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Abstract. This paper presents the numerical elastic solution for a real problem, functionally graded chamber of 
hydraulic gear pumps under internal pressure. Because of the similarity and complexity for the considering 
geometry, a bipolar cylindrical coordinate system is used to extract the governing equations. The material 
properties are considered to vary along the two tangled circles with a power-law function. The two coupled 
governing equations solved by the differential quadrature method. The results are presented for various material 
index and show that the complexity in considering geometry and material inhomogeneity can change the stress and 
displacements value through the geometry efficiently. The results and presented method in this paper for extracting 
and solving the problem can be used for designing similar geometry more accurate. The results of this research are 
compared with those reported in the previous work. 

Keywords: Complex geometry, Bipolar cylindrical coordinate, Functionally graded material, Differential quadrature method, 
Two tangled circles chamber. 

1. Introduction 

In the past few years, a new kind of in-homogeneous composite materials named functionally graded materials (FGMs) has 
attracted the considerable attention of many material scientists and engineers, mainly because recent developments of 
nano/micro-technologies are allowing us to design their microstructures. FGMs are mainly constructed of two different 
materials (e.g. ceramic and metal) and have a smooth and continuous variation of their physical properties along the desired 
direction in geometry. This continuous variation prevents stress concentrations near geometric and material discontinuities, and 
it can have the advantages of both materials like high-temperature resistance of ceramics and ductility and high load bearing of 
metals. On the other hand, the differential quadrature method (DQM) is a recent numerical method that provides an accurate 
and efficient solution of partial differential equations by approximating the partial derivative of a function to a weighted 
summation of that function at intermediate points.  

Using differential quadrature along with discrete singular convolution Ersoy et al. [1] analyzed free vibration of curved 
structural components for FGM and laminated shells. Beni and Dehkordi [2] utilized generalized differential quadrature and 
the Carrera unified formulation to study circular sandwich plates with FGM core. Wang and Yuan [3] presented a two-
dimensional elasticity analysis on sandwich panels using DQM. Hosseini et al. [4] analyzed the effects of strain gradient on the 
thermoelastic response of micro-rotating FGM cylinder using generalize differential quadrature method. By using the three-
dimensional theory of elasticity Demirbas presented thermal stress analyzes of FGM plates that have temperature-dependent 
physical properties[5]. Mehditabar et al. [6] studied FGM cylindrical shells with a three-dimensional thermo-magneto-elastic 
analysis using DQM. Brischetto et al. [7] obtained the exact three-dimensional solution for analyzing free vibration of FGM 
cylinders and plates. They also proposed several 2D numerical solutions including refined and classic generalized differential 
quadrature and finite elements. Parand and Alibeigloo [8] presented a vibration and static analysis of cylindrical sandwich 
shells with FGM core. They used Fourier series expansion to analytically solve cylindrical sandwich shells with simply 
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supported boundary conditions and differential quadrature for the numerical solution of other boundary conditions. Adineh and 
Kadkhodayan [9] carried out a 3D dynamic response and thermo-elastic analysis of a functionally graded multidirectional 
skew plate using differential quadrature method. Fesharaki et al. [10] obtained a 2D exact solution for the electro-mechanical 
behavior of FGM piezoelectric hollow cylinder using complex Fourier series. Eringen’s nonlocal theory of elasticity and the 
modified couple stress theory are utilized to study the nonlinear thermal buckling of FGM micro/nanobeams by Shafiei et al. 
[11]. Zghal et al. worked on vibration and buckling of functionally graded carbon nanotubes-reinforced composite plate [12, 
13]. Yang et al. [14] investigated the buckling and post-buckling of FGM composite beams reinforced with graphene platelets 
using differential quadrature method. Daviran et al. [15] performed a thermal shock analysis on metal-ceramic FGM discs 
reinforced with carbon nanotubes using DQM. Based on von Karman hypothesis and Mindlin’s strain gradient elasticity theory 
Ansari et al. [16] investigated the mechanical behavior of FGM third-order shear deformable microbeams. They used 
variational differential quadrature method along with the pseudo arc-length continuation method and periodic time differential 
operators to achieve the numerical solution to their problem. Atrian et al. [17] derived the analytical solution of the thermo-
electromechanical response of piezoelectric FGM hollow cylinder subjected to non-axisymmetric loads. Bahadori and 
Najafizadeh [18] adopted a generalized differential quadrature method and first-order shear deformation theory in order to 
investigate free vibration of 2D FGM cylindrical shells resting on Winkler-Pasternak elastic foundation. Ansari et al. [19] 
analyzed 3D vibrational and bending of FGM nanoplates by variational differential quadrature method. Zghal et al worked on 
FGM carbon nanotube-reinforced shells under static and dynamic loads [20, 21]. They investigated the effects of length-to-
thickness ratio, carbon nanotube volume fraction, geometrical parameters and boundary conditions on the behavior of shell 
structures. Alibeigloo and Nouri [22] presented a 3D solution static analysis of piezoelectric FGM cylindrical shells using a 
state-space approach and DQM. Thermo-mechanical bending analysis of FGM sandwich plates was carried out by Li et al. 
[23]. They used four-variable refined plate theory along with Navier approach to derive and solve the governing equations. 
Norouzi and Alibeigloo [24] investigated the 3D static of functionally graded viscoelastic cylindrical panels using state-space 
DQM. Using Hamilton’s principle and transverse shear deformation theory for the equation of motion and discrete singular 
convolution method to obtain the eigenvalue problem of the system Civalek investigated free vibration of cylindrical and 
conical shells and annular plates made of FGM and composite laminated materials [25]. Alashti and Khorsand [26] carried out 
a 3D elastic analysis of FGM piezoelectric cylindrical shells subjected to thermal and dynamic loads based on a coupled DQ-
FD method. Using the finite element method, Zghal et al. worked on bending analysis of composites reinforced by graphene-
nanotubes [27]. Frikha et al. worked on functionally graded carbon nanotubes-reinforced composites [28]. Yas and Aragh [29] 
presented the 3D elasticity solution for free vibration analysis of cylindrical panels made of a 4-parameter functionally graded 
fiber orientation composite. Using the standard DQM operators Shojaei and Ansari [30] directly discretized the energy 
functional in structural mechanics to develop a new solution method to simplify numerical structures analysis named 
variational differential quadrature. Setoodeh et al. [31] employed the layerwise theory and differential quadrature method to 
analyze the transient dynamic behavior of cylindrical FGM shells under dynamic pressure. Malekzadeh [32] studied the 3D 
thermal buckling of FGM quadrilateral plates that are arbitrary straight sided with DQM. Jodaei et al. [33] analyzed the free 
vibration of FGM annular plates. They used a differential quadrature method that is state-space based to obtain the frequencies 
of vibration and an artificial neural network comparative behavior modeling for various boundary conditions. Using 
Timoshenko beam theory and DQM Janghorban and Zare [34] investigated free vibration of FGM carbon nanotubes with 
varied thickness. Alibeigloo and Liew [35] presented the elasticity solution of bending behavior and vibration of composite 
beam reinforced with functionally graded carbon nanotubes with piezoelectric layers using DQM. Trabelsi et al. used first-
order shear deformation theory to investigate the thermal buckling and post-buckling of functionally graded plated and 
cylindrical shells [36, 37]. Based on the elasticity theory Heidarpour et al. [38] investigated the thermoelastic behavior of 
rotating cylindrical shells made of laminated FGM using layerwise DQM. Alashti and Khorsand [39] analyzed the 3D 
thermoelastic behavior of FGM piezoelectric cylindrical shells. They used Fourier and polynomial quadrature methods in order 
to obtain the results in thermal, displacement and stress fields. 

In this paper, a functionally graded geometry like a hydraulic pump chamber is investigated. The shape of the chamber is 
considered like two tangled circles. To extract the governing equations and boundary conditions, because of complexity in 
geometry, the bipolar cylindrical coordinate is considered. The material properties are varied along the chamber thickness 
except for the Poisson’s ratio. The two coupled governing equations solved by the differential quadrature method.  

2. Problem Definition 

Consider a thick functionally graded hollow cylinder with two tangled circles. The considering problem is like a hydraulic 
gear pumps chamber. Because of complexity in considering geometry, a bipolar cylindrical coordinate system is considered for 
extracting the equations. The coordinate and considering problem is shown in Fig. 1. 

According to considering special geometry for the problem (two tangled circles hole), the formulation presented in two 
directions. Considering that, “u” and “v” to be the displacements along the two tangled circles and two separate circles 
direction along “ξ” and “h” direction respectively. Thus, in the bipolar cylinderical coordinate system, the relation between 
displacements and strains along the tangled circles and separate circles directions presents (from Appendix A): 

 cos cos sinhu
v

a a
  


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Fig. 1. (a) and (b) schematic of two kinds of hydraulic gear pumps, (c) real hydraulic gear chamber, (d) considering coordinate (Bipolar 
cylindrical coordinate) 

The relation between strain and components for considering geometry can be expressed as: 

1211
g gT N N        (2a) 

12 22
g gT N N        (2b) 

122 gT N    (2c) 

where the ( , 1, 2,3)g
ijN i j  and ( , , )ijT i j   are the elastic coefficients and stress tensor component respectively. The 

superscript “g” is used to show the functionally graded material properties. For considering the functionally graded properties 
for material, suppose that all material coefficients are graded through the two tangled circles direction “ξ”, thus the material 
properties are functions of “ξ” as: 

    ( , 1, 2, 3)ij
g p
ijN N i j   (3) 

where ijN and “p” are the outer surface of cylinder property and power-law index for FGM properties respectively. Also, 

irrespective of the body force, for a functionally graded cylinder with two tangled circles hole, the equilibrium equations in 
bipolar the cylindrical coordinate system are expressed as (from Appendix B): 

sin
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Substituting equations (1)-(3) into Eqs. (4) and (5), based on displacement components the two coupled governing 
differential equations express: 

1
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where the constants 1c to 19c are presented in Appendix C.  

To specify the displacements along two tangled circles and separate circles directions, two couple equilibrium equations (6) 
and (7) should solve simultaneously. Solving the differential equations (6) and (7), need four boundary conditions from all 
possible boundary conditions at the inner and outer surfaces that present: 
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Also, by substituting Eq. (1) into Eq. (2), the values for normal and shear stress in terms of displacements yields: 
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But solving coupled equations (6) and (7) analytically is very difficult. So a powerful numerical method (differential 
quadrature method-DQM) used to solve the governing equations (6) and (7).  

3. Solution by DQM 

Differential quadrature method is adopted to solve the equilibrium equations subjected to the desired boundary conditions. 
DQM is an efficient and accurate method of solving the partial differential equation that was first proposed by Bellman et al. 
[40]. Some of the advantages of DQM includes converging the solution accurately with a comparatively small number of 
discretization points and it is a simple adoption procedure that can easily implement various boundary conditions. This method 
approximates the partial derivative of a function in respect to coordinate variable at a node by a linear weighted summation of 
the function values of all nodes in that directions. The nth derivative of a function U(x) can be approximated as follows 
according to the DQM: 
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( )

1
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n N n
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Equation (12) is the general form of the differential quadrature rule in which ( )n
ikA are the thn order weighting coefficients in 

the x-direction and “N” is the number of grid points in the x-direction. The weighting coefficients can be calculated by using 
various kinds of test functions. In this problem, the polynomial test function is used in the radial direction (ξ) and to satisfy the 
continuity condition in the circumferential direction (h) harmonic test function is used as follows: 

2
10( ) ( cos sin )

N

m k k

kx kx
f x c c d

L L
    (13) 

( )

( )
( ) ,    k=1, 2, ..., N

( ) ( )
m l

m m

M x
g x

x x M x



 (14) 

( )
1,1 2( ) ( )( )...( ) ( ) ( )l N

m m iN i i mM x x x x x x x M x x x        (15) 

where f(x) is the harmonic test function and ( )mg x is the polynomial test function. Using the above equations and applying 

them at N grid points, one can calculate the weighting coefficients for each grid point at the desired direction. Subsequently, 
the explicit formulations to calculate the weighting coefficients are obtained as [41]: 
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where , ,ij ij ija b a   and ijb denote the weighting coefficients of the first- and second-order derivatives in the x-direction and first- 

and second-order derivatives in h direction, respectively. Therefore, with the above weighting coefficients that are in one 
dimension, the approximation can be extended to two-dimensional formulation with the first and second order derivatives 
defined by: 
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By implementing equations (12) to (24) into equations (6) and (7) the differential quadrature approximation of the 
equilibrium equations and stresses yield as: 
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and coordinates of sampling points used in the x and h directions are defined respectively as: 
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The differential quadrature discretized form of the equilibrium equations and boundary conditions can be expressed in 
matrix form as: 
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db dd d

K K f

K K





   

     
 (32) 

where K represents the stiffness matrices and subscripts d and b represent domain and boundary points, respectively. d and 

b are, respectively, the displacement vector components (U, V) of the domain and boundary sampling points. By solving Eq. 

(32), an eigenvalue problem, one can obtain the displacement vectors at every grid point. 
 

4. Results and Discussion 

In order to present the results, consider a cylinder with the inner and outer boundaries at x=p/3 and x=p/4 respectively. 
Because the geometry of the considering problem with respect to both the X and Y axis is symmetric, only the first quarter of 
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the considering geometry is solved to simplify the problem. Considering the material properties at the inner boundary are 
considered as: 11 12 13 2294 9 ,  40.4 9 ,  53.8 9 ,  94 9N e MPa N e MPa N e MPa N e MPa    . The inner boundary is subjected to 

hydrostatic pressure and the outer boundary is clamped along x and h directions: 

610                        , at / 3

0                               , at / 3

( , ) ( , ) 0        , at / 4

T Pa

T

V U





 

 

     

 

 

  

 (33) 

Figures 2, 3 and 4 show the tangled circles stresses along a line in a specific direction h= 0, 1, 2 for different material 

inhomogeneity respectively. From Fig. 2, it can be seen that initially the value of T decreases and then increases again from 

the inner boundary to the outer boundary respectively and this behavior is repeated for all inhomogeneity indexes. But the 

material index has little effect of stress in this direction. It can be seen from Fig. 3 that theT stress decreases from the inner to 

the outer boundary and the slop of the decrease is steeper near the inner boundary and gets more gradual near the outer 
boundary. It can be seen that the stress values have the same manner for all material inhomogeneity but at index p = -1 it has 
the minimum values of stress and the smoothest transition from inner to outer boundary. Figure 4 shows that the stress 

T decreases from the inner boundary to the outer boundary. Also, it can be seen in Figs. 2 and 4 that material inhomogeneity 

index changes don’t make a noticeable change in T stress values along h = 0 and 2 directions so the changes with material 

inhomogeneity in midpoints have more values. 

 

Fig. 2. T stress for the various material index at h = 0 Fig. 3. T stress for the various material index at h = 1 

 

Fig. 4. T stress for the various material index at h = 2 Fig. 5. T stress for the various material index at h = 0 

Figures 5, 6 and 7 each show the T stress along a line in a specific direction h = 0, 1, 2 respectively for different material 

inhomogeneity. It can be seen that at h = 0 and 2 the effect of inhomogeneity index decreases from the inside boundary to 

outside so that it almost has no effect near the outside boundary. It can be seen in Fig. 6 that the T stress has the lowest 

stresses near the material inhomogeneity p = -1 and also changes in stress are smoother in comparison to other indexes. 
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Fig. 6. T stress for the various material index at h = 1 Fig. 7. T stress for the various material index at h = 2 

  
Fig. 8. T stress for the various material index at h = 0 Fig. 9. T stress for the various material index at h = 1 

Figures 8, 9 and 10 show the shear stress T along three considering direction h = 0, 1, 2 for various material 

inhomogeneity. Figure 8 shows the shear stress increases from the inner boundary to the outer boundary and the inhomogeneity 
index has little to no effect on the amount of stress. It can be seen in Fig. 9 that the stress raises almost linearly from the inner 
to outer boundary and has the lowest stress at index p = -1 and at h = 2 the slope of stress is steep near the inner boundary and 
the stress is rising then near the outer boundary it starts falling gradually. Also, it can be seen from Fig. 9 that the shear stress in 
midpoints changes linearly with material inhomogeneity. 

 
Fig. 10. T stress for the various material index at h = 2 

 To show the 3D stress in the thickness of considering geometry, Figs. 11 to 13 are presented. In these figures, the material 

inhomogeneity index considered as p=1. Figure 11 shows T stress through one-quarter of the geometry for p = 1. It can be 

seen that the boundary conditions considered in Eq. (15) are satisfied. Also, we can observe that in x = 1 we have the maximum 
stress as we can expect from the geometry. It is clear that the stress at the inner surface satisfies the boundary condition but the 
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stress at the outer surface changes according to the shape of the geometry. Figures 12 show the T through the thickness of 

the geometry and it can be seen that at h = 0 the changes in stress is almost linear and gradually changed. But at higher values 
for h the changes in stress has more changes. Figure 13 shows the shear stress by considering geometry. We can see the 
increase in shear stress in both considering geometry directions because of the asymmetric geometry of the problem. Also, the 
boundary conditions are satisfied according to Eq. (15). 

 
Fig. 11. T stress in the FGM geometry for p = 1 Fig. 12. T stress in the FGM geometry for p = 1 

Fig. 13. Shear stress in the FGM geometry for p = 1 Fig. 14. x displacement in the FGM geometry for p = 1 
 

 
Fig. 15. h displacement in the FGM geometry for p = 1 

Figures 14 and 15 present the displacements along x and h directions through the thickness of the geometry respectively. 
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According to the considered boundary conditions we can see that the displacements at the outer boundary in both figures lead 
to the value zero. Also, it can be seen that the x displacement has a maximum value it the middle of the inside of the geometry 
and it changes along x and h directions. 

5. Validating of the Results 

To validate the results, considering h = 0 and 6 3     for considering geometry at bipolar cylindrical coordinate. 

Using Eq. (A1), the geometry at this point, changes to a hollow cylinder with the inner and outer radius equal to Ri=1.73 and 
Ri=3.73 respectively. By considering these condition, the results can compare with reference [42]. For comparison purpose, we 

consider the material index m = 0.5 for the inhomogeneity. Figure 16 shows the stress T through the thickness to compare the 

results presented in this paper and the results reported in reference [42]. It can be seen that there is good agreement between the 
results.  

 

Fig. 16. Comparison of stress T  between the present results and those of ref. [42] for a power law index p = 0.5 

6. Conclusion 

This paper presents a numerical solution for a real problem, functionally graded chamber of hydraulic gear pumps. Because 
of the complex considering geometry and similarity, a bipolar cylindrical coordinate system is considered for governing 
equations and boundary conditions. The material properties are varied along the two tangled circles with power-law function. 
By considering the problem, the governing equations lead to two coupled differential equations. To solve the governing 
equations, differential quadrature method is used. The results show that the material inhomogeneity and considering geometry 
can change the stress value efficiently. The results and presented method for extracting and solving the problem in this paper 
can be used for designing similar geometry more accurate. The results of this research are compared with those reported in the 
previous work. 
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Appendix A 

The relation between Cartesian and bipolar cylindrical coordinate is presented as [43]: 
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and by the intersection of the coordinates, the coordinate curves take the form: 
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and the unit vector for each direction yields: 
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Consider the displacement vector in the bipolar cylindrical coordinate as: 
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Also, the strain tensor takes the form: 
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Substituting Eq. (A5) into (A6) and using Eqs. (A1)-(A4), the strains in the bipolar cylindrical coordinate system are 
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Appendix B 

The static equilibrium equation in a linear elastic material can be given by 

, 0      , 1, 2, 3i
i j iT b i j    

where ,
i

i jT is the stress tensor, r is the density, and ib is the external body forces per unit mass. Assuming an orthogonal 

coordinate system, the stress tensor can be expressed as [43]: 
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where “g” is the metric components of the orthogonal system and can be expressed as: 
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and the equilibrium equations in terms of physical components are expressed as: 
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where there is no summation on “i”. Using equations (A1) and (B1)-(B4), the equilibrium equation irrespective of the body 
force along the “x” and “h” directions yields 

sin
( ) 0

(cosh cos )

2 sin sinh
( ) 0

(cosh cos ) (cosh cos )

T T
T T

T T
T T T

 
 

 
  



   

 

     

 
   

  

 
    

   

 

 

Appendix C 

The material property constants for equations (6) and (7) are 
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