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Abstract. In this research, a numerical algorithm is employed to investigate the classical Blasius equation 
which is the governing equation of  boundary layer problem. The base of  this algorithm is on the development 
of  RCW (Rahmanzadeh-Cai-White) method. In fact, in the current work, an attempt is made to solve the 
Blasius equation by using the sum of  Taylor and Fourier series. While, in the most common numerical 
methods, the answer is considered only as a Taylor series. It should be noted that in these algorithms which 
use Taylor expansion, the values of  the truncation error are considerable. However, adding the Fourier series 
to the Taylor series leads to reduce the amount of  the truncation error. Nevertheless, the results of  this 
research show the RCW method has the ability to achieve the accuracy of  analytical solution. Moreover, it is 
well illustrated that the accuracy of  RCW method is higher than the Runge-Kutta one. 

Keywords: Boundary layer, Blasius equation, Initial value problems, RCW method. 

1. Introduction 

The viscous fluid flow over a semi-infinite flat plate is one of  the important and benchmark problems in fluid 
mechanics [1-5]. Using the boundary layer theory, the governing partial differential equations of  this problem (Navier-
Stokes equations) can be become simpler [6-10]. In many cases, these simplified partial differential equations can be 
transformed into a nonlinear ordinary differential equation, using a similarity parameter. In fact, using this strategy, the 
hydrodynamic behaviors of  fluid flow over a flat plate can be determined by solving an ordinary differential equation 
[11-14]. For example, the governing equation for the steady laminar flow over a semi-infinite flat plate can be described 
as follows [15]: 
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The above equation is well-known as the Blasius problem which is one of  the basic and favorite problems in fluid 
mechanics. For the first time, the following analytical solution was presented for this problem by Blasius [16]: 
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In this equation, 0 1 1A A   and  
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However, it is noteworthy that the convergence of  the analytical solution is difficult, especially for x ≥ 5. Due to this 
difficulty, this problem has been extensively analyzed by many researchers. These researches include many numerical 
and analytical solutions.  
Most of  the numerical solutions of  this problem are based on the algorithms proposed for solving the ordinary 
differential equations. In most of  these approaches, Taylor expansion (a polynomial) is used as an answer [17-19]. 
Sometimes, it is somehow possible to guess the overall form of  the answer from physics of  the problem or boundary 
conditions. But it should be noted that in most numerical approaches which use Taylor expansion, this guess cannot be 
applied [20-22]. 
One of  the most attractive and effective methods for numerical solution of  ordinary differential equations is RCW 
method. This method was presented for the first time in 2013 by Rahmanzadeh, Cai and White [23]. To understand how 
to solve differential equations with this method, consider the following differential equation: 

1( , , ,..., )n ny f x y y y   (4) 

To estimate the answer of  this ordinary differential equation, a polynomial of  degree n is used as follows: 

1
0 1 0 0 0( ) ( ) ( ) ... ( ) ...n n m

n n my x a x x a x x a x x a
          (5) 

The polynomial coefficients in Eq. (5) are divided into two groups: the free coefficients and the fixed coefficients. The 
numbers of  1m  coefficients are considered as fixed coefficients and can be obtained using the boundary conditions 

0 1( , ,..., )ma a a . 

To choose the free coefficients 1 1( , ,..., )n n ma a a  , the error function is first introduced as: 
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Then, an attempt is made to minimize this function. In the above equation, the function of  R  is called the residual 
function and is defined and calculated as the following: 

1
1 1( , , ,..., ) ( ) ( , ( ),..., ( ))n n

n n mR x a a a y x f x y x y x
     (7) 

In fact, the residual function ( )R is difference between exact solution and approximation solution. Therefore, square of  

this function 2( )R must be integrated in the Eq. (5). It should be mentioned that the error function can be minimized by 

using the different optimization methods, such as the Nelder-Mead simplex and genetic algorithms [24]. 
According to what was said above, an attempt is made in this paper to solve the Blasius problem by using the RCW 
method. To reach this goal, it is first necessary to develop this method. In fact, the proposed and used answer in this 
paper for solving the Blasius problem is as follows: 

1
0 1 0 0( ) ( ) ( ) ... ( )n n

n ny x a x x a x x a f x
        (8a) 

where 

0 0( ) sin( ) cos( )f x A x x B x x     (8b) 

As it is seen from the above equations, the answer of  Blasius problem is considered as the sum of  Taylor and Fourier 
series. In fact, the main intention of  this research is to show that the RCW method has the ability to use other functions 
unless polynomial function with the help of  error function. The full details of  this method are presented in the next 
sections. 

2. Theory 

In this section, an attempt is made to develop the RCW method for solving the Blasius problem. Consider the 
presented Blasius equation with their boundary conditions (Eq. (1)). In this equation, the values of  (0)y   is not clear. 
Since the RCW method is presented to solve the initial value problems; therefore, it is first necessary to determine the 

(0)y   value. To find the (0)y   value, it is assumed that at a certain point ( 8)x  , the following conditions are 

consistent, simultaneously: 

1y         and         0y    (9) 
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According to the above explanations, and by applying the Shooting method [25], the boundary value problems in Eq. (1) 
can be converted to an initial value problem as follows: 

(3) 0.5 0     . . :   (0) 0,  (0) 0,  (0) ky y y I V y y y t        (10) 

(3) 0.5 0.5 0     . . :   (0) 0,  (0) 0,  (0) 1z y z yz I V z z z          (11) 

It should be mention that the kt is guessed value of  (0)y   which can be modified by using the Newton’s method as 

follows:  
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In fact, Eqs. (10) to (12) are coupled together and must be solved simultaneously. To solve the Eqs. (10) and (11) by using 
RCW method [26], the following answers are considered:  
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The 3 2 1 0 3 2 1, , , , , ,y y y y z z za a a a a a a and 0 za coefficients are the fixed coefficients which are determined by using the initial 

conditions. In order to obtain other coefficients (the free coefficients), it is necessary that the functions of  ( )y x  and 

( )z x be substituted into Eqs. (10) and (11). Then, by using the residual function according to Eq. (7), the following 
relationships can be presented: 

(3)
1 4 4( , , , , ) ( ) 0.5 ( ) ( )y zR x A B a a y x y x y x   (15) 

(3)
2 4 4( , , , , ) ( ) 0.5 ( ) ( ) 0.5 ( ) ( )y zR x A B a a z x y x z x y x z x     (16) 

These residual functions are used to determine an error function based on the Eq. (6), as follows: 

0

0

2 2
4 4 1 2( , , , ) ( )

x h

y z
x

e A B a a R R dx


   (17) 

The next step to obtain the A, B, 4 ya  and 4 za coefficients is the minimizing of  error function. To minimize the error 

function, it is needed to derive from this function on the A, B, 4 ya  and 4 za  variables as follows: 
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Eqs. (18) to (21) include a nonlinear algebraic system of  equations that can be solved by Newton method by using the 
initial approximations for A, B, 4 ya  and 4 za  as follows: 
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where J  is:  
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 (23) 

3. Results 

Based on what is said in the previous section, the following algorithm can be used to solve the Blasius equation: 
1- An initial value for kt is guessed, such that (0) ky t   

2- The fixed coefficients of  ( )y x  are calculated by using the boundary conditions as follows: 

4
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3- The fixed coefficients of  ( )y x  are replaced in Eq. (13), such that: 
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4- The residual function and the error function derivatives for ( )y x  function are formed as: 
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5- The initial values of  A, B, and 4 ya in ( )y x are guessed. Then, the new values of  these variables are obtained, until 

convergence is reached: 
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The above integrals can be calculated numerically. After calculating them, the free coefficients of  ( )y x  function ( ,  A B  

and 4 )ya are obtained during a step length. For the next step length, calculations can be done from the third step.  

6- Now, it is necessary to evaluate the guessed amount of  kt . For this purpose, Eq. (11) is solved by using the described 

method in above. After calculating and replacing the fixed coefficients of  ( )z x in Eq. (14), the function of  ( )z x is 
obtained as follows: 

(3)
3 20 0
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7- The residual function and the error function derivative for ( )z x function are formed as follows: 
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8- An initial value for 4 ya is guessed and then the new value of  it is obtained as follows: 
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   (37) 

9- The new value of  kt  can be obtained from the Eq. (12). 

10- Steps 2–9 are repeated until the convergence of  the kt  is obtained  

In Table 1, the obtained values of  A, B, and 4 ya in different length steps are shown. It should be mentioned that in the 

presented calculations, the step length is considered to be 1.25h  . Also, the value of  0( )y x is calculated 

to 0.332057336 . 

Table 1. The obtained values of  ,  A B and 4 ya in different length steps 

x  A  B  4 ya  

0-1.25 -0.05370927 0.01248 -0.0005228 
1.25-2.5 -0.02922 -0.08582 0.001124 
2.5-3.75 0.079824 -0.00682 -0.0009045 
3.75-5.0 0.017207 0.050786 3.78 × 10-5 

To verify the accuracy of  computations of  RCW method in solving the Blasius equation, the values of  ( )y x are 
compared with the analytical data of  Blasius [16] and the approximate analytical data of  Ref. [27] in Table 2.  

Table 2. Comparison of ( )y x values with the analytical data of  Blasius [16] and the approximate analytical data of  Ref. [27] 

x  RCW method Analytical solution of  Blasius [16] Approximate analytical data of  Ref. [27] 
0.4 0.0266 0.0266 0.0266 
0.8 0.1061 0.1061 0.1061 
1.2 0.2379 0.2379 0.2379 
1.6 0.4203 0.4203 0.4203 
2 0.6500 0.6500 0.6500 

2.4 0.9223 0.9223 0.9223 
2.8 1.2310 1.2310 1.2311 
3.6 1.9295 1.9295 1.9297 
4.4 2.6924 2.6924 2.6922 
5.0 3.2833 3.2833 3.2827 

Table 2 shows that the results obtained by RCW method are in excellent agreement with analytical data even for the high 
values of  h . In order to have a comparison between the results of  RCW method and another numerical solution, the 
Blasius equation is solved by Runge-Kutta (RK) method with the same step length ( 1.25)h  .  
In order to show the difference between the results of  RCW and RK methods, the amount of  Error in computing the 
values of  ( )y x are presented in figure 1. It should be mentioned that the Error is defined as: 

log cal analyticalError y y   (38) 

where, caly denotes the numerical solutions of  ( )y x and analyticaly denotes the analytical solution of  ( )y x .  

As it is shown in Fig. 1, the amounts of  Error in RCW method are much lower compared to the amounts of  Error in RK 
method. 
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Fig. 1. Comparison of  the results of  RCW and RK methods in solving the Blasius equation 

4. Conclusions 

The main goal of  this paper was to develop the RCW method for solving the Blasius problem. In the modified RCW 
method, the answer of  this problem was considered as the sum of  the Fourier series and a polynomial of  degree 4. In 
this method, the coefficients of  answer were divided to free and fixed groups. The fixed coefficients were obtained from 
boundary conditions, while the free coefficients were calculated by minimizing the error function. The results of  this 
work showed that there is an excellent agreement between the RCW approach and analytical solution. 

Conflict of Interest  

The authors declared no potential conflicts of  interest with respect to the research, authorship and publication of  this 
article. 

Funding  

   The authors received no financial support for the research, authorship and publication of  this article. 

References 

[1] Ahmadi, G., Self-similar solution of incompressible micropolar boundary layer flow over a semi-infinite plate, 
International Journal of Engineering Science, 14(7), 1976, 639-646. 
[2] Fang, T., A note on the unsteady boundary layers over a flat plate, International Journal of Non-Linear Mechanics, 43(9), 
2008, 1007-1011. 
[3] Aziz, A., A similarity solution for laminar thermal boundary layer over a flat plate with a convective surface 
boundary condition, Communications in Nonlinear Science Numerical Simulation, 14(4), 2009, 1064-1068. 
[4] Li, Y., Rao, Y., Wang, D., Zhang, P. and Wu, X., Heat transfer and pressure loss of turbulent flow in channels with 
miniature structured ribs on one wall, International Journal of Heat and Mass Transfer, 131, 2019, 584-593. 
[5] Ushida, A., Shuichi Ogawa, S., Narumi, T., Sato, T. and Hasegawa T., Pseudo-laminarization effect of dilute and 
ultra-dilute polymer solutions on flows in narrow pipes, Experimental Thermal Fluid Science, 99, 2018, 233-241. 
[6] Najafi, E., Numerical quasilinearization scheme for the integral equation form of the Blasius equation, Computational 
Methods for Differential Equations, 6(2), 2018, 141-156. 
[7] Sewell, G., The numerical solution of ordinary and partial differential equations, John Wiley & Sons, New York, 2005. 
[8] Parand, K., Dehghan, M. and Pirkhedri, A., Sinc-collocation method for solving the Blasius equation, Physics Letters 
A, 373(44), 2009, 4060-4065. 
[9] Iacono, R. and Boyd, J. P., Simple analytic approximations for the Blasius problem, Physica D: Nonlinear Phenomena, 
310, 2015, 72-78. 
[10] Cortell, R., Numerical solutions of the classical Blasius flat-plate problem, Applied Mathematics and Computation, 
170(1), 2005, 706-710. 
[11] Chavaraddi, K. B. and Page, M. H., Solution of Blasius equation by adomian decomposition Mmethod and 
differential transform method, International Journal of Mathematics and its Applications, 55, 2018, 219–1226 
[12] Jafarimoghaddam, A. and Aberoumand, S., Exact approximations for skin friction coefficient and convective heat 
transfer coefficient for a class of power law fluids flow over a semi-infinite plate: Results from similarity solutions, 
Engineering Science and Technology, An International Journal, 20(3), 2017, 1115-1121. 



Application of  the RCW Method for the Solution of  the Blasius Problem  
 

Journal of  Applied and Computational Mechanics, Vol. 6, No. 1, (2020), 105-111 

111 

[13] Benlahsen, M., Guedda, M. and Kersner, R., The generalized Blasius equation revisited, Mathematical and Computer 
Modelling, 47(9-10), 2008, 1063-1076. 
[14] Wang, L., A new algorithm for solving classical Blasius equation, Applied Mathematics and Computation, 157(1), 
2004, 1-9. 
[15] Munson, B. R., Okiishi, T. H., Huebsch, I. W. W., Rothmayer, A. P., Fundamentals of fluid mechanics, Wiley 
Singapore, 2013. 
[16] White, F. M., Fluid mechanics, McGraw-hill, 1986. 
[17] Brugnano, L. and Magherini, C., Blended implementation of block implicit methods for ODEs, Applied Numerical 
Mathematics, 42(1-3), 2002, 29-45. 
[18] Ibáñez, J. J., Hernández, V., Ruiz, P. A. and Arias, E., A piecewise-linearized algorithm based on the Krylov 
subspace for solving stiff ODEs, Journal of Computational Applied Mathematics, 235(7), 2011, 1798-1804. 
[19] Brugnano, L., Magherini, C. and Mugnai, F., Blended implicit methods for the numerical solution of DAE 
problems, Journal of Computational Applied Mathematics, 189(1-2), 2006, 34-50. 
[20] Fazio, R., A novel approach to the numerical solution of boundary value problems on infinite intervals, SIAM 
Journal on Numerical Analysis, 33(4), 1996, 1473-1483. 
[21] Fang, T., Guo, F. and Chia-fon, F. L., A note on the extended Blasius equation, Applied Mathematics Letters, 19(7), 
2006, 613-617. 
[22] Catal, S., Some of semi analytical methods for Blasius problem, Applied Mathematics, 3(7), 2012, 724-728. 
[23] Rahmanzadeh, M., Cai, L., and White, R. E., A new method for solving initial value problems, Computers and 
Chemical Engineering, 58, 2013, 33-39. 
[24] Nelder, J. A. and Mead, R., A simplex method for function minimization, The Computer Journal, 7(4), 1965, 308-
313. 
[25] Bock, H. G., Diehl, M. M., Leineweber, D. B., Schlöder, J. P., Nonlinear Model Predictive Control, Birkhiiuser Verlag 
Basel, Switzerland, 2000. 
[26] Rahmanzadeh, M. and Barfeie, M., An explicit time-stepping method based on error minimization for solving stiff  
system of  ordinary differential equations, Malaysian Journal of  Mathematical Sciences, 12(2), 2018, 267-283. 
[27] Ahmad, F. and Al-Barakati, W. H., An approximate analytic solution of  the Blasius problem, Communications in 
Nonlinear Science Numerical Simulation, 14(4), 2009, 1021-1024. 
 

© 2020 by the authors. Licensee SCU, Ahvaz, Iran. This article is an open access article distributed under 
the terms and conditions of  the Creative Commons Attribution-NonCommercial 4.0 International (CC 

BY-NC 4.0 license) (http://creativecommons.org/licenses/by-nc/4.0/). 
 


