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Abstract: In this paper, the buckling and vibration behaviour of functionally graded flexoelectric nanobeam is
examined. The vibration and buckling formulations of functionally graded nanobeam are developed by using a new
theory that’s presented exclusively for flexoelecteric nano-materials. So by considering Von-Karman strain and
forming enthalpy equation based on displacement, polarization and electric potential, electromechanical coupling
equations are developed base on Hamilton’ principle. By considering boundary condition of simply support and
clamped-clamped and also Euler-Bernoulli beam model, pre-buckling, buckling and the vibration behavior of
functionally graded nanobeam affected by flexoelectric will be investigated.

Keywords: Flexoelectric effect, Functionally graded nanobeam, Piezoelectric effect, Size-dependent, Euler-Bernoulli beam
model.

1. Introduction

Beams play an important role in mechanical and electromechanical systems such as sensors and actuators. They are often

exposed to dynamic and static stimulation. Vibrations and natural frequencies and buckling are important subjects in beam
analysis. Many studies have been done on natural frequency and critical buckling load.
Because of commercial uses of micro-electromechanical systems (MEMs) and nano-electromechanical systems (NEMs), they
have been studied in recent decades [1]. For example, recently electromechanical mirrors for light switches have revolutionized
communication industry [2]. Todays, micro/nano systems have important position in many scientific and industrial areas. Most
of systems operate based on vibration and beam deflection in micro/ nano dimensions; so study and control of micro/nano beams
behavior is of great importance. Among micro/ nano particles, clamped- clamped beams by using electrostatic or piezoelectric
stimulation have great usages. For example, cantilever beams have been used in atomic microscopes, microswitches and
accelerometers, and clamped-clamped beams used in micromirrors.

Normal dimensions of microelectromechanical systems are some micrometers to hundred of micrometers. Technological
importance of microelectromechanical systems are not only limited to their sizes but also it’s because of their usage in
technologies of flat processing in integrated electric circuits and also their simultaneous use with so many partially simple
mechanical systems. Nanoelectromechanical systems are shown with their small dimensions. These dimensions are related to
systems operation. Critical sizes may be hundreds or a few nanometers. New physical characteristics that derived from small
dimension coped with systems operation so it’s possible to need a new model.
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For finding a solution to understand the importance of nanotechnology in beams we should know them. Nano and micro
beams are widely used in systems and nano and micro sized devices like biosensors, nanowires, atomic microscopes,
microstimulators, films with a few thicknesses and microelectromechanical and nanoelectromechanical systems. It’s not easy to
design and analyze these systems and machines because electromechanical problems are generally nonlinear and secondly
important phenomena like pull-in instability, electromechanical buckling, dynamic buckling, vibration and other problems and
related design should be searched.

Piezoelectric has capability of changing mechanical energy to electric energy and vice versa. When a piezoelectric material
is exposed to stress or mechanical pressure, proportion to this pressure, an electric potential will produce that’s called direct
piezoelectric effect. So if piezoelectric material is exposed to electric field, proportion to this field, a mechanical deflection will
happen, that’s call inverse piezoelectric [3].

Piezoelectric is well investigated in bulk materials and recently it has been noted in nanomaterials. For showing anisotropic
characteristics like piezoelectricity, materials should not center of symmetry. 21 crystals of 32 known crystals don’t have center
of symmetry and 20 of these 21 crystals have piezoelectric characteristic in their longitudinal axis. 10 of these 21 crystals have
only one longitudinal axis that are called polarized crystals and have self-polarized characteristics. This self-polarized
characteristics depend on temperature and in fact temperature leads to electric pole in material and is known as pyroelectricity.
Crystals with pyroelectric characteristics by exposing to electric field will decrease or fade their self-polarized effect and called
ferroelectric crystals [4].

Common electromechanical coupling between electric polarization and stable strain is unique for noncentrosymmetric
crystalslike piezoelectric material [5]. Although presence of a strain gradient or non-uniform strain function can disturb inverse
symmetry, and produce an electric polarization even in dielectric centrosymmetric crystals [6]. This auto electric polarization
that’s caused by strain gradient called flexoelectricity that is proportioned with flexoelectric coefficient and the amount of strain
gradient. It’s expected that flexoelectricity be weaker than piezoelectricity however it’s possible to have a striking role in
nanoscale because of the fact that strain gradient has an inverse proportion with scale structure characteristics [7].

So, it’s necessary to consider the flexoelectric effect on studying electromechanical coupling in dielectric. Recently flecxoelectric
leads to an increase in scientific interests and research activities. A special use of flexoelectricity has been focused on structuring
piezoelectric nano-materials without piezoelectric materials [8, 9].

Findings show that flexoelectric effect plays an important role in physical characteristics of ferroelectrics such as dielectric

constants [10], the polarization hysteresis curves [11], critical thickness of films in which automatic changeover polarization will
fade [12] and critical transition temperature of nanowires and thin plates [13].
Recently functionally graded materials have an increasing usage in micro and nano structures, such as thin films in form of
memory alloys [14, 15]. Feo et al. [16], Lee et al. [17] and Vittorio et al. [18], investigated the functionally graded materials in
micro electromechanical and nano electromechanical systems. So a lot of researchers focused on investigating the static and
dynamic behavior of functionally graded beam in both MEMS and NEMS.

Ma and Cross [19-22] have made different experiments for measuring flexoelectric coefficient in some of dielectricxs.
Reports show that big and tangible flexoelectric coefficients are suited for high flexible ferroelectrics. In contrast, it’s estimated
that flexoelectric constants are some order less than measurements of atomic stimulations [23, 24].

Lately, Ponomareva et al. have studied this subject [25], by the fact that flexoelectric coefficient is temperature dependent. Some
efforts have been done for setting a theoretical framework for dielectrics by considering flexoelectric effects, to quantitatively
understand the basic physics of electromechanical coupling of dielectrics in nanoscale.

Findings show that there’s a direct relationship between mechanical and electric characteristics of nanoscale piezoelectric
and flexoelectric material with size effect [26-28]. Besides, by using size dependent theories, researchers studied the relationship
between flexoelectric and piezoelectric beams and found their mechanical and electric characteristics [26, 29].

By using Euler-Bernoulli beam model, Kong et al. investigated free vibration microbeams affected by size parameters by
modified couple stress theory and used boundary value for solving equations. Results show that by considering size effect, natural
frequency is more than the amount obtained by classical theory [30].

Sadeghi et al. investigated the effect of small size on bending, vibrations and stability of functionally graded microbeams by
strain gradient theory [31]. Zhi Yan et al. investigated the effect of flexoelectric on static buckling and free vibration of a simply
support piezoelectric nanobeam based on generalized linear theory of piezoelectricity and Timoshenko beam model [32]. It’s
found that flexoelectricity has a striking effect on beam deflection and it’s possible to inverse deflection direction on a distinct
loading condition. It’s shown that frequency allocation for piezoelectric nanobeam should be mixed with flexoelectric effect
(that’s obtained by exposing electric load) [32].

Liang and Shen investigated the buckling and vibration of piezoelectric nanostructures affected by flexoelectric. In
piezoelectric nano structures, there’s always a discussion on surface value, length and effect of electric load production on critical
buckling and in this research they showed that flexoelectric has a determining role on sensitivity to voltage change in nanobeams
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and critical buckling [33]. Zhiang et al. discussed the effect of flexoelectric on hollow nano cylinder. They connected the outlet
voltage of voltmeter to internal surface of cylinder and its external surface, and measured the amount of received voltage in
voltmeter, critical buckling and its sensitivity by changing hydrostatic and electric mechanical load [34]. Kundalwal and Meguid
investigated the effect of carbon nanotube (CNT) waviness on the active constrained layer damping (ACLD) of the laminated
fuzzy fiber-reinforced composite (FFRC) shells [35]. Their results show that, the planar orientation of CNT waviness has a
significant influence on the damping characteristics of the laminated FFRC shells and damping characteristics of the symmetric
cross-ply, and antisymmetric angle-ply laminated FFRC shells are improved if CNT waviness is coplanar with the longitudinal
plane of the carbon fiber [35]. Kundalwal et al. examined the investigation of active constrained layer damping of smart laminated
continuous fuzzy fiber reinforced composite shells [36]. Suresh Kumar et al. investigated the controlling of the large amplitude
vibrations of doubly curved sandwich shells with facings composed of FFRC [37]. Kundalwal et al. developed finite element
models to predict the effective piezoelectric and elastic properties of the graphene reinforced nanocomposite material (GRNC)
based on the linear piezoelectricity and Euler beam theories [38]. Kundalwal et al. showed that the strain gradient in non-
piezoelectric graphene sheet affected the ionic positions and the asymmetric redistribution of the electron density [39].

Chu et al. studied the static bending and free vibration of flexoelectric functionally graded nanobeams with general modified
strain gradient theory. Numerical results indicate that flexoelectric effect can observably influence the electromechanical
response in functionally graded piezoelectric nanobeam at nanometer scale [40].

There are more research in the literature about the analysis of flexoelectric nano/micro structures by using the finite element
method [41-45]. Wei et al. investigated the size-dependent mechanical properties of nanostructures with the finite element
method by developing a kind of surface element to take the surface elastic effect [41]. T. Darrall et al. develop the finite element
variational formulation upon a recent consistent size-dependent theory that incorporates the interactions between the electric
field and the mechanical mean curvatures in dielectrics, including those with centrosymmetric structure [42]. Shijie et al. utilized
an iterative finite element algorithm to investigate the size-dependent Euler—Bernoulli beam model, which takes the
flexoelectricity, piezoelectricity, and dielectricity as well as the surface elasticity theory [43].

One of the important application of flexoelectric nanobeam is in the energy harvester. Recently, researchers try modeling the
flexoelectric harvester process. Moura and Erturk used electroelastodynamic framework to analysis the flexoelectric energy
harvesting from strain gradient fluctuations in centrosymmetric dielectrics. The flexoelectric energy harvester model is based on
the Euler-Bernoulli beam theory and it assumes the main source of polarization to be static bulk flexoelectricity [46]. Liang et
al. developed mechanical energy harvester models on Timoshenko laminated beam theory, in which the flexoelectric and
piezoelectric mechanisms were discussed. The energy conversion calculated for different numbers of layers also indicates that
laminated energy harvester systems excel single-layered energy harvesters [47]. Liang et al. also established theoretical
framework to investigate the circuit voltage, electric power of nanoscale mechanical energy harvesting, in which the mechanical
vibration energy was converted into electrical energy by piezoelectric and flexoelectric effects [48]. Deng et al. investigated the
possibility of using the phenomenon of flexoelectricity for energy harvesting. The flexoelectric effect is universally present in
all dielectrics and exhibits a strong scaling with size. They theoretically and computationally examined flexoelectric energy
harvesting under harmonic mechanical excitation [49]. Wang and Wang investigated a theoretical model incorporating
flexoelectricity and piezoelectricity for energy harvesting. Their model includes geometric nonlinearity deformation and
damping effect so that it can more accurately predict the electromechanical behavior of energy harvesters [50].

It’s clear from above discussion that flexoelectric effect has great importance a scale of nano, and by increasing researches
about replacement of flexoelectric materials with piezoelectric materials, we can conclude that flexoelectric effect should be
investigated. On the other hand, investigation of mechanical properties on nanobeams as the main element of nanostructures has
a great importance, In this paper by using Euler-Bernoulli beam model some mechanical properties such as vibration and
buckling of functionally graded nanobeam are investigated. For doing our research governing equations are derived by
Hamilton’s principle. Then geometric and material (electromechanical) parameters on buckling behavior and nanobeam vibration

will investigate.

2. Preliminaries

In an extended linear theory for dielectrics [6, 51], general expression of internal energy function is not only related to strain
and polarization but also to their gradients.

U=U(ey.m-P-0; ) @)

That, in this relation g, is symmetric tensor of classic strain andn,, =€, is strain gradient tensor and £ is polarization vector
and Q; = F, ;is polarization gradient tensor. Classic strain tensor defined as:
& =<, +u. ) @
[/ 2 i,j gl )
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Thatu, in relation (2) is displacement field. In derivation of relation by Maranganti et al. and Shen and Hu, equations of internal

energy density are [6, 52]:

ou ou ou ou
%)= o Tk =5, B V=50 &)
os;; Ok OP, 00;

i i
Thatoy is stress tensor, E;is local effective electric field, t; , V}; are higher-order stress and higher- order local electric field

respectively. By using relation (3), internal energy density can express as [53]:
1

Besides, electric enthalpy density is divided to internal energy density and remaining by Toupin [54]. By developing electric
enthalpy density that included flexoelectricity, electric enthalpy density H is shown as:

| )
H=U _550(”,1‘(9,1‘ +¢; b
In which g, is vaccum permittivity and ¢ is Maxwell self-field. Maxwell self-field is defined as:
E" =—p, (©)
Also electrostatic stress a7 is generally defined as:
ES 1 1
Oy =—ViPix +E(O'z/5y + Ty My + £, P, + V0 )é‘ik -Dip, + _Egow,_/(ﬂ,j +@; P |0y %)
In above equation, D; is electric displacement and expressed as:
D, =-5y¢; + | )

In relation (7), 0;¢; and 75,77, can be avoided because of small amount of strain value. On the one hand, by using Reynolds

transport theorem [55], variation of general enthalpy for a flexoelectric structure is:
5J' HdV = J'VaHdV + J' Hou, yav )
Also, kinetic energy of a continuous nanobeam is calculated by this relation:
Kz%p(z_)(u'fm; +iil)dv (10)
That p is nanobeam density. At last, Hamilton’s principle is used for deriving equations that’s expressed as:
§J-i2(—IVHdV+K+W)dt=O a1
|

That W is work of external forces. In this paper, presented theory for flexoelectric materials by Li et al. [53] for derivation of
equations is used. According to this theory, relation of strain energy density is as below:

1 1) (1 v
U :E(Gijg” +p7i +Tz§'k)771(jk) +my +EP, +V,.jQ,j) (12)

where, p; , T( ) m; are components of higher-order stresses and ;, 771.(].2 , X are dilatation gradient, deviatoric stretch gradient

ijk >

and deviatoric rotation gradient. Constitutive relations for flexoelectric materials are [53]:

0, =ko;¢,, +2/15;; = /16O —2/,0; (13)

o\ @@ Journal of Applied and Computational Mechanics, Vol. 5, No. 5, (2019), 900-917



904 M. Esmaeili and Y.T. Beni, Vol. 5, No. 5, 2019

2
P, =2ully, +(f1 +;f2JP,~ (14)

1 1
A =24 ) s

my=2u B+ 22 |2l 2-20 |1+ 2 e
A R VA L Jae B (16)
2 '

E; =aF, J{fl +§f2j% + 2128 X ji a7
V;j =O((5l~jﬂ12Q,m +,822Q[j +ﬂ32jS)_fl5g'/gnn _2f2€4'/ (18)

In above relations, /; (i =0,1, 2) , B (i =1, 2,3) are size effect parameters that related to length dimensions of strain gradient and

polarization gradient, respectively. k is bulk modulus, x is Lame constant. f; and f, are flexoelectric coefficients and ¢ is

reciprocal dielectric susceptibility and & is kronecker delta and e;;; is the symbol of permutation.

Deviatoric strain tensor components and dilatation gradient and deviatoric stretch gradient and deviatoric rotation gradient are

obtained by:
' 1

Eijk = Eijk _gé‘ij Enn k (19)
Vi = gnn,i (20)

1 K 0
77:513 = 7715'1{) - i(jk) 21

0 1 K s s
’7:'(jk) = g(é}/ﬂr(nrzzk +0 jkﬁr(mzn + 51@'77,(, 2,,) (21a)
(s) 1

My = E(gjk,i t &t &k ) (21b)
Zij = Cipg "pgj (22)
T = & (23)

3. Governing Equations of Functionally Graded Flexoelectric Nanobeam

For obtaining beams equations by Euler-Bernoulli beam model, a displacement field according to Euler-Bernoulli beam’s
model should be considered. The displacement field is:

5w(x, t)
ox
4y =0 (24)

Uy (x,z,t) =Uy (x,t)—z

Uz = w(x,t)

where, u,and ware displacements of every point in the beam neutral axis in x and z axis direction, respectively. According to

relation (2), the nonzero strain tensor component by considering displacement field and nonlinear Von Karman strain is calculated
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(25)

Oug (x,1) sz(x,t) 1 (ijz
z = —
ox o’ 2\ ox

Foe calculating material properties of functionally graded beam, it is supposed that mechanical properties will change in z axis
and second for calculating these mechanical properties, the place of neutral axis should be found. That according to figure (1),

z is the distance of arbitrary point from the bottom surface and Z is the distance of neutral axis from bottom surface. If the left

side of the beam is immovable and the right-hand side is movable, equilibrium equation in a longitudinal direction will be used
for finding the location neutral axis [40]. Like this:

[olda=0 (26)

It should be noted that 0'101 is axial stress that’s produced by initial strain and it’s only calculated in bending conditions. Finally,

equilibrium equation (26) lead to finding the location of neutral axis as:

— E(Z)ZdA
T E(Z)dA @)
z
'/ A
T e 1 -
e S
L >

Fig. 1. Schematic view of flexoelectric nanobeam

By using Hamilton’s principle in (11) and doing variation operations for all displacement components, after doing long
mathemathical calculation, nanobeam equations can be express as following:
Equation of motion in longitudinal direction of beam is:

Related boundary conditions are as following:

(N”)%ézo : [N—%(Nh)—ﬁjéuo 5:0 (29)

Also, equation of motion in the horizontal direction of beam:

ox’

o o?
—(Mh)+§

- (—M—MES +(Nh)

ox

— +
Ox ox o’ ox’or? oxor’

2 2 4 83
a_wj+i[_N%+(‘Nh)aax_yJ+(K“)aw M) S+ ()2 =0 G0)

Related boundary conditions are as following:

*ow
(_Mh) axz

L:O ,(—M—MES+£(Mh)+(Nh)a—WJ85W

L_

Ox ox ) ox |0

€2

ox? X

2
(M)+[(Nh )a—W}i(—N" a—WjJr N%] swit =0
o Ox Ox 0 0

For a beam with a width of b, axial stress resultant N, the moment resultant M, higher-order axial stress resultant N " , higher-
order moment resultant M " are defined respectively as below:

N ()
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h=z,
N=b[ " (on)d:
h-z, . .
M:bJ. _ (2(0'11)+p3+rl(i)3 +§m21+%m12}1’z
bJ. +z' +1m lm' dz
Pt 3 23 7 332

1 1
bJ- + z' F =My ——my, |dz
(Pl 111 3 23~ 3 32)

(32)
h=z,
:bj " (ofF)az M = bj 2(of )dz
That K ;,L;;, M, are defined as following:
(KoL Myy) bj 2)(,2,2%)dz (33)
Also, after simplification of 5P, and d¢ , there are two electric equations with their boundary conditions as following:
v+ 2P _ap g i °P  do 265 62
33T 3 P dz 1
(34)
d’e dP
& _‘2P I
dz® dz
h—ze h—zc
Vis =0 or B| _ =0
_Zc —Zc
h-ze h—ze
Dyl =0 or o =0 (3%)
—Zc —Zc

As it is shown two equations (34) and (35) are coupled and should be solved with each other so that the function of P; and ¢

can be calculated. In this paper, for solving electric equation some boundary conditions are needed. Below boundary conditions
are used as:

P=0 at z=-z ,z=h-z.

(36)

=0 at z:—;c ,z:h—;c

According to the above boundary conditions and also ¢(—Z.) = 0, electric potential and electric polarization are calculated by
below equations:

2 glh—z) gz -g(h-z, =
p, =it aw_e( )_egce-gz—e ( )‘fg“egul (37)
S 1t ag, ox? o8 _ gt T
Zflgo aZW eg(h_z) _e—gZ —gz e—g(h—;) —€+gz gz —
gl | e T g +gfz+z) (38)

where g =\/(ago +l)/(ﬁ2ago) .
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4. Free Vibration Analysis of Nanobeam

4.1. Free vibration formulation

In this section, formulation and free vibration analysis of functionally graded nanobeam with flexoelectric have been
investigated. As it is clear, for investigating free vibration, effects of external force should be neglected. So the equations of
nanobeam with boundary conditions for free vibration are shown as:

18, >w (18 , LA 64u0 ow o*u, OE, *u, ow
- —1 G l =17 | D +B,———4 + + K, -L =0 39
[5 0 5 j 11715 a [5 5 1 j 11727 3 11753 ax 11 axz Ox 11 52‘2 11 8)651‘2 ( )

182 2 aW 22 2 aW 18 2 65
_(?10 z)H11 i [Cu (510+151 #2030y | <k 1 G, 0 ax5

(40)
3 2 2 2 4 3
F 1
-By ¢ u30 +6 211 L ;1 +Kyy ¢ :V_Mn 62w2 +1Ly ‘ uoz =0
Ox Ox Ox ot Ox~ 0t Oxot
In these relations, coefficients are as follows:
(41-B1.Cy) 4_ 2)(,2,2%)dz 1)
(D11, Gy Hyy ) bJ: 2)(,2,2%)dz (42)
h-ze — )
(ﬁal,Lu,A411)=:bI4;,/)(z)a,z,z )z 43)
dP,
E,=b fl 3 dz (44)
F,=b flz—3dz (45)
h-ze

1y =b[ " fipds (46)

4.2. Methods of solving equation

In this section, vibration solving for simply supported boundary condition has been investigated. Related boundary conditions
are presented here:

"

w=w"=0 ,uy=uy, =0 at x =0,x =L (47)

(—MJFi(M”)):o at x =0,x =L

ox (48)

For solving equations of free vibrations and calculating natural frequency, first from Eq. (39), i, calculated based on w and

substituting in the Eq. (40). Also, time derivative of u, will be avoided for simplicity. So, equation of motion will reduce to one
equation as follows:

A%7+BZW+KH%?=O (49)
In Eq. (78), A, B values are written as:
2
A:(El§+ilfj(c;“ —H“j (50)
5 5 Dy,
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2f1280b(22C—h}(egh —1) 5
2fg,hb
L% (51)

(egh + 1)((180 +1) (aso +1)

12 , 2 8 2
B=(C +|=Ily+2l; +=I] |D;, -
Cn [ 5 10 2 P
By assuming first mode function as following for simply supported boundary condition, all boundary conditions are satisfied:

w (x,t)=sin (%)e’m (52)

That @ is natural frequency of nanobeams. By substituting Eq. (80) in Eq. (78) and by using Galerkin method, natural frequency

of nanobeam will be obtained.
-A(x\" B (75)4
_|=4A(x) , b (T 53
@ \/Ku(L) +K11 L &)

5. Buckling Analysis of Nanobeam

By using the relations (28) to (35), equilibrium equations can be rewritten as follows:

— i% l(dﬂ)z d’w (_ 4.2 ) d2 (dW) dw (18 2, 4 2) d’w dEll_
A“dx{dx tola ) [FBugs HSh 5 Py dx o e lar)| Shrsh)Sigstw =0 69

18,2 4,2\ d’ |d’u, (dl) dw (182 4, ) dw
(51 511)G”dx{dx2+dx dx? 51 51 H“abc6

du, 1{(d dw du, 1{dw dw dw
_B”|:dx0+ (dv;):|+cndx_z+ﬂl_111 |:_A“(d_xo+§(dx)j+3“dx_2+E“ dT
d’ (122 2 82) dw d 4>
o=+ 2 g+ 20 + =1 D, = 18,2, 4,2 uy  (dw \(dw =0
de | LS TE ST d® dx +‘(?’o+§’l) dxz”(w)(dxz dw
2
( 244 I)D d (dw)(dwj 18,2 4 dw dx
+ dx? dx J\ dx? Z& 5 51 Ui}
X
—(—l +— l)
(55)
d’p, d
oP, — o = +d—Z‘P— f16 =0 (56)
dz(p ar,
80d22 E— (57)

5.1. Prebuckling analysis

In the prebuckling section, the lateral deflection must be vanished (w” =0). In this case, by substituting w” =0 in the
equilibrium equations, all Egs. in (54) to (57) must be satisfied. However, four equilibrium equations (54), (55), (56) and (57)
will be rewritten as:

,d*P, d

P, —af’ = dz‘p 0 (58)
2
37‘”—% 0 (59)
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18,, 4 d* | duy d> |du
(?l§+§[f)G“w€—{dx2 _B“dx_z d)? +F, -1, =0 (60)

d |duy (18 4, ) d? |d?uS | dE,
-4, — 1} l —=0
Wy { dx } 3 Vax2 | a2 * dx (61)
By solving two equations (58) and (59), P3 and ¢ can be obtained functionally from z. So derivative values relation to x is zero
for F

112 11’

E, and can be said that Eqs. (58) and (59) will be satisfy. The other equilibrium is rewritten as:
d |du, (18 - ) & [du) |
-4, - / I D,—|——1|=0
11 dx |: dx :| 5 11 dXz dx 2 | (62)

18,2, 4 d* [d?u) d® [du” |
( lh+s I)G“d {dxo}_B“dx{d; =0 (63)

u,” will be calculated by equations (62) and (63) with below boundary conditions.
B du, 18 d|du, B
u(0)=0, {J"A“{dx} (?l 1) x| +Pel =0
18 duf || L
{( ot IZ)D“{dxg }}0:0

So, the only function ofu "’ that can be satisfied Eqs. (62) and (63) and boundary conditions in Eq. (64) will be calculated as:

(64)

u) (x)= 2% (65)

5.2. Stability equations
According to the fact that beam will lose its stability under critical load. Achieving to critical situation is possible by applying

stability equations. If the problem be bifurcation, new solution will beu =u” +u’ and w =w” +w ' and ' and w' are not
simultaneously zero. Consequently, forces and moments will be written as [27]:

N=N?+N' M =M?+M',N"=N""+N" M"=M""+M" (66)

By replacing w =w” +w ' andu =u” +u' in equilibrium equations (54) and (55), stability equations will reduced to one
equation and will be written as below. It should be noted that w? =0 . Also second order derivative will be avoided.

18,,  4,,)\(G, d'w' 12 8 dw sz d’l d’w'
( 12+ 1)(1);111— “Jd +(C“+( Ig+21; +El DU) dzn dxzu de2 =0 (67)

It should be noted that in above equation for simplification w instead of w ' is used.

6. Results and Discussion

In this study, functionally graded nanobeams of BaTiOs and Al>Os are used, these materials used in previous researches [56,
57]. Mechanical properties of these two materials are indicated in Table (1).

Table 1. Mechanical properties of BaTiO3; and Al203
Properties Unit  ADOs; BaTiO;

E GPa 390 67
u GPa 1625 429
p Kg/m® 3960 6020

Also geometric characteristics of beam are as below:
L =120nm ,b =10nm ,h =8nm ,I, =1, =1,=1=0.25h (68)

On the other hand, electric properties will be considered as constant values like below:
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a=0.79x10° V.ﬂ,go :8.85x10’12£.m B=1 (69)
C 14
In this study, Al,O3 as material number 1 above the beam and BaTiO; as material number 2 below the beam used as two essential
materials for functionally graded nanobeam.

6.1. Validation of results

As free vibration and buckling solving of functionally graded nanobeam with flexoelectric used for the first time in this
research, so there aren’t any theoretical or experimental results for validation results. Therefore, in this part it is tried to validate
formulation in special case / =0, f, = 0. Validation result according to physical and mechanical properties which were
investigated in Eltaher et al. [58, 59]. Table (2) shows altering the dimensionless natural frequency (c_0= oL’>\pA / EI ) by
increase of power law index according to Eltaher et al’s findings [58]. In this table, L =10000nm,b =1000nm, h =100nm
E, =390Gpa,E, =210Gpa, p, =7800kg /m*, p, =3960 kg /m’ . Also flexoelectric and size effects have been avoided
[ =0, f, =0. In other word, there is a direct relationship between findings of these research with reference results [58]. It can
be concluded that the results have a good consistency. Table (3) shows the changes of dimensionless critical force

P. =P,L*/ EI with an increase of power law index according to reference [59]. In that research L / h = 20, E, = 390Gpa,

E, =210Gpa . This table also shows that results of this paper are more accurate than reference [59].

Table 2. Comparison of dimensionless natural frequency of simply supported nanobeam with reference [58]

n=0 n=1 n=10
Eltaher et al. [58] 9.8797 7.0904 5.7058
Present work 9.8696 6.9963 5.6760

Table 3. Comparison of dimensionless critical load of clamped-clamped nanobeam with reference [59]

n=0 n=1 n=10
Eltaher et al. [59] 39.4999 55.2474 66.0769
present work 39.4784 54.7058 66.4106

6.2. Changes of natural frequency and critical load with flexoelectric coefficient

By considering beam as a simply supported boundary conditions, changes of natural frequency based on changes of
flexoelectric coefficient illustrated by #»=0.5 in figure (2). In figure (3) changes of buckling critical load with flexoelectric
coefficient for clamped-clamped nanobeam is shown by #=0.5.

18- 7501
7007

174
6501

w(GHz) Por (V)
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161
550+

15 500

. . § 450 . . §
1] 100 . 200 300 ] 100 200 300
A
Fig. 2. Changes of natural frequency with flexoelectric coefficient Fig. 3. Changes of critical load with flexoelectric coefficient for
for simply supported nanobeam clamped- clamped nanobeam

As it is shown in figures (2) and (3), by increasing flexoelectric coefficient, the natural frequency and critical load will increase,
It means that increase of flexoelectric coefficient leads to an increase in beam’s stiffness and therefore an increase of natural
frequency and critical.

6.3. Changes of natural frequency and critical load with power index
Figure (4) shows the changes of natural frequency with increase of power index for simply supported nanobeam by choosing
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f1=200. It’s clear the more the index, the more beam stiffness and natural frequency. Figure (5) that’s shown for f;=200 illustrates
the buckling critical load changes with power index for clamped-clamped nanobeam. It’s clear that by increase of #, critical load
will increase. It should be noted that, by increasing », the stiffness of nano beam increased because the Young's modulus increased
from the weaker material (£;) to stronger material (£,) and therefore, the natural frequency and critical buckling increased, too.
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Fig. 4. Changes of natural frequency with power index for simply Fig. 5. Changes critical load with power index for clamped-
supported nanobeam clamped nanobeam

6.4. Changes of natural frequency and critical load with size effect

Other important note of this research is the impact of size effect on frequency and buckling critical load of this nanobeam, so
that the chart of natural frequency and buckling critical load changes with regard to size effect changes are illustrated in figures
(6) and (7). Figure (6) illustrated the size effect changes of [ for simply supported nanobeam withn = 0.5 and f; = 200. It’s
clear that by increasing size effect, natural frequency will increase, too. Figure (7) shows the changes of critical load based on
changes of size effect for clamped-clamped nanobeam. In this chart n = 0.5 and f; = 200. Decrease of size effect leads to the
decrease of critical load.

50007
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701 4000
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30004
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407
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204 10004
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2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
i i
7 7
Fig. 6. changes of natural frequency with size effect for simply Fig. 7. changes of critical load with size effect for clamped-
supported nanobeam clamped nanobeam

As it is shown in figures (6) and (7), by increase of size effect or decrease of ///, natural frequency and critical load will increase,
it means that beam stiffness will increase. It can be concluded that size effect will increase nanobeam stiffness. According the
previous research results, well-established that mechanical behaviors of micro/nano structure are size dependent. At nanoscale
level, the gradient deformations vary sharply, hence the microscopic stresses and strains are not constant and depend on the
shrinking length scale of the nanostructures: the smaller the structure, the more rapid the microscopic fields vary, and they do so
in a way that leads to either stiffening or softening of the material. Non-classical theories based on strain gradient theory, have
stiffing effect and as shown in Figs. (6) and (7) the stiffness of the nano beam increased and therefore natural frequency and
critical load increased, too.
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6.5. Changes of natural frequency and critical load with nanobeam geometry

Study the effect of nano beam geometry on the natural frequency was very significant. Because of nanobeam’s application
and their sensitivity to nano-structures, beam thickness plays an important role in designing. In figures (8) and (9), the effect of
length and thickness changes of nanobeam on natural frequency is shown for simply supported nanobeam and buckling critical
load for clamped —clamped nanobeam. By increasing beam length or decreasing beam thickness natural frequency and buckling
critical load will decrease.

Per (riN) oiiHe)

100

20 30 40 50 60 70 80 S0 100 20 30 40 50 60 70 80 90 100

L
i

Fig. 8. changes of natural frequency with length and thickness of Fig. 9. changes of critical load with length and thickness of
simply supported nanobeam clamped- clamped nanobeam

By increasing beam thickness, natural frequency and critical load will increase. It’s because of the fact that by increasing
nanobeam thickness, moment of inertia will increase and consequently leads to an increase of nanobeam stiffness then, natural
frequency and critical load will increase.

7. Conclusion

In this paper, nonlinear size-dependent electromechanical coupling model are developed for flexoelectric nanobeam. To
achieve our goals Euler-Bernoulli beam model with presented nonclassic theory by Lee et al. [17] were used in order to derive
governing equations and related boundary conditions. Then buckling and free vibration of nanobeam were investigated and some
results were derived. The most important results are:

1. By increasing flexoelectric coefficient, natural frequency and buckling critical load of nanobeam will increase. This means
that an increase of flexoelectric effect leads a stiffness of nanobeam incres, too.

2. By increasing power index, critical load and natural frequency will increase that has striking effect on vibrations and buckling
of nanobeam.

3. By increasing size effect parameter, critical load and natural frequency will increase. It’s because of the fact that size effect
increase leads to increase of nanobeam stiffness. Also it shows the importance of nonclassical theories of continuum in nanobeam
analysis.
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Appendix A

In order to calculate Xu components, relations (19), (22) and (23) are used and the non-zero deviatoric rotation gradient

components are given as:

' 1 o*w
X2 =_§ axz
2 0*w
X2 =_§ axz
C 10U, 3w [ow \[dw (70)
Tas " 3| ax? o ox’ " ox Jox?

=l %_Zﬂ+(%) o
Xar 3 ox? ox’ ox J\ ox?

According to relation (20), the non-zero dilatation gradient components are:

— azuO _ 63w +(6W )(Bzw J’ . :_62w (71)

= Z — —
" ox? ox’ ox )\ ox? ox?

According to relation (21), the non-zero stretch gradient components are:
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2
(1):25”0_ ow (aw)ﬁw
i 5{6x2 "o \ax o
1 1{ 0w
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1 (6

i = =i = {2

In this section, a simplification assumption is done in order to calculate electric parameter easily. According to Euler-Bernoulli
model, it is assumed that electric field and polarization are only available in thickness direction (£, = E, = P, = P, =0) . So, from

(13),(14),(15),(16), we have:

1 :E(z_)[%_z o +(%)(gxw D‘f s (73)
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In above relations, z is distance of arbitrary point from the bottom surface. It should be noted that in mentioned relations, E is
Young’s modulus. Also nonzero electric filed, higher-order electric field and the electric displacement calculated by (17), (18),
and (8) as:
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E3=0LP3_f162_M; (86)
dP, ouy, 'w _[(ow \[ow 87)

Vi =af’ (dz j Ed (E‘Z a?*(a)(axzjj
d (88)

D, =-¢, d—Z¢+P3
where:
B* =P +B; +B; (89)
Appendix B

Eigenvalue Problem
As mentioned before, stability equation obtained by:
2 2 2
dw dFy 1y pd'w_ (90)

d‘w
( li+3 Z)[DH ”]d " dx® dx?  dx’?

It should be noted that+d *F,, /dx* —d*I,, /dx * are function ofd ‘w /dx * that will be obtained by relations (37), (38), (45) and

(—l +212+E 11)

(46). Therefore, a sixth order differential equation is the result of simplification of stability equation. For solving this equation,

an easier way is considered.

4 2
d vﬁ +Bd “: +Pd ‘2’
dx dx dx

=0 1)

In relation (91), A and B value will be written as below:

18,2 4,,\[G°
A=(—1 +—z) 1 —HJ 92
5051(1)11 " 92)

| 2fegb(2z, h)(e" ~1) 22 b

B=(C, +(152 B2+ iy, ) P 93)
By forming a characteristic equation for differential equation, its exact solution is:
W (X)) =X +¢, +C1COSHX +C SINRX +CCOST,X +CSinr,X (94)
where r; and r; are:
\/—ZA (B —-44p+5?) \/—2A (B +-44P +57) ©5)
e 24 St 24

For forming eigenvalue problem, boundary condition is needed that boundary condition will be applied for clamped-clamped
beam as follows:

w (0)=w'(0)=w"(0)=w (L)=w'(L)=w"(L)=0 (96)
Therefore, there are six equations that must be satisfied as following:
Dc,+cy+cs=0
2)c, +ec,1 +cgr, =0
3)—c,iP —egr,’ =0

97
4)c,L +c, +cycosr,L +c sinr L +c,cosr,L +csinr,L =0 ©7)

5)c, —cynsinn L +c rcoshL —c . r,sinr, L +cr,cosr,L) =0

6) —cyr°cosr L —c,r’sinr L —c.r,"cosr,L —c,r,’sinr,L =0

By forming determination of coefficient and assuming them zero, the value of critical force P, will be calculable.

Appendix C
Modeling of Functionally Graded Materials

By using simple power law, mechanical properties of functionally graded nanobeam are calculable [56]:
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@13 xE)-3) %)

F(z)=FxX,(2)+FX, () (99)

X (z_) is volume fraction of main materials. So, X', +X , =1and n is power law index. It should be noted thatinn =0 andn = o
are phases of pure substances in upper and bottom of beam. Also F,, F, are mechanical properties of (1) and (2) are above and

below of beam like shear modulus # or Young’s modulus E. By substituting relations (98) and (99) in equations (41), (42) and
(43), the location of neutral axis and nine other coefficient can be calculated by:
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© 2019 by the authors. Licensee SCU, Ahvaz, Iran. This article is an open access article distributed under the

terms and conditions of the Creative Commons Attribution-NonCommercial 4.0 International (CC BY-NC 4.0
license) (http://creativecommons.org/licenses/by-nc/4.0/).

e @@ Journal of Applied and Computational Mechanics, Vol. 5, No. 5, (2019), 900-917



