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Abstract. A universal approach by Laplace transform to the variational iteration method for fractional 
derivatives with the nonsingular kernel is presented; in particular, the Caputo-Fabrizio fractional derivative 
and the Atangana-Baleanu fractional derivative with the non-singular kernel is considered. The analysis 
elaborated for both non-singular kernel derivatives is shown the necessity of considering the modified Caputo-
Fabrizio fractional derivative and the analogous modifications for the Atangana-Baleanu fractional derivative 
with non-singular Mittag-Leffler kernel in order to satisfy the initial conditions for some fractional differential 
equations. 

Keywords: Variational iteration method; Fractional calculus; Laplace transform; Modified Caputo-Fabrizio fractional 
derivative; Modified Atangana-Baleanu fractional derivative. 

1. Introduction 

Fractional differential equations are generalizations of classical differential equations of integer order. In recent years, 
fractional differential equations (FDE's) have attracted considerable interest. It is caused by both the development of the 
theory of fractional calculus itself and by the applications of such constructions in various sciences such as physics, 
engineering, biology, signal processing, system identification, control theory, finance dynamics and other areas [1]-[6]. 

The Lagrange multiplier technique [7]-[9] was widely used to solve a number of nonlinear problems, which arise in 
mathematical physics and other, related areas, and it was developed into a powerful analytical method, i.e., the 
variational iteration method [7]-[11] for solving differential equations. The method has been applied to initial and 
boundary value problems [12]-[17] fractal initial value problems [18]-[19], q-difference equations [20], fuzzy equations 
[21]-[23], among others. 

Generally, in applications of variational iteration method (VIM) to initial value problems of differential equations, 
one usually considers the next three steps: (a) first it is established the functional, which is going to be under the 
variational procedure; (b) identifying the Lagrange multipliers; (c) determining the initial iteration. The step (b) is very 
crucial. Applications of the method to fractional differential equations (FDE's) have considered the Lagrange multipliers 
and implemented directly to the FDE's and the series solutions have been turned into a poor convergence solution.  

We will consider the Laplace variational iterative method (LVIM), following the main steps as usually has been done 
in the literature [7]-[9] and applied to solve some FDE's where the Caputo-Fabrizio fractional derivative [24]-[25] and 
the Atangana-Baleanu fractional derivative with non-singular kernel have been considered. The LVIM can be easily 
applied to overcome the drawback that appears in the VIM avoiding the poor convergence problems. Then we will show 
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the necessity of considering the modified Caputo-Fabrizio fractional derivative [26], and the analogous modifications for 
the Atangana-Baleanu fractional derivative with non-singular kernel [27], in order to satisfy the initial conditions for 
some special types of fractional differential equations.  

The work is organized as follows: In the second section, we present the basic definitions of the fractional Caputo-
Fabrizio derivative and the Atangana-Baleanu fractional derivative with the non-singular kernel; next, we will present a 
brief review of the LVIM taking into account the specific properties of both types of the fractional derivative with non-
singular kernel. In section 3, the LVIM will be applied together with the Caputo-Fabrizio fractional derivative and the 
Atangana-Baleanu fractional derivative to obtain an analytical solution for some FDE's. In section 4, the results obtained 
in the previous section will be analyzed and we will consider the fractional modified Caputo-Fabrizio fractional 
derivative, in order to solve the problems associated with the solutions obtained when the original Caputo-Fabrizio 
fractional derivative was applied, also the analogous modifications for the Atangana-Baleanu fractional derivative, will 
be presented in order to satisfy the initial conditions. The last section is devoted to the conclusions. 

2. Preliminaries 

In this section, first, we summarize the basic properties of the Caputo-Fabrizio fractional derivative based on the 
exponential decay law, for this fractional operator the waiting time distribution is non-singular exponential [24]. Next, 
we will discuss the basic properties of the Atangana-Baleanu fractional derivative, which has been introduced, by 
Atangana and Baleanu as a generalization of the exponential distribution by introducing the non-local and non-singular 
Mittag-Leffler kernel [26]. Non-singular kernel appearing in both fractional derivatives are crucial at the time of 
describing different type of memory effects, furthermore, the Caputo-Fabrizio and the Atangana-Baleanu fractional 
derivatives do not obey the index-law which makes them physically stronger and able to capture more complex natural 
behaviors [24]-[27]. Finally, the main steps in order to consider the LVIM to solve FDE's are analyzed when considering 
both non-singular fractional derivatives. 
 
2.1. The Caputo-Fabrizio fractional derivative without singular kernel applied to the LVIM    

The Caputo-Fabrizio derivative is defined as follows [24] 
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For the main goal of the current work  of applying  the LVIM for the Caputo-Fabrizio fractional derivative to obtain 
some approximated solutions for fractional differential equations we consider the Laplace transform for  the fractional 
derivative introduced by Caputo and Fabrizio (1), i.e., 
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see for example [24]-[27]. 
Now let us introduce the main aspects of the LVIM. In this method, one usually assumes that the solution can be 
expressed as [7]-[9] 
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now by considering the FDE 

   0 ( ) ( ) ( ) ( ),CF
tD t R t N t g t    α  (4) 

we proceed to illustrate the basic ideas of the LVIM, where R is a linear operator, N is a nonlinear operator, g(t) is a 
given function and 0 ( )CF

tD tα  is the Caputo-Fabrizio fractional derivative of the function ( )t . Next, we consider the 
Laplace transform of the above equation with respect to the variable t, i.e.: 
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where 0 ( ) ( )CF
t tL D t s   α it is given by Eq. (4) and  (s) ( ) ( ),tL t s   now by taking the functional (5) into account and 

introducing the Lagrange multiplier (s)λ  to the iterative procedure of the LVIM just in the same way as in the previous 
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works where this method has been applied [7]-[9], then Eq. (5) can be transformed into the following iterative method 
for the transformed series solution (3) 
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now if we regard, as usual in the LVIM, the terms    ( ) ( ) ( ) ( )tL R t N t g t s      as restricted terms, one can derive the 

value of the Lagrange multiplier as 
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with this result for (s)λ we obtain the following expressions for the transformed series solution 

 

   

   

0

1

1 0 1 0 1

(0)
( ) ( ) (t) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ), ( ), , ( ) ( ), ( ), , ( ) ( ),

t

t

n t n n

s s L g s
s

s s L R t N t s

s s L R t t t N t t t s

  

   

   



 



  

      

λ

λ

λ

 (8) 

with the application of inverse Laplace transform, the series solution of Eq. (8) is given by 
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2.2. The Atangana-Baleanu fractional derivative without singular kernel applied to the LVIM    

Now we will proceed in an analogous way for the Atangana-Baleanu fractional derivative of order α  in the Caputo 
sense, which is given as follows [26]: 
The Caputo-Fabrizio derivative is defined as follows [24] 
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next, we consider the Laplace transform for the fractional derivative introduced by Atangana-Baleanu in the Caputo 
sense 
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see for example [26], where for simplicity we will consider the case 

( ) 1.B α  (12) 

Again one assumes that the solution can be expressed as 
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now by considering the FDE 

   0 ( ) ( ) ( ) ( ),ABC
tD t R t N t g t    α  (14) 

we proceed to illustrate the basic ideas of the LVIM, where R is a linear operator, N is a nonlinear operator, g(t) is a 
given function and 0 ( )ABC

tD tα  is the Atangana-Baleanu-Caputo fractional derivative of the function ( )t . Next, we 
consider the Laplace transform of the above equation with respect to the variable t, i.e.: 
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where 0 ( ) ( )ABC
t tL D t s   α it is given by Eq. (11) and  (s) ( ) ( ),tL t s   now by taking the functional (15) into account 

and introducing the Lagrange multiplier (s)λ  to the iterative procedure of the LVIM just in the same way as in the 
previous works where this method has been applied [7]-[9], then Eq. (15) can be transformed into the following iterative 
method for the transformed series solution (13) 
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with this result for (s)λ we obtain the following expressions for the transformed series solution 
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with the application of inverse Laplace transform, the series solution of Eq. (18) is given by 
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3. Applications of the LVIM 

Now we will consider the LVIM in order to obtain analytical solutions for some fractional differential equations with 
fractional derivatives with non-singular kernel. 
 
Example 1. As a first application of the LVIM, we will consider the fractional differential equation 

0 (t) (t),CF
tD  α κ  (20) 

with the initial condition 

(t 0) (0),    (21) 

this kind of  fractional differential equation has been the object of  many researchers working with the anomalous 
diffusion [28] with 0κ  as it can be seen as follows 
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using the method of  variable separation with ( , ) ( ) ( ),x t T x t ψ  we obtain 
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From this last equation, we found 
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with the boundary conditions, T'(0)=0 and T'(L)=0, with the initial condition ( 0) (0).t     In the present work we 
will consider for simplicity only the solution of  the temporal part of  Eq. (22), and we will find some problems that 
appear in order to satisfy the initial condition ( 0) (0)t     no matters if  we consider the non-singular kernel 
fractional derivative of  Caputo-Fabrizio type or Atangana-Baleanu type. In section 4, we will show that these 
inconsistencies will be solved when the modified Caputo-Fabrizio fractional derivative and the modified Atangana-
Baleanu fractional derivative are considered. 
From Eq. (24), the direct application of  the LVIM suggest the construction of  the following iterative procedure 
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when ,n   the series solution tends to the exact solution 
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As it can be noticed, we have obtained a very fast convergent solution of  Eq. (20) only by considering the direct 
application of  the LVIM. This fast convergence process can be easily seen in Figure 1, where we have plotted the relative 
error difference for the exact analytical solution given by Eq. (28) and the analytical series solution (27), for the special 
case n=10 and n=15 iterative series solution. 

  
(a)                                                     (b) 

Fig. 1. The behavior of  the relative error difference for the exact analytical solution (28) and the analytical series solution (27). In Fig. 
(1a), we have considered the following values 0.85,  0.25 α κ  with (0) 1;  additionally in Fig. (1b), we have considered the 

same values for κ and (0),  we have taken 0.7.α  

 
However, it is important to see that the solution obtained for the fractional differential equation (20) 
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does not satisfy the initial condition 

(0)
(t 0) (0).

1 (1 )
  

 
 
κ α

 (30) 

Therefore, is not possible to obtain the solution of  Eq. (20) with the initial condition (21) by considering the fractional 
Caputo-Fabrizio derivative. In order to obtain the proper solution to this problem, in the next section, we will consider 
the differential equation (20) considering the modified Caputo-Fabrizio fractional derivative with a non-singular kernel 
[27]. 
 
Example 2. Before we try to solve the inconsistencies of the above example, related with the initial conditions, let us to 
consider the following example, where we will considerer the same physical phenomena, the solution of the time-
dependent fractional equation related with the diffusion process given by Eq. (22), but in this new example we will 
consider the Atangana-Baleanu fractional derivative in the Caputo sense, i.e.: 

0 (t) (t),ABC
tD  α κ  (31) 

with the initial condition 

(t 0) (0),    (32) 

the direct application of  the LVIM suggest the construction of  the following iterative procedure 
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when ,n   the series solution tends to the exact solution 
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 (34) 

where ( ) 0E   α α  is the Mittag-Leffler function with one parameter. As can be seen, we have obtained a very fast 
convergent solution for the FDE given by Eq. (31) only by considering the direct application of  the LVIM. This fast 
convergence process can be easily seen in Figure 2, where we have plotted the relative error difference for the exact 
analytical solution given by Eq. (34) and the analytical series solution (33), for the special case of  n=10 and n=15 iterative 
series solution. 

  
(a)         (b) 

Fig. 2. The behavior of  the relative error difference for the exact analytical solution (34) and the analytical series solution (33). In Fig. 
(2a), we have considered the following values 0.85,  0.25 α κ  with (0) 1;  additionally in Fig. (2b), we have considered the 

same values for κ and (0),  we have taken 0.7.α  

 
However, it is important to see that the solution obtained for the fractional differential equation (20) 
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does not satisfy the initial condition (32) 
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(t 0) (0).

1 (1 )
  

 
 
κ α

 (36) 

Therefore, is not possible to obtain the solution of  Eq. (31) with the initial condition (32) by considering the fractional 
Atangana-Baleanu-Caputo derivative. In order to obtain the proper solution to this problem, in the next section, we will 
consider the differential equation (31) considering the modified Atangana-Baleanu fractional derivative with non-
singular kernel. 

4. Applications of the LVIM by considering the modified Caputo-Fabrizio and the modified 
Atangana-Baleanu fractional derivatives 

In this section, we will analyze the problems that have been pointed out in the previous section for the solutions 
obtained by the application of  the LVIM to the FDE's (24) and (31). The problems associated with these solutions will be 
solved when we will consider the modified Caputo-Fabrizio fractional derivative, and the analogous modifications for 
the Atangana-Baleanu fractional derivative; these fractional differential operators will be presented in order to satisfy the 
initial conditions considered in both previous examples. 
 
4.1 The modified Caputo-Fabrizio fractional derivative applied to the LVIM.   

In order to overcome this strange inconsistency observed in Eq. (30), the modified Caputo-Fabrizio fractional 
derivative will be considered. This fractional derivative is given by [27] 
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 α α

τ τ τ α
α α

 (37) 

where 0 ( )Modified CF
tD t α is the modified Caputo-Fabrizio fractional derivative with respect to t and constCF  is some 

constant introduced with the propose of  fulfilling the initial value conditions, but not necessarily will be equal to the 
value of  initial condition of  the function, i.e.: (0) (0) (t 0).constCF      
Now, we consider the following equation in order to obtain an expression for the Laplace transform of  the modified 
Caputo-Fabrizio fractional derivative given by Eq. (37) 
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(38) 

and the associated integral operator for the modified Caputo-Fabrizio fractional derivative will be given by 

0

( ) (1 ) ( ) ( ) ,
t

constt CF f t f y dy     α α  (39) 

therefore the associated integral operator for the Modified-CF derivative is given by 
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t constt I f t CF f t f y dy      α α α  (40) 

Let us consider a differential equation similar to Eq. (20) for which it will be proposed the new fractional derivative with 
non-singular kernel (37) 

   0 ( ) ( ) ( ) ( ),Modified CF
tD t R t N t g t     α  (41) 

now by Eq. (38) and the direct application of  the LVIM, the following condition is established 

1 ( )
0,

( )
n

n

s

s
 




δ

δ
 (42) 

the Lagrange multiplier can be derived from obtaining the following result 
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α α
λ  (43) 

 
Example 3. We consider the fractional differential equation 

0 (t) (t),Modified CF
tD  α κ  (44) 

with the initial condition 

(t 0) (0),    (45) 

the direct application of  the LVIM suggest the construction of  the following iterative procedure 
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when ,n   the series solution tends to the exact solution 
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As it can be noticed, we have obtained a very fast convergent solution of  Eq. (44) only by considering the direct 
application of  the LVIM. This fast convergence process can be easily seen in Figure 3, where we have plotted the relative 
error difference for the exact analytical solution given by Eq. (47) and the analytical series solution (46), for the special 
case n=10 and n=15 iterative series solution. 
It is important to see that the solution obtained for the fractional differential equation (44) 
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   (a)              (b) 

Fig. 3. The behavior of  the relative error difference for the exact analytical solution (47) and the analytical series solution (46). In Fig. 
(3a), we have considered the following values 0.85,  0.25 α κ  with (0) 1;  additionally in Fig. (3b), we have considered the 

same values for κ and (0),  we have taken 0.7.α  

 
does satisfy the initial condition (45) 

(t 0) (0).
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 (49) 

only by the proper definition of  constCF as 

(0)(1 (1 )).constCF    κ α  (50) 

Now, we will present a similar procedure for the case of  Eq. (31), where some modifications need to be done in the 
Atangana-Baleanu fractional derivative in order to overcome the inconsistencies found in Eq. (36). 
 
4.2 The modified Atangana-Baleanu fractional derivative applied to the LVIM.   

In order to overcome this strange inconsistency observed in Eq. (36), the modified Atangana-Baleanu fractional 
derivative will be considered. This fractional derivative is given by 
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where again for simplicity we will consider the case [26] 
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where 0 ( )Modified AB
tD t α is the modified Atangana-Baleanu fractional derivative with respect to t and constAB  is some 

constant introduced with the propose of  fulfilling the initial value conditions, but not necessarily will be equal to the 
value of  initial condition of  the function, i.e.: (0) (0) (t 0).constAB      
The main goal is to consider this new fractional derivative with a non-singular kernel of  the Mittag-Leffler type and then 
be able to eliminate the contradiction found in Eq. (36). Now, we consider the following equation in order to obtain an 
expression for the Laplace transform of  the modified Atangana-Baleanu fractional derivative given by Eq. (51) 
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and the associated integral operator for the modified Atangana-Baleanu fractional derivative will be given by 
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Let us consider a differential equation similar to Eq. (20) for which it will be proposed the new fractional derivative with 
non-singular kernel (51) 
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now by Eq. (53) and the direct application of  the LVIM, the following condition is established 
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the Lagrange multiplier can be derived from obtaining the following result 
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Example 4. For our next example, let us consider a differential equation similar to Eq. (31), for which we propose the 
new fractional derivative with non-singular kernel (51), i.e.: 

0 (t) (t),Modified AB
tD  α κ  (58) 

with the initial condition 

(t 0) (0),    (59) 

the direct application of  the LVIM suggest the construction of  the following iterative procedure 
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when ,n   the series solution tends to the exact solution 
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 (61) 

As can be seen, we have obtained a very fast convergent solution for the FDE given by Eq. (61) only by considering the 
direct application of  the LVIM. This fast convergence process can be easily seen in Figure 4, where we have plotted the 
relative error difference for the exact analytical solution given by Eq. (61) and the analytical series solution (60), for the 
special case of  n=10 and n=15 iterative series solution. 

  
         (a)           (b) 

Fig. 4. The behavior of  the relative error difference for the exact analytical solution (61) and the analytical series solution (60). In Fig. 
(4a), we have considered the following values 0.85,  0.25 α κ  with (0) 1;  additionally in Fig. (4b), we have considered the 

same values for κ and (0),  we have taken 0.7.α  

 
It is important to see that the solution obtained for the fractional differential equation (58) 
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does satisfy the initial condition (59) 

(t 0) (0).
1 (1 )

constAB  
 

 
κ α

 (63) 

only by the proper definition of  constAB  as 

(0)(1 (1 )).constAB    κ α  (64) 

Now, we will present a similar procedure for the case of  Eq. (31), where some modifications need to be done in the 
Atangana-Baleanu fractional derivative in order to overcome the inconsistencies found in Eq. (36). 
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5. Conclusions 

The fundamental goal of this work was to apply the LVIM to solve some fractional differential equations involving 
the modified Caputo-Fabrizio and the modified Atangana-Baleanu fractional derivatives; these new fractional 
derivatives have some important properties that allowed us to introduce the proper solutions for some special family of 
fractional differential equations of the eigenvalue type. For these fractional differential equations, first, the LVIM with 
the originals Caputo-Fabrizio and the Atangana-Baleanu fractional derivatives were considered. it was showed that with 
these original definitions some initial conditions cannot be satisfied, even when a fast convergence solution was obtained 
for both fractional differential equations type. Furthermore, the direct application of the LVIM with the modified 
Caputo-Fabrizio and the modified Atangana-Baleanu fractional derivatives were successfully satisfied the imposed initial 
conditions, these initial conditions were not satisfied with the originals Caputo-Fabrizio and the Atangana-Baleanu 
fractional derivatives. The application of the LVIM combined with the modified Caputo-Fabrizio and the modified 
Atangana-Baleanu fractional derivatives were shown to be very effective to obtain fast convergent solutions and satisfy 
the imposed initial conditions. In further works, we will apply these new types of fractional derivatives to the modified 
homotopy perturbation method to solve nonlinear fractional differential equations, also with the modified Caputo-
Fabrizio and the modified Atangana-Baleanu fractional derivatives. Other analytical approximated methods can be 
directly implemented to solve different types of FDE's to obtain fast convergent solutions that satisfy the initial and 
boundary conditions, for example, in [27] the multistep homotopy analysis method (MHAM) was applied to obtain 
analytical approximated solutions to some FDE's. Additionally, other methods like the fractional power series method 
[29]-[36], will be easily extended to solve FDE's and satisfy the imposed initial and boundary conditions. We believe that 
these novel modified fractional derivatives can be applied in the future to more complex real-world problems. 
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