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Abstract. In the present work, the numerical solution of two-dimensional variable-order fractional cable
(VOFC) equation using meshless collocation methods with thin plate spline radial basis functions is
considered. In the proposed methods, we first use two schemes of order O(t?) for the time derivatives and
then meshless approach is applied to the space component. Numerical results obtained from solving
considered model on regular and irregular domains, demonstrate the accuracy and efficiency of the proposed
schemes.
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1. Introduction

In recent decades, fractional calculus has been widely used to describe many natural phenomena. In fact, the
researchers have used the fractional calculus as a powerful mathematical tool to describe correlation of complex dynamic
systems that cannot be characterized by integer calculus. However, in many cases, the memory or non-conformance of
the system changes with time, space or other conditions [35, 41]. In these cases, the memory and hereditary properties of
many physical phenomena and processes can be described by the variable order operators. Therefore, variable order
fractional differential equations attracted more attention of many researchers in modeling the large variety of
phenomena in many fields of science and engineering fields such as viscoelastic mechanics [9, 14], anomalous diffusion

[6, 42], control system [27], and other branches of physics and engineering. An interested reader can see in [43]. Due to
its significant deviation from the dynamics of Brownian motion, the anomalous diffusion in biological systems cannot be

adequately described by the traditional Cable equation. So, the fractional cable equation was introduced for modeling the
anomalous diffusion in spiny neuronal dendrites [33].

The cable equation is one of the most important equations in modeling neuronal dynamics and has many
applications in electrophysiology. This equation can be obtained from Nernst-Plank equation [37]. Baer and Rinzel used
the cable equation to model dendritic tissue in the study of wave propagation mediated by dentritic spin [3]. The time
fractional cable equation is derived from fractional Nernst-Plank equations by Henry et al. [20, 21, 28]. They introduced
this equation for spiny neuronal dendrites.

The VOFC equation is as follows:
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" :OR Dta(x,f)Au(X, - /u;%Dtmx,x)u(x,f) + f(x,1), (x,6) € Qx(0,T1],
I/I(X, O) = 07 X €Q, (1)
u(x,t) = h(x,1), (x,t) € 00 % (0,T],

where >0 is a constant, ( is a continuous bounded domain with its boundary 0Q, f(x,¢) is the source term,

g(x) and A(x, t) are given functions, 0 < a(x,?),S(x,t) <1 and sDt"(”) is the Riemann-Liouville derivative which is
defined as follows [1]:

1 d [
EDu(x, ) = [ (=) u(x, )ds. @
I'd—a(x,t)) dr'°

Researchers have used different numerical methods for the solution of variety fractional partial differential equations.
For example, finite element, finite difference, spectral, meshless and spectral element methods [10, 12, 13, 15, 46, 47]
have been applied successfully. Among the mentioned schemes, meshless methods are easily applied to solve the
problems on an irregular domain with scattered nodes in high dimensions. One of the common meshless methods is
radial basis functions method. At the first time, Roland Hardy applied the radial basis functions method to interpolate
the scatter data [19]. In 1990, Kansa developed this method to solve the partial differential equations [25, 26]. Many
scholars used this method for diversity of the partial differential equations [2, 7, 16, 17, 18, 22, 34, 38, 39, 40, 45]. In the
literature, there are some numerical methods for the one and two-dimensional fractional cable equation. Two implicit
numerical methods are proposed in [32], a finite difference/Legendre spectral scheme in [33], two compact difference
methods in [23], discontinuous Galerkin finite element in [50], discrete-time orthogonal spline collocation schemes in
[48], element free Galerkin in [11], finite element method in [30] and a fourth-order compact finite difference in [31].

However, for the VOFC equation, there are little numerical methods. A numerical method with first-order temporal
accuracy and fourth-order spatial accuracy is proposed in [8], Crank-Nicolson method is used [36], Non-Standard
Crank-Nicholson Method in [44], Chebyshev cardinal functions in [24] and spectral collocation method for solving one-
and two-dimensional VOFC equation in [4].

Most of the methods presented in the literature for VOFC equation have low-order of accuracy in time component.
In this paper, we propose two numerical schemes for the solution of the mentioned equation which have second-order of
accuracy in time variable. Also, due to the attractive properties of meshless methods, in spatial directions, we use thin
plate splines radial basis functions. Numerical results obtained from solving considered model on regular and irregular
domains show the accuracy and efficiency of the proposed methods.

The layout of the article is as follow: In section 2, we explain the radial basis functions approximation method. In
Section 3, we give two numerical schemes which have second-order of accuracy in time variable. Also, we use thin plate
spline radial basis functions in space components to obtain the fully discrete schemes. Numerical results of two proposed
schemes are presented in Section 4. A brief conclusion is expressed in section 5. Some references that are used in this
work are introduced at the end of this article.

2. Thin Plate Spline Approximation

We can approximate an unknown function u(x)at node x in domain Q as follows:

N
wx) =Y & er)+¥(x), x€QCR, 3)
j=1
where NN is the number of nodes in (,¢ are unknown coefficients, ¢(r,) is the radial basis function, r =|[x—x ||

is Euclidean norm and W¥(x) is the additional polynomial which can be omitted if ¢(r,) be unconditionally positive

definite. If p, p,,..., p_ be the basis of HZ (the space of $§ d-$variate polynomials of order not exceeding ¢), then we can

write W as follows:
(x) = np,x), 4
i=1
(g—144d)!

dig-1!
The collocation method is used to determine unknown coefficients ¢ ,...,&, and 7,...,7,. So, additional s equations

where s =
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are required. The needed equations can be obtained by putting:
N
Y &p(x)=0. (5)
j=1
If L be the linear partial differential operator, then we can write:

Lu(x) = if},LgD(V]) +L¥(x), x€QCR". (6)

j=1

In this paper, we use from thin plate spline functions which are conditionally positive definite radial basis functions and
are as follows:

(r)=r"log(r),  j=12,3,.. @)

In the numerical results we putm = 6.

3. The Proposed Numerical Schemes

In this work, two second-order numerical schemes are proposed to discrete the variable order time fractional
derivatives of Eq. (1.1). In the first method, the Riemann-Liouville derivatives are discretized with a scheme of order

(9(12) . Using the relation between Riemann-Liouville and Caputto derivatives, we present the second scheme of order

(9(12) to discetize the Caputto derivative. We use the following notations:

t =nr, n=0,1,..N, T = Nr,

n

1

u(x, tn) —u", uﬂi; _ (un+l Tu"y/2, dtunﬂ/z _ (un+l 7un) /T
3.1. The first scheme

In this section, we use the following discrete scheme for the variable order Riemann-Liouville derivative which has
been developed in [5]:

n

R y(x.t,) _ y(x,t,) n—j 2
DI ux) = =5 D w40, ®)
j=0
where 0 <y(x,t) <1 and
o 24+y(x,t o 2+ y(x,t X,t
woen 22D e 2P, YR, ©)
2 2 2
and

(x,2,) (x,,) y(xi t,,) + 1
=0, gj =(1-———

Vg, - (10
J

Applying the mentioned scheme and Crank-Nicolson idea to Eq. (1) and omitting the small term, we have:

1 - o nil-j 1

— Z w, Au +
j=0

Rearranging the Eq. (11), gives:

t “
T/g

a

§unvl/2 — l(
2 T

n B ) 1 1 n . ) 1 n i )
2wy ) = ) ] W =) W)+ S D
j=0 T j=0 =0

a
T

ntl

n+1 1-a"" " n+1 1-8 B nil)
u - (T w, Au" —ut w, u =

n+1

n n+1 n
L L e g oo g . ”
T ° E wi A" 4T E w; Au"' —7 d E Wf 't E wfu”’ +Tf (12)
j=1 j=0 j=1 j=0

L1

u +—

2

In two dimensions, we can approximate z"(x) for N interpolation nodes as follows:
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N
W)=Y W)+ xHE Ly +EL
j=1
To determine the interpolation coefficients, we apply the collocation method so we have:

N
Wi(x,y)=Y W) & X, +Eny, +én,, i=12,.,N,
j=1

N

Zf;,xf = Z{;yi = Z;/” =0.

j=1 j j=1

In the matrix-vector form we have:

[u]" = BI¢T,
where
u' =[u,..,u,,0,0,0] [£]' =[£,....60 T,
and
A P
B=| . |
P 0
where
() ¥(r,) () x ooy 1

S Y(r,) ¢r,) ¥(r,y) x oy 1

lp(er) w(VNZ) e w(rNN) NxN xN yN 1 Nx3

we can split the matrix Binto B = B, + B, + B,, where:

b, x,€Q, b, x,€0Q,
B,=[b1=1" , B =[b1=1" ,
’ 0, x,€0Q, ’ 0, x,€qQ
b, N+1<i<N+31<j<N+3,
BE :[bg ]: 4
’ 0, elsewhere.

Using Eq. (16), we can write Eq. (12) in the following algebraic system of equations
C[f]nﬂ _ Bd [;T]n +En +T[f]n+1/2 +[H]n+l,

where

1

2 M j=1 2 j=0
1 ) 0l 1 . " ";
—E,u[‘rl /”""]*;[wf"‘]*ud i —5,11[1'l ﬁ"]*;[wf"]*ud 7

L 1T, x, eoa,
[H]" =
0, x €4,
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and u) = B,[¢]. The vectors [t wy], [ w1, [f" ], [c" "], w1, W], [ "], [£771, w1, [w]'],

n+1/2

[f*"'"*] are calculated using the collocation nodes of x, € Q = QUJQ. For example [f]""*is as follows:

[ﬂ““:{f(‘L nen 20)

0, x, € 0.
The symbol * in Eq. (19) represents that per component of the left vector is multiplied by the corresponding component
of right vector.
3.2. The second proposed scheme

Using the relation between Riemann-Liouville and Caputo derivatives, we apply a scheme of order O(rz) to

approximate the Caputo derivative. The Caputo derivative of order 0 < a(x,t) <1 for the function u (x, t) is defined as
follows [1, 43]:

1 4 0 )
D) = [ XD 1)
Fd—a(x,0)-° Os

For 0 < y(x,t) <1we have the following relation between the Riemann-Liouville and Caputo derivatives [1, 43]:

R y(x,t) C y(x,t) tiy(xm) 8}/(X7 t) tli}/(xyr)
C D u(x,t) =, D u(x, t) + ————u(x,0) + —In(#)|u(x, 0). 22)
rd-y(x,1) ot TR-yx,0))|1-y(x,1)
So we can write the eq. (1) as follows:
u = D"V Du(x,t) + K(x,£) — i s D" u(x,t) =V (x,£) + f(x,1), (23)
where
t—n(x,r) 80’(){, t_) tlﬂz(x,r)
K(x,t) = — Au(x,0) + —In(2)| Au(x,0),
I'd—a(x,t)) ot TQ2—-ax1)|1-a(x,t)
e op(x,t) 7™ 1
Vix,t) = y——u(x,0)+ —In(#) |u(x,0).
I'(1-pB(x,1) ot T2-px,0)1-B(x,1)

We discretize the variable order Caputo derivative using the second order scheme presented in [49], i.e.

2 n (2] !

Cc ~r(xr,) T : ot ,F; ,
0 Dt u(f 1 ) = dn,k é‘tu + O(‘[ )’ (24)
o TQ-y | 5
nt=)
where
1
bk n — 0’
2—y |
"
&) 1 27 2y, 2
d ' =1 (kD 2 k=D ), Isksal, 25)
2—y |
)
1 1—yml 1 2y, ny’ ]
) - n —(-) |, k=n
2 2—-y |

Now using (25), Crank-Nicolson idea and omitting the small term, we can propose the following scheme for eq. (24)
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- s - Tliﬁ”i n, D) .
6;”"71/2 o Zd N 5Au +Kn+1/z —u Zdy,f/ez 6;1/! 2 7'an+l/2 +fn+l/2, (26)
re—a | re-g , <
"*;) n+;)
or
TI*“H/z TI*/?M/z
un—l 7—déa” ,,Z)Aunﬂ +#—d;ﬁ”‘m)un+l —
r'@2- an+l/2) r'@2- ’anl/l)
1-a
l-a,,, 1=B.n " n—1  (a )
P S L W Sy R N S < VSR
F(z - an-l/l) rez- :B,,H/z) [2-a 1 k=0
-4,
T " n—1 (/@” l)
o F(z IB Zd,,,kz (uk 1 —u ) + TKn+1/2 - Vn+1/2 + Tfn+l/2. (27)
Using (13)-(15) we can write:
Q[{]n—l _ R[{]n + Ln + T[K]n—l/Z _ T[V]n+l/2 + z_[f-]n+1/2 + [H]n+l’ (28)
where
Tlfa” V2 Tliﬂnf\/z
=B, —[———d,""’1*AB, + [———d,”"’1«B,+ B, + B,,
r'@2- an-l/z) r2- ﬂn+l/2)
lftl/’1 2 =B,
R =B, —[—————d"|%AB, + gl—————d""
[ o IxAB, 4 , 1x B,
r@2- a, 1/2) I 7ﬂn-1/2)
l—a 1*/?
L=[——x Z T (0 ) — ] S ), (29)
F(Z an+l/2) F(Z ’Hrz+1/2) k=0
1-a, -4 1-a,
e P I
[H]"' is defined in eq. (19) and [K]"", V""", [——d“*], [———d"], [———]
r'@2- an-l/l) r'@2- ﬂn-l/l) r'@2- an-l/l)
-5,
P
[FZ;:7;__3L [d'“*], [d7'] are definedas [f]""* in eq.(20).
n+1/2

4. Numerical Results
In this section, the numerical results of the proposed methods are presented for the two test problems. Assume that
E and E, are errors correspond to step sizes 7, and 7,, respectively, then we can calculate the computational orders

of the proposed methods as follows:

log—
C —order = 2
log —
TZ

4.1. Test problem 1
Consider the following equation
R a(x,r) R B(x,r) 47T2 2—a(x,t) 2 2—p(x,1) . .
u =, D" Au(x,t)—, D" u(x, )+ 2t +———)¢ + 1t )sin(mrx) sin(7 y), (30)
IG—a(x,1) G- A1)
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where the exact solution is #(x, y,¢) = t* sin(mx) sin(zr y). The initial and boundary conditions can be extracted from

the exact solution. For this problem, we put a(x,t)=[10—(xy£)*]/100 and A(x,r)=[16—¢"]/15. In this example

we use the distribution of nodal points on the regions Q and (, which are shown in Figure 1. The L_-error,

computational order and CPU time of the proposed methods are presented with M =441 on (), attime 7 =1 in

Table 1. This table shows that the computational orders of the proposed methods in time component are compatible

with theoretical one. In Table 2, we present the results of two schemes with 400 nodal points on (),. In Table 3 we

present the L_-error of numerical schemes in spatial direction. Also, the condition numbers of coefficient matrices are

given in Table 4. The graphs of the numerical solution and absolute error on (), with 7 =0.005 are given in Fig. 2.

We present the graph of error as a function of t with 7=1/300on ), and 7=1/60 on (), in Fig. 3. In Table 5,

the L _-error, computational order of proposed methods are presented with m=3,6 and M =529 on , at time

T=1.
1 . ’ , v 1r .« e, : . >
lec et i g Gl snd oY @1 P I e
S TR O B i A B o, B WA BE
GEee B e m ) e e e fe fs = eis s e e e . .2 5 e E "
06 o o s & o s s o & & & & s 8 & & & & @ 0.6 , ° o sy el 5
B WD f W SR E e G = bl c o &
Pt I ol afeclin S i B e oo P R O L T P
¢ & & e & & & & e e e & & 2+ = e & e o - ..\. : : .
o2k @ EHE DS BRE s BE L Ew EEdA gEhes Ry o SR S M S S
St & & B R TR & R b Wl ERat § =3
0 & & 0' L kY ° L)
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X
Fig. 1. Nodal distribution of regions () (left side) and (1, (right side) for Test problem 1.
Table 1. Errors, computational orders and CPU time with M = 441 on () for Test problem 1.
Scheme 1 Scheme 2
T L, C-order CPU time L, C-order CPU time
1/5 8.3683x10 31.3439 1.0040x102 28.5290
1/10 2.0002x10-* 2.0648 40.8682 2.4881x10° 2.0126 34.5134
1/20 4.9993x10* 2.0003 60.9770 6.2147x10* 2.0013 42.7653
1740 1.2480x10* 2.0022 138.3551 1.5512x10+* 2.0024 72.3074
1/80 3.1005x107° 2.0090 451.7155 3.8576x107 2.0077 183.1191
Table 2. Errors, computational orders and CPU time with M = 400 on (), for Test problem 1.
Scheme 1 Scheme 2
T L, C-order CPU time L, C-order CPU time
1/5 7.8623%107 26.1359 9.3619x10° 24.3525
1/10 1.8623x10°° 2.0779 30.0871 2.3146x10 2.0160 27.0484
1720  4.6442x10* 2.0036 45.8961 5.7750x10 2.0029 33.5972
1740 1.1536x10 2.0093 105.0775 1.4355%10* 2.0083 54.8823
1/80  2.8053x10° 2.0399 335.2902 3.5108x107 2.0317 141.3705

4.2, Test problem 2
Consider the equation

e (40
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R a(x.t) R A(x.0) 3 3 3 144 d—a(xt) , 3 3 24 4-B(x) 3 3
u =, D" Au(x,t)— D" u(x,t)+4rxy —— ¢ T (xy+xy)+ %y 3D

cr (5 - a(x, 1)) (5 - a(5— B(x, 1)) ’

xyt

where the exact solution is #‘x’y’. The results of this problem are given with a(x,t)=[¢” —cos(xyt)]/15 and
B(x,t) =[15—sin(xyt)] / 40 . The distribution of nodal points on regions (), and (), are shown in Fig. 4. We present
the L_-error, computational orders and CPU time of proposed methods with M = 476 nodal points on (), at time
T =1 in Table 6. In Table 7, the L _-error, computational orders and CPU time of proposed methods are presented

with M =517 on (), attime 7 =1. In Table 8, the L_-error of numerical schemes in spatial direction is given.
We present the condition number of coefficient matrix in Table 9. The graphs of numerical solution and absolute error
on ), with 7=0.005 are shown in Fig. 5. The graph of error as a function of t with 7=1/40 on (), and

7=1/500n (), isshown in Fig. 6.

Table 3. Errors obtained for Test problem 1 with 7 =1/300 on {, and 7=1/100 on Q,.

Q Q,

1

Scheme 1 Scheme 2 Scheme 1 Scheme 2

Ng L L Ng L L

00 oo 00 0o

81 7.2635%x107 7.2841x107 80 1.2010%10 1.2008x10
169 1.9661x10° 1.9624x10° 130 7.9523x10* 1.2008x10>
441 1.9617x10° 2.4996x10° 230 2.5796x10° 2.7405%10°

x10°8
45

13.5

2.5

1.5

0.5

x10°C

Fig. 2. Numerical solution (left side) and absolute error (right side) on € with 7 = 0.005, using Scheme 1 (top) and
Scheme 2 (down) for Test problem 1.
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<107

2.75f : i 3 107 ‘

27;
265:

26" 10°
255

b E A

24
235 104t — e
225F = scheme2 === scheme2

1 15 2 25 3 25 4 iy 15 2 25 3 25 4
t t

Fig. 3. Error as function of zon (), (left side) and (2, (right side) for Test problem 1.

Table 4. Condition number (C-number) of coefficient matrix for Test problem 1 withz =1/300 on () andz =1/100 on Q, at T=1.

Q‘l O‘2
Scheme 1 Scheme 2 Scheme 1 Scheme 2
Ng C-number C-number Ng C-number C-number
81 5.1586x10° 4.9978x10° 80 3.8456x10"° 3.7161x10%
169 7.9770%10"° 7.7215%10" 130 3.1813%x10" 3.0674x10"
441 6.4633x10™ 6.4371x10™ 230 7.8611x10™" 7.7747x10%*

Table 5. Errors, computational orders for different m with M = 529 on ), for Test problem 1.

Schemel Scheme 2
m=6 m=3 m=6 m=3
T L C-order L C-order L C-order L C-order
1/5 8.3684x10-3 8.3750x10-3 1.0040x10- 1.0047x10-2
1/10 2.0003x10-3 2.0647 2.0070%10-3 2.0611 2.4882x103 2.0127 2.4948x102 2.0098
1/20 5.0006x10* 2.0001 5.0670x10 1.9858 6.2160x10* 2.0012 6.2824x10* 1.9895
1/40 1.2492x10+* 2.0010 1.3157x10* 1.9453 1.5525%10* 2.0014 1.6189x10+* 1.9563
1/80 3.1131x10° 1.9695 3.7775%10° 1.8003 3.8703%x10°° 2.0041 4.5347x10"° 1.8359
1 . 1.5 ; . :
: 1t Shag
X L
05 rEMalciEsi ey E bRt a,
= o».......-.' > 0r .'EE EE EEE
asp HRETEIEIEIIIIES
0.5/ > S il
- SEEEEE
1 I I L -1.5 1 1 L L 1
-1 0.5 0 0.5 1 1.5 -1 0.5 0 0.5 1 1.5
P 4 X

Fig. 4. Nodal distribution of regions Q; (left side) and Q, (right side) for Test problem 1
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Table 6. Errors, computational orders and CPU time with M = 476 on Q, for Test problem 2.

Scheme 1 Scheme 2
T L, C-order CPU time L, C-order CPU time
1/5 1.1307x10°* 37.9296 1.1019x10°* 32.7063
1/10 2.8577x10* 1.9843 43.9815 2.7759x10* 1.9890 35.6279
1/20 7.1689x10 1.9950 65.9631 6.9515x10° 1.9976 47.6081
1740 1.7940x10-° 1.9998 151.650 1.7380x10-° 1.9999 82.4401
1/80  4.4813x10% 2.0012 477.7408 4.3389%10°° 2.0020 198.1489
Table 7. Errors, computational orders and CPU time with M = 441 on Q, for Test problem 2.
Scheme 1 Scheme 2
T L, C-order CPU time L, C-order CPU time
1/5 5.1218%10- 49.7990 4.8637x10° 43.7753
1/10 1.2978x10°* 1.9806 56.8775 1.2256x10° 1.9886 46.9000
1/20 3.2605x10 1.9929 83.1984 3.0705x10* 1.9969 56.7986
1740 8.1656x10- 1.9975 181.8636 7.6815x10* 1.9990 95.6776
1/80  2.0421x10° 1.9995 570.2756 1.9187x10° 2.0013 241.4159
1. x107
0.06 7
0.04 o
il / \
5
0.02
4
>~ 0 0
3
-0.02
0.5t \ / 2
-0.04
y 1
-0.06
-1 L L .
-1 -0.5 0 0.5
X
1. x107
0.06
F \ 6
0.04
0.5 5
\ 0.02
4
>~ 0 0
3
\ -0.02
\ / 2
-0.5¢
-0.04
) P 1
-0.06

-1

-0.5 0

0.5

0
-

-0.5
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Fig. 5. Numerical solution (left side) and absolute error (right side) on Q; with 7 = 0.005, using Scheme 1 (top) and

Scheme 2 (down) for Test problem 2.
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Table 8. Errors obtained for Test problem 1 with 7=1/50 on Q; and 7=1/100 on Q,.

Q, {,

Scheme 1 Scheme 2 Scheme 1 Scheme 2
Ng L, L, Ng L, L,
50 1.7665x10-3 1.7665%10-3 116 2.6313x10* 2.4944x10*
91 2.6046x10-° 2.5706x10°° 119 6.0993%10-° 5.9704x10°
154 5.9957x10-¢ 5.8370x10-° 184 1.1645%10-° 1.1062x10-°

Table 9. Condition number (C-number) of coefficient matrix for Test problem 1 withz =1/50 on Q3 and7 =1/100 on Q, at T=1.

Q Q,
Scheme 1 Scheme 2 Scheme 1 Scheme 2
Ng C-number C-number Ng C-number C-number
50 2.6118x10%° 2.6087x10"° 116 4.7114x10" 4.7744x10"
91 1.2137x10" 1.2136x10" 119 4.5502x10" 4.5479%10"
154 4.5201x10" 4.4880x10" 184 2.8317x10" 2.8319x10"
107 10”7

10°
s )
= <
W i
10-4 -
= scheme1 w— scheme1
— gcheme2 === scheme2
10 . I I I I 10° . I I I I
1 1.5 2 2.5 3 3.5 4 1 1.5 2 2.5 3 3.5 4
t t

Fig. 6. Error as function of zon Q; (left side) and Q (right side) for Test problem 2.

5. Conclusion

In this paper, we considered the numerical solution of two-dimensional variable order fractional cable equation. Thin
plate spline radial basis function is used to approximate the solution of this equation on regular and irregular domains.

In temporal direction, we used two time discrete schemes of order O(rz). Numerical results demonstrate the good
accuracy and efficiency of the proposed schemes.
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