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Abstract. The present work investigates the effect of the elliptical three-dimensional (3D) cracks on a pipe with 
thickness transition, considering internal pressure. Level sets were defined using the extended finite element 
method (XFEM), the stress intensity factors (SIFs) of 3D cracks were investigated and compared between straight 
pipes and pipes with thickness transition. The results show that the XFEM is an effective tool for modeling crack in 
pipes. A pressurized pipe with thickness transition is more sensitive to the feature compared to the straight pipe. 
Parameters of the transition zone have an influence on stress intensity factors. Quantification of the SIFs associated 
with cracks in the transition zone of pipes with thicknesses is performed. 

Keywords: Pressurized equipment, Pipe with thickness transition, Three-dimensional crack, XFEM, SIF, Level set. 

1. Introduction 

   In industrial sectors, pipes are often presented as an economical and safe means of transporting oil and gas. However, those 
structures are exposed to rupture accidents [1, 2]. In the field of pressure equipment, cylindrical or spherical structures are 
often found, those shells can be affected by axisymmetric or semi-elliptical internal or external cracks, it is then very important 
to evaluate the effect of these cracks on pressure equipment [3]. Xiao et al. [4] investigated the fatigue crack growth of 
offshore pipelines affected by 3D cracks, Shidar et al. [5] considered the plastic behavior to study girth welded pipelines with 
3D cracks exposed to biaxial loadings. In the elastic range, the problem of the cracks is generally studied using the SIF [6, 7]. 
Philippe [8] used the finite element method (FEM) to investigate the SIF of a semi-elliptical defect in a cylindrical shell. 
Sabokrooh et al. [9] studied the effect of residual stresses of the girth welding on a pipe of gas transmission. Vakili Tahami et 
al. [10] applied the harmony search algorithm to give the optimum designs of functionally graded-carbon -reinforced pipes 
exposed to a moving load. 
   The French Alternative Energies and Atomic Energy Commission (CEA) [11] developed the software for calculating finite 
element structures Castem [12]. The CEA [11, 13] launched studies with FEM to evaluate uniform thickness pipes containing 
internal and external circumferential cracks. 

The field of pressure equipment deals also with thickness transition pipes, these pipes correspond to a connection between 
two cylinders of the same internal radius but with different thicknesses. Those structures are subjected to circumferential 
cracks at the base of the thickness transition. Those defects are modeled as cracks located in a pipe of uniform thickness t [14]. 

Using the FEM, Delliou [15] studied pipe with thickness transition containing axisymmetric crack subjected to tensile 
stress and/or thermal shock, while Saffih [14] extended the study to semi-elliptic crack considering bending moment and 
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tensile stress. The results obtained in refs. [14, 15] showed that for elastic material, the thickness transition zone is the weakest 
position of the whole pipe. 
   Since the traditional FEM approach is more cumbersome in the modeling of crack because of mesh refinement, the 
accuracy of the results in the FEM depends on the mesh, a fine mesh near the tip of the crack allows a precise result. However, 
a fine mesh implies a large number of meshes and nodes, so it requires a long time of calculation [13], hence the introduction 
of the XFEM to facilitate the solving of cracks problems that are not efficiently resolved by mesh refinement. 
   The XFEM is used to analyze in 3D, the external circumferential elliptical cracks in the thickness transition zone, in this 
method, the finite element basis is enriched by specific functions that describe the surface and the tip of the crack, those 
functions allow additional precision in the modeling of the stationary defect and the crack growth [16, 17]. For stationary 
cracks, the XFEM gives an accurate result, thanks to enrichment functions even with coarse meshes near the crack tip [16]. 
The XFEM was initiated by Belytschko and Black [18]. Stolarska et al. [19] proposed the coupling between the level set met
hod (LSM) and XFEM to investigate the problem of cracks. In the field of pressurized equipment, Sharma [20] used the 
XFEM to evaluate the SIFs of a semi-elliptical crack in pipe bend. 
   Using the XFEM to compare the effect of the 3D crack between straight pipes and those with thickness transition besides 
evaluating the effect of transition zone on SIF were however not treated in [14], also, taking account of internal pressure was 
required to complete the work done by Saffih and Hariri [14]. The purpose of this work is to demonstrate the application of 
XFEM to evaluate the effect of 3D external elliptical crack on a pipe with thickness transition and investigate the impact of this 
transition zone on SIF of the cracked pipe. A study with a numerical simulation software Castem [12] was performed 
considering internal pressure. 
   In section 2, a description of XFEM in a matrix form is introduced. The definition of enrichment zone and the level set is 
provided. The theoretical method to calculate the SIF using XFEM is given. In section 3, the geometry of the pressurized 
equipment is defined. In section 4, XFEM model verification is validated. The influence of the transition zone on the SIF is 
investigated, at the same time, optimization of the transition zone dimensions based on the minimum SIF of the cracked pipe is 
discussed. Finally, a comparative study of SIF is done between straight pipes and pipes with thickness transition. 

2. XFEM Methodology 

2.1. XFEM formulation 

In XFEM, the standard finite element approximation is locally enriched to discontinuities modeling. At a particular node ix , 

the displacement approximation U is given by Eq. (1) [16]: 

4

1

( ) ( ) ( )( ( ) ( )) [ ( )( ( ( ) ( )) )]
d p

i i i i i i i i
i N i N i N
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where, iN is the standard finite element (FE) function of node i, iu is the unknown displacement of the standard FE part at 

node i , N is the set of all nodes in the domain and dN N denotes the nodal subset of the enrichment Heaviside function H(x), 

which is defined for those elements that are entirely cut by the crack surface and we have: 

 1 if ( ) 0( ) 1 otherwise
xH x     (2) 

where ( )x is the normal level set function and ia denotes the unknown of the enrichment H(x) at node i, these nodes are 

surrounded by a square in Fig. 1; and pN N is the nodal subset of the enrichment  which is defined for those elements that 

are partly cut by the crack front, the tip of the crack is described by four enrichment functions [16]: 
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 (3) 

in which 2 2( )r    and 1tan ( / )   with  and are respectively the normal and tangential level sets, bi is the 

unknown of the enrichment  at node i, these nodes are surrounded by a circle in Fig. 1. 

2.2. Castem definition 

   Cast3M (Castem) [12] is a numerical simulation software used in structural mechanics, it has the XFEM capabilities, 
Cast3M is developed by the Department of Modeling Systems and Structures of The French Alternative Energies and Atomic 
Energy Commission (CEA) [11], it uses the finite element method to solve different types of scientific problems. The 
calculation in Castem is done as follows: 
1) Choice of the geometry and the mesh.  
2) Definition of the mathematical and physical model: material properties, boundary conditions … 
3) Solving of the problem: computation of stiffness and mass matrices, application of the loadings, solving.  
4) Analysis and post-processing of the results. 
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Fig. 1. The strategy of the enrichment in XFEM. 

2.3. Governing equations 

   We consider an elastic solid subjected to surface forces or displacements, as well as volume forces (Fig. 2.), we look to 
determine the stresses and strains at each point. These physical quantities are expressed by tensors that are written in a matrix 
form.  

 

                           Fig. 2. Domain Ω with crack. 

The parameter 𝛤 is the outer boundary of the domain Ω with definition .
u g

     Traction t is imposed on the area g  

and displacement u is imposed on the area u (Fig. 2). In static, in the Cartesian coordinate system, the governing equations are 

given by the following relations: 

,0 or ( ) 0 on the domaini j j ib b             (4) 

, onij j i gn t    (5) 

oni i uU u   (6) 

, 0 onij j cn    (7) 

, ,

1
( )

2ij i j j iU U    (8) 

where 3 , n


 
is a unit normal vector on the surface and bi is the body force per unit volume. g , u and c are the 

traction, the displacement, and the crack boundaries respectively. Eq. (4) corresponds to the equilibrium equation where ij is 

the Cauchy stress tensor at any point of the studied solid. Eqs. (5), (6) and (7) are obtained from the equilibrium on the surfaces 
(boundary conditions), it is the tensile force applied to the considered surface,

 
U is the displacement field of displacements at 

any point on the solid surface. Eq. (8) is a geometric equation that defines the deformations in the hypothesis of small 
perturbations, ij is the strain tensor at any point of the solid. In the numerical computation, we often look to minimize the 

elastic potential energy by defining the optimal stresses and strains. The software Castem [12] resolves the Eq. (9): 

extKU f  (9) 
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where U is the displacement vector, extf is the external force vector and K is the material stiffness matrix, they are given by 

Eqs. (10) and (11): 

TK B DB d


   (10) 

g

extf b d t d
 

      (11) 

The sub-matrices ijK and if are obtained by substituting the approximation function defined in Eqs. (1), (10) and (11) [21]: 
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The sub-matrices and vectors that appear in the foregoing equation (12) are given by: 
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1 2 3 4, , , with (1, 2,3, 4)b b b b b
i i i i iB B B B B      (20) 

where iN  is the standard finite element (FE) function of node i, iB is the matrix of shape function derivatives and calculated at 

the Gauss points of each element, ( )ib x denotes the body force components, ( )it x is the tensile force applied to surface, is the 

volume of the solid and g represents the traction boundary. 

2.4. Crack meshing 

In order to minimize the computation times, we used symmetry and modeled only a half-pipe with thickness transition and 
an external elliptical crack (Fig. 3a), we employed 2350 XFEM XC8R elements with 512 Gauss points in block crack, the size 
of the element in the crack is 0.15 (mm). For the rest of the mesh, we used 14950 standard elements CUB8 in the form of a 
hexahedron with 8 nodes (Fig. 3b). The pipes thickness variations are generally located at the outlet of reservoirs (valves) 
[14], therefore in boundary conditions, we fixed the displacement of the end of the thicker part of the pipe, in addition, 
we blocked the translation and the rotation in uy and uz axes by applying symmetry boundary conditions. 

 

(a) 

 

 

(b) (c) 

Fig. 3. (a) Meshing of elliptical crack, (b) cracked half –pipe with thickness transition, (c) the domain surrounding a segment of the crack 
front. 

2.5. Enrichment zone 

We defined the level sets by calculating them from the crack mesh, that is to say from a crack mesh we define a normal 
level set from the crack front (red bow Fig. 3a) and tangential level function from the crack face. The normal level set φ (PHI) 
gives the distance of a point x to the surface of the crack and the tangential level set ψ (PSI) gives the distance of a point x to 
the crack tip, these level functions define the crack as follows: for a point x of the solid (Fig. 4): 
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 ( ) 0
( ) 0crack with ( 1)x
xx 

  
       (21) 

In FEM modeling, the works of refs. [3], [13] and [14] are based on a block of a semi-elliptical crack with complex geometry, 
whereas in XFEM modeling, for elastic-static fracture problems, the crack is easily modeled by enrichment functions using 
coarse and regular mesh (Figs 3a and 3b), the dimensions of the domain V of J integral, surrounding a segment of the crack 
front are taken as 1 (35 0.06 )r a  mm, 2 (2 0.2)r a  mm and 3 1 2r r where a is the depth of the crack in mm (Fig. 3c). 

 

(a) 

  

(b) (c) 

Fig. 4. (a) Representation of a crack with level sets, (b) normal level set, PHI, (c) tangential level set, PSI. 

2.6. Calculation of SIF, (K) in XFEM 

   The parameter G corresponds to the energy dissipated for an infinitesimal crack advance, the G-theta is a method which 
calculates the J-integral in elastic-plastic behavior. The theoretical concept of J-integral was developed by Cherepanov [22] 
and Rice [23]. Rice [23] showed that the J-integral can be approached by the energy release rate G in the elastic range. For 
calculating the SIF, we consider a point I in crack front C, c presents a crack surface, it is composed with an outer surface 

c
 and an inner surface .c

  In addition, V is a volume containing the crack front C (red arc in Fig. 5a) with is defined by 

0 1 2c cV       . The level sets are used as a local basis at the crack front to describe the point I at all the volume 

.V  Sukumar [24] has used the gradient of the level sets and defined this local basis (Fig. 6) by 1 2,e e      and  

3 1 2e e e  . 

In XFEM, J is expressed in a local basis (Fig. 6) formed of level set functions, J is given by Eq. (22) [16]: 

c c

i i j j i i j

V

J P n d P dV 
  

    (22) 

where i jP is the Eshelby tensor [25] given by Eq. (23): 
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 ( , , ) 1,2,3
ikij i j kjP w i j k      (23) 

 

 

 

(a) (b) 

Fig. 5. (a) The domain V in integral J computation, (b) example of θ field in two dimensions. 

 

Fig. 6. Local basis on the crack front. 

where w is the elastic energy density, and  are respectively the stress and strain expressed in the basis 1 2 3( , , )e e e (Fig. 6). 

Furthermore,  is a field of displacement parallel to the plane of the crack and normal to the front (Fig. 5b), it is defined by 
Eq. (24): 

1 0 1 2, ( ) 1 and ( ) 0 fore I x x          (24) 

For elastic behavior of materials, G is deduced from the J-integral by Eq. (25) [16]: 

22(1 )
C

E J
G

dC 
 

 
 (25) 

The SIF is deduced from G by Eq. (26) [16]: 

2
'

' 2
with in plane strain

(1 )

K E
G E

E 
 


 (26) 

3. Geometry and Loading 

The study considered the elastic behavior of the material in P265GH steel, this material is especially used in pressure 
equipment, Table 1 presents the P265GH steel properties.  

Table 1. The properties of P265GH steel. 

Young's modulus, E (GPa)  Yield stress, (MPa) Poisson’s ratio,  Breaking stress, u (MPa) Nominal stress, f (MPa) 

200 320 0.3 470 148 

- The type of pipe is defined by the parameter it R [13]:  

it R > 0.1: the pipe is thick.  
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it R < 0.1: the pipe is thin.  

it R = 0.1: the pipe has an average thickness. 

- The shape of the studied defect is semi-elliptic. It is characterized by the depth 'a' and the total length '2c'. In order to study an 
extended configuration of the crack shapes, we used the parameter (a/c), this parameter defines elliptic crack elongation on the 
wall of the pipe. The parameter (a/c) gives several shapes of cracks: semi-circular crack for (a/c) = 1 to elongated elliptical 
crack for (a/c) = 1/8. 
- In order to study an extended configuration of the types of defect, we used the parameter (a/t) to define the depth of the crack 
in the pipe wall, the parameter (a/t) gives several types of defect: shallow crack for (a/t) < 0.5 until deep crack for (a/t) = 0.8. 
We note that (a/t) is proportional to (c/t) where (a/t) = ӽ (a/t) with ӽ takes the values 1, 1/2, 1/4, and 1/8. 
Therefore, the geometries of the considered cracked pipes are defined by dimensionless parameters:  
  - A fraction of thickness t on the inner radius of the pipe: t/Ri. 
  - Shape parameter defining elongation of the elliptical crack: (a/c).  
  - The depth of the defect standardized by the thickness of the tube: (a/t). 
In the present paper, we model a pipe of average thickness (t/Ri = 0.1), the parameter (a/c) takes the values 1, 1/2, 1/4, and 1/8, 
(a/t) takes the values 0.1, 0.2, 0.4, 0.6, 0.8. This gives a set of 20 geometries. Elliptical cracks are considered to be located at 
the base of the transition in the thin part of the pipe (Figs. 3 and 7). The study deals with the straight pipe with thickness (t) and 
pipe with thickness transition (t, t2) (Fig. 7). Pressurized pipe with thickness transition is a connection between pipe of 
thickness t assembled to another pipe of a thickness t2 (t2 > t) where the transition length respects the following relation defined 
by CODAP [26]: 

20.2 (2 )il R t    (27) 

 

 

(a) (b) 

                             Fig. 7. The geometry of pipes: (a) with thickness transition, (b) straight pipe. 

The parameter ( )l is the length of the transition zone, ( ) is the slope of a pipe, and SIF (K) is the stress intensity factor. The 

purpose of this study is to investigate of the impact of ( )l and ( ) on the stress intensity in a pipe with thickness transition. So, 

we consider ( )l and ( ) as the variable parameters, and analyze their effect on SIF. Pipes are subjected to an internal pressure P 

(Fig. 8), for the purpose of comparison with the straight cylinder, the internal pressure is calculated in the thin part (thickness t) 
of the pipe with thickness transition, P is calculated according to the CODAP (C2.1.4.2) instructions [26]: 

2

m

f t z
P

D

  
  (28) 

where z is the welding coefficient, for an exceptional situation of service or resistance test, z = 1, m e iD R R  is the inner dia

meter of the pipe, iR and eR are respectively inner and outer radius of thin pipe where e iR t R  . So, Eq. (28) becomes: 

2
with 10

2 1

i i

i

R Rf
P

Rt t
t

        
 

 
(29) 

The applied pressure, therefore, decreases with the decrease of the parameter .it R The internal pressure is P = 14 MPa, this 

pressure respects the CODAP instructions [26], it does not cause the general plastic behavior in the pipe of average thickness 
( it R = 0.1). 

4. Results and Discussion 

4.1 XFEM model verification 

The Castem 2016 software [12] was used for modeling and calculation. It uses G-Theta method for calculating the integral 
J (G in elasticity) along the crack front (Eqs. 25 and 26).  
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(a) 

 

(b) 

Fig. 8. Pipe with transition thickness: (a) subjected to internal pressure, (b) Von Mises stress. 

 

           Fig. 9. Definition of angle . 

The position of a point I on the crack front is defined by the angle (Fig. 9), takes the value of 90° at the deepest point (D) 

and 0° at the surface point (S). The semi-elliptical crack is characterized by two particular points: the deepest and the surface 
points (Fig. 9). In general, the evaluation of K at those two points is enough to judge the severity of the defect. At those points, 
the average value of K is given by Eqs. (30) and (31) (Fig. 10)[13]: 

point2 point3

1
(4 ) in point

5averageK K K D   (30) 

point4 point5 point6

1
( 4 ) in point

6averageK K K K S    (31) 
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Fig. 10. Definition of average values on the element [13]  

The French Alternative Energies and Atomic Energy (CEA) [11] has launched studies on uniform thickness pipes containing 
external circumferential cracks, based on the finite element method (FEM), CEA [11, 13] calculated the influence factor: 

0 2

2 2

for an external circumferent

(

ial r

)

c ack
i

e i

K
i

P R
a

R R






 
(32) 

where P is the pressure calculated in Eq. (29) and K is the SIF calculated by the G-Theta method in XFEM. The influence 
function ( 0i ) is evaluated for an elliptical crack in a straight pipe, the verification of the model was made by the comparison of 

the values of 0i calculated by XFEM in the present paper and the results from the literature [13]. The factor 0i is calculated for 

all the fractions (a/c) and (a/t) at S and D points (Fig. 9). The relative error was calculated according to the Eq. (33): 
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Figs. 11 and 12 show the comparison results of 0i respectively at D and S points calculated by XFEM and 0i calculated by CEA 

[13] for all fractions (a/t) and (a/c). 0i is also calculated along the crack front for all fractions (a/t) and (a/c), some comparison 

results are presented in Fig. 13. The relative error between the XFEM results and literature [13] is between 0.09% and 
0.7%. There is a good concordance between the XFEM results and the value of [13], this gives confirmation to use numerical 
simulation based on XFEM to investigate the SIF at a thickness transition of pressurized pipe. 

 

Fig. 11. Comparisons of 0i calculated by XFEM in the present study with the literature [13], at S point, t/Ri = 0.1. 

4.2. Effect of zone transition on SIF 

In order to study the impact of ( )l and ( ) variations on the SIF, we consider ( )l and ( ) as variable parameters, and analyze 

their effect on SIF. Based on the triangular relation, the length of the thickness transition is related to the angle of the slope by 
the following relation: 

2( )
with 0

tan( ) 2

t t
l





    (34) 
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Fig. 12. Comparisons of 0i calculated by XFEM in the present study with the literature [13], at D point, t/Ri = 0.1.  

 
Fig. 13. Comparisons of 0i calculated by XFEM in the present study with the literature [13], along the crack front. 

 

 
Fig. 14. Evolution of K value according to ( 2 /t t ) and ( ): (a) for D point, (b) for S point. 
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The parameter ( ) is varied within the range of 4  to 70  and the ratio 2( / )t t is varied from 1.1 to 2.1. Fig. 14 presents the 

variations of K according to the parameter 2( / )t t , for certain slope ( ) at D and S points. Fig. 14 shows that for both D and S 

points, we have:  
  - For ( ) < 30°, K increases when the angle ( ) increases, K attains the maximum value for ( ) =30°, the general feature of 

the stress curve is unchanged for values of α > 30°. In general, K decreases when 2( / )t t increases.  

  - For 2( / )t t < 1. 5, K decreases when 2( / )t t increases, but K increases and attains its maximum for 2( / )t t =1.5 when ( ) =30°. 

  - For 2( / )t t ≥ 1. 5, K continues to decrease to become relatively stable and small.  

To further show the effect of ( ) =30° on the evolution of K, Fig. 15 presents the variations of K according to the parameter ( )l  

for α = 30° at D and S points. It shows that K decreases when ( )l increases. 

  - For 3mm < ( )l < 9mm, K is high and kepts a relatively constant value, for 9mm < ( )l < 30mm, K increases and attains its 

maximum for ( )l = 30mm ( 2( / )t t = 1.5), but for ( )l > 30mm, K decreases again when ( )l increases and takes a minimum value 

which is relatively constant for ( )l between 45 and 70mm.  

As a result, the angle ( ) = 30° and 2( / )t t =1.5 are critical and grave cases of thickness transition in the pipe.  

The decreasing of the angle of slope ( ) and the increase of the parameter 2( / )t t is one effective method of reducing K. 

 

 

Fig. 15. Variations of the K value according to (l) (a) for D point, ( ) = 30°, (b) for S point, ( )=30°. 

4.3. Comparison between K of the pipe with uniform thickness and thickness transition using XFEM. 

Considering the internal pressure, the present study compares the values of the SIF of an elliptical crack defect in straight 
pipe compared to one with thickness transition. The comparison was done by defining a parameter δ = KT/KC, where KC is the 
SIF calculated for straight pipe, and KT is the SIF calculated for pipe with thickness transition. δ > 1 means that the pipe with 
thickness transition presents more risk than a straight pipe. Fig. 16 shows the variations of δ according to (a/t) at D and S 
points for pipes where the parameter ( / it R ) is equal to 0.1. 

 For the surface point (S): 
-The value of does not depend on (a/c) parameter. 
-The value of decreases when (a/t) increases, but it remains always greater than 1 for all parameters (a/c) and (a/t). 

-The value of is maximum for shallow crack, where the TK value is 2 times higher than CK value, this means that a crack in 

the pipe with thickness transition presents double risk at a surface point in comparison with similar defects in a straight pipe. 
 For the deepest point (D): 
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-The value of is sensitive to (a/c) fraction. 

-The value of is greater than 1 for a/t < 0.6, TK value is higher 4 to 6 times than CK value for shallow crack. 

 

Fig. 16. δ values variation as function of a/c and a/t for internal pressure at the D and S points for / it R = 0.1. 

We concluded that a similar defect in the thickness transition presents more risk compared to the straight pipe in the S point 
and D point for shallow crack (a/t < 0.6). The transition reacts as an amplifier of stress, it magnifies the stress close to the 
surface. When the depth of crack increases (a/t > 0.6), the concentration of the stress decreases at D point, because at D point, 
the impact of thickness transition noticeably reduces and the normal stress decreases until it becomes less than the constant 
stress on the straight pipe, therefore, the value of K at D point in thickness transition becomes smaller compared to the value of 
K in the straight pipe. 

5. Conclusion 

The present paper studied the effect of an external elliptical crack located at the thickness transition zone of a pipe. The 
study showed that the angle α = 30° and t2/t =1.5 are grave cases of the thickness transition pipe. The decreasing of the angle of 
slope and the increase of the length of the transition is one effective method of reducing the SIF. Considering the internal 
pressure, this work highlighted the study of a 3D crack problem in a thickness transition pipe using XFEM. In XFEM, level 
sets were defined. A crack is easily presented by enrichment functions. The comparison between the SIFs in straight pipes and 
pipes with thickness transition showed that the pipe containing thickness transition is more sensitive to the considered cracks. 
During the operation of pressure equipment, the pipes are exposed to plastic deformations, especially located near the crack tip, 
in perspective, we intend to evaluate the plastic behavior of the pressure pipe to study the 3D crack problem in thickness 
transition of pipe considering internal pressure. 
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Nomenclature 

a Crack depth [mm] l Transition zone length [mm] 
D point The deepest point of the crack S point Surface point of the crack 
G Energy release rate, 

2/kJ m  K, SIF Stress intensity factor [MPa√m] 

  The angle of the slope of the pipe with thickness 
transition [◦] 

t The thickness of the pipe (thin side) [mm] 

CK  
Stress intensity factor calculated for straight pipe 
[MPa√m] 2t  The thickness of the pipe (thick side) [mm] 

TK  
Stress intensity factor calculated for pipe with thickness 
transition [MPa√m] 
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