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Abstract. A sequential implicit numerical scheme is proposed for a system of  partial differential equations 
defining the transport of  heat and mass in the channel flow of  a variable-viscosity fluid. By adopting the 
backward difference scheme for time derivative and the central difference scheme for the spatial derivatives, 
an implicit finite difference scheme is formulated. The variable-coefficient diffusive term in each equation is 
first expanded by differentiation. The next step of  the sequential approach consists of  providing a solution of  
the temperature and concentration, before providing a solution for the velocity. To verify the numerical 
scheme, the results are compared with those of  a Matlab solver and a good agreement are found. We further 
conduct a numerical convergence analysis and found that the method is convergent. The numerical results are 
investigated against the model equations by studying the time evolution of  the flow fields and found that the 
data, such as the boundary conditions, are perfectly verified. We then study the effects of  the flow parameters 
on the flow fields. The results show that the Solutal and thermal Grashof  numbers, as well as the pressure 
gradient parameter, increase the flow, while the Prandtl number and the pollutant injection parameter both 
decrease the flow. The conclusion of  the study is that the sequential scheme has high numerical accuracy and 
convergent, while a change in the pollutant concentration leads to a small change in the flow velocity due to 
the opposing effects of  viscosity and momentum source. 

Keywords: Finite difference methods, Fluid flows, Sequential implicit method, Pollutant dispersion, Experimental order 
of  convergence. 

1. Introduction 

The study of  mass and heat diffusion in fluids is of  considerable importance owing to many applications, like in 
molecular evaporators, rocket boosters, film vaporization in combustion chambers and cooling of  re-entry vehicles [1]. 
In particular, it is paramount to monitor and possibly control the pollution of  water bodies, for example, due to human 
activities [2]. In addition, understanding the heat distribution is important; an example of  application is in the heating 
and cooling of  the plate of  a water bath [3]. Many industrial applications, such as heat exchangers, chemical distilleries 
and thermal protection systems, involve the combined influence of  heat and mass transfer [4]. 

Consequently, a lot of  researches have been devoted to this area. Umavathi and co-workers [5] analyzed the coupled 
effects of  heat and mass transfer in a channel flow, incorporating the electrical conductivity and first order chemical 
reaction. They found that the thermal Grashof  number, solutal Grashof  number and the Brinkman number all increase 
the flow, while the parameters representing the chemical reaction and Hartman number decrease the flow. In [6], the 
effect of  heat and mass transfer on the flow of  an incompressible, constant viscosity, Newtonian fluid has been 
investigated. The model was analyzed using the finite element methods. Mebine, [7] also studied the thermal effects on a 
magneto-hydrodynamic pressure-driven flow. This author and co-workers [8, 9, 10] have investigated the effects of  
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several conditions and parameters on flows through porous media including heat transfer in the soil. The MHD 
oscillatory flow of  a Jeffrey fluid in a vertical porous channel with viscous dissipation have been investigated in [11], 
while the unsteady flow of  a third grade fluid with combined heat and mass transfer in the presence of  a chemical 
reaction is considered in [12]. 

In another study, the influence of  heat transfers on electrically conducting Jeffrey fluid in a channel was studied in 
[13]. Murhuraj and co-workers [14] investigated the effects of  thermal-diffusion, diffusion-thermo and space porosity on 
an MHD mixed convection flow of  a micro-polar fluid; while the unsteady hydro-magnetic heat and mass transfer in 
natural convection flow past an exponentially accelerated vertical plate with hall current and rotation in the presence of  
thermal and mass diffusions was investigated in [15]. Also, the vertical channel flow of  an electrically conducting fluid in 
the presence of  Robin boundary condition was considered in [16]. 

Recently, the influence of  chemical reaction and heat source on dissipative MHD mixed convection flow of  a Casson 
nanofluid over a nonlinear permeable stretching sheet has been studied in [17]. Most of  the investigations outlined above 
considered only constant properties such as constant viscosity and constant pollutant diffusion coefficients. Since many 
fluids can have variable viscosity, hence the attention of  researchers have also been focused on the study of  heat and 
mass transfer in the flow of  variable viscosity fluids, see for example [18, 2, 3, 19]. Another study [4] considered the 
combined effects of  heat and mass transfer on the flow of  a temperature-dependent viscosity fluid. It is also shown that 
the velocity increases with increasing solutal and thermal Grashof  numbers; while temperature-dependent thermal 
conductivity was considered for the fluid flow and heat transfer in nanofluid-filled channel in [20]. In the cases of  
variable-viscosity fluids or concentration-dependent mass diffusivity, the governing equations are nonlinear, hence closed 
form analytical solutions may not be possible. Therefore, numerical approaches have become very important tools. 

In this paper, we extend the studies of  Makinde and Chinyoka [2, 21, 3] by investigating the combined effects of  heat 
and mass transfer on a fully developed flow of  a concentration-dependent-viscosity fluid in a rectangular channel whose 
walls are controlled at a nonzero-constant temperature; we propose an implicit finite difference scheme that is 
implemented in a sequential manner. The resulting linear systems are diagonally dominant, so can be solved with fast 
and simple iterative linear solvers like the Gauss-Seidel algorithm. We conduct an experimental order of  convergence to 
investigate the convergence of  the method. Our results show that the method is convergent and computes the correct 
flow fields in line with the literature. 

This paper is organized as follows; in section 2, the governing equations including the non-dimensional form are 
presented, while the sequential numerical algorithm is detailed in section 3. In section 4.1, a convergence analysis to 
demonstrate that the proposed numerical scheme is convergent is discussed; in section 4.2, the numerical scheme against 
a Matlab solver is validated; while in section 4.3, the computed solutions against the model is validated by verifying that 
the boundary conditions are satisfied. The effects of  the flow parameters on the flow fields are presented and discussed 
in section 4.4. The paper ends in section 5 where the conclusions are made from the study. 

2. Mathematical Formulation 

Let 3{( , , ) : , , }c x y z a x a x zΩ         be a channel whose walls are two stationary, parallel, infinitely large 
plates. Let the x - axis, which is along the channel axis, be vertically upward, the y -axis perpendicular to x -axis and the 
z -axis be perpendicular to xy - plane (see Fig. 1). 

 

 

Fig. 1. Physical model of  the flow of  fluid, heat and pollutant in a channel 

Consider the flow of  an incompressible fluid with constant density,  in cΩ . Suppose there is an injection of  a pollutant 
into the fluid and that the fluid viscosity and the pollutant mass diffusivity are both concentration-dependent. Further 
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assume a constant heating of  the channel walls and that the flow is fully developed. The influences of  the pollutant 
concentration and the temperature on the fluid flow is described following the Boussinesq approximation [2, 21, 4, 22]. 
The flow is unidirectional along the x axis so that the only non-zero velocity component is along the x direction. Since 
the flow is fully developed, the flow variations are only along the y -axis. That is, the fluid velocity vector is given as 

( ( , ), 0, 0)u y t . Therefore, the only non-vanishing spatial derivative is with respect to y (see Fig. 1). Consequently, all the 
convective terms vanish and the problem is governed by the following transport equations [2, 22, 21, 23, 24, 25]: 

     0 0 ,c T
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t x y y
ρβ ρβ
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The above system is completed with the following initial and boundary conditions, 
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 (6) 

( , ) 0, ( , ) , ( , ) , 0,w wu a t c a t c T a t T t     (7) 

where t is the time variable, ( , ), ( , )u y t c y t  and ( , )T y t are, respectively, the fluid velocity component along the x  

direction, the pollutant concentration and fluid temperature at point y at time .t  The quantities, , , , ,c TP gρ β β  and 

Tα are the fluid pressure, density, the acceleration due to gravity, concentration expansion coefficient, temperature 

expansion coefficient and thermal conductivity respectively. The functions, ( ), ( )c D c and ( )S c model the fluid variable 

viscosity, the pollutant mass diffusion and the injection of  the pollutant into the channel [2]. Also, wT and wc  are the 
constant temperature and pollutant concentration at the channel walls (plates), a  is half  of  the channel width, m  is a 
real constant, while 1 2 3 0 0, , , ,b b b D  and Q are, respectively, the viscosity variation parameter, pollutant diffusion 
variation parameter, external source variation parameter, fluid viscosity coefficient, pollutant diffusivity coefficient, and 
external source coefficient [2]. 

2.1. Non-Dimensionalization 

To reduce the number of  parameters appearing in the model and also eliminate the dimensionality of  the variables 
and parameters of  the model, the following dimensionless variables and parameters are introduced [25, 2]: 
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Substituting the non-dimensional parameters in equation (8) into equations (1) - (7), the following non-dimensional 
equations are obtained: 

,f
c T

w w
K e G f G

t y y
α θ

             
 (9) 
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,f nff f
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θ
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 (13a) 

(1, ) 0, (1, ) (1, ) 1, 0,w t f t t tθ     (13b) 

where , , ,T c r cG G P S and K are the thermal Grashof  number, the solutal Grashof  number, the Prandtl number, the 
Schmidt number and the pressure gradient respectively [25, 2]. 

3. Numerical Formulation 

In this section, the method of  solution for the system (9) to (13) are detailed and explored. Let M be a positive integer, 
define 1/h M and let 0{ }M

i iy   be a set of  points that are within the domain [0,1] . Also, letT  be a real number, and 

Nt is a discrete time such that 1N Nt t tΔ    with tΔ  given. We seek to find the following approximations: 

( , ), ( , ), ( , ).N N N
i i N i i N i i Nw w y t f f y t y tθ θ    (14) 

In the following subsections, the numerical algorithms for each of  the equations (9), (10) and (11) are formulated. The 
scheme is sequential such that equations (11) and (10) are first solved, then their results are used to compute 1N

iw  in (9). 
Backward difference scheme for time derivatives and central difference scheme for all spatial derivatives are considered. 
As a result, the following scheme is adopted for (11), 

1 1 1 1
1 1( 2 ), 0,1,2,..., 1,N N N N N

i i i i ir for i Mθθ θ θ θ θ   
        (15) 

To solve equation (10), differentiation is first applied on the diffusion term [2], then the following implicit scheme is 
adopted: 
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where 
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N
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c rr t e r S y t P yγ θΔ Δ Δ Δ  . Similar to (16), we first expand the viscous term in (9), then adopt the 
following scheme: 
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where 
1 2/ ( )

N
ifwr t e yαΔ Δ


 . Incorporating the Newman boundary conditions at 0i  , the Dirichlet boundary 

conditions at i M and the initial conditions, we have the following schemes: 
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1 1 1

1 1

0
1 1
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Concentration Numerical Model: 
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Velocity Numerical Model: 

1 1 1 1 1
1 1 1 1 1

1 1
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 (20) 

Notice that equation (18) solves for the temperature independently, and the same can be said for the concentration in 
equation (19). Hence, all the temperature and concentration terms appearing in the velocity scheme (20), are already 
known and used to compute the velocity - this is why the proposed scheme is called sequential method. This completes 
the numerical formulation. 

4. Numerical Results and Discussion 

In this section, numerical results are presented to compare the proposed mathematical and numerical models. The 
convergence study is presented, the accuracy of  the numerical method is then verified comparing with Matlab solver 
results. Time evolution of  the flow fields are studied and finally, the effects of  the flow parameters on the flow fields are 
presented. The numerical scheme presented in the previous section is implemented in an in-house C++ code developed 
by the author. Except otherwise stated, the following data is used for the computations: 

0.1, 0.1, 0.6, 0.1, 0.5, 0.1, 0.1, 1,

0.72, 0.005,
c T c

r

G G S n m K

P t

α λ

Δ

       
 

  

and the total duration of  simulation is T = 60 seconds. We choose the Schmidt number to correspond to some chemical 
substances, namely hydrogen (0.22), water vapor (0.62), ammonia (0.78) and propyl (2.62), see [2, 21]. The other 
parameters are taken from previous studies such as [2, 21]. 

 
4.1. Convergence Analysis of  the Scheme 

In this subsection an experimental order of  convergence (EOC) for the proposed numerical scheme is presented. The 
goal is to show that certainly the numerical results converge. A reference solution obtained from a simulation on a grid 
with 4096 cells or 4097 grid points is considered. The numerical scheme is then run for a sequence of  grids with 

2 , 2,3,4,...,11kM k  grid points. 
The error is considered in 2-norm defined as: 

2 1
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refM

N N
ref ref refl

i

g h g i
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   (21) 

where 4097refM   being the number of  points in the reference grid, refh  is the grid spacing and 
N
refg  is a grid function - 

discrete function. The experimental order of  convergence (EOC) is computed as: 
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where 
N
refu , N

hu and /2
N
hu are the approximate solutions obtained using grid spacing, and , and / 2refh h h respectively, [26]. 

Observe that the coarse grids have less number of  grid points than the fine (reference) mesh, hence we interpolate 
linearly to obtain the approximate solutions at intermediate points on the coarse grid as follows. Let lu and ru be the 

approximate solutions at grid points ly and ry respectively, and let [ , ]l ry y y , then we approximate the solution at y  
using the formula: 

( )
( ) , for all [ , ].l r r l r l

l r
r l

u y u y u u y
u y y y y

y y

   


 (23) 

Table 1 shows the results of  the simulations on the various grids including the 2-norm error and the experimental order 
of  convergence for each solution variable. The time step is chosen as 0.0001 and terminate after 0.001 seconds. It can be 
seen that as the grid is being refined, the errors for all variables are decreasing, hence the scheme converges. Also, it can 
be observed that the order of  convergence for the temperature is approximately two as expected, this is due the 
temperature model being linear with constant coefficient, hence the theoretical order of  convergence is highly recovered. 
It can also be noticed from the table that the order of  convergence for the velocity and concentration is good, though not 
two. This is due to the fact that the nonlinear velocity and concentration models they have been linearized. Overall, the 
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table shows that the convergence of  the proposed scheme is guaranteed. 

Table 1. Experimental order of  convergence, wError , fError  and Errorθ  are the errors in , andw f θ respectively, while wEOC , 

fEOC and EOCθ are their respective numerical orders of  accuracy. 

M -1 wError  wEOC  fError  fEOC  Errorθ  EOCθ  

4 0.00131136 - 0.1812 - 0.192327 - 
8 0.000402004 1.70578 0.0713787 1.34402 0.0824526 1.22192 
16 0.000153622 1.38783 0.0178135 2.00252 0.0224425 1.87733 
32 7.22053e-05 1.08921 0.00436927 2.02751 0.00546173 2.0388 
64 3.60866e-05 1.00064 0.00107911 2.01755 0.0013584 2.00744 
128 1.7966e-05 1.00619 0.000265853 2.02114 0.000339055 2.00232 
256 8.76012e-06 1.03625 6.44961e-05 2.04334 8.463e-05 2.00228 
512 4.10541e-06 1.09342 1.51911e-05 2.08599 2.10491e-05 2.00741 
1024 1.76335e-06 1.2192 3.43109e-06 2.14649 5.15294e-06 2.03029 
2048 5.8845e-07 1.58333 7.5812e-07 2.17817 1.16783e-06 2.14156 

 
4.2. Verification of  the Numerical Scheme against Matlab Solver 

In this section, the numerical scheme is verified by comparing its numerical results with those obtained from a Matlab 
subroutine, the pdepe solver. To do this, the results of  each scheme for the spatial distribution of  velocity, concentration 
and temperature are shown. Figure 2(a) shows the velocity distributions computed with the proposed scheme at the 
different times indicated, while 2(b) shows those computed using the Matlab solver. It can be seen that the results of  the 
proposed method agree with those of  the Matlab solver. The same agreement is also observed for the concentration 
distributions, see figures 3(a) and 3(b), and for the temperature distributions, see figures 4(a) and 4(b). 

  

(a) Proposed scheme (b) Matlab PDE solver 

Fig. 2. Comparison of  the proposed scheme with Matlab PDE solver for velocity distribution at different times 

  

(a) Proposed scheme (b) Matlab PDE solver 

Fig. 3. Comparison of  the proposed scheme with Matlab PDE solver for concentration distribution at different times 
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(a) Proposed scheme (b) Matlab PDE solver 

Fig. 4. Comparison of  the proposed scheme with Matlab PDE solver for temperature distribution at different times 

4.3. Spatial Distribution of  Flow Fields 

Figures 5(a), 5(b) and 5(c) show the spatial distribution of  the velocity, concentration and temperature, respectively, at 
different time instants. First, one can see that the specified boundary conditions in (14) are correctly reproduced for all 
the three flow fields. As observed in [2], the injection of  pollutant acts as momentum source, hence should lead to 
increase in both the velocity and concentration profile. Moreover, the heating of  the plate transfers heat into the fluid 
which also acts as momentum source, hence the velocity is expected to increase with time. This is clearly the case for the 
velocity profile in figure 5(a). Both the velocity and concentration increased and settled at their steady state conditions 
after some time. This is in agreement with the observation made in [2]. 
It can also be seen that the temperature profiles in figure 5(c) reproduced the correct physical phenomenon as one would 
expect, namely at initial time the fluid had zero temperature but the wall is being heated at a constant temperature, hence 
as time increases, the fluid temperature will attain a maximum temperature equal to the constant temperature of  the wall. 
This is exactly reproduced in the numerical results in figure 5(c). 

 

(a) Variation of  velocity  

  

(b) Variation of  concentration (c) Variation of  temperature 

Fig. 5. Spatial distribution of  flow fields 
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4.4. Influence of  the Flow Parameters on the Flow Fields 

In this section the results for the influence of  the flow parameters on the flow fields are presented and discussed. 
Except otherwise stated, the results are outputted at time 1.05 seconds. 

4.4.1. Variations with Solutal Grashof Number, cG  

The solutal Grashof  number, cG  acts as a source in the momentum equation but does not appear in the concentration 
and temperature equations hence its increase is expected to increase the velocity but have no influence on the 
concentration nor the temperature. The achieved results in figures 6(a) to 6(c) reproduced these facts exactly. This is in 
accordance with the results of  [2, 20]. 

 

 
y 

(a) Variation of  velocity with cG  

  
(b) Variation of  concentration with cG  (c) Variation of  temperature with cG  

Fig. 6. Effect of  Solutal Grashof's number cG  

4.4.2. Variations with Thermal Grashof Number, TG  

The thermal Grashof  number, TG  also does not appear in either the concentration or temperature equations, hence 
should have no influence on the concentration and temperature fields, but should increase the velocity. These facts are 
accurately reproduced in figures 7(a) - 7(c). 

 

 
y 

(a) Variation of  velocity with TG  
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(b) Variation of  concentration with TG  (c) Variation of  temperature with TG  

Fig. 7. Effect of  Thermal Grashof's number TG  
 

4.4.3. Variations with Schmidt Number, cS  

The depicted results in figure 8(a) - show that increase in the Schmidt number increases the concentration. This is due 
to the fact that an increased Schmidt number is associated with reducing the dispersion (or diffusion) of  the pollutant 
(see equation (10)), hence the concentration increases. On the other hand, an increase in the Schmidt number leads to no 
significant change in the velocity - see figure 8(b). This is because a concentration increase, leads to increase in both the 
source term and the fluid concentration-dependent viscosity in the momentum equation. These are two opposing factors 
(increased source increases velocity while the increased viscosity reduces velocity) whose resultant effect has no 
significant effect on the velocity. The temperature is not affected by this parameter. 

  

(a) Variation of  concentration with cS  (b) Variation of  velocity with cS  

Fig. 8. Effect of  Schmidt Grashof's number cS  
 

 

  

(a) Variation of  temprature with rP  (b) Variation of  velocity with rP  

Fig. 9. Effect of  Prandtl number rP  

4.4.4. Variations with Prandtl Number, rP  

The obtained results show that increase in the Prandtl number leads to a decrease in the temperature - see figure 9(a) - 
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which agrees with the result in [27]. Since the temperature is decreased with increased Prandtl number, it means that the 
temperature source term in the momentum equation should also decrease, hence decreasing the velocity. This is shown 
in figure 9(b) in which the velocity is slightly decreased. The Prandtl number has no effect on the concentration, this is 
expected since it does not appear in the concentration model. 

4.4.5. Variations with α  

Our results show that increasedα reduced the velocity, see figure 10(a). This is expected since increasing α means 
increasing the fluid viscosity, hence decreasing velocity. The parameter has no effect on neither concentration nor 
temperature. 

  
(a) Variation of  velocity withα  (b) Variation of  concentration withα  

Fig. 10. Effect of  velocity and concentration withα   

 
       y 

(a) Variation of  concentration withγ  

  
(b) Variation of  velocity withγ  (c) Variation of  temperature withγ  

Fig. 11. Effect of γ  

4.4.6. Variations with γ  

Figures 11(a)-11(c) are the results outputted after 2 seconds for different values of γ . Figure 11(a) shows that the 
concentration decreases with increasing γ . This is the expected result since increasing γ means increasing the pollutant 
dispersion (diffusion), hence the concentration decreases. On the other hand, an increase in γ leads to no significant 

change in the velocity (see figure 11(b)) nor the temperature - figure 11(c). 
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4.4.7. Variations with λ  

Figures 12(a) to 12(b) show the effects of  the parameter, λ  on the flow fields. From our modelling assumptions, 
increasing λ means increasing the pollutant injection into the fluid, hence should increase the concentration. This is 
exactly what is observed in figure 12(a). Figure 12(b) shows that the velocity is slightly decreasing with increased λ . This 
is also due to the fact that concentration is increased leading to increased momentum source which is surpassed by the 
velocity reduction arising from increased fluid viscosity, hence the marginal decrease of  velocity observed in figure 12(b). 
This parameter has no effect on the temperature. 

4.4.8. Variations with n  

This parameter, n has to do with the pollutant injection, hence its increase should increase the concentration, and this 
is clearly observed in figure 13(a). However, no significant effect is observed on the velocity - figure 13(b). 

 

  
(a) Variation of  concentration with λ  (b) Variation of  velocity with λ  

Fig. 12. Effect of λ  
 

 

  
(a) Variation of  concentration with n  (b) Variation of  velocity with n  

Fig. 13. Effect of n  

 

  
(a) Variation of  velocity with K  (b) Variation of  concentration with K  

Fig. 14. Effect of K  
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4.4.9. Variations with K  

As one would expect, an increase in pressure gradient should increase the fluid velocity. Figure 14(a) shows the effect 
of  the pressure gradient parameter, K on the fluid velocity. We can see that, indeed, the velocity increases as this 
parameter is increased. The parameter does not affect the concentration and temperature as expected, see figure 14(b). 

5. Conclusion 

In this paper a sequential implicit finite difference formulation to study the flow of  fluid with pollutant dispersion and 
heat transfer is presented and analyzed. It is observed that a change in the pollutant concentration only leads to very 
small change in the fluid velocity due to the opposing effects of  increased source term and increased viscosity. Also, 
decreasing the temperature - by increasing the Prandtl number - resulted to only small decrease in the fluid velocity. 
These are in agreement with those of  previous studies. The presented numerical experiments and convergence analysis 
also show that the computed results are in good agreement with well-established solvers, and their errors vanish as the 
grid is refined. It is therefore, concluded that the proposed sequential method computes physically correct results and is 
convergent. 
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