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Abstract. In this paper, we derive a novel numerical method to find out the numerical solution of fractional
partial differential equations (PDESs) involving Caputo-Fabrizio (C-F) fractional derivatives. We first find out
the approximation formula of C-F derivative of function t. We approximate the C-F derivative in time with
the help of the Legendre spectral method and approximation formula of t“. The unknown function and their
derivatives in spatial direction are approximated with the quasi wavelet-based numerical method. We apply
this newly derived method to solve the nonlinear distributed order reaction-diffusion in which time-fractional
derivative is of C-F type. The accuracy and validity of the proposed method is exhibited by giving a solution to
some numerical examples. The obtained numerical results are compared with the analytical results and
conclude that our proposed numerical method achieves accurate results. On the other hand, the method is easy
to apply on higher-order fractional partial differential equations and variable-order fractional partial differential
equations.

Keywords: Fractional Partial Differential Equations, Distributed order reaction-diffusion equation, Caputo-Fabrizio
fractional derivative, Quasi wavelet method, Legendre polynomial method.

1. Introduction

In recent years fractional differential equations have received more attention from the researchers due to its exact
description of the physical phenomenon. Many physical phenomenons have been described through fractional diffusion
equation viz., transport in the porous medium, groundwater contamination problem through a porous medium, etc.
Fractional calculus is an ancient topic of mathematics with history as ordinary or integer calculus [1]. It is developing
progressively now. The theory of fractional calculus was developed by N.H. Abel and J. Liouville and the details can be
found in [2]-[3]. Fractional calculus allows generalizing derivatives and integrals of integer order to real or variable order.
It also can be considered as a branch of mathematical analysis that allows us to investigate with real differential operators
and equations where types of integral are convolution or weakly singular. It has wide applications in control theory,
stochastic process, and special functions. Fractional calculus was considered as an esoteric theory without applications but
in the last few years, there has been a boost of research on its applications to economics, control system to finance [4]-[16].

Many different forms of fractional order differential operators were introduced as the Hadamard, Caputo, Griinwald-
Letnikov, Riemann-Liouville, Riesz, and variable order operators. Due to its increasing applications, the researchers have
paid their attention to find numerical and exact solutions of the fractional-order differential equations. As there are many
difficulties to solve a fractional-order differential equation by the analytic method so there is a need for seeking numerical
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Numerical solution of Caputo-Fabrizio time fractional reaction-diffusion equation 849

solutions. There are many numerical methods available in literature viz., eigenvector expansions, Adomain decomposition
method [17], fractional differential transform method [18], homotopy perturbation method [19], predictor-corrector
method [20] and generalized block pulse operational matrix method [21], etc. Some numerical methods based upon
operational matrices of fractional order differentiation and integration with Legendre wavelets [22], Chebyshev wavelets
[23], sine wavelets, Haar wavelets [24] have been developed to find the solutions of fractional order differential and integro-
differential equations. The functions which are commonly used include Legendre polynomial [25], Laguerre polynomial
[26], Chebyshev polynomial and semi-orthogonal polynomial as Genocchi polynomial [27].

The reaction-diffusion process has been investigated for a long time. In the process of reaction-diffusion, reacting
molecules are used to move through space due to diffusion. This definition excludes other modes of transports as
convection, drift that may arise due to the presence of externally imposed fields. When a reaction occurs within an element
of space, molecules can be created or consumed. These events are added to the diffusion equation and lead to reaction-
diffusion equation of the form

&:DVZH—R(CJ), )
ot
where R(c; t) denotes reaction term at time £. The extension of the reaction-diffusion equation in the fractional-order system
can be found in the articles [28]. In nature, many of the beautiful systems in biology, physics, chemistry, and physiology
can be described by reaction-diffusion equations. For example, the distribution and organization of vegetation-like bushes
in arid ecosystems [29], the stripes and spots on fish [30], snakes [31] and the skin or fur of mammals [32] have been
studied by the standing waves which are produced by reaction-diffusion equations.

In environmental fluid dynamics, groundwater contaminants through porous media is a hot topic like as seawater
invasion in karstic, radionuclide through fractured rock, contaminant migrates at the waste landfill site. The study of these
models is helpful to prevent and control contaminant diffusion and polluted water. We are aware of that diffusion of solute
particles follow the Fickian diffusion law and Einstein relationship. But for particle diffusion in heterogeneous media does
not follow these rules. Many mathematical and physical models have been derived to characterize the behavior of such
non-Fickian diffusion in complex media. These models include a structural derivative diffusion model, Hausdorff
derivative diffusion models, variable order models, and distributed order models.

The distributed order time-fractional diffusion equation is represented by

1

Ou(x,t) ,  0u(x,r)
Jr@y = o= da =D, )

0

where the weight function p(«) is a non-negative function satisfying the following inequality

[ p@da=p, u>o0. 3

Here p(a) is the probability density of derivative order and p = 1.

Our article is outlined as follows. In section 2, we discussed Caputo, Riemann-Liouville and Caputo-Fabrizio fractional
derivative. We have also discussed the quasi wavelet and quasi wavelet-based numerical method. In section 3, we derived
the general formula of Caputo-Fabrizio derivative of the function t*. Some properties of Legendre polynomial is also
included in this section. In section 4, we developed the newly proposed method for solving the distributed order reaction-
diffusion equation. In section 5, some numerical examples and results are presents. The last section includes the conclusion
of all overwork.

2. Preliminaries

Here, some definitions and important properties of fractional calculus have been introduced. It is well known that the
Riemann-Liouville definition has disadvantages when it comes to the modeling of real-world problems. But the definition
of fractional differentiation given by Michele Caputo is more reliable for the application point of view. Nowadays new
general types of fractional operators have been discovered. A brief description of the Caputo-Fabrizio derivative is
discussed here.

2.1. Definition of Riemann-Liouville integration and derivative
Fractional integration of Riemann-Liouville type (RL) of a given order ¥ of a function 4(2) is given by [2, 3]

Ih(t) = ﬁ f (t—w)’ ' h(w)dw, >0, R )

The fractional derivative of the Riemann-Liouville type of order 9>0 can be defined as
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D’h(t) = [%] ™ *h)), (>0, m—1<9<m). 5)
2.2, Definition of Caputo derivative
The fractional derivative of the Caputo type of order 9>0 can be defined as [2, 3]
12
5 (), §=C€EN,
o Dh(t) = [ ©6)
—— | =) R (pdn, -1<9< ¢, 3€R".
) { (t=m (mdn

Here, ¢ isan integer, t>0. Basic properties of Caputo fractional derivative are:
p’c—0, )

where Cis a constant.

0, c€NUO, and o <],

CD-9 o _ , 8
o Mt'“”, o €NUO, and o <[9] or € N and o>|9| ®
rl—-9+o)
where |9] is floor function. The operator D! is linear, since
6 D (c,h() +(c,8(0) = ¢, 5 D h(t)+c, 5D’ g(1), )
0=t 1 2 10 20
where c; and c; are constants. Caputo and Riemann-Liouville operators have a relation given by
-1 k
@ {0 0 =80-Y ¢ 0), (-1<9<t, (10)
k=0 .

2.3. Definition of Caputo-Fabrizio derivative

Let g(¥) be a function which belongs to Sobolev space H'(a,b), b>a then Caputo-Fabrizio derivative (CF) of order
n<6<n+l is defined by [33]

n+1
G aamg(s)ds n<9<n+l, (11)

T DPg(t) = L fex T8

[‘9]_‘9 0

(—)

where B(9) is a normalization function. In all our calculations we consider B(8) = 1.

2.4. Definition of Caputo-Fabrizio Integral
The CF integral of order n<6<n+1 associated with the function g(z) is defined as follows

IO gl (0 +— £-5)"" g(s)ds +—1 t-5)"g(s)ds, n<3<n+1, 12
80 = 2 O+ ot 1),f( )" g(s) M(n)n!{( )'8(s) < (12)
where n denotes the fractional part of the order  when n=0 then CF integral is given by
@ fg(r)_(l'”)g(t)+ fg(s)ds n<9<n+l. (13)
B(n) M)+

2.5. Introduction to the numerical method based on quasi-wavelets

The Quasi-wavelet based algorithm has been emerging as a new local spectral collocation method for finding numerical
solutions of fractional PDEs and integro-differential equations. Firstly, we define the discrete singular convolution which
is a mathematical transformation having significant importance in engineering and science. A singular convolution is
defined in the distribution theory as

W) = (Gxh)v) = f G — x)h(x)dx, (14)
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where G is recognized as a singular kernel and h(x) is considered as a test function. A family of wavelets can be constructed
from a single function called mother wavelet ¢ using operations of translation and dilation

B

Here B is used in dilation and y in translation. An arbitrary wavelet subspace is generated by the help of orthonormal
wavelet bases, which can be constructed by the corresponding orthonormal scaling functions. In this work, we shall use
Shannon’s delta sequence kernel which has the following form

wﬂ,y(x)—/)’%qo{x—_y]- (15)

5,0 = [ cos(ey)dy = 220, (16)

0
where lim &, (t) = &(t). Dirac first discussed 6 in his text on quantum mechanics, so we called 6 as Dirac delta function.
Walter and Blum [34], gave the numerical use of delta sequences as probability density estimators. Especially when o=,
d,(t) is known as Shannon’s wavelet scaling function. For a given a>0, Shannon’s delta sequence kernel generates a

basis for the Paley-Wiener reproducing kernel Hilbert space Bj [35] that is a subspace of L*(R). A function g ( y) €EB

can be uniquely reproduced by

_ it — [ a(y)SRE@O =) 2
2() = [0 28, (y—1)dt = { SO)= T Ve (17)

However, another form of this sampling scaling function in the Paley-Wiener reproducing kernel is given by

§ak:§a(x_xk)zw, (18)
, (x —X )ﬂ
where x; is considered as a set of sampling points centered around x. Considering Egs. (11) and (12) every function Vg & Bj
can be represented in the following discrete form

=3 08— ,). (19)

k=—00

The Shannon sampling theorem states that the uniformly spatial discrete samples for a given bandlimited signal in Bj a
shown that sampling at the Nyquist frequency a. Here a=m7/A and A known as grid size in the spatial direction.
Now, we have

sin

g(y) = k;x f)6,(y—y)= ;Z‘x g(yk)@

A

Wan [36] proposed a method for the improvement of the localized asymptotic behavior of Dirichlet’s delta sequence
kernel. By introducing a regularizer Ro(y) we increase its regularity such as

6,(y)—6,,=56,(0)R,(»), 1)

T[(y_.yk)]
(20)

where regularizer R, satisfies
lim R_(y)=1,

and
[ 1im R, ()6, (»)dy =R, (0) =1.

However, there are many regularizers satisfying above two conditions but a commonly used regularizer is the Gaussian

type

2

Yy
R =exp|—
, () p[ Y=

, 0>0, (22)

where o denotes the width parameter of the Gaussian envelope. The relation between A and o is 0 = rxA, where 7 is a
parameter which will be chosen in computation. Using the Gaussian regularizer R_(x), Gaussianregularized orthogonal

sampling scaling function is defined as
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SIH[A] xz
Ory x) = T exp [ Y= ] (23)
A
Here

) [nx]
sin K

}LH}C Oro(X) = ?

A

Gaussian regularized sampling scaling function is a quasi scaling function as it does not follow the property of the exact
orthonormal wavelet scaling function.

2.6. Description of the proposed method
An arbitrary function g ( y) € B2 can be written as by using quasi scaling function

g)= i g8, (y—y,)= i 88, (y =y )R, (y—y,). (24)

k=—00 k=—00

We can clearly see that taking infinite sampling points is not possible for computation. Thus we have to restrict our
computational domain to finite sampling points close to x perform numerical calculations. In practical numerical
computation, we select the (2W+1) sampling points for this problem. Therefore Eq. (18) can be simplified as

w
2= &), ,(y— ), (25)
k=—Ww
for the approximation of n' order derivatives of f(x)
w
£M=> g, (y—y), n=12,.., (26)
k=W

where computational bandwidth is equal to (2ZIW+1), centered around x and superscript (n) denotes the nth-order derivative
with respect to x. For the calculation purpose, we present the following detailed description of formulas of &, ,, & ;’U and

8yp [37]

exp[— x ]sin[ﬂx]
20°
5, (x)= x » ¥=0, @7)
A
1, x=0,
sm[ Asin[ﬂx] cos[] 5
— — = + exp|— X x=0
Jiﬁg(x): sz o’ 202 ’ (28)
A A
0, x=0,
2Asm[’”] 2cos[’”] Axsin[’”]
A) A n A
wx’ x’ ot
Asin {72] 2cos {T] msin [726] )
82 (x)=1+ - - exp|———|, x=0, 29
20 () mo’x o’ xA xp[ 202] e @9)
0, x=0
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3. Approximation of Caputo-Fabrizio Derivative

In the following theorem, we will find out an approximation formula of the Caputo-Fabrizio derivative of function

f)=t

Theorem 1: The CF derivative of order n<a<n+1 of function f{z) = #* with k >[a]is given by

B(@)T(1+ k) |/ (—1y NG

F‘k‘”‘”[‘{af—a]m [‘{aﬁa]k_n

Proof: By the definition of CF derivative D"t* =0, k=0,1,...,[a]—1. Now for k >[a|, we have

CF mya k __
OD:t -

exp|—

[a]—a

r=0

CF mya b B(a) f n+l k L

"Dt _[a]—a{D st exp [a]—a(t s)|ds,

_ B@) [(Tk+D o, | @

“lal—ad Te—m’ ex\ M_a“ |
_ B@ TGk+D [ gt
T N e P

_ B(a) ><l"(/e—i—l) <ol p
[a]—a T(k—n) [a]—a

¢ i 1)

la]-a | 7=

X [exp —

Fe—mt" " (DK "'T(k—n)

(k—n— r)[ ]r+ [“ ’
—a l—-a
_B@Ue+D) ' =it (D exol-
[alfa F [ ]H»I [ a ]/en [aﬂ*a
(k—n—r) _“
—a 1—a

3.1. Legendre polynomials

Now we discussed here Legendre polynomials and their properties. We shifted Legendre polynomials on the [0,1] from
the interval [-1,1] by the transformation z = 2x-1. The analytical form of these polynomials of degree i are given as follows

D!,
Z Wb Gh

where i=0,1,...
These polynomials are orthogonal on the interval [-1,1] with respect to the weight function 1 and the orthogonality
condition can be described as
! _1
Jv,@w e =12i+1
0 0, i=j.

(32)

A function u(x) which belongs to the L2[0,1] can be approximated by a linear combination of shifted Legendre polynomials
as

u(x) =, (1) = S a4, (), (33)
=0

where the linear coefficients are given by

e @@ Journal of Applied and Computational Mechanics, Vol. 6, No. 4, (2020), 848-861



854 S. Kumar and J.F. Gémez-Aguilar, Vol. 6, No. 4, 2020

1
a, = Q2j+1) [u(y, () (34)
0
Similarly, a function u(x,t) of two variables can be approximated as
m—1 m—1
u(x,0)=> > a, W, (W, @), (35)
i=0 ¢=0

where a., are unknown coefficients.

il

4. Proposed New Algorithm

In this section, we develop a new algorithm with the combination of the Legendre spectral method and the quasi
wavelet method and then apply it to find out the solution of C-F time-fractional non-linear distributed order reaction-
diffusion equations. We approximate the C-F time-fractional derivative by using Legendre spectral method. On the other
hand, spatial derivatives and unknown functions are approximated with the help of the quasi wavelet-based numerical
method.

Distributed order reaction-diffusion equation involving C-F fractional derivative is given by

1
f (@)D u(t, x)da =

0

azg(x D1 pue),x,0)+ fx.0). (36)
X

The initial and boundary conditions for this model are taken as follows

u(0,x) = f,(x),
u(t,0) = £,), (37
u(t,1) = £,(0),

where 0<a <1, 0<x<land 0<¢<1.Now we develop the method with the help of the Legendre spectral and quasi

wavelet method to investigate the models given by Eq. (36). Approximating the unknown function in terms of shifted
Legendre polynomial, we have

m—1 m—1

u(x,r) = ¢, (W, (0), (38)
i=0 ¢=0
where ¢, areunknown coefficients fori=0,2,....,and ¢ =0,1,2,... Now considering the C-F time-fractional operator and
using Eq. (38), we get
m—1 m—1
LD u(t, x) = e, () (9 Df Y, (1)),
i=0 ¢=0
el e, 1)”+k(€+k ay
T (R (k)

e, (D)
_ﬂgg(wwkﬂ¢”nam

where,

B(Q')F(l—i—k) k—n—1 (_1)7Z_Ie—n—1—r (_l)k,n »
L= [a]-a = Tk—n—r)(p)™ + Y ¢ ] (40)

with y(a)=a/(a|-a).

Integrating Eq. (36) with respect to a after multiplying s(at) in both sides, we get the following
1

o S (AR
{s(a) oDiu(t, x)da = 2 {:0; (B (0 —R)!

4,00 [ s@] ], (). 1)

1
Now to calculate the integral term fo s(af)Hk(t, a)da, we shall proceed as follows
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j:s(a)l_[k(t,a)da f s(a )B(a)r(l+k)[ Z Fék Dnt _ y:ﬂ +(V?n i e'”]da

I+ k)

kinjl (7 l)r tkinilir fl S(Q)B(a)r(l+k) da—i—(— l)k—n fl S(a)B(a) e—V(a)tda, ,

42
= Tk—n—7) Jo (a]-a)((a) ™ 0 ([a]-a)(y(a)* @

—n—1 k—n—1-r
F(1+k)[kz (F(L“— [ @da+0 [ v, t)da]

S(@B@rd+k) s(a)B(a)
(la]—a)((ay™ (Ja]—a)@(ay*"

numerical integration scheme, here we used Simpson 1/3 rule.

where V;(a) = e 7" To evaluate these integrals, we can adopt any

d 7, (a,t) =

[ V@yda=m,
" (43)
ﬁnwﬂmz%mﬁ
Thus
1 B k—n—1 (_ 1)7 l,/e—n—l—r  ybn
{ s@[ ], a)da =T+ k)[ ; T R S G t)]. (44)

Putting this value of integral in Eq. (41), we get the following
1

m—1m-1 ¢ l+k k k—n—1 r  —n—1-r
fs(a')chfu(t,x)da' Z zf((k|1)) (Z(le)" )! W (x )><F(1+k)[ Z (F(}e)—tTr)Ml +(_1)k"M2(a,t)]. (45)

We have approximated the time derivative considering the Legendre spectral method. To approximate the unknown
function u(x,t) and the time derivative we consider the quasi wavelet-based numerical method. We know a function and
its all derivatives can be approximated by

u”(x) = Z Oy (x—x)u(x,), n=0,1,. (46)

=W

where the superscript (n) denotes the n order derivative with respect to x. At spatial point x=x;, we can rewrite the above
equation as

w
u(")(xj,t) = Z Opy(=sB)u(x;, ), n=0,1,..., 47
s=—W

where Ax is the spatial step. Putting the value of u(x,f) and their space and time derivatives in the model given by Eq. (34),
we get the following residual
m—1 m—1 ( I)H—k(f—f—k)
DD DI ,
i ()R

. xrd +k){ S —(F(g_‘n_"__r_)’

M, +(—1)”Mz(mf)]—

[m_ Y62, xk)ka)xa{wp(r)] [ VNS W) xa @)% @)
i=0 (=0 k=W i=0 (=0 k=W
[1 Y DERCEENT <xk)xalpt/f((r>] Fx,0).
The initial and boundary conditions take the following form in view of Eq. (33)
S e, w,0) =£,0),
i=0 ¢=0
S-S @ OO =£0), 49)

o
~
Il

o

3
3
N

(D, () =£,(0).

—0 (=

~
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Now considering Eqs. (44) and (45) at suitable collocation points (x;) in equation (44), we consider the discrete sampling
points x. = x; equal to the collocation points and using Eq. (43), we get the following non-linear system of algebraic
equations

m—1 m—1 ,g( 1)/+k (f-l- k)
Z

~ TR )Xr(”k)[f£M1+(—1)k"Mz(a,rj)]_

St = “ T(k—n—1)

m—1 m—1

> 8y (AW (x,.) x a4, (¢, )} (50)

i=0 (=0 k=—W

[,,, Y 6:,(,(—sAxm<xf+s)afgwg(r,)]—u{

i=0 (=0 k=—W
m—1
1—-
i=0 ¢

5. Results and Discussion

-1

3

Z 62,0 (=sAx)y, (xj+s) xa, Y, (tj)

k=—W

——

— f(x;,t).

1l
o

In this section, our aim is to show the accuracy and validity of our new derived method by solving some numerical
examples which have C- F time-fractional derivative. All numerical computations are done with Wolfram Mathematica
version-11.3.

Example 1: Considering the following distributed order diffusion equation with s(a)=(1—a)a’, and g(u,x,t)=0

1
[(-a)a §Dfuts, x)da = o g(x D4 fan), 1)
0
with the following initial and boundary conditions
u(x,0) =0,
u(0,1) =0, (52)
u(l,t) =¢,

the force function is f{x,z) and the exact analytical solution of the above problem is u(x,t) = t*(2x — x°).

We plot the 3D graph of the numerical and exact solution for m=4, W=20, Ax=1/10and Ax=1/20 for a=1 (classical case)
which is depicted by Fig. 1. The absolute error for various m values at #=0./ is presented in Table 1.

u(x,t)

1.0
Fig. 1. Plots of u(x; £) for m = 4, W = 20, Ax =1/10 and Ax =1/20 for numerical and exact solutions, respectively.

Example 2: Considering s(a) = (1—a)a’, and g(u,x,t)=u’, we getthe following C-F time-fractional distributed order
reaction-diffusion equation with variable coefficients

Journal of Applied and Computational Mechanics, Vol. 6, No. 4, (2020), 848-861 @ AV[‘
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0* u(x t)

f(l a)a’ S D u(t, x)da = (x + t)——=u(x, ) + () (u(x,t)’) + f(x,1), (53)

Table 1. Variations of absolute error for different x values at ¢ =0./ and various m values.

x| m:4,Ax:L m=4, Ax =— !
10 20
1
9 7.0x107° 9.1x10°"
2 —4 —12
9 1.0x10 1.7x10
3 —4 —-12
9 1.1x10 2.5x10
4 —4 —12
9 1.0x10 3.1x10
5 —4 —12
9 7.4x10 3.4x10
6 —4 —12
9 4.4x10 3.2x10
7 =5 —-12
9 1.6x10 2.7x10
8 -5 —12
9 9.2x10 1.7x10
which under the prescribed initial and boundary conditions
u(0,x) = x*,
u(t,0) =0, (54)
u(t,l)=¢',

gives the exact solution of above the problem is u(x,)=x’ with suitable force function f{x,z).

We plot the 3D graph of the numerical and exact solution for m=4, W=20, Ax=1/10, and Ax=1/20 for a=1 (classical case)
which is depicted by Fig. 2. The absolute error for various m values at t=0./ is presented in Table 2, which clearly predicts
that our numerical results are in complete agreement with the existing results.

u(x,t)

Fig. 2. Plots of u(x; f) for m = 4, W = 20, Ax =1/10 and Ax =1/20 for numerical and exact solutions, respectively.

Example 3: Considering s(a)=(1—a’)a®, and g(u(x,1),x,t)=u(l—u), we get the following C-F time-fractional
distributed order reaction-diffusion equation

N\ @@ Journal of Applied and Computational Mechanics, Vol. 6, No. 4, (2020), 848-861
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f (1—a*)a® D u(t, x)da = %u(l —w)+ f(x,1), (55)
0 X

Table 2. Variations of absolute error for different x values at ¢ =0./ and various m values.

1

x] m:4,Ax:L m=4, Ax =—
10 20

1

5 1.2x107° 3.7x10°°

2 . i,

5 2.2x10 1.9x10

3 . i,

5 3.2x10 4.7x10

4 o .

5 3.3x10 8.8x10

5 . D

5 3.0x10 1.4x10

6 o »

5 2.4x10 2.0x10

7 " »

5 1.6x10 3.7x10

8 L »

5 4.8%x10 2.8x10

with the following initial and boundary conditions
u(x,0)=0,
u(0,£) =0,
u(l,t) =12, (56)

%u(x, 0)=0,

gives the exact solution u(x,t)=¢’x" with suitable force function f{x,?).

We plot the 3D graph of the numerical and exact solution for m=4, W=20, Ax=1/10and Ax=1/20 for a=1 (classical case)
which is depicted by Fig. 3. The absolute error for various m values at t=0./ is presented in Table 3, which clearly predicts
that our numerical results are in complete agreement with the existing results.

x.t)
\\

u
SE

Fig. 3. Plots of u(x; ¢) form = 4, W = 20, Ax =1/10 and Ax =1/20 for numerical and exact solutions, respectively.
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Table 3. Variations of absolute error for different x values at ¢ =0.1 and various m values.

x| m:4,Ax:L m:4,Ax:i
10 20

1

6 1.7x107* 4.8x107"

2 —4 —-12

6 3.1x10 8.9x10

3 —4 —12

§ 4.0x10 1.2x10

4 —4 —12

5 4.4x10 1.4x10

5 —4 —-12

6 4.5%10 1.5%10

6 —4 —12

§ 2.0x10 1.4x10

7 —4 —13

§ 3.2x10 6.8x10

8 —4 —13

6 1.8x10 8.3x10

6. Conclusion

In this research work, first, we found out the approximation formula of C-F fractional derivative of the function t*. We
developed a new numerical algorithm with the combination of the Legendre spectral method and the quasi wavelet-based
numerical method to solve fractional PDEs having a C-F fractional derivative. We implemented this new algorithm to
solve the new class of C-F fractional distributed order diffusion equation. The Legendre spectral method was used to
approximate the C-F time-fractional derivative and distributed the integral term. For the approximation of u(x,t) and their
spatial derivatives we used the quasi wavelet-based theory. We showed the successful implementation of this method to
solve the C-F time-fractional distributed order FPDEs. We easily concluded that our proposed method has good accuracy
and also valid different type of FPDEs. The graphical and tabular exhibitions were presented to validate the effectiveness
of the proposed method used for solving various linear/nonlinear problems having C-F fractional derivative.
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