     rises with 

increment in   as the fluid gets heated more due to the increased thermal conductivity of the fluid. Higher temperatures 
across the fluid layers occur for larger values of Nr  as illustrated in Fig. 7. This is due to the release of thermal energy. The 
thickness of the corresponding thermal boundary layers enlarged.  
Fig. 8 reports the variation of 1Bi on ( )  in the fluid region. Higher values of 1Bi  boost the ( )  across the fluid region 

significantly. Physically, temperature rises due to the presence of the coefficient of heat transfer in the Biot number. Also, 

1 0Bi  , corresponds to the insulated wall where no heat transfer takes place at the wall and 1Bi  , corresponds to the 

case of prescribed surface temperature. 
Figs. 9 (a) – (d) represent the fC , wM , xNu  and xSh versus magnetic field for a variation in the material parameter  . It is 

observed that fC  increases monotonically with the rise in the magnetic field strength and the values of fC significantly 

decrease with increase in  . The profiles of skin friction are concave and radius of curvature of the curves increase with the 

increase in  . When  = 4 there is a 1.38 times reduction in skin friction to that of 1   for 0.1M  , while for 

1M  the reduction is 1.4 folds. Curves of couple stress are slightly convex showing a reduction with M and an enhancement 
with  . As   increases from 1 to 4 couple stress increases from -0.2867 to -0.1446 when 0.1M  and from -0.4661 to -

0.26 for 1M  . The Nusselt number and Sherwood number profiles are convex and their nature is qualitatively exactly 
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opposite to that of the skin friction coefficient.  
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Fig. 9. (a) Skin friction (b) Couple stress coefficient and (c) Nusselt number and (d) Sherwood number distribution with  and M  
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Fig. 10. (a) Skin friction (b) Couple stress coefficient and (c) Nusselt number and (d) Sherwood number distribution with 1Da and   

Figs. 10(a)-(d) represent the fC , wM , xNu  and xSh versus thermal buoyancy parameter    for a variation in the inverse 

Darcy parameter  1Da  Surface drag coefficient is seen to decrease linearly as  1Da  increases while the ratio of thermal 

buoyancy decreases. It is observed that the couple stress coefficient increases linearly with    and the values of couple stress 

coefficient significantly diminish with an increase in  1Da . For the same set of variables, Nusselt number and Sherwood 

number qualitatively show the same behavior as that of the couple stress coefficient. 
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Fig. 11. (a) Skin friction and (b) Couple stress coefficients with ,n m and *      

Figs. 11 (a) and (b) respectively show the relationship between the fC , wM , and thickness parameter *  for different 

variation in n  when 0.4m   and 0.8m  . The surface drag enhances linearly for an increment * , n  and m. The couple 

stress parameter qualitatively shows an opposite behavior for the same sets of variations in , ,n m and * . 

5. Conclusions 

   This investigation brings out a mathematical model to elucidate the effect of variable thermal conductivity, radiative heat 
on the flow of a micropolar fluid on the uhspr through a porous medium. The exactness of the present results is corroborated 
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by comparing with the already published investigations. The analysis shall be helpful to understand the characteristics of heat 
and mass transfer in the flow over an aircraft or on the car bonnet. Some of the findings of the study are: 
 Thickness parameter, velocity power index and buoyancy ratio have a significant influence on the velocity distribution and 

shear force in the fluid region. 
 Material parameters have an increasing influence on the velocity while the magnetic and inverse Darcy and wall thickness 

parameters show a reverse effect.  
 Overshoot of velocity is noticed for higher values of thermal buoyancy ratio parameter. 
 Parameters of thermal radiation, variable thermal conductivity and Biot number have an increasing influence on the 

temperature distribution.   
 Surface drag coefficient is decreased with material parameter while the magnetic parameter shows an increasing tendency. 

Couple stress, Nusselt and Sherwood numbers depict an exact trend to that of surface drag. 
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