
J. Appl. Comput. Mech., 6(2) (2020) 320-331 
DOI: 10.22055/JACM.2019.29782.1634  

ISSN: 2383-4536 
jacm.scu.ac.ir 

 

Published online: September 03 2019 

 

A Modified Energy Balance Method to Obtain Higher-order 
Approximations to the Oscillators with Cubic and Harmonic 

Restoring Force 

Md. Alal Hosen1 , G.M. Ismail2 , A. Yildirim3 , M.A.S. Kamal4  
 

1 Department of Mathematics, Rajshahi University of Engineering and Technology, Rajshahi-6204, BANGLADESH 
2 Department of Mathematics, Faculty of Science, Sohag University, Sohag, 82524, EGYPT 

3 Department of Mathematics, Ege University, Bornova-İzmir, TURKEY 
4 Graduate School of Science and Technology, Gunma University, Kiryu 376-8515, JAPAN 

 

Received May 31 2019; Revised July 31 2019; Accepted for publication August 21 2019. 
Corresponding author: Md. Alal Hosen (alal_ruet@yahoo.com) 
© 2020 Published by Shahid Chamran University of Ahvaz 
& International Research Center for Mathematics & Mechanics of Complex Systems (M&MoCS) 

Abstract. This article analyzes a strongly nonlinear oscillator with cubic and harmonic restoring force and 
proposes an efficient analytical technique based on the modified energy balance method (MEBM). The 
proposed method incorporates higher-order approximations. After applying the proposed MEBM, a set of  
complicated higher-order nonlinear algebraic equations are obtained. Higher-order nonlinear algebraic 
equations are cumbersome to investigate especially in the case of  a large initial oscillation amplitude. This 
limitation is overcome in the proposed method by using the iterative procedure based on the homotopy 
perturbation method. The approximated results agree well with the numerically obtained exact solutions. These 
third-order approximate solutions are found to be almost the same as exact solutions, which cannot be found 
using the existing energy balance method. Highly accurate result and simple solution procedure are advantages 
of  this proposed method, which could be applied to other nonlinear oscillatory problems arising in nonlinear 
science and engineering. 

Keywords: Analytical technique; Strongly nonlinear oscillator; Nonlinear algebraic equations; Energy balance method; 
Iterative procedure; Homotopy perturbation method. 

1. Introduction 

   The nonlinear behavioural phenomenon is commonly found in various nonlinear systems including the area of physical 
sciences, applied mathematics, mechanical structures and engineering [1, 2]. The appearance of nonlinear phenomena is 
often an indication of an emerging hazardous state, which needs to be avoided or controlled. This has led to intensive 
research on the behaviour of nonlinear systems, using various approaches over many decades. Most nonlinear phenomena 
can be described by a set of nonlinear differential equations (NDEs). The methodology for solving linear differential 
equations is comparatively simple and well established. In contrast, the methodology for solving NDEs is very limited and 
is mostly based on linearization techniques. More specifically in some cases, it is possible to approximate a nonlinear 
equation by a closely related linear equation, and such approximation may provide the desired results. However, 
linearization of NDEs may not always be feasible in which case the original nonlinear equation must be solved directly. 
In this situation, NDEs have been the subject of comprehensive studies in various branches of nonlinear science and 
engineering.  
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   The numerical methods, e.g., the Runge-Kutta fourth-order method, are frequently used to obtain approximate solutions 
for nonlinear systems. However, for stiff differential equations, chaotic differential equations and hyperchaotic differential 
equations, numerical methods do not always yield accurate results. In the applications of numerical analysis, it is a big 
challenge still now. As an alternative, some researchers have introduced analytical approximation techniques. Traditional 
perturbation methods [3, 4, 5, 6, 7, 8, 9, 10, 11] are the most widely used analytical methods for solving nonlinear 
equations, which is the most versatile tool available for nonlinear analysis of engineering problems. However, traditional 
perturbation methods have several limitations depending on the degree of nonlinearity of the equations, especially for 
strongly nonlinear differential equations [12]. 
   In the recent past, some other approximation techniques have been investigated. These include the Akbari-Ganji's [13], 
the cubication [14], the pseudospectral [15], the frequency-amplitude formulation [16], the rational energy balance [17], 
the rational variational [18] and the closed-form numerical [19] methods and the iteration method [20, 21, 22]. In addition, 
the global error minimization [23], the harmonic balance [24, 25, 26, 27], the rational harmonic balance [28], the global 
and modified multi-level residue harmonic balance [29, 30], the parameter-expansion [31, 32, 33, 34] methods and the 
VIM-Pade technique [35] have been used to derive periodic solutions to strongly nonlinear oscillatory problems. In fact, 
to the best of our knowledge, of most of these methods, only the first-order approximation has ever been considered. This 
does not result in sufficient accuracy.  
   The energy balance method (EBM) [36, 37, 38, 39, 40] offers a general technique for approximating periodic solutions 
to strongly nonlinear systems, where the nonlinear terms are not small. He [36] was the first to use the energy balance 
method on the strongly nonlinear differential equations. This method, a variational principle for the nonlinear oscillation 
is established, then a Hamiltonian is constructed, from which the angular frequency can be readily obtained by collocation 
method. But most of the published energy balance methods have been considered only first-order approximations, which 
leads to insufficient accuracy. Applying the proposed modified energy balance method (MEBM), a set of complicated 
nonlinear algebraic equations are obtained. It is extremely difficult to solve these complicated nonlinear higher-order 
algebraic equations analytically, especially in the case of a large initial oscillation amplitudes. In this paper, these 
limitations are removed. An iterative procedure based on the homotopy perturbation method has been used to solve the 
set of complicated nonlinear algebraic equations which is valid for whole ranges of initial oscillation amplitudes. Higher-
order approximations (mainly third-order approximation) have been obtained for the strongly nonlinear oscillator with 
cubic and harmonic restoring force. Comparison between the obtained results and exact solutions shows that the MEBM 
is effective and convenient. The advantage of the MEBM is that the solution gives more correct results than many 
corresponding existing solutions, and it is easy, direct, concise, and simple to implement compared to existing methods. 
   The rest of this paper is organized as follows: In section 2, we outline the energy balance method and the proposed 
modified energy balance method. In section 3, we describe the strongly nonlinear oscillator with cubic and harmonic 
restoring force both geometrically and mathematically. In section 4, we implement the MEBM to the strongly nonlinear 
oscillator with cubic and harmonic restoring force. The results and detailed discussions are explained in section 5. 
Concluding remarks are given in section 6. 

2. The Solution Procedures 

2.1 The Energy Balance Method (EBM) 

   First, the basic idea of energy balance method (EBM) is reviewed to describe the proposed modified energy balance 
method. A second-order nonlinear differential equation [36] is given as 

𝑥̈ = −𝑓(𝑥, 𝑥̇), with initial conditions 𝑥(0) = 𝐴଴, 𝑥̇(0) = 0                                                                                                 (1) 

in which 𝑥 and 𝑡 represent dimensionless displacement and time respectively, and the dot denotes the derivative with 
respect to time 𝑡. 
The variational principle of Eq. (1) can be expressed as 

𝐽(𝑥) = ∫ ቀ−
ଵ

ଶ
𝑥̇ଶ + 𝐹(𝑥)ቁ

௧

଴
𝑑𝑡                    (2) 

where 𝐹(𝑥) = ∫ 𝑓(𝑥, 𝑥̇) 𝑑𝑥. 
Its Hamiltonian can be written in the following form 

 𝐻 =
ଵ

ଶ
𝑥̇ଶ + 𝐹(𝑥) = 𝐹(𝐴଴)                    (3) 

or 

𝑅(𝑡) =
ଵ

ଶ
𝑥̇ଶ + 𝐹(𝑥) − 𝐹(𝐴଴) = 0                                              (4) 

The following trial solution is used to obtain the angular frequency 

𝑥 = 𝐴଴cos(ωt)                                                                                       (5) 

Substituting Eq. (5) into Eq. (4), gives the following residual equation 

𝑅(𝑡) =
ଵ

ଶ
𝐴଴

ଶ𝜔ଶ𝑠𝑖𝑛ଶ(ωt) + 𝐹(𝐴଴cos(ωt)) − 𝐹(𝐴଴) = 0                                                        (6) 
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Since Eq. (5) is only an approximation of the exact solution, Eq. (6) cannot be made zero everywhere. Collocation at 𝜔𝑡 =
గ

ସ
 gives 

ω(𝐴଴) =
ଶ

஺బ
ට𝐹(𝐴଴) − 𝐹 ቀ

஺బ

√ଶ
ቁ                                 (7) 

Its period can be determined by using the relation 𝑇 =
ଶగ

ఠ
 as 

𝑇 =
ଶగ

మ

ಲబ
ටி(஺బ)ିிቀ

ಲబ

√మ
ቁ
                               (8) 

 
2.2. The Proposed Modified Energy Balance Method (MEBM) 

   A general N-th order periodic solution of Eq. (1) can be assumed in the following form 

𝑥 = 𝐴଴(𝜌 cos(𝜔𝑡) + 𝑢 cos(3𝜔𝑡) + 𝑣 cos(5𝜔𝑡) + 𝑤 cos(7𝜔𝑡) + 𝑧 cos(9𝜔𝑡) + ⋯ ),                                             (9) 

where 𝐴଴, 𝜌 and 𝜔 are constants. If 𝜌 = 1 − 𝑢 − 𝑣 − ⋯, Eq. (9) readily satisfies the initial conditions given in Eq. (1). 
Substituting Eq. (9) into Eq. (4), the following residual equation can be obtained 

   𝐴଴
ଶ𝜔ଶ ቂ

ଵ

ସ
−

௨

ଶ
+

ହ௨మ

ଶ
+ ⋯ + ቀ−

ଵ

ସ
+ 2𝑢 −

଻௨మ

ସ
+ ⋯ ቁ 𝑐𝑜𝑠( 2𝜔𝑡) + ቀ−

ଷ௨

ଶ
+

ଷ௨మ

ଶ
+ ⋯ ቁ 𝑐𝑜𝑠( 4𝜔𝑡) + ⋯ ቃ             (10) 

= 𝐹(𝐴଴) − 𝐹ൣ𝐴଴൫(1 − 𝑢 − 𝑣 − ⋯ ) 𝑐𝑜𝑠( 𝜔𝑡൯ + 𝑢 𝑐𝑜𝑠( 3𝜔𝑡൯ + 𝑣 𝑐𝑜𝑠( 5𝜔𝑡) + ⋯ )]  

Since Eq. (9) is only an approximation to the exact solution, Eq. (10) cannot be made zero everywhere. Now, taking 
collocation at ⋯ ,

గ

଼
,

గ

ସ
,

ଷగ

଼
, ⋯ the following nonlinear algebraic equations can be obtained 

𝐴଴
ଶ𝜔ଶ ቂ

ଵ

ସ
−

ଵ

ସ√ଶ
−

௨

ଶ
+ √2𝑢 +

ହ௨మ

ଶ
−

௩

ଶ
+

ଷ௩

√ଶ
+ 8𝑢𝑣 +

ଵଷ మ

ଶ
+ ⋯ ቃ =              (11) 

𝐹(𝐴଴) − 𝐹[𝐴଴((1 − 𝑢 − 𝑣 − ⋯ ) 𝑐𝑜𝑠( 𝜋/8) + 𝑢 𝑐𝑜𝑠( 3𝜋/8) + 𝑣 𝑐𝑜𝑠( 5𝜋/8) + ⋯ )]  

𝐴଴
ଶ𝜔ଶ ቂ

ଵ

ସ
+ 𝑢 + 𝑢ଶ − 3𝑣 − 6𝑢𝑣 + 9𝑣ଶ + ⋯ ቃ =                (12) 

𝐹(𝐴଴) − 𝐹[𝐴଴(−𝑢/√2 − 𝑣/√2 + (1 − 𝑢 − 𝑣 − ⋯ )/√2 + ⋯ )]  

𝐴଴
ଶ𝜔ଶ ቂ

ଵ

ସ
+

ଵ

ସ√ଶ
−

௨

ଶ
− √2𝑢 +

ହ௨మ

ଶ
−

௩

ଶ
−

ଷ௩

√ଶ
+ 8𝑢𝑣 +

ଵଷ௩మ

ଶ
+ ⋯ ቃ =                (13) 

𝐹(𝐴଴) − 𝐹[𝐴଴((1 − 𝑢 − 𝑣 − ⋯ ) 𝑐𝑜𝑠( 3𝜋/8) + 𝑢 𝑐𝑜𝑠( 9𝜋/8) + 𝑣 𝑐𝑜𝑠( 15𝜋/8) + ⋯ )]  

Eliminating 𝜔ଶ from Eqs. (12)-(13) with use of Eq. (11), Eqs. (12)-(13) take the following form 

𝐴଴
ଶ ቂ

ி(஺బ)

ସ√ଶ
+

ଷ

ଶ
𝑢𝐹(𝐴଴) − √2𝑢𝐹(𝐴଴) −

ଷ

ଶ
𝑢ଶ𝐹(𝐴଴) −

ହ

ଶ
𝑣𝐹(𝐴଴) −14𝑢𝑣 −

଻

ଶ√ଶ
𝑣ଶ𝐹(𝐴଴) + ⋯ ቃ                               (14) 

−
ଵ

ସ
𝐴଴

ଶ𝐹[𝐴଴((1 − 𝑢 − 𝑣 − ⋯ ) 𝑐𝑜𝑠( 𝜋/8) + 𝑢 𝑐𝑜𝑠( 3𝜋/8) + 𝑣 𝑐𝑜𝑠( 5𝜋/8) + ⋯ )] + ⋯ = 0  

𝐴଴
ଶ ቂ

ி(஺బ)

ଶ√ଶ
− 2√2𝑢𝐹(𝐴଴) −

ଵ

√ଶ
𝑢ଶ𝐹(𝐴଴) − 3√2𝑣𝐹(𝐴଴) −3√2𝑢𝑣𝐹(𝐴଴) −

଻

√ଶ
𝑣ଶ𝐹(𝐴଴) + ⋯ ቃ                              (15) 

−
ଵ

ସ
𝐴଴

ଶ𝐹[𝐴଴((1 − 𝑢 − 𝑣 − ⋯ ) 𝑐𝑜𝑠( 𝜋/8) + 𝑢 𝑐𝑜𝑠( 3𝜋/8) + 𝑣 𝑐𝑜𝑠( 5𝜋/8) + ⋯ )] + ⋯ = 0   

Now applying the iterative procedure based on the homotopy perturbation method (see Appendix A for details), one can 
obtain the values of 𝑢 and 𝑣 from Eqs. (14)-(15), which are 

𝑢 = 𝑢଴ + 𝑢ଵ + 𝑢ଶ + 𝑢ଷ + ⋯,                     (16) 

𝑣 = 𝑣଴ + 𝑣ଵ + 𝑣ଶ + 𝑣ଷ + ⋯,                                                  (17) 

where 𝑢଴ and 𝑣଴ are the initial approximations and the unknowns 𝑢ଵ, 𝑢ଶ, 𝑢ଷ, ⋯  and 𝑣ଵ, 𝑣ଶ, 𝑣ଷ, ⋯  are 

𝑢ଵ = −
௙(௨బ)

௙ᇲ(௨బ)
; 𝑣ଵ = −

௙(௩బ)

௙ᇲ(௩బ)
 , 

𝑢ଶ = −
௙ᇲᇲ(௨బ)

௙ᇲ(௨బ)
ቀ

௙(௨బ)

௙ᇲ(௨బ)
ቁ

ଶ

; 𝑣ଶ = −
௙ᇲᇲ(௩బ)

௙ᇲ(௩బ)
ቀ

௙(௩బ)

௙ᇲ(௩బ)
ቁ

ଶ

, 

𝑢ଷ =
ଵ

௙ᇲ(௨బ)
൬

ଵ

଺
ቀ

௙(௨బ)

௙ᇲ(௨బ)
ቁ

ଷ

൰ 𝑓ᇱᇱᇱ(𝑢଴) +
௙(௨బ)

௙ᇲ(௨బ)
൬−

௙ᇲᇲ(௨బ)

௙ᇲ(௨బ)
ቀ

௙(௨బ)

௙ᇲ(௨బ)
ቁ

ଶ

൰; 

𝑣ଷ =
ଵ

௙ᇲ(௩బ)
൬

ଵ

଺
ቀ

௙(௩బ)

௙ᇲ(௩బ)
ቁ

ଷ

൰ 𝑓ᇱᇱᇱ(𝑣଴) +
௙(௩బ)

௙ᇲ(௩బ)
൬−

௙ᇲᇲ(௩బ)

௙ᇲ(௩బ)
ቀ

௙(௩బ)

௙ᇲ(௩బ)
ቁ

ଶ

൰, 

…. 
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Finally, substituting the values of 𝑢, 𝑣, ⋯ from Eqs. (16)-(17) into Eq. (11), the angular frequency 𝜔 is determined. This 
completes the determination of all related unknowns for the N-th order periodic solution as given in Eq. (9). 

3. Formulation and Mathematical Modelling of the Problem 

   A strongly nonlinear oscillator with a cubic and harmonic restoring force equation represents a system consisting of  a 
mass resting on a spring with cubic and quintic nonlinearity as shown in Fig.-1, where 𝑀 is the mass, 𝑘 is the linear spring 
stiffness coefficient, 𝑏𝑠𝑖𝑛(𝑥) is the driving force and 𝑥(𝑡) is the system response. 

 

Fig. 1. Geometric structure of  the problem. 

The strongly nonlinear oscillator with cubic and harmonic restoring force is modelled mathematically by the following 
nonlinear differential equation [9, 26, 35] as 

𝑥̈ + 𝑥 + 𝑎𝑥ଷ + 𝑏𝑠𝑖𝑛(𝑥) = 0,                               (18) 

where 𝑎 and 𝑏 are constants and the double dot denotes a derivative with respect to time 𝑡. The initial conditions are 
given by  

𝑥(0) = 𝐴଴,   𝑥̇(0) = 0. 

4. Application 

   The Variational and Hamiltonian formulations of Eq. (18) can be expressed as 

𝐽(𝑥) = ∫ ቀ−
௫̇మ

ଶ
−

௫మ

ଶ
−

௔௫ర

ସ
+ 𝑏 𝑐𝑜𝑠( 𝑥)ቁ 𝑑𝑡

௧

଴
                                           (19) 

and 

𝐻 =
௫̇మ

ଶ
+

௫మ

ଶ
+

௔௫ర

ସ
− 𝑏 𝑐𝑜𝑠( 𝑥) −

஺బ
మ

ଶ
−

௔஺బ
ర

ସ
+ 𝑏 𝑐𝑜𝑠( 𝐴଴) = 0                                                      (20) 

From Eq. (9), the first-order approximate solution can be expressed as 

𝑥 = 𝐴଴ 𝑐𝑜𝑠( 𝜔ଵ𝑡),                                (21) 

where 𝜔ଵ is the angular frequency to be determined. Substituting Eq. (21) into Eq. (20), the following residual equation 
can be obtained 

−
஺బ

మ

ସ
−

ହ௔஺బ
ర

ଷଶ
+

஺బ
మఠభ

మ

ସ
+ 𝑏 𝑐𝑜𝑠( 𝐴଴) +

ଵ

ସ
𝐴଴

ଶ 𝑐𝑜𝑠( 2𝜔ଵ𝑡) +
ଵ

଼
𝑎𝐴଴

ସ 𝑐𝑜𝑠( 2𝜔ଵ𝑡)                                                                    (22) 

 −
ଵ

ସ
𝐴଴

ଶ𝜔ଵ
ଶ 𝑐𝑜𝑠( 2𝜔ଵ𝑡) +

ଵ

ଷଶ
𝑎𝐴଴

ସ 𝑐𝑜𝑠( 4𝜔ଵ𝑡) − 𝑏 𝑐𝑜𝑠( 𝐴଴ 𝑐𝑜𝑠( 𝜔ଵ𝑡)) = 0 

If we collocate at 𝜔ଵ𝑡 =
గ

ସ
, the first-order approximate angular frequency can be determined as 

𝜔ଵ = ට1 +
ଷ௔஺బ

మ

ସ
−

ସ௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴) +

ସ௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴/√2)                       (23) 

A second-order approximate solution can be considered from Eq. (9) is 

  𝑥 = 𝐴଴ 𝑐𝑜𝑠( 𝜔ଶ𝑡) + 𝐴଴𝑢(𝑐𝑜𝑠( 3𝜔ଶ𝑡) − 𝑐𝑜𝑠( 𝜔ଶ𝑡))                                          (24) 

Substituting Eq. (24) into Eq. (20) and then taking the collocation at 𝜔ଶ𝑡 =
గ

଼
 and 𝜔ଶ𝑡 =

గ

ସ
, the following nonlinear 

algebraic equations can be obtained 

1 −
ଵ

√ଶ
+

ହ௔஺బ
మ

଼
−

௔஺బ
మ

ଶ√ଶ
− 𝜔ଶ

ଶ +
ఠమ

మ

√ଶ
+ 2𝑢 + 𝑎𝐴଴

ଶ𝑢 +
௔஺బ

మ௨

√ଶ
+ 2𝜔ଶ

ଶ𝑢 − 4√2𝜔ଶ
ଶ𝑢 − 2𝑢ଶ                  (25) 

+√2𝑢ଶ −
ଷ௔஺బ

మ௨మ

ଶ
− 10𝜔ଶ

ଶ𝑢 − √2𝜔ଶ
ଶ𝑢ଶ + 2𝑎𝐴଴

ଶ𝑢ଷ − √2𝑎𝐴଴
ଶ𝑢ଷ −

ଷ௔஺బ
మ௨ర

ଶ
+ √2𝑎𝐴଴

ଶ𝑢ସ  

−
ସ௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴) +

ସ௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴(1 − 𝑢) 𝑐𝑜𝑠( 𝜋/8) + 𝑢 𝑐𝑜𝑠( 3𝜋/8)) = 0   
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1 +
ଷ௔஺బ

మ

ସ
− 𝜔ଶ

ଶ + 4𝑢 + 2𝑎𝐴଴
ଶ𝑢 − 4𝜔ଶ

ଶ𝑢 − 4𝑢ଶ − 6𝑎𝐴଴
ଶ𝑢ଶ − 4𝜔ଶ

ଶ𝑢ଶ                    (26) 

+8𝑎𝐴଴
ଶ𝑢ଷ − 4𝑎𝐴଴

ଶ𝑢ସ −
ସ௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴) +

ସ௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴(1 − 2𝑢)/√2) = 0  

After simplification, Eq. (25) can be written into another form as 

𝜔ଶ
ଶ = ቀ1 −

ଵ

√ଶ
+

ହ௔஺బ
మ

଼
−

ସ௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴) + ⋯ ቁ / ቀ1 −

ଵ

√ଶ
− 2𝑢 + 4√2𝑢 + 10𝑢ଶ + √2𝑢ଶቁ                                         (27) 

Substituting the value of 𝜔ଶ
ଶ into Eq. (26) and then simplifying, the following nonlinear algebraic equation of 𝑢 is obtained 

𝑓(𝑢):
௔஺బ

మ

଼
−

௔஺బ
మ

ସ√ଶ
− 4𝑢 + 4√2𝑢 − 12𝑢ଶ + 48𝑢ଷ − 32𝑢ସ + 86𝑎𝐴଴

ଶ𝑢ହ − 34𝑎𝐴଴
ଶ𝑢଺                (28) 

+൫2√2 + 24𝑢 − 24𝑢ଶ + ⋯ ൯
௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴) + (4 − 8𝑢 + 40𝑢ଶ + ⋯ )

௕

஺బ
మ 𝑐𝑜𝑠 ൬𝐴଴ ቀ

ଵିଶ௨

√ଶ
ቁ൰   

−(4 + 16𝑢 + 16𝑢ଶ)
௕

஺బ
మ 𝑐𝑜𝑠(𝐴଴((1 − 𝑢) 𝑐𝑜𝑠( 𝜋/8) + 𝑢 𝑐𝑜𝑠( 3𝜋/8))) + ⋯ = 0   

Now applying the iterative procedure based on the homotopy perturbation method (see Appendix A for details), the value 
of 𝑢 obtained from Eq. (28) is 

𝑢 = 𝑢଴ + 𝑢ଵ + 𝑢ଶ + 𝑢ଷ + ⋯,                   (29) 

where 𝑢଴ is an initial approximation and the unknowns 𝑢ଵ, 𝑢ଶ, 𝑢ଷ, ⋯ can be defined as 

𝑢ଵ = −
௙(௨బ)

௙ᇲ(௨బ)
 , 

𝑢ଶ = −
௙ᇲᇲ(௨బ)

௙ᇲ(௨బ)
ቀ

௙(௨బ)

௙ᇲ(௨బ)
ቁ

ଶ

, 

𝑢ଷ =
ଵ

௙ᇲ(௨బ)
൬

ଵ

଺
ቀ

௙(௨బ)

௙ᇲ(௨బ)
ቁ

ଷ

൰ 𝑓ᇱᇱᇱ(𝑢଴) +
௙(௨బ)

௙ᇲ(௨బ)
൬−

௙ᇲᇲ(௨బ)

௙ᇲ(௨బ)
ቀ

௙(௨బ)

௙ᇲ(௨బ)
ቁ

ଶ

൰, 

…. 

Now substituting the value of 𝑢  from Eq. (29) into Eq. (27), the second-order approximate angular frequency 𝜔ଶ  is 
determined as the following 

𝜔ଶ = ටቀ1 −
ଵ

√ଶ
+

ହ௔஺బ
మ

଼
−

ସ௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴) + ⋯ ቁ / ቀ1 −

ଵ

√ଶ
− 2𝑢 + 4√2𝑢 + 10𝑢ଶ + √2𝑢ଶቁ                 (30) 

Thus, the second-order approximate solution of Eq. (18) is 𝑥 = 𝐴଴ 𝑐𝑜𝑠( 𝜔ଶ𝑡) + 𝐴଴𝑢(𝑐𝑜𝑠( 3𝜔ଶ𝑡) − 𝑐𝑜𝑠( 𝜔ଶ𝑡)) where 𝑢 and 
𝜔ଶ are respectively given by Eqs. (29)-(30). 
Higher-order approximations have been obtained by using the proposed modified energy balance method. In this study, a 
third-order approximation is considered as 

𝑥 = 𝐴଴ cos(𝜔ଷ𝑡) + 𝐴଴𝑢 (cos(3𝜔ଷ𝑡) − cos(𝜔ଷ𝑡)) + 𝐴଴𝑣(cos(5𝜔ଷ𝑡) − cos(𝜔ଷ𝑡))                (31) 

Substituting Eq. (31) into Eq. (20) and then taking collocation at 𝜔ଷ𝑡 =
గ

଼
, 𝜔ଷ𝑡 =

గ

ସ
 and 𝜔ଷ𝑡 =

ଷగ

଼
, the following nonlinear 

algebraic equations are obtained 

1 −
ଵ

√ଶ
+

ହ௔஺బ
మ

଼
− 𝜔ଷ

ଶ +
ఠయ

మ

√ଶ
+ 2𝑢 + 𝑎𝐴଴

ଶ𝑢 + 2𝑢𝜔ଷ
ଶ − 4√2𝑢𝜔ଷ

ଶ − 2𝑢ଶ −
ଷ௔஺బ

మ௨మ

ଶ
− 10𝑢ଶ𝜔ଷ

ଶ − √2𝑢ଶ𝜔ଷ
ଶ           (32) 

+2𝑎𝐴଴
ଶ𝑢ଷ − √2𝑎𝐴଴

ଶ𝑢ଷ −
ଷ௔஺బ

మ௨ర

ଶ
+ 2𝑣 + 2√2𝑣 + 2𝑎𝐴଴

ଶ𝑣 +
ଷ௔஺బ

మ௩

√ଶ
+ 2𝑣𝜔ଷ

ଶ − 6√2𝑣𝜔ଷ
ଶ − 2√2𝑢𝑣  

−3𝑎𝐴଴
ଶ𝑢𝑣 − 32𝑢𝑣𝜔ଷ

ଶ − 6√2𝑢𝑣𝜔ଷ
ଶ + 3√2𝑎𝐴଴

ଶ𝑢ଶ𝑣 + 2𝑎𝐴଴
ଶ𝑢ଷ𝑣 − 2𝑣ଶ − √2𝑣ଶ −

ଽ௔஺బ
మ௩మ

ଶ
− 26𝑣ଶ𝜔ଷ

ଶ   

−7√2𝑣ଶ𝜔ଷ
ଶ + 6𝑎𝐴଴

ଶ𝑢𝑣ଶ − 3𝑎𝐴଴
ଶ𝑢ଶ𝑣ଶ + 4𝑎𝐴଴

ଶ𝑣ଷ − 2𝑎𝐴଴
ଶ𝑢𝑣ଷ −

ସ௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴)    

+
ସ௕

஺బ
మ 𝑐𝑜𝑠(𝐴଴((1 − 𝑢 − 𝑣) 𝑐𝑜𝑠( 𝜋/8) + 𝑢 𝑐𝑜𝑠( 3𝜋/8) + 𝑣 𝑐𝑜𝑠( 5𝜋/8))) + ⋯ = 0        

1 +
ଷ௔஺బ

మ

ସ
− 𝜔ଷ

ଶ + 4𝑢 + 2𝑎𝐴଴
ଶ𝑢 − 4𝑢𝜔ଷ

ଶ − 4𝑢ଶ − 6𝑎𝐴଴
ଶ𝑢ଶ − 4𝑢ଶ𝜔ଷ

ଶ + 8𝑎𝐴଴
ଶ𝑢ଷ − 4𝑎𝐴଴

ଶ𝑢ସ + 4𝑣                    (33) 

+2𝑎𝐴଴
ଶ𝑣 + 12𝑣𝜔ଷ

ଶ − 8𝑢𝑣 − 12𝑎𝐴଴
ଶ𝑢𝑣 + 24𝑢𝑣𝜔ଷ

ଶ + 24𝑎𝐴଴
ଶ𝑢ଶ𝑣 − 16𝑎𝐴଴

ଶ𝑢ଷ𝑣 − 4𝑣ଶ − 6𝑎𝐴଴
ଶ𝑣ଶ  

−36𝑣ଶ𝜔ଷ
ଶ + 24𝑎𝐴଴

ଶ𝑢𝑣ଶ − 24𝑎𝐴଴
ଶ𝑢ଶ𝑣ଶ + 8𝑎𝐴଴

ଶ𝑣ଷ − 16𝑎𝐴଴
ଶ𝑢𝑣ଷ − 4𝑎𝐴଴

ଶ𝑣ସ −
ସ௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴)  

+
ସ௕

஺బ
మ 𝑐𝑜𝑠 ൬𝐴଴ ቀ

ଵି௨ି௩

√ଶ
−

௨

√ଶ
−

௩

√ଶ
ቁ൰ = 0   
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1 +
ଵ

√ଶ
+

ହ௔஺బ
మ

଼
+

௔஺బ
మ

ଶ√ଶ
− 𝜔ଷ

ଶ −
ఠయ

మ

√ଶ
+ 2𝑢 + 𝑎𝐴଴

ଶ𝑢 −
௔஺బ

మ௨

√ଶ
+ 2𝑢𝜔ଷ

ଶ + 4√2𝑢𝜔ଷ
ଶ − 2𝑢ଶ − √2𝑢ଶ −

ଷ௔஺బ
మ௨మ

ଶ
             (34) 

−10𝑢ଶ𝜔ଷ
ଶ + √2𝑢ଶ𝜔ଷ

ଶ + 2𝑎𝐴଴
ଶ𝑢ଷ + √2𝑎𝐴଴

ଶ𝑢ଷ −
ଷ௔஺బ

మ௨ర

ଶ
− √2𝑎𝐴଴

ଶ𝑢ସ + 2𝑣 − 2√2𝑣 + 2𝑎𝐴଴
ଶ𝑣 −

ଷ௔஺బ
మ௩

√ଶ
  

+2𝑣𝜔ଷ
ଶ + 6√2𝑣𝜔ଷ

ଶ + 2√2𝑢𝑣 − 3𝑎𝐴଴
ଶ𝑢𝑣 + 3√2𝑎𝐴଴

ଶ𝑢𝑣 − 32𝑢𝑣𝜔ଷ
ଶ + 6√2𝑢𝑣𝜔ଷ

ଶ − 3√2𝑎𝐴଴
ଶ𝑢ଶ𝑣  

+2𝑎𝐴଴
ଶ𝑢ଷ𝑣 + 2√2𝑎𝐴଴

ଶ𝑢ଷ𝑣 − 2𝑣ଶ + √2𝑣ଶ −
ଽ௔஺బ

మ௩మ

ଶ
+ 3√2𝑎𝐴଴

ଶ𝑣ଶ − 26𝑣ଶ𝜔ଷ
ଶ + 7√2𝑣ଶ𝜔ଷ

ଶ + 6𝑎𝐴଴
ଶ𝑢𝑣ଶ  

−3√2𝑎𝐴଴
ଶ𝑢𝑣ଶ − 3𝑎𝐴଴

ଶ𝑢ଶ𝑣ଶ + 4𝑎𝐴଴
ଶ𝑣ଷ − 3√2𝑎𝐴଴

ଶ𝑣ଷ − 2𝑎𝐴଴
ଶ𝑢𝑣ଷ + 2√2𝑎𝐴଴

ଶ𝑢𝑣ଷ −
ଷ௔஺బ

మ௩ర

ଶ
+ √2𝑎𝐴଴

ଶ𝑣ସ  

−
ସ௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴) +

ସ௕

஺బ
మ 𝑐𝑜𝑠(𝐴଴((1 − 𝑢 − 𝑣) 𝑐𝑜𝑠( 3𝜋/8) + 𝑢 𝑐𝑜𝑠( 9𝜋/8) + 𝑣 𝑐𝑜𝑠( 15𝜋/8))) = 0     

From Eq. (32), it can be easily written in another form as 

𝜔ଷ
ଶ = ቀ1 + 2𝑢 −

ସ௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴) +

ସ௕

஺బ
మ 𝑐𝑜𝑠(𝐴଴((1 − 𝑢 − 𝑣) 𝑐𝑜𝑠( 𝜋/8) + 𝑢 𝑐𝑜𝑠( 3𝜋/8) + 𝑣 𝑐𝑜𝑠( 5𝜋/8))) + ⋯ ቁ /         (35)                 

                               ቀ1 −
ଵ

√ଶ
− 2𝑢 + 4√2𝑢 + 10𝑢ଶ + √2𝑢ଶ − 2𝑣 + 6√2𝑣 + 32𝑢𝑣 + 6√2𝑢𝑣 + 26𝑣ଶ + 7√2𝑣ଶቁ 

By eliminating 𝜔ଷ
ଶ from Eqs. (33)-(34) with the help of Eq. (35) and then simplifying, the following nonlinear algebraic 

equations of 𝑢 and 𝑣 can be expressed 

𝑓(𝑢):
௔஺బ

మ

଼
−

௔஺బ
మ

ସ√ଶ
− 4𝑢 − 3𝑎𝐴଴

ଶ𝑢 −
ଵହ௔஺బ

మ௨మ

ଶ
+

ସଷ௔஺బ
మ௨మ

ଶ√ଶ
+ 48𝑢ଷ + 40𝑎𝐴଴

ଶ𝑢ଷ − 32𝑢ସ −
ଵ଺ଵ௔஺బ

మ௨ర

ଶ
            (36) 

+86𝑎𝐴଴
ଶ𝑢ହ − 34𝑎𝐴଴

ଶ𝑢଺ + 12𝑣 + 6𝑎𝐴଴
ଶ𝑣 + 48𝑢𝑣 + 26𝑎𝐴଴

ଶ𝑢𝑣 + 208𝑢ଶ𝑣 + 154𝑎𝐴଴
ଶ𝑢ଶ𝑣 − 256𝑢ଷ𝑣     

−394𝑎𝐴଴
ଶ𝑢ଷ𝑣 + 558𝑎𝐴଴

ଶ𝑢ସ𝑣 − 332𝑎𝐴଴
ଶ𝑢ହ𝑣 + 4𝑣ଶ +

ଷଵ௔஺బ
మ௩మ

ଶ
+ 240𝑢𝑣ଶ + 164𝑎𝐴଴

ଶ𝑢𝑣ଶ − 320𝑢ଶ𝑣ଶ  

−741𝑎𝐴଴
ଶ𝑢ଶ𝑣ଶ + 1236𝑎𝐴଴

ଶ𝑢ଷ𝑣ଶ − 742𝑎𝐴଴
ଶ𝑢ସ𝑣ଶ + 16𝑣ଷ − 384𝑢𝑣ଷ + 1652𝑎𝐴଴

ଶ𝑢ଶ𝑣ଷ − 1480𝑎𝐴଴
ଶ𝑢ଷ𝑣ଷ  

−32𝑣ସ + 153√2𝑎𝐴଴
ଶ𝑣ସ + 782𝑎𝐴଴

ଶ𝑢𝑣ସ  

+൫2√2 + 24𝑢 − 16√2𝑢 − 24𝑢ଶ − 4√2𝑢ଶ − 40𝑣 − 224𝑢𝑣 + ⋯ ൯
௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴)   

+൫4 − 2√2 − 8𝑢 + 16√2𝑢 + 40𝑢ଶ − 8𝑣 + ⋯ ൯
௕

஺బ
మ 𝑐𝑜𝑠 ൬𝐴଴ ቀ

ଵି௨ି௩

√ଶ
−

௨

√ଶ
−

௩

√ଶ
ቁ൰    

−(4 + 16𝑢 + ⋯ )
௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴(1 − 𝑢 − 𝑣) 𝑐𝑜𝑠( 𝜋/8) + 𝑢 𝑐𝑜𝑠( 3𝜋/8) + 𝑣 𝑐𝑜𝑠( 5𝜋/8)) + ⋯ = 0   

𝑓(𝑣):
௔஺బ

మ

ସ√ଶ
− 4√2𝑢 − 2√2𝑎𝐴଴

ଶ𝑢 − 28√2𝑢ଶ −
଻ଵ௔஺బ

మ௨మ

ଶ√ଶ
+ 8√2𝑢ଷ + 20√2𝑎𝐴଴

ଶ𝑢ଷ + 24√2𝑢ସ −
ଵ଻௔஺బ

మ௨ర

√ଶ
              (37) 

−16√2𝑎𝐴଴
ଶ𝑢ହ + 23√2𝑎𝐴଴

ଶ𝑢଺ − 4√2𝑣 −
ଷ௔஺బ

మ௩

√ଶ
− 96√2𝑢𝑣 −

ଵଷ଻௔஺బ
మ௨௩

√ଶ
+ 40√2𝑢ଶ𝑣 + 106√2𝑎𝐴଴

ଶ𝑢ଶ𝑣  

+48√2𝑢ଷ𝑣 − 70√2𝑎𝐴଴
ଶ𝑢ଷ𝑣 − 22√2𝑎𝐴଴

ଶ𝑢ସ𝑣 + 38√2𝑎𝐴଴
ଶ𝑢ହ𝑣 − 76√2𝑣ଶ −

ଶସଽ௔஺బ
మ௩మ

ଶ√ଶ
+ 104√2𝑢𝑣ଶ    

+192√2𝑎𝐴଴
ଶ𝑢𝑣ଶ − 261√2𝑎𝐴଴

ଶ𝑢ଶ𝑣ଶ + 168√2𝑎𝐴଴
ଶ𝑢ଷ𝑣ଶ − 73√2𝑎𝐴଴

ଶ𝑢ସ𝑣ଶ + 104√2𝑣ଷ − 144√2𝑢𝑣ଷ  

+388√2𝑎𝐴଴
ଶ𝑢ଶ𝑣ଷ − ൫4√2 − 32√2𝑢 − 8√2𝑢ଶ − 48√2𝑣 − 48√2𝑢𝑣 − 56√2𝑣ଶ൯

௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴)  

+(4 − 8𝑢 + ⋯ )
௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴(1 − 𝑢 − 𝑣) 𝑐𝑜𝑠( 𝜋/8) + 𝑢 𝑐𝑜𝑠( 3𝜋/8) + 𝑣 𝑐𝑜𝑠( 5𝜋/8))  

−(4 + ⋯ )
௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴(1 − 𝑢 − 𝑣) 𝑐𝑜𝑠( 3𝜋/8) + 𝑢 𝑐𝑜𝑠( 9𝜋/8) + 𝑣 𝑐𝑜𝑠( 15𝜋/8)) + ⋯ = 0   

Now solving Eqs. (36)-(37), by applying the iterative procedure based on the homotopy perturbation method (see Appendix 
A for details), the values of 𝑢 and 𝑣 can be obtained as 

𝑢 = 𝑢଴ + 𝑢ଵ + 𝑢ଶ + 𝑢ଷ + ⋯,                     (38) 

𝑣 = 𝑣଴ + 𝑣ଵ + 𝑣ଶ + 𝑣ଷ + ⋯,                                                  (39) 

where 𝑢଴ and 𝑣଴ are the initial approximations and the unknowns 𝑢ଵ, 𝑢ଶ, 𝑢ଷ, ⋯  and 𝑣ଵ, 𝑣ଶ, 𝑣ଷ, ⋯  are 

𝑢ଵ = −
௙(௨బ)

௙ᇲ(௨బ)
; 𝑣ଵ = −

௙(௩బ)

௙ᇲ(௩బ)
 , 

𝑢ଶ = −
௙ᇲᇲ(௨బ)

௙ᇲ(௨బ)
ቀ

௙(௨బ)

௙ᇲ(௨బ)
ቁ

ଶ

; 𝑣ଶ = −
௙ᇲᇲ(௩బ)

௙ᇲ(௩బ)
ቀ

௙(௩బ)

௙ᇲ(௩బ)
ቁ

ଶ

, 
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𝑢ଷ =
ଵ

௙ᇲ(௨బ)
൬

ଵ

଺
ቀ

௙(௨బ)

௙ᇲ(௨బ)
ቁ

ଷ

൰ 𝑓ᇱᇱᇱ(𝑢଴) +
௙(௨బ)

௙ᇲ(௨బ)
൬−

௙ᇲᇲ(௨బ)

௙ᇲ(௨బ)
ቀ

௙(௨బ)

௙ᇲ(௨బ)
ቁ

ଶ

൰; 

𝑣ଷ =
ଵ

௙ᇲ(௩బ)
൬

ଵ

଺
ቀ

௙(௩బ)

௙ᇲ(௩బ)
ቁ

ଷ

൰ 𝑓ᇱᇱᇱ(𝑣଴) +
௙(௩బ)

௙ᇲ(௩బ)
൬−

௙ᇲᇲ(௩బ)

௙ᇲ(௩బ)
ቀ

௙(௩బ)

௙ᇲ(௩బ)
ቁ

ଶ

൰, 

…. 

Now substituting the values of 𝑢 and 𝑣 from Eqs. (38)-(39) into Eq. (35), the third-order approximate angular frequency 
𝜔ଷ is obtained as the following 

𝜔ଷ = ඩ
ቀ1 + 2𝑢 −

ସ௕

஺బ
మ 𝑐𝑜𝑠( 𝐴଴) +

ସ௕

஺బ
మ 𝑐𝑜𝑠(𝐴଴((1 − 𝑢 − 𝑣) 𝑐𝑜𝑠( 𝜋/8) + 𝑢 𝑐𝑜𝑠( 3𝜋/8) + 𝑣 𝑐𝑜𝑠( 5𝜋/8))) + ⋯ ቁ /

ቀ1 −
ଵ

√ଶ
− 2𝑢 + 4√2𝑢 + 10𝑢ଶ + √2𝑢ଶ − 2𝑣 + 6√2𝑣 + 32𝑢𝑣 + 6√2𝑢𝑣 + 26𝑣ଶ + 7√2𝑣ଶቁ

     (40) 

Thus, the third-order approximate solution of Eq. (18) is 𝑥 = 𝐴଴ cos(𝜔ଷ𝑡) + 𝐴଴𝑢 (cos(3𝜔ଷ𝑡) − cos(𝜔ଷ𝑡)) +
𝐴଴𝑣(cos(5𝜔ଷ𝑡) − cos(𝜔ଷ𝑡)) where 𝑢, 𝑣 and 𝜔ଷ are given respectively by Eqs. (38)-(40). 

5. Results and Discussions 

   The approximate solutions of Eq. (18) have been compared with the solutions obtained using the existing methods [9, 
26, 35] and the exact solutions obtained numerically. The errors (%) of the solutions have been also computed. These 
solution comparisons are shown in Table 1 to Table 4 for the condition 𝑎 = 𝑏 = 1 and the initial oscillation amplitude 
𝐴଴ =

గ

ଵ଼
, 𝐴଴ =

గ

଺
, 𝐴଴ = 1 and 𝐴଴ = 2 respectively. In Table-1 to Table-2, the errors (%) are reported very less for both of 

the approximations (first-, second- and third-order) for considering the values of initial amplitude as 𝐴଴ =
గ

ଵ଼
 and 𝐴଴ =

గ

଺
 

respectively. On the other hand, in Table-3 to Table-4, the errors (%) are increased swiftly only for first- and second-order 
approximations but for third-order approximation the errors (%) are reported no change for considering the higher values 
of initial amplitude as 𝐴଴ = 1 and 𝐴଴ = 2 respectively.  

Table 1. First-, second- and third-order approximate solutions of Eq. (18) are compared with existing results and the 
corresponding numerical solution (Runge-Kutta fourth-order method) for 𝑎 = 1, 𝑏 = 1 and 𝐴଴ =

గ

ଵ଼
: 

𝑡 
𝑥[ଵ௦௧ொ஻ெ]

[௧௛௜௦ ௦௧௨ௗ௬] 

𝐸𝑟(%) 

𝑥[ଶ௡ௗொ஻ெ]
[௧௛௜௦ ௦௧௨ௗ௬] 

𝐸𝑟(%) 

𝑥[ଷ௥ௗொ஻ெ]
[௧௛௜௦ ௦௧௨ௗ௬] 

𝐸𝑟(%) 
𝑥௡௨ 

𝑥[ଵ௦௧ு஻ெ]
[ଶ଺]  

𝐸𝑟(%) 

𝑥[ଶ௡ௗு஻ெ]
[ଶ଺]  

𝐸𝑟(%) 

0 0.174532 
0.0000 

0.174532 
0.0000 

0.174532 
0.0000 0.174532 0.174532 

0.0000 
0.174532 

0.0000 

0.5 0.132306 
0.0673 

0.132217 
0.0000 

0.132217 
0.0000 0.132217 0.132306 

0.0673 
0.132217 

0.0000 

1 0.026058 
0.1498 

0.026019 
0.0000 

0.026019 
0.0000 

0.026019 0.026059 
0.1537 

0.026019 
0.0000 

1.5 -0.092798 
0.1143 

-0.092692 
0.0000 

-0.092692 
0.0000 

-0.092692 -0.092797 
0.1132 

-0.092692 
0.0000 

2 
-0.166751 

0.0137 
-0.166728 

0.0000 
-0.166728 

0.0000 -0.166728 
-0.166751 

0.0137 
-0.166728 

0.0000 

2.5 
-0.160016 

0.0243 
-0.159977 

0.0000 
-0.159977 

0.0000 -0.159977 
-0.160017 

0.0250 
-0.159977 

0.0000 

3 -0.075852 
0.1254 

-0.075757 
0.0000 

-0.075757 
0.0000 -0.075757 -0.075853 

0.1267 
-0.075757 

0.0000 

3.5 0.045015 
0.1535 

0.044946 
0.0000 

0.044947 
0.0022 0.044946 0.045014 

0.1512 
0.044946 

0.0000 

4 0.144101 
0.0513 

0.144027 
0.0000 

0.144027 
0.0000 0.144027 0.144100 

0.0506 
0.144027 

0.0000 

4.5 0.173458 
0.0017 

0.173455 
0.0000 

0.173455 
0.0000 

0.173455 0.173458 
0.0017 

0.173455 
0.0000 

5 0.118882 
0.0816 

0.118785 
0.0000 

0.118784 
0.0008 

0.118785 0.118883 
0.0825 

0.118785 
0.0000 

Table 2. First-, second- and third-order approximate solutions of Eq. (18) are compared with the existing results and the 
corresponding numerical solution (Runge-Kutta fourth-order method) for 𝑎 = 1, 𝑏 = 1 and 𝐴଴ =

గ

଺
: 

𝑡 
𝑥[ଵ௦௧ொ஻ெ]

[௧௛௜௦ ௦௧௨ௗ௬] 

𝐸𝑟(%) 

𝑥[ଶ௡ௗொ஻ெ]
[௧௛௜௦ ௦௧௨ௗ௬] 

𝐸𝑟(%) 

𝑥[ଷ௥ௗொ஻ெ]
[௧௛௜௦ ௦௧௨ௗ௬] 

𝐸𝑟(%) 
𝑥௡௨ 

𝑥[ଵ௦௧ு஻ெ]
[ଶ଺]  

𝐸𝑟(%) 

𝑥[ଶ௡ௗு஻ெ]
[ଶ଺]  

𝐸𝑟(%) 

0 
0.523598 
0.0000 

0.523598 
0.0000 

0.523598 
0.0000 0.523598 

0.523598 
0.0000 

0.523598 
0.0000 

0.5 
0.387776 
0.5854 

0.385491 
0.0072 

0.385488 
0.0080 0.385519 

0.387797 
0.5908 

0.385528 
0.0023 

1 0.050773 
0.9885 

0.050267 
0.0179 

0.050207 
0.1372 0.050276 0.050838 

1.1178 
0.050273 
0.0059 
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Table 2. Continued 

𝑡 
𝑥[ଵ௦௧ொ஻ெ]

[௧௛௜௦ ௦௧௨ௗ௬] 

𝐸𝑟(%) 

𝑥[ଶ௡ௗொ஻ெ]
[௧௛௜௦ ௦௧௨ௗ௬] 

𝐸𝑟(%) 

𝑥[ଷ௥ௗொ஻ெ]
[௧௛௜௦ ௦௧௨ௗ௬] 

𝐸𝑟(%) 
𝑥௡௨ 

𝑥[ଵ௦௧ு஻ெ]
[ଶ଺]  

𝐸𝑟(%) 

𝑥[ଶ௡ௗு஻ெ]
[ଶ଺]  

𝐸𝑟(%) 

1.5 
-0.312570 

0.9198 
-0.309673 

0.0154 
-0.309795 

0.0238 -0.309721 
-0.312492 

0.8946 
-0.309725 

0.0012 

2 -0.513751 
0.0621 

-0.513428 
0.0007 

-0.513458 
0.0050 -0.513432 -0.513726 

0.0572 
-0.513434 

0.0003 

2.5 -0.448396 
0.3057 

-0.447019 
0.0022 

-0.446934 
0.0212 -0.447029 -0.448480 

0.3245 
-0.447039 

0.0022 

3 -0.150412 
0.9009 

-0.149048 
0.0140 

-0.148869 
0.1341 -0.149069 -0.150597 

1.0250 
-0.149063 

0.0040 

3.5 0.225606 
1.3167 

0.222615 
0.0264 

0.222882 
0.0934 

0.222674 0.225402 
1.2251 

0.222674 
0.0000 

4 0.484580 
0.2434 

0.483386 
0.0035 

0.483505 
0.0211 

0.483403 0.484482 
0.2232 

0.483411 
0.0016 

4.5 
0.492151 
0.1023 

0.491650 
0.0004 

0.491538 
0.0223 0.491648 

0.492250 
0.1224 

0.491654 
0.0012 

5 
0.244392 
0.7374 

0.242582 
0.0086 

0.242294 
0.1273 0.242603 

0.244678 
0.8553 

0.242600 
0.0012 

Table 3. First-, second- and third-order approximate solutions of Eq. (18) are compared with the existing results and the 
corresponding numerical solution (Runge-Kutta fourth-order method) for 𝑎 = 1, 𝑏 = 1 and 𝐴଴ = 1: 

𝑡 
𝑥[ଵ௦௧ொ஻ெ]

[௧௛௜௦ ௦௧௨ௗ௬] 

𝐸𝑟(%) 

𝑥[ଶ௡ௗொ஻ெ]
[௧௛௜௦ ௦௧௨ௗ௬] 

𝐸𝑟(%) 

𝑥[ଷ௥ௗொ஻ெ]
[௧௛௜௦ ௦௧௨ௗ௬] 

𝐸𝑟(%) 
𝑥௡௨ 

𝑥[ைூெ]
[ଽ]  

𝐸𝑟(%) 

0 
1.000000 
0.0000 

1.000000 
0.0000 

1.000000 
0.0000 1.000000 

1.000000 
0.0000 

0.5 0.688898 
2.0731 

0.674955 
0.0072 

0.674910 
0.0005 0.674906 0.672997 

0.2828 

1 -0.050838 
8.0762 

-0.045466 
3.3440 

-0.047041 
0.0042 -0.047039 -0.046277 

1.6199 

1.5 -0.758942 
2.0131 

-0.742016 
0.2619 

-0.743969 
0.0005 -0.743965 -0.741376 

0.3480 

2 -0.994830 
0.0024 

-0.995120 
0.0315 

-0.994806 
0.0000 

-0.994806 -0.994866 
0.0060 

2.5 -0.611732 
1.9614 

-0.602381 
0.4028 

-0.599967 
0.0005 

-0.599964 -0.599003 
0.1601 

3 
0.151988 
7.9674 

0.136096 
3.3216 

0.140777 
0.0035 0.140772 

0.138513 
1.6047 

3.5 
0.821141 
1.8384 

0.802801 
0.4360 

0.806322 
0.0006 0.806317 

0.803346 
0.3684 

4 0.979377 
0.0066 

0.980557 
0.1271 

0.979312 
0.0000 0.979312 0.979549 

0.0242 

4.5 0.528241 
1.5910 

0.525065 
0.9802 

0.519971 
0.0005 0.519968 0.520164 

0.0376 

5 -0.251567 
7.7540 

-0.225811 
3.2780 

-0.233473 
0.0038 -0.233464 -0.229784 

1.5762 

In figures Fig.-2, Fig.-4 and Fig.-6, the approximate solutions have been compared with numerical solutions (Runge-Kutta 
fourth-order method) for the condition 𝑎 = 𝑏 = 1 and the initial oscillation amplitudes 𝐴଴ = 5, 𝐴଴ = 10 and 𝐴଴ = 50 
respectively. In the same cases, the phase plane trajectories have also been illustrated in Fig.-3, Fig.-5 and Fig.-6 
respectively. In all Tables and Figures, the proposed method provides approximate solutions with much higher accuracy 
than the existing methods [9, 24, 35]. In a third-order approximation with initial oscillation amplitude 𝐴଴ = 2 , the 
maximum error (%) is reported as 0.0070% at time 𝑡 = 5. In the same initial oscillation amplitude, the much higher error 
0.7147% has been found using the optimal iteration method [9]. It is notable that the solution procedure of the existing 
methods [9, 24, 35] are more laborious and cumbersome, especially for obtaining the higher-order approximations than 
the modified energy balance method proposed in this paper. Therefore, this proposed method not only provides a simpler 
and efficient solving technique but also a highly accurate solution.  

Table 4. First-, second- and third-order approximate solutions of Eq. (18) are compared with the existing results and the 
corresponding numerical solution (Runge-Kutta fourth-order method) for 𝑎 = 1, 𝑏 = 1 and 𝐴଴ = 2: 

𝑡 
𝑥[ଵ௦௧ொ஻ெ]

[௧௛௜௦ ௦௧௨ௗ௬] 

𝐸𝑟(%) 

𝑥[ଶ௡ௗொ஻ெ]
[௧௛௜௦ ௦௧௨ௗ௬] 

𝐸𝑟(%) 

𝑥[ଷ௥ௗொ஻ெ]
[௧௛௜௦ ௦௧௨ௗ௬] 

𝐸𝑟(%) 
𝑥௡௨ 

𝑥[ைூெ]
[ଽ]  

𝐸𝑟(%) 

0 
2.000000 

0.0000 
2.000000 

0.0000 
2.000000 
0.0000 2.000000 

2.000000 
0.0000 
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Table 4. Continued 

𝑡 
𝑥[ଵ௦௧ொ஻ெ]

[௧௛௜௦ ௦௧௨ௗ௬] 

𝐸𝑟(%) 

𝑥[ଶ௡ௗொ஻ெ]
[௧௛௜௦ ௦௧௨ௗ௬] 

𝐸𝑟(%) 

𝑥[ଷ௥ௗொ஻ெ]
[௧௛௜௦ ௦௧௨ௗ௬] 

𝐸𝑟(%) 
𝑥௡௨ 

𝑥[ைூெ]
[ଽ]  

𝐸𝑟(%) 

0.5 0.961787 
6.5686 

0.904695 
0.2426 

0.902647 
0.0157 0.902505 0.896649 

0.6488 

1 -1.074964 
9.8627 

-0.946665 
3.2495 

-0.978658 
0.0201 -0.978461 -0.972382 

0.6212 

1.5 -1.995675 
0.0928 

-1.999243 
0.0858 

-1.997527 
0.0001 -1.997529 -1.997524 

0.0002 

2 -0.844451 
2.3017 

-0.862431 
4.4799 

-0.825535 
0.0101 

-0.825451 -0.819890 
0.6736 

2.5 1.183491 
12.3739 

0.988317 
6.1580 

1.053420 
0.0235 

1.053172 1.046951 
0.5906 

3 
1.982719 

0.3724 
1.996974 

0.3437 
1.990122 
0.0005 1.990132 

1.990109 
0.0011 

3.5 
0.723464 

3.2071 
0.819899 

9.6950 
0.747455 
0.0026 0.747435 

0.742234 
0.6958 

4 -1.286900 
14.2407 

-1.029620 
8.5985 

-1.126780 
0.0265 -1.126481 -1.120205 

0.5571 

4.5 -1.961189 
0.8423 

-1.993198 
0.7759 

-1.977827 
0.0011 -1.977850 -1.977790 

0.0030 

5 -0.599347 
10.3553 

-0.777122 
16.2345 

-0.668534 
0.0070 -0.668581 -0.663802 

0.7147 

Fig. 2. Comparison of the approximate solution of Eq. (18) 
with its numerical solution in the case of 𝑎 = 𝑏 = 1 and 𝐴଴ = 5. 

Fig. 3. Comparison of the approximate solution of Eq. (18) 
with its numerical solution in terms of phase plane in the case of 

𝑎 = 𝑏 = 1 and 𝐴଴ = 5. 
 

Fig. 4. Comparison of the approximate solution of Eq. 
(18) with its numerical solution in the case of 𝑎 = 𝑏 = 1 and 

𝐴଴ = 10. 

Fig. 5. Comparison of the approximate solution of Eq. (18) 
with its numerical solution in terms of phase plane in the case of 

𝑎 = 𝑏 = 1 and 𝐴଴ = 10. 
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In Table 1 to Table 4, 𝑥[ଵ௦௧ொ ]
[௧௛௜  ௦௧௨ௗ௬] , 𝑥[ଶ௡ௗொ஻ெ]

[௧௛௜௦ ௦௧௨ௗ௬]  and 𝑥[ଷ௥ௗொ஻ெ]
[௧௛௜௦ ௦௧௨ௗ௬]  respectively denote first-, second- and third-order 

approximate solutions obtained by using the proposed modified energy balance method. 𝑥௡௨ represents the numerical 
solutions which is obtained by using the Runge-Kutta fourth-order method. 𝑥[ଵ௦௧ு஻ெ]

[ଶ଺]  and 𝑥[ଶ௡ௗு஻ ]
[ଶ଺]  signify the first- and 

second-order approximate solutions which have been obtained by using the harmonic balance method [26]. 𝑥[ைூெ]
[ଽ]  

describes the existing approximate solutions that have been determined by using the optimal iterative method [9]. 𝐸𝑟(%) 

denotes the percentage errors which are obtained from the relation ቚ
௫೙ೠି௫[೔]

௫೙ೠ
× 100ቚ where 𝑖 = 1,2,3. 

Fig. 6. Comparison of the approximate solution of Eq. 
(18) with its numerical solution in the case of 𝑎 = 𝑏 = 1 and 

𝐴଴ = 50. 

Fig. 7. Comparison of the approximate solution of Eq. (18) 
with its numerical solution in terms of phase plane in the case of 

𝑎 = 𝑏 = 1 and 𝐴଴ = 50. 

6. Conclusion 

   In this paper, a new efficient analytical technique has been developed based on the modified energy balance method to 
determine approximate periodic solutions for strongly nonlinear oscillator with cubic and harmonic restoring forces. 
Compared with the existing methods, the determination procedure of the proposed method is straightforward and simple, 
and it surpasses them in terms of solution accuracy. Remarkably, it can clearly be seen that the third-order approximate 
solutions are almost identical to the exact solutions. Furthermore, the proposed method opens the way of incorporating 
any (N-th) order of approximation for solving even stronger nonlinear systems. In conclusion, the proposed method has 
great potential as an efficient alternative to the existing methods. 
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Appendix A 

   A higher-order nonlinear algebraic equation is of the form 

𝑓(𝑥) = 0                                                                                          (A.1) 

Consider the nonlinear algebraic equation Eq. (A1), and we construct a homotopy 𝐻: 𝑅 × [0, 1] → 𝑅 which satisfy  

𝐻(𝑥, 𝑝) = 𝑓(𝑥) − 𝑓(𝑥଴) + 𝑝𝑓(𝑥଴) = 0 ,              (A.2) 

𝑥 ∈ 𝑅, 𝑝 ∈ [0, 1] 

where 𝑝 is embedding parameter, 𝑥଴ is an initial approximation of Eq. (A.1). Hence, it is obvious that 
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𝐻(𝑥, 0) = 𝑓(𝑥) − 𝑓(𝑥଴) = 0                                                                                                            (A.3) 

𝐻(𝑥, 1) = 𝑓(𝑥) = 0                                                          (A.4) 

and the changing process of 𝑝 from 0 to 1, refers to 𝐻(𝑥, 𝑝) from 𝐻(𝑥, 0) to 𝐻(𝑥, 1). Applying the perturbation technique 
[21], due to the fact that 0 ≤ 𝑝 ≤ 1 can be considered as a small parameter, we can assume that the solution of Eq. (A.2) 
can be express as a series in 𝑝  

𝑥 = 𝑥଴ + 𝑥ଵ𝑝 + 𝑥ଶ𝑝ଶ + 𝑥ଷ𝑝ଷ + ⋯                                                                                              (A.5) 

When 𝑝 → 1, Eq. (A.2) corresponds to Eq. (A.1) and Eq. (A.5) becomes the approximate solution of Eq. (A.1), that is [21] 

𝑥 = lim
௣→ଵ

 𝑥 = 𝑥଴ + 𝑥ଵ + 𝑥ଶ + 𝑥ଷ + ⋯                                              (A.6) 

and in [21] the unknowns are  

𝑥ଵ = −
௙(௫బ)

௙ᇲ(௫బ)
                  (A.7) 

𝑥ଶ = −
௙ᇲᇲ(௫బ)

௙ᇲ(௫బ)
ቀ

௙(௫బ)

௙ᇲ(௫బ)
ቁ

ଶ

                 (A.8) 

𝑥ଷ =
ଵ

௙ᇲ(௫బ)
൬

ଵ

଺
ቀ

௙(௫బ)

௙ᇲ(௫బ)
ቁ

ଷ

൰ 𝑓ᇱᇱᇱ(𝑥଴) +
௙(௫బ)

௙ᇲ(௫బ)
൬−

௙ᇲᇲ(௫బ)

௙ᇲ(௫బ)
ቀ

௙(௫బ)

௙ᇲ(௫బ)
ቁ

ଶ

൰                                 (A.9) 

… . 
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