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Abstract: In the present analysis, the Dufour and Soret effects on unsteady heat-mass transfer of a viscous
incompressible Powell-Eyring fluids flow past an expanding/shrinking permeable sheet are reported. The
fluid boundary layer develops over the variable sheet with suction/injection to the non-uniform free stream
velocity. Under the symmetry group of transformations, the governing equations along with three
independent variables, are converted into a system of PDEs with two independent variables. Finally, by
employing the order-reduction technique the PDEs are transformed into ODEs, which are then solved
numerically. The results are presented graphically and analyzed. The main advantage of this technique is that
without any prior knowledge, one can easily find the scaling transformations, expanding velocity,
suction/injection velocity, and free-stream velocity. From computed numerical results many important
findings are obtained. Most importantly, thermal and concentration overshoots are found for larger values of
Dufour and Soret numbers, respectively. Also, thermal and concentration crossing over found for different
values of Soret and Dufour numbers, respectively.

Keywords: Unsteady heat and mass transfer; Soret and Dufour effects; Powell-Eyring fluid; Expanding sheet; Symmetry
analysis.

1. Introduction

According to independent or dependent on the time at every point, flow can be categorized into two types, viz. steady
and unsteady. Most of the flows that we encounter in our daily life are unsteady. The boundary layer theory of such
kinds of flows is important in science and technology.

Using Lie group theoretic approach, Ma and Hui [1] studied two-dimensional unsteady boundary layer flows of
Newtonian fluids over a flat plate. Later, Dholey and Gupta [2] extended this problem for moving the porous plate. Lie
symmetry technique is a systematic mathematical procedure for determining symmetries of differential systems. The
advantage of this technique is that without any prior knowledge of physical characters of the underlying variables one
can easily determine all the symmetries under which a given system remains invariant (see Layek [3] (Chapter 8),
Cantwell [4], Bluman and Kumei [5] and references therein). Jalil et al. [6], Jalil and Asghar [7] pioneered the
application of Lie group method for determining the symmetries and invariant solutions of Powell-Eyring steady fluid
flows. Using Lie symmetry analysis, Akgiil and Pakdemirli [8] studied unsteady power-law fluid flow over a porous
surface, and YURUSOY [9] investigated unsteady boundary layer flow for Carreau fluid. Layek and Sunita [10]
discovered the nature of the multitude of scalings in decaying isotropic turbulence. Using Lie Symmetry technique
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Layek et al. [11] analyzed boundary layer Stagnation-Point flow and heat transfer of power-law fluid over a non-linear
shrinking/stretching sheet.

In nature, most of the fluids are non-Newtonian. Among the available non-Newtonian fluid models, the Powell-
Eyring fluid model is popular for vast applications in chemical engineering systems. In spite of the complicity of this
rheological model, it has certain advantages over other non-Newtonian fluid models. It was obtained from the kinetic
theory of gases and it suitably reduces to Newtonian behavior for small and large shear rates. Patel and Timol [12]
illustrated MHD Powell-Eyring fluid flow by use of the method of satisfaction of asymptotic boundary conditions. The
Powell-Eyring fluid flow of an expanding sheet was discussed by Javed et al. [13]. Whereas, Powell-Eyring fluid flow in a
stretching cylinder with variable viscosity was described by Malik et al. [14]. In a stretching sheet, Hamid et al. [15]
discovered dual solutions and stability analysis of flow and heat transfer of Casson fluid. Related to the flow of
nanofluids some very recent work can be found in [16]-[21].

Heat transfer is the energy transfer due to a temperature difference in a medium or between two or more mediums.
Heat transfer can take place in one of the three processes, conduction, convection, and radiation, whereas the mass
transfer is the displacement of the mass from one position to another. It can be found in many mechanisms, such as
absorption, drying, evaporation, etc. Prasad et al. [22] exposed Powell-Eyring fluid flow characteristics with heat transfer
in a non-isothermal stretching sheet. The stagnation-point flow of Powell-Eyring fluid in the presence of melting heat
transfer was examined by Hayat et al. [23]. In an unsteady expanding sheet, Khader and Megahed [24], Hayat et al. [25]
and Reddy et al. [26] pioneered the flow and heat transfer of Powell-Eyring fluid. Hayat et al. [27] compared the series
solution for Powell-Eyring fluid flow with a numerical solution. The thermal radiation effect in Powell-Eyring nano-fluid
MHD flow caused due to a stretching cylinder was scrutinized by Hayat et al. [28]. In an exponentially shrinking sheet,
Ara et al. [29] investigated the thermal radiation effect on the flow of Eyring-Powell fluid in the boundary layer. Nadeem
and Saleem [30] analyzed the mixed convective flow of Eyring-Powell fluid along a rotating cone. Panigrahi et al. [31]-
[32] and Malik et al. [33] derived mixed convective boundary layer MHD flow of Powell-Eyring fluid due to an
expanding sheet. In an exponentially expanding sheet, Megahed [34] discovered flow and heat transfer with heat flux
and changeable thermal conductivity of a Powell-Eyring fluid. Krishna et al. [35] derived dual solutions for unsteady
Powell-Eyring fluid flow on an inclined stretching sheet. While, in an inclined expanding cylinder and taking heat
absorption/generation effect, Rehman et al. [36] analyzed the dual stratified mixed convective flow of Eyring-Powell
fluid. Zaib et al. [37] derived dual solutions of unsteady flow of a copper-water nano-fluid past an exponentially
shrinking sheet with non-uniform suction. Ye [38] pioneered the melting process in a rectangular thermal storage cavity
heated from vertical walls. Using a finite value method, the non-uniformity of electrode evaluation is conducted
computationally based on the heat conduction equation by Ye [39]. By design method and modeling verification, Ye [40]
derived uniform airflow distribution in duct ventilation.

For the simultaneous occurrence of heat and mass transfer in between the fluxes, the driving potential is very
complex, as the energy flux can be created not only by temperature gradient but also by composition gradient. Energy
flux caused by the concentration gradient is called Dufour or diffusion-thermo effect. The temperature gradient can also
produce mass fluxes, and this is the Soret or thermo-diffusion effect. Soret and Dufour effects were neglected on the basis
that they are in a smaller order of magnitude compared to the effects described by Fourier’s and Fick’s laws. There exists
however exceptions. Eckert and Drake [41] prescribed lots of cases when this effect can’t be neglected. The Soret effect is
vital for isotope separation in a mixture of gases with very light molecular weight ( H,, He). The Dufour effect is

considerable for medium molecular weight (N, air, etc.). Khan and Sultan [42] analyzed Soret and Dufour effects for

the double-diffusive convective flow of non-Newtonian Eyring-Powell fluid for a cone in a porous medium. Hayat et al.
[43] established Soret and Dufour effects on three-dimensional flow over exponentially expanding surface in a porous
medium with chemical reaction and heat sink/source.

In the present analysis, we investigate unsteady heat and mass transfer for non-Newtonian Powell-Eyring fluid flow
over an expanding/shrinking sheet with suction/injection taking into consideration both the Soret and Dufour effects
with thermal radiation. By using the Lie symmetry technique, the governing partial differential equations are
transformed into ordinary differential equations. Then, these equations are solved numerically using shooting method
with the help of Mathematica software and the physical characteristics for the flow, heat and mass transfer are discussed.
It is noted that thermal and concentration overshoots are found for larger values of Dufour and Soret numbers,
respectively. Also, thermal and concentration crossing over found for different values of Soret and Dufour numbers,
respectively.

2. Formulation of the Problem

Consider the heat and mass transfer of two-dimensional unsteady boundary layer flow of a viscous incompressible
non-Newtonian Powell-Eyring fluid along with an expanding/shrinking sheet with non-uniform suction, Dufour-Soret
effects, and thermal radiation. The Geometrical and Physical sketch of the flow problem is given in Fig. 1.

The shear-stress tensor for the Powell-Eyring fluid is given by [44]

T ,u%Jrisinhl[i%] 1)
oy B G oy
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Fig.1. Physical sketch of the flow problem.

where u is the coefficient of viscosity, f, and C, are material fluid parameters. The second order approximation of
sinh ™' (0u / C,dy) function is given by [34]
1 ou

C, 0y

sinh ™'

3 _
,‘1 oml . )

c %

108|108 1
C oy~

Under the usual boundary layer approximations, the governing equations of the mass, momentum, energy and
concentration for the unsteady flow can be written as [25], [26], [34], [35], [43]

ou oV
—+—==0, 3)
ox Oy
ou _O0u _O0u Ou —Oou 1 o 1 (ou) 0%
U —tT ==ty Lt vt —— S —— || 5, 4
or  ox 8y Or or pB.C |07 2pBC3\0y) Oy
T _dT _O0T « 0T 1 dq D,k 8°C
il sl H S ®)
ot ox dy  pc, dy" pc, Oy cc, Oy
aoCc _oCc _oC 9*C D k 0T
—+u—+v—=D,—+—2t—, (6)
ot 0x Jy dy T, Oy
with the boundary conditions
u(x,3,0)=8,(x,0)v(x,5,1)=V,(%,7),T =T,(%,7),C =C,(%,7) at y=0, )
u(x,y,0)—u,(x),T —-T,C—>C,  at y— o0, (8)

where x -direction is along with the plate, 3 perpendicular to the plate, 7 is the time, # and ¥ are, respectively,
the velocity components in the ¥ and » directions, v(= y/p) is the kinematic viscosity, T is the temperature, C
is the concentration, & is the thermal conductivity of the fluid, p is the constant fluid density, c, the specific heat at
constant pressure, g, is the radiation heat-flux, D, is the coefficient of mass diffusivity, &, is the thermal diffusion
ratio, ¢, is the concentration susceptibility, 7, is the mean fluid pressure, §0 (x,f) is the moving surface velocity,
T7O(J_c,7) is the suction or injection velocity of the surface, T, (¥,7) is the surface temperature, C, (x,#) is the surface
concentration, #,(x,7) is the free stream velocity outside the boundary layer, and 7., and C,_ are uniform ambient
temperature and concentration of the flow respectively.

Using Rosseland approximation for thermal radiation [45], one obtains g, = 7(40*/ 3k )(87_"4/8@, where ¢ is the
Stefan-Boltzman constant, £, is the absorption coefficient. We consider the temperature variation within the flow field

in such way that 7* can be expanded in a Taylor’s series. Expanding T* about 7 and neglecting higher order
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terms we get, T* ~4T°T —3T".
In order to make Eq. (3), (8) non-dimensional, we introduce the following dimensionless variables

le, y:l\/Re, u:i, v:L\/Re, , T = T-T, s

L L U, U, T,-T, )
C: Cicoc , t:ﬂ?, ue:uf Soziy K):E.‘[Re’

c,—C, L U, U, U,

where L, U, and Re are, respectively, the length of the horizontal surface, average free stream velocity and the Reynolds
number. Then, the flow equations are transformed into

Ou Ov
—+—=0, 10
Ox 0Oy (10)
Ou Ou Ou Ou Oou 0’u ou) 0%u
—tu—trv—="tu—+(+e) 5 —€ef|—| —, 11
o Yax Yoy o M AT [ay] y? (1
2 2 2
oT T T 10T 160, 0 .
ot 0x dy Prdy" 3Ry Qy
oc  oCc  o0C 10°C o°’T
9€ 1 ,0C 06 _10¢ g 0T (13)
ot Ox dy  Sc Oy Oy
with
u(x,y,t)=S,(x,t), v(x,9,0)=Vy(x,t), T=1C=1at y=0 (14)
u(x,y,t) = u,(x,t), T —0,C—0aty— oo (15)

In Equations. (10)-(13), the dimensionless parameters are Pr = pc,v/ K, the Prandtl number; R =k pC,v/ o'T? , the

radiation parameter; Du= D, k,(C,—C,)/cc,v(T,—T,), the Dufour number; Sc=v/D, , the Schmidt number;

m
Sr=D,k(T,—T.)/T,v(C,—C.,), the Soret number; e=1/pvBC, and F=U;/2vLC’, the Powell-Eyring fluid
parameters.

The governing equations are partial and very difficult to solve. So, we will transform them to self-similar ordinary
differential equations. For that, here we adopt Lie symmetry group theory [4] to the equations to obtain the symmetry
transformations of the variables under which the equations remain form invariant. Note that the equations may remain
form invariant under many transformations, but we will consider only those transformations under which the boundary
conditions are also form invariant. Since the equations contain three independent variables, we have adopted the method
twice to obtain the desired similar ordinary differential equations with boundary conditions.

1.0 1.0 _
6=0.2,0.5,0.8,1.1,1.4
6=0.6 €=0.2, a=0.1, b=1.0, c=1.0
0.8 0.8
a=0.1 0.73
b=1.0 0.72
06 06 N
= c=1.0 b £0.71
e=0.1,0.4,0.7,1.0, 1.3 =
0.4 0.4 0.70
0.69
0.600 0.605 0.610 0.615 0.620
0.2 0.2
, n
0.0 0.5 1.0 15 2.0 25 3.0 0.0 0.5 1.0 15 2.0 25
n n

Fig. 2. Velocity profiles for different values Powell-Eyring fluid Fig. 3. Velocity profiles for different values Powell-Eyring fluid
parameter €. parameter 6.
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1.0
1.0 e=0.2 e=0.2
6=0.6 0.8 6=0.6
b=1.0 b=1.0
~05 c=0.4 _ 08 a=-0.6,-0.3,0,0.3,06 ©=04
= S —
S S Pr=7.0
S~
0.4 R=2.0
0.0 Du=0.4
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0.0
0.0 0.5 1.0 1.5 2.0 25 3.0 0 1 2 3 4
n n
Fig. 4. Velocity profiles for different values of stretching/shrinking Fig. 5. Temperature profiles for different values of
parameter a. stretching/shrinking parameter a.

3. Symmetry Analysis of the Governing Equations

There exist many standard books (see Cantwell [4], Layek [3] (Chapter 8), Bluman and Kumei [5] and references
therein) on Lie Group theory. Also, the Lie Group theory is now extensively used in many Laminar and Turbulent flow
to obtain similarity variables and self-preserving functions. Here we described the method very briefly as follows:
Consider the following partial differential equation

F(x,Uu,u"u®,. . u”)=0 (16)

where x =(x,,x,,...,x,) is the independent variable, U = (U,(x),U,(x),...,U,(x)) is the dependent variables, U™ is
the #n-th order derivative of U. The main idea of the Lie is to find transformations of variables that do not change the
functional form of differential equation (16). A transformation ( X =(¢,¢y): DXR — D,DCR" such that

T =x =¢(x,U,e) and U =y(x,U,e),e€SCR is a continuous parameter and forming a group, with x" =x and
U =U when e=0 ) is called a symmetry group of transformation of Equation (16) iff equivalence
F(x,U,U(”,U(Z),...,U(”)) =0& F(x*,U*,U*(”,U*(z),...,U*(”)) =0 holds. The infinitesimal form of the transformations

T, can be written as
¥ =x+e&(x,U)+0(e®) and U =U +en(x,U)+o(e?), (17)

where § =0¢/ 6€L:O and n=0y/ 66|6:0 are called the infinitesimals of the transformations. Again, global form 7, of
the transformations (17) can hence be determined by integrating the first order system
Ox" /0e=&(x",U"), 0y /0e=n(x",U"), with the initial conditions x =x,y =y at e=0. The infinitesimal
transformation (17) can be represented by the infinitesimal generator given by X =¢&0/0x,+
n0/0U,, i=12,.,k j=12,.,I. The infinitesimals §,7 of the differential equation F =0 can be determined

using the defining equation X" F |F:0 =0, where X' is the prolongation of X to all the derivatives of the dependent

variables U w.r.t x up to order # of the equation (16). The n-th prolongation X is defined as

0 0 6 0
X" =§—+p, G +.t
$ox, Tgu Toau T aU it U, (18)
where U, is the partial derivative of the variable U, with respect to the variable x,, ¢, . =D, ..D (n,—§U,)
+&U PR i,i,...=12,..,k and D, denotes the total differential operator with respect to the Vanable X, .

We shall now focus on the invariant solutions of Eq. (10), (15) by employing the Lie symmetry analysis (see Layek [3]
(Chapter 8), Cantwell [4], Bluman and Kumei [5] and references therein). The equations has three independent variables
t, x, y and five dependent variables u(t,x,y), v(t,x,y), u/(t,x), T(¢t,x,y), C(t,x,¥). So, the infinitesimal generator
of these equations is of the following form

0 0 0
/7Sl i/ St o/ P

o 9
K= “zz_“%_ﬂl av Py "Tar

0
+
on s~ EYel (19)
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By using the Mathematica package IntrotoSymmetry.m (Cantwell [4]), the infinitesimals are found as

3 1
Srl =4aq +azt,$rz = h(t)+502x,53 = g(t,x)+5azy,

o 1 _Og , Og 1 . 1
m=nh (t)+5a2u,772 —EJFa”*EanJh =h (f)+Eazue, (20)
a (3R-Pr+16Pr-Sc+3R-Sc) Sr
=a,+a,C+a;T,n=a,+|a; —— C+a,—T,
T = @3 T 045 T a5ty = G T\ s 3R-Pr-Du-Sc “ Du

where the group parameters a,,4,,4d;,4,,d;,a, € R are arbitrary constants and 7(¢), g(t,x) are arbitrary functions. Now,

the boundary conditions (14)-(15), will remain form invariant under the transformation for this infinitesimal if
g(x,t)=a,=a, =a, =a, =0 and the functions S,(x,),V,(x,t),u,(x,t) satisfy the following equations

1 aS 3 aS

h’(t)JrEazSO =(a, +a2t)8_t0+ h(t)+5a2x 8_x0’

1 aV, 3 av,

Eano +(a, + a,1) 8t0 +lh(l‘)+5612x 8x0 =0, (21)
1 Ou, 3 Ou,

h’(t)JrEazue = (a, +a,t) 5 T h(t)JrEazx o

without loss of generality, we assume that /4(#) =0. So, there are left one translational parameter a, and one scaling

parameter a,. We can write infinitesimal generators for each of the parameter as

v 0 g 0.3 0 10 10 10 1 0 .
““or e o 2%ox 279y 2%0u 2 ov 2" ou (22)
and the Eq. (10), (15) read the same under the following global transformation groups
Gﬂ1 it =t+al,x* =x,y =y,u =u,v =v,u: zue,T* =T,C"=C,
1 1 1 1 (23)

* * 2 * ) * ) * 2 * % * *
G, it =te®”,x =xe* |y =ye? ,u =ue* ;v =ve ? ,u, =ue? T =T,C =C.

)

Using invariant surface condition of the curve F(x,U)=0 according to which the solution is to be invariant if
XF =0 . Using the characteristic method [5], we have found the characteristic system as

a  dx dy  du  dv  du, 4T _dC
r 3 1 1 1 1 0 0 24)
4+ Eazx Eazy Eazu faazv Eazue (

Solving the above equations, we found the following invariants (self-similar variables and self-preserving functions) in
dimensionless form as
x——> _ v——2 _ uxy)-—"—
(@ +1)2 (@ +1)2 (ay +1)2
u,(x,1)

1

(alz ‘H)E

1
, V(X,Y)=v(a,+1),

25)

U.(X)= T'=PX)Y), C=0Q(X,)Y),

where a,, =a,/a, is arbitrary and may be called as virtual origin. Using (25), Egs. (10) - (15) are transformed into the
following PDEs

ox oy
U 3_0U YOU _oU .oV U 3 _0U ou U oU Y 8*U
O 2x9 TOY  pOl 9 Y 2 x9Y \p O 140l 5|9 CF 27
2 2%ax 2or Vax Var=2 2% ax Yeax U9y [GY] aY?
3_9P YoOP . oP 0P 1 0P 16 0°P 2’0
X4 U—4V ——=——— 44D , 28
2 ox 20v “ox oy Proy’ 3RoY: oy’ (28)
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2
8Q YaQJrU—QJr 00 18Q2 Sr@];
2 8X 20Y 0X oY  ScdY oY

29)

The boundary condition (14) and (15) remain form invariant and hold for the above solution form (25) only if
S,(x,t), Vy(x,t) are of the form

1/2 1/2

Sy, 8) = (ay, +1) AX), Vy(x,t)=(a, +1) " BX). (30)

Hence, the boundary conditions (14), (15) under the above symmetry group of transformations Equation (25) become

UX,Y)=AX), V(X,Y)=B(X), P=1 Q=1 at Y=0, (31)

uvx,y)-U,(X), P—0, Q—0 at Y —oo. (32)

Till now, we obtain Symmetry transformations that reduce the number of independent variables from three to two.
We now apply the stream function U =0y /0Y,V =—0¢ /90X to reduce the number of dependent variable. So the

equation (26) is automatically satisfied. The Egs. (27) - (32) are transformed into

2 U, 3,90, aU. NS
1oy 3, 0y Ya‘€+8¢ ry a"’a‘f_ 3 o TU e A0S ‘f 658"; 8"2, (33)
20Y 2 0x0r 207 oY oxor oxor: 2 2% ox oX aY?| oy

2 2 2
_3y0P YOP 0yOP oyor_109P 169P ., 0°Q (34)

270X 28Y OY X 0XOY PrdY: 3ROY? aY?*’

x9Q Y00 0090 0y00_19°Q, o 0P 5)
2 8X 20Y 9Y 09X 0X90Y ScoY oY

with the boundary conditions

Yy oy B B B

oy = A0, SU=-B(X), P=1 Q=1 at Y=0, (36)
Y ;
oy U0, P=0, 00 at Yoo (37)

Now, our aim is to transform the PDES (33), (35) with boundary conditions (36), (37) to an ODESs by using the same Lie
Group.

4. Second Reduction of Order

The equations (33), (35) contains two independent variables (X,Y) and four dependent variables (¢,U,,P,Q). So
infinitesimal generator of the eqns. (33), (35) has the following form

X, =§— +58+ 9, Ly, L 38
' 25y '718¢ '728 7738]) 77480 (38)

The infinitesimals (&,,£,,7,,7,,7;,7,) are obtained by solving the defining equations with the help of Mathematica
package IntroToSymmetry.m (Cantwell [4]) as

fl = bIO + bIlX + bIZY + b13¢ + b14UL‘ + bIS'P + blGQ’

{2 = bZO + bZlX + bZZY + b23¢ + b24U€ + bZSP + bZﬁQ’
’71 = b30 + b31X + b32Y + b33¢ + b34UL‘ + b35P + bSGQ’
My = by + by X +b,Y + by +b,U, +b, P+ b,Q, (39)
’73 = b50 + b51X + bSZY + b53¢ + b54U€ + bSS'P + b56Q’
'74 = b60 + bélX + bGZY + b63¢ Jr b64U€ + b65P + béﬁQ'

Using invariant surface condition, the characteristic equations analogous to the scaling variables &,,, b,,, b;5, b,,, bss, by
can be written as
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dX dY dy dU, dP  dQ

e

= = = = = . 40
blIX bZZY bSSI// b44Ue bSS‘P bGGQ ( )
Solving the above-mentioned characteristic equations, we have the invariants in dimensionless form as
Y
n=— ¥ = X% f(),U, =cX"™,6=X"P(n), = X" Q). (1)

Here b, =b,,/b,,b,=0b,,/b,,b,=0b,,/b,,b; =bs /b, b, =by /b, c=const.
Using the transformations in Eq. (41), the non-linear partial differential Equations. (33)-(35) are transformed into
following ordinary differential equations if b, =b, =5, =0,b, =5, =1:

(1+€)f///_f/2 +ﬁ//_€§f//2f///+f/+gf”+cz _CZO, (42)
41 / 1 ,, 16, "
——0' — f0'=—0"4+—86"+ Dug", 43
205 R ub “43)
. / 1, "
—— ¢ —fP =—¢"+50", (44)
2 Sc

where & = fX* isthe dimensionless local material fluid parameter.
Also, we assume A(X),B(X) are of the form A(X)=aX,B(X)=5b where a is the dimensionless

expanding/shrinking parameter with a>0 for expanding surface and a <0 for shrinking surface, and b is the
dimensionless mass flux parameter with 5 >0 for suction and 5 <0 for injection respectively.
So, the boundary conditions (36), (37) become

fl=a f=b0=1p=1atn=0, (45)

fl—c,8—-0¢4—0asny— oo. (46)

5. Numerical Procedure

The above non-linear differential Equations (42), (44) along with boundary conditions (45), (46) form a two-point
boundary value problem and are solved using shooting method, by converting it into an initial value problem. In this
method, we have chosen a suitable finite value of 7 — oco,say 7,. We set the following first order systems

2 U 2
i —fp—z——p—c"+c
I, r_ 2 . 47)
fl=z,z=p,p = I te—esp’ ;
il
o=, /:[ 2% 2 (48)
[1 w]l_Du.S,
Pr  3R)Sc
16 n
I i e s
§=s5= ; (49)
1 16)1
Du-S [+]
Pr 3R)Sc
with
f(0) =5; z(0) = a; 6(0) =1; $(0) =1} (50)
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Fig. 6. Concentration profiles for different values of Fig. 7. Velocity profiles for different values of suction/injection
stretching/shrinking parameter a. parameter b.
1.0 1.0
e=0.2 e=0.2
0.8 6=0.6 0.8 6=0.6
a=0.1 a=0.1
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Fig. 8. Temperature profiles for different values of

taturc prol Fig. 9. Concentration profiles for different values of
suction/injection parameter b.

suction/injection parameter b.

1.0 1.0
e=0.2 e=0.2
0.8 6= 0.6 0.8 6=0.6
a= 0.1 R=0.4,0.8,1.2,1.6, 2.0 a=0.1
06 Pr=0.2,0.5,0.7,1.7,7.0 b=1.0 06 b=1.0
% c=1.0 % c=1.0
0.4 R= 2.0 0.4 Pr=7.0
Du= 0.4 Du= 0.4
0.2 Sc=0.6 0.2 Sc=0.6
Sr=0.5 Sr=0.5
0.0 0.0
0 1 2 3 4 5 0 1 2 3 4 5 6 7
n n
Fig. 10. Temperature profiles for different values of Prandtl Fig. 11. Temperature profiles for different values of radiation
number Pr. parameter R.

To solve (47)-(49) with (50) as an initial value problem we must need values for p(0), i.e., f”(0), #(0)ie., 8'(0) and
s(0),i.e., ¢'(0), but no such values are given in the problem. The initial guess values for f”(0), 8'(0) and ¢'(0) are
chosen and fourth order Runge-Kutta method is applied to obtain the solution. We compare the computed values of
f'(m), 6(n) and @() at np_ with the given boundary conditions f'(n,)=c, 6(n.)=0 and ¢(7_)=0 and
adjust values of f”(0), 8'(0) and ¢'(0) using Newton-Raphson method to get better approximation for the solution.
The step size is taken as An =0.01. The process is repeated until we get the result correct up to desired accuracy of
107 level.
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6. Results and Discussion

The numerical results are illustrated graphically in the form of a non-dimensional velocity, temperature,
concentration profiles. The parameters are chosen arbitrary, where Pr =0.71 corresponds physically to the air at
20°C, Pr=1 corresponds to electrolyte solution such as salt-water and Pr=7.0 corresponds to pure water.
Throughout the study of results;, we consider the value of the governing parameters as
€=02,60=06,Pr=70,R=2.0,Du=0.4,S5=0.6, Sr=0.5. These values are taken as default unless otherwise

specified.

2.0 1.0
e=0.2 e=0.2
. Du= 0,2, 4, 6, 8 6=0.6 08 6=0.6
a=0.1 Du=0,2,4,6,8 a=0.1
0.6 b=1.0
\-e.t' c=1.0
04 Pr=7.0
R=2.0
0.2 Sc=0.6
\ Sr=0.5
0.0
1 2 3 4 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
n
Fig. 12. Temperature profiles for different values of Dufour Fig. 13. Concentration profiles for different values of Dufour
number Du. number Du.
1.0 1.0
e=0.2 e=0.2
0.8 6=0.6 0.8 6= 0.6
a=0.1 a=0.1
06 Sc=0.2,0.4,0.6,08,1 ¢=1.0 06 Sr=0,2,4,6,8 c=1.0
\g b=1.0 g, b=1.0
0.4 Pr=7.0 0.4 Pr=7.0
R=2.0 R=2.0
0.2 Du= 0.4 0.2 Du=0.4
Sr=0.5 “ Sc=0.6
0.0 0.0
0 1 2 3 4 0.0 0.5 1.0 1.5 2.0 25 3.0 3.5
n n

Fig. 14. Concentration profiles for different values of Schmidt Fig. 15. Temperature profiles for different values of Soret number
number Sc. Sr.

To confirm the validity of numerical scheme and the obtained results, our obtained results of skin-friction for steady case
and different Powell-Eyring fluid parameters 6 with € =0.2, ¢c=0 are compared with published work Khan et al. [46] in
Table 1 and those data are established excellent agreement.

Figs. 2 - 3 depict the effect of Powell-Eyring fluid parameters ¢ and 6 on self-similar velocity profiles. It is found that
the velocity decreases for increasing ¢ and so the flow boundary layer thickness increases for rising ¢ . Whereas, the
other Powell-Eyring fluid parameter & shows the opposite behavior, but its effect is less prominent. It is noted that the
impact of ¢ and Jon temperature and concentration profiles is very less, so we have not given these graphs.

Figs. 4 - 6 present effects of expanding/shrinking parameter ¢ on the velocity, temperature and concentration profiles. It
is obvious that a >0 corresponds to expanding sheet, a <0 corresponds to shrinking sheet and a=0 corresponds
to plane sheet. We can spot that for an increase of expanding parameter a (assuming velocity ratio of the expanding

sheet to the free stream velocity is greater than unity i.e. a > c), the velocity profile f'(;7) along the plate increases,
and accordingly the boundary layer thickness enlarges. For increase of shrinking parameter a(<0) , the velocity profile
f'(7) along the plate increases, but the flow boundary layer thickness decreases. Also, for increase of
expanding/shrinking parameter a, the temperature profile #(7) and the concentration profile ¢(7) (at a fixed 7)

along the plate decrease with constant other parameters. As a result, the concentration and thermal boundary layer
thickness lessen for increasing a.
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Fig. 16. Concentration profiles for different values of Soret number Sr.

Table 1. Comparison of skin-friction coefficient with Khan et al. [46] for steady case and for different values of Swith € =0.2, c=0.

) Khan et al. [46] Present study
0.1 1.0940 1.09402
0.2 1.0924 1.09239
0.3 1.0909 1.09091
0.4 1.0894 1.08942
0.5 1.0878 1.08784
0.6 1.0862 1.08618
0.7 1.0847 1.08467
0.8 1.0832 1.08323
0.9 1.0816 1.08162
1.0 1.0797 1.07968

The suction/injection of fluid mass has a major impact on velocity, concentration and temperature and those are
illustrated Figs. 7 - 9. We see that the value of velocity in the boundary layer enhances with larger suction/injection
parameter b, but the temperature and the concentration profile decrease with b. So, the suction/injection decreases the
flow, concentration and thermal boundary layer thicknesses.

The prediction of the influence of Prandtl number Pr and radiation parameter R on the temperature profiles are depicted
in Figs 10 - 11. It is obvious that for increasing Pr the temperature profiles decrease (at a fixed 7). So, the thermal

boundary layer thickness reduces for increasing Pr. Similar to the Prandtl number, we notice that the temperature profiles
decrease for increasing radiation parameter R. Thus, the thermal boundary layer thickness decreases for increasing R.
Figs. 12 - 13 reveal the temperature and concentration profiles for dissimilar values of the Dufour number Du. We see
that for the rise of Dufour number Du causes an increment of temperature profiles. The diffusion-thermo effect results in
the enlargement of thermal boundary layer thickness with thermal overshoot for larger values of Du. In the case of
concentration profiles, initially it decreases with increasing Du, but after a certain stage, it increases with increasing Du,
i.e., concentration crossing over is found. So, the concentration boundary layer thickness also enlarges with Du.
While the concentration profiles for unlike values of Schmidt number Sc is demonstrated in Fig. 14. It is monitored that
when Sc increases, the concentration profile decreases. As it is known that mass diffusivity causes enhancement in
concentration boundary layer thickness and Sc is inversely proportional to mass diffusivity, so the outcome is justified.
Finally, the effects of Soret number Sr on the temperature and concentration profiles are portrayed through Figs. 15 -
16. Similar to concentration for Du variation, it is seen that initially, temperature profile decreases for increasing Sr, but
after some distance from the sheet, it increases with increasing with Sr. Hence, though it is small but there is a growth in
thermal boundary layer thickness increases with Sr showing thermal crossing over. Also, the concentration profiles
increase with increasing S7. Thus, the thermo-diffusion effect, i.e., larger values of Sr makes the concentration boundary
layer thickness thick. Also, concentration overshoot found for higher values of Sr.

7. Concluding Remarks

In this work, the combined heat and mass transfer in an unsteady, incompressible, viscous, non-Newtonian Powell-
Eyring fluid along with expanding/shrinking sheet with suction/injection, Dufour and Soret effects are investigated. The
Lie-group transformations are applied to obtain the invariants of the system. The equations are then solved using
numerical technique and the acquired results are plotted graphically. From the present study, we may conclude the
following points:

1. The flow boundary layer thickness increases with increasing Powell-Eyring fluid parameter ¢ and expanding
parameter a(>c¢) but it decreases with increasing Powell-Eyring fluid parameter o, shrinking parameter and

suction/injection parameter b.
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ii. The thermal boundary layer thickness reduces with increasing expanding/shrinking parameter a, suction/injection
parameter b, Prandtl number Pr and radiation parameter R, but it increases with larger Dufour number Du and Soret
number Sr.

iii. The thickness of the Concentration boundary layer lessens with increasing expanding/shrinking parameter q,
suction/injection parameter b and Schmidt number Sc, but it increases with increasing Dufour number Dy and Soret
number Sr.

iv. Thermal and concentration overshoots are found for many values of Dufour and Soret numbers respectively and it
grows with their increments.

v. While for different values of Soret and Dufour numbers the thermal and concentration crossing over found.
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Nomenclature
abc Constants R Radiation parameter
C Concentration Re Reynold number
C Material fluid parameter Sc Schmidt number
C, Concentration at the wall Sr Soret number
Cc, Free stream concentration S, Moving surface velocity
c, Specific heat at constant pressure t Time
c, Concentration susceptibility T Temperature
» Coefticient of mass diffusivity T, Mean fluid pressure
Du Dufour number T, Temperature at the wall
f Dimensionless stream function T, Free stream temperature
f! Dimensionless velocity uy Velocities in x,y-directions
k; Thermal diffusion ratio 0 Characteristic velocity
k Absorption coefficient u, Free stream velocity
L Characteristic length v, Suction/injection
Pr Prandtl number X,y Cartesian coordinates
Greek symbols
T, Shear stress tensor €,0 Powell-Eyring fluid parameter
B Material fluid parameter U Coefficient of viscosity
K Thermal conductivity of the fluid n Similarity variable
P Density of the fluid 7 Stream function
1% Kinematic viscocity o Dimensionless temperature
o Stefan-Boltzman constant @ Dimensionless concentration
Subscript
w Condition at the surface ) Condition at infinity
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