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Abstract. A universal approach by Laplace transform to the variational iteration method for fractional
derivatives with the nonsingular kernel is presented; in particular, the Caputo-Fabrizio fractional derivative
and the Atangana-Baleanu fractional derivative with the non-singular kernel is considered. The analysis
elaborated for both non-singular kernel derivatives is shown the necessity of considering the modified Caputo-
Fabrizio fractional derivative and the analogous modifications for the Atangana-Baleanu fractional derivative
with non-singular Mittag-Leffler kernel in order to satisfy the initial conditions for some fractional differential
equations.
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1. Introduction

Fractional differential equations are generalizations of classical differential equations of integer order. In recent years,
fractional differential equations (FDE's) have attracted considerable interest. It is caused by both the development of the
theory of fractional calculus itself and by the applications of such constructions in various sciences such as physics,
engineering, biology, signal processing, system identification, control theory, finance dynamics and other areas [1]-[6].

The Lagrange multiplier technique [7]-[9] was widely used to solve a number of nonlinear problems, which arise in
mathematical physics and other, related areas, and it was developed into a powerful analytical method, i.e., the
variational iteration method [7]-[11] for solving differential equations. The method has been applied to initial and
boundary value problems [12]-[17] fractal initial value problems [18]-[19], g-difference equations [20], fuzzy equations
[21]-[23], among others.

Generally, in applications of variational iteration method (VIM) to initial value problems of differential equations,
one usually considers the next three steps: (a) first it is established the functional, which is going to be under the
variational procedure; (b) identifying the Lagrange multipliers; (c) determining the initial iteration. The step (b) is very
crucial. Applications of the method to fractional differential equations (FDE's) have considered the Lagrange multipliers
and implemented directly to the FDE's and the series solutions have been turned into a poor convergence solution.

We will consider the Laplace variational iterative method (LVIM), following the main steps as usually has been done
in the literature [7]-[9] and applied to solve some FDE's where the Caputo-Fabrizio fractional derivative [24]-[25] and
the Atangana-Baleanu fractional derivative with non-singular kernel have been considered. The LVIM can be easily
applied to overcome the drawback that appears in the VIM avoiding the poor convergence problems. Then we will show
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the necessity of considering the modified Caputo-Fabrizio fractional derivative [26], and the analogous modifications for
the Atangana-Baleanu fractional derivative with non-singular kernel [27], in order to satisfy the initial conditions for
some special types of fractional differential equations.

The work is organized as follows: In the second section, we present the basic definitions of the fractional Caputo-
Fabrizio derivative and the Atangana-Baleanu fractional derivative with the non-singular kernel; next, we will present a
brief review of the LVIM taking into account the specific properties of both types of the fractional derivative with non-
singular kernel. In section 3, the LVIM will be applied together with the Caputo-Fabrizio fractional derivative and the
Atangana-Baleanu fractional derivative to obtain an analytical solution for some FDE's. In section 4, the results obtained
in the previous section will be analyzed and we will consider the fractional modified Caputo-Fabrizio fractional
derivative, in order to solve the problems associated with the solutions obtained when the original Caputo-Fabrizio
fractional derivative was applied, also the analogous modifications for the Atangana-Baleanu fractional derivative, will
be presented in order to satisfy the initial conditions. The last section is devoted to the conclusions.

2. Preliminaries

In this section, first, we summarize the basic properties of the Caputo-Fabrizio fractional derivative based on the
exponential decay law, for this fractional operator the waiting time distribution is non-singular exponential [24]. Next,
we will discuss the basic properties of the Atangana-Baleanu fractional derivative, which has been introduced, by
Atangana and Baleanu as a generalization of the exponential distribution by introducing the non-local and non-singular
Mittag-Leffler kernel [26]. Non-singular kernel appearing in both fractional derivatives are crucial at the time of
describing different type of memory effects, furthermore, the Caputo-Fabrizio and the Atangana-Baleanu fractional
derivatives do not obey the index-law which makes them physically stronger and able to capture more complex natural
behaviors [24]-[27]. Finally, the main steps in order to consider the LVIM to solve FDE's are analyzed when considering
both non-singular fractional derivatives.

2.1. The Caputo-Fabrizio fractional derivative without singular kernel applied to the LVIM
The Caputo-Fabrizio derivative is defined as follows [24]

SFDt”gb(t):ﬁfqﬁ'(r)exp[—é(t—r)]dr, O<a<l. 1)

For the main goal of the current work of applying the LVIM for the Caputo-Fabrizio fractional derivative to obtain
some approximated solutions for fractional differential equations we consider the Laplace transform for the fractional
derivative introduced by Caputo and Fabrizio (1), i.e.,

SL [$(0)](s) — [t =0]  s4(s) — (0)
s+a(l—s) Csta(l-s)’

L[5 D)) (s) = 2)

see for example [24]-[27].
Now let us introduce the main aspects of the LVIM. In this method, one usually assumes that the solution can be
expressed as [7]-[9]

#(6) =lim (4 O+ pd O+ P 4O + .

= 3
=240,
now by considering the FDE
o DIg(t) + R[g(D)]+ N ()] = 2(2), @

we proceed to illustrate the basic ideas of the LVIM, where R is a linear operator, N is a nonlinear operator, g(t) is a
given function and " D¢(¢) is the Caputo-Fabrizio fractional derivative of the function ¢(¢) . Next, we consider the
Laplace transform of the above equation with respect to the variable ¢, i.e.:

L[ D g(0) + R[p(0)] + N [$(5)] - 8()] (5),

_ 396 —40)

©)
ey HLRIPOINO] - 0] =0,

where L, [gF Df ¢(t)](s) it is given by Eq. (4) and ¢(s) = L, [#(1)|(s), now by taking the functional (5) into account and

introducing the Lagrange multiplier A(s) to the iterative procedure of the LVIM just in the same way as in the previous
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works where this method has been applied [7]-[9], then Eq. (5) can be transformed into the following iterative method
for the transformed series solution (3)

A 90) | o

cral_s RAOI+NEE]-20), ©

¢n+1(5) = @(5) +A4

now if we regard, as usual in the LVIM, the terms L |R|é(t)|+ N |4(¢)|— g(¢)|(s) as restricted terms, one can derive the
t

value of the Lagrange multiplier as

(1-a)s+a

é‘¢,,+1(s)20 S As) = — . , (7)

54,(s)
with this result for J(s) we obtain the following expressions for the transformed series solution
16 =22 201, [-50))
#4(s) = As)L, [R[#(0)]+ N [$(1)]|(s) ®)

$1() = AL, [R[ (), 4(D),..., D]+ N[ (D, 4 ®), .. 4,D)]|(5),

with the application of inverse Laplace transform, the series solution of Eq. (8) is given by

4O=I" [@+ AL, [—£®](5)| ()

4O =L [AG)L, [R[H(©0)]+ N [p@)]| ()] © ©)
$.10) = L AL, [R[4(©), 40, ., 4,0+ N[ (£), 4(5),... 4, O] 9)] .

2.2. The Atangana-Baleanu fractional derivative without singular kernel applied to the LVIM

Now we will proceed in an analogous way for the Atangana-Baleanu fractional derivative of order a in the Caputo
sense, which is given as follows [26]:
The Caputo-Fabrizio derivative is defined as follows [24]

gBCDfﬂﬁ(t):%fqﬁ'(r)Ea [ﬁ(tr}" dr, 0<a<l. (10)

next, we consider the Laplace transform for the fractional derivative introduced by Atangana-Baleanu in the Caputo
sense
. B(a s¢ 0
L[ D g(0)]() :ﬁ—[a [¢(r>]<s>—ﬂ], o
l_a a a N ( )
S +71—a

see for example [26], where for simplicity we will consider the case

B(a)=1. (12)
Again one assumes that the solution can be expressed as
#0) = lim (4 0+ 4O + P AO+.) = >4, (13)
now by considering the FDE
o DI g(t) + R[$(1)] + N [p(1)] = g(), (14)

we proceed to illustrate the basic ideas of the LVIM, where R is a linear operator, N is a nonlinear operator, g(t) is a
given function and /*° D“¢(¢) is the Atangana-Baleanu-Caputo fractional derivative of the function (). Next, we
consider the Laplace transform of the above equation with respect to the variable ¢, i.e.:
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L, [{% Drg() + R[4()] + N [4()] — g(8)](9),
= M%[A EOIOR @] +L[R[#(0)]+ N [9(0)] - g(8)](5) =0, (15)

+7
l-a

lfasa

where L, [OABC Df’¢(t)](s) it is given by Eq. (11) and ¢(s) = L, [¢(r)|(s), now by taking the functional (15) into account
and introducing the Lagrange multiplier A(s) to the iterative procedure of the LVIM just in the same way as in the

previous works where this method has been applied [7]-[9], then Eq. (15) can be transformed into the following iterative
method for the transformed series solution (13)

8,.1() = 6,(5) + | L[ " DI 4,()](5) + R[4 (5)]+ N[g, ()] — 2(0)], (16)

now if we regard, as usual in the LVIM, the terms L, [R [¢(t)} +N [¢(t)] — g(t)] (s) as restricted terms, one can derive the
value of the Lagrange multiplier as
§¢n+l (s) -0
54,(s)
= 17
(1-a)s"+a

a )

Als)=—

with this result for J(s) we obtain the following expressions for the transformed series solution

16 =22 201, [-50)0)
#4(s) = As)L, [R[#(0)]+ N [$(1)]|(s) (18)

$1() = AL, [R[ (), 4(D),..., D]+ N[ (D, 4(®), ... 4,(D)]|(5),

with the application of inverse Laplace transform, the series solution of Eq. (18) is given by

hO=I" [@+ AL, [—£®](5)| ()

4(© =L [AG)L, [R[#(0)]+ N [$@)] ()] © (19)
$.00) = L AL, [R[4(©), 40, ., 4,0+ N[ (£), 4(O),... 4, O] )] .

3. Applications of the LVIM

Now we will consider the LVIM in order to obtain analytical solutions for some fractional differential equations with
fractional derivatives with non-singular kernel.

Example 1. As a first application of the LVIM, we will consider the fractional differential equation
o DIp(t) = rcg(t), (20)
with the initial condition
#(t = 0) = ¢(0), 1)

this kind of fractional differential equation has been the object of many researchers working with the anomalous
diffusion [28] with x <0 as it can be seen as follows

. O’Y(x,t
Dy = 6 LD, 22)
using the method of variable separation with ¥ (x,t) =T (x)¢#(t), we obtain
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0°T (x)
DO o
sp0 T

From this last equation, we found

" Drg(t) = —A5P(t) = K h(V),

=
" Drg(t) = Kcg(t),
and

0T (x)
8 2

=—AT(x),

(23)

(24)

(25)

with the boundary conditions, 7'(0)=0 and T'(L)=0, with the initial condition ¢(t =0)= ¢(0). In the present work we
will consider for simplicity only the solution of the temporal part of Eq. (22), and we will find some problems that
appear in order to satisfy the initial condition ¢(t =0)= ¢(0) no matters if we consider the non-singular kernel

fractional derivative of Caputo-Fabrizio type or Atangana-Baleanu type. In section 4, we will show that these
inconsistencies will be solved when the modified Caputo-Fabrizio fractional derivative and the modified Atangana-

Baleanu fractional derivative are considered.

From Eq. (24), the direct application of the LVIM suggest the construction of the following iterative procedure

46 =22 40 =00,

4(s) = K [A(S)gy (5)] = K¢ (1—a)+? 20 d®=L" [ [(1a)+
= (1- @eg(0) + g (O,

#(5) = k[A46)] =K (ng [K (lfa)% @]

a|4(0)

t?

N N

(26)

1 $(0),

A6 =K EUNYTR [( ay + (o2, @

1!

(1—a)+—

al 4

N N

(1-a)+

#(6)=(1-3a+3a” —a’)x’$(0) +{3“(11—7“)2]K3r¢(0) +[

#(s)=x’

when 7z — oo, the series solution tends to the exact solution

3a2<21'— a)]Ks

Kaetp0)  27)

°¢0) +——= 3l

#(t) = lim E (¢(1) ~ ( 6’ > +18a’ i + 6a’ K> —18aic® —12aic* — 6ar + 61> + 6K + 6K +6)¢(0) +

3(1861'31{3 —36a’K’ —12a’° Kk +18ar’ +12ar? —&-6mc)t¢(0)+

é(79a3k3 +9a°1c* +3a’ 17 ) 4(0) +

%a3k313¢(0)+...

) n arct$(0) 4 a’i’t*¢(0)
l-k(l-a) (1-x(-a) 2/(1-x1-a))

_ #(0) exp akt
1-xk(l—a) l-xk(l—a))
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As it can be noticed, we have obtained a very fast convergent solution of Eq. (20) only by considering the direct
application of the LVIM. This fast convergence process can be easily seen in Figure 1, where we have plotted the relative
error difference for the exact analytical solution given by Eq. (28) and the analytical series solution (27), for the special

case n=10 and n=15 iterative series solution.
] Bexact (1) = Beries (1) | |

Pexact (1) Pexact (1)

Bexact (1) = Peries ()

-9
45%x107° + 45x107
® Series Solution n=15 ® Series Solution n=15
=9 - 35%1070 F
3910 Series Solution n=10 Series Solution n=10
25x107% + 25x107%
15x107% - 1.5%x107° -
5.x10710 1 5.x10710 | /
0 1 2 3 4 5 0 1 2 3 5
t t
(@) (b)

Fig. 1. The behavior of the relative error difference for the exact analytical solution (28) and the analytical series solution (27). In Fig.
(1a), we have considered the following values a =0.85, ¥ =—0.25 with ¢(0)=1; additionally in Fig. (1b), we have considered the

same values for x and ¢(0), we have taken a=0.7.

However, it is important to see that the solution obtained for the fractional differential equation (20)

0= lim 3 (0) = ;2P| |

does not satisfy the initial condition

P ()
#e=0) == = 9O

29)

(30)

Therefore, is not possible to obtain the solution of Eq. (20) with the initial condition (21) by considering the fractional
Caputo-Fabrizio derivative. In order to obtain the proper solution to this problem, in the next section, we will consider
the differential equation (20) considering the modified Caputo-Fabrizio fractional derivative with a non-singular kernel

[27].

Example 2. Before we try to solve the inconsistencies of the above example, related with the initial conditions, let us to
consider the following example, where we will considerer the same physical phenomena, the solution of the time-
dependent fractional equation related with the diffusion process given by Eq. (22), but in this new example we will

consider the Atangana-Baleanu fractional derivative in the Caputo sense, i.e.:
o DI (1) = (1),

with the initial condition

#(t = 0) = ¢(0),
the direct application of the LVIM suggest the construction of the following iterative procedure
6 =22 = 40 =90,
#(s) = k[AS)h(5)] = K (lfa)+s% @ = q=L" k|1 —a)JrS% @
ta
=(1-a)rg(0)+ mc¢(0)m,

L al o (e (-@a2tt | 2P
( “>+s“] s 720 {(1 e +F(1+2a)]K 0,

BG)=x’

31

(32)

(33)
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3
46)=x|(1—a)+ 2 2O
S S
2 3\ 2 3a 6a 3a’ 3
#(6)=(1-3a+3a’ —a’ )i’ §(0) + F(l+a)7l"(1+a)+r‘(1+a) K>tg(0)
+[ 3> 3a° ];«312“ ¢(0)+K3a3t3“¢(0)
T1+2a) T(+2a) I(1+3a)

when 7 — 00, the series solution tends to the exact solution

#(0) = lg?cz”j(qg(t)) ~gO)(1+x(-a)+ > A—a®)+ i’ (1-a’)+..)

i 2 2
+4(0) T arc(1+2k(1—a) +3K° (1—a’) + .
tZa 5 5
+¢(0)mmc(l +3k(l—a)+6x*(1—a’)+..)
__ 0 4O r akx (34)
l-k(l-a) (1-x(-a))Td+a)|l-x(l—a)

#(0) P axV
(1-xk(1—a))T(1+2a)(1-x(1—a)

_ #(0) E akt”
C1-xk(-a) “1-x(l-a)/

where E ()Va >0 is the Mittag-Leffler function with one parameter. As can be seen, we have obtained a very fast

convergent solution for the FDE given by Eq. (31) only by considering the direct application of the LVIM. This fast
convergence process can be easily seen in Figure 2, where we have plotted the relative error difference for the exact
analytical solution given by Eq. (34) and the analytical series solution (33), for the special case of #=1/0 and n=15 iterative
series solution.

Bexact (1) = Pseries (1) |¢cxelcl (1) = Pserics (1)

| ————
Bexact (1) Pexact (1)

45%107 F 45%x107 -
® Series Solution n=15 ® Series Solution n=15
35%x107 + 3.5x107% -
Series Solution n=10 Series Solution n=10
25x 107+ 25%1070 +
15%107 F 15107+
5.x10710 5.x10710
0 1 2 3 4 S 0 1 D 5
t t
(@ (b)

Fig. 2. The behavior of the relative error difference for the exact analytical solution (34) and the analytical series solution (33). In Fig.
(2a), we have considered the following values a =0.85, ¥ =—0.25 with ¢(0)=1; additionally in Fig. (2b), we have considered the

same values for x and ¢(0), we have taken a=0.7.

However, it is important to see that the solution obtained for the fractional differential equation (20)

#(0) 5 akt”
k(l—a) “|1-x(1-a)/

#0 = lim > (¢0) =

does not satisfy the initial condition (32)
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#(0)

ﬂt:O)zlflc(l—a)

= ¢(0). (36)
Therefore, is not possible to obtain the solution of Eq. (31) with the initial condition (32) by considering the fractional
Atangana-Baleanu-Caputo derivative. In order to obtain the proper solution to this problem, in the next section, we will

consider the differential equation (31) considering the modified Atangana-Baleanu fractional derivative with non-
singular kernel.

4. Applications of the LVIM by considering the modified Caputo-Fabrizio and the modified
Atangana-Baleanu fractional derivatives

In this section, we will analyze the problems that have been pointed out in the previous section for the solutions
obtained by the application of the LVIM to the FDE's (24) and (31). The problems associated with these solutions will be
solved when we will consider the modified Caputo-Fabrizio fractional derivative, and the analogous modifications for
the Atangana-Baleanu fractional derivative; these fractional differential operators will be presented in order to satisfy the
initial conditions considered in both previous examples.

4.1 The modified Caputo-Fabrizio fractional derivative applied to the LVIM.

In order to overcome this strange inconsistency observed in Eq. (30), the modified Caputo-Fabrizio fractional
derivative will be considered. This fractional derivative is given by [27]

, 1 d]|| a
Modified =CF' ya gy — —— = 7)—CF__lexp|———(t—1)dr}, 0<a<l, 37
: X0 ladtl{[ﬂ) | 3P| (= 7) < (37)
where 7" D“§(t) is the modified Caputo-Fabrizio fractional derivative with respect to ¢ and CF,_ is some

constant introduced with the propose of fulfilling the initial value conditions, but not necessarily will be equal to the
value of initial condition of the function, i.e.: CF._ . (0)= ¢(0) = ¢(t =0).

const
Now, we consider the following equation in order to obtain an expression for the Laplace transform of the modified
Caputo-Fabrizio fractional derivative given by Eq. (37)

Modfied-CF' D@ 3(£) = f(2), t>0
=

S¢(S) — CEonst — f(S)

Modified-CF 1ya _
Lo Dg(0)|(s) = el 38)

=
af(s)

£(s)= %Hl—a)f(s) + 29,

and the associated integral operator for the modified Caputo-Fabrizio fractional derivative will be given by
§6)=CF,,, +(A—a) f(O)+ a] Sy, (39)
0
therefore the associated integral operator for the Modified-CF derivative is given by
¢(e) =" IF [ f(0)] = CF,,,, +(1—a) f(£) + a] S (y)dy. (40)
0

Let us consider a differential equation similar to Eq. (20) for which it will be proposed the new fractional derivative with
non-singular kernel (37)

oD (1) + R[$(0)]+ N [#(0)] = 5(0), (41)
now by Eq. (38) and the direct application of the LVIM, the following condition is established

56.4() _,
54,5

the Lagrange multiplier can be derived from obtaining the following result

(42)

o\ @@ Journal of Applied and Computational Mechanics, Vol. 6, No. 3, (2020), 684-698



692  H. Yépez-Martinez and J.F. Gémez-Aguilar, Vol. 6, No. 3, 2020

/2(5):7(1—a)5+a.

(43)
Example 3. We consider the fractional differential equation
o DI = g (0), (44)
with the initial condition
Pt = 0) = ¢(0), (45)
the direct application of the LVIM suggest the construction of the following iterative procedure

CF,
%(S) = %ﬂg = %(t) = CF‘mnst’

C‘F'mnst
N

t
=(1—a)xCF, . + axCF (46)

const const F ’
(lfa/)+g [K CE‘O”:{]
N N

a

(1-a)+— P d@®)=L" a
N N

(1,a)+?

#(s) = k[ A(S)CF, K

onst

|=x

a

3(5) = K [A)h ()] = K

2

(1—a)+

N

a

- 2.2
(1—a')+— (1 a)ar2t+af t
s

1! 21

2
K CF'amst ’

B()=x’

CFT = gbz(t):[(l—a)z—i—

3
(1 _a)_i_ﬁ CF‘[unst =
N N

#(s)=rx’

K.StZCF + const

K ’ tCF + const
3!

const

#(t)=(1-3a+3a’ —a*)k’CF,,, +

const

3a(l—a)? ] [3a2 (1— a)] K}a’t’CF
! !

when 7 — 00, the series solution tends to the exact solution
pO=1im > (4())~
i=0

const

%(*661’%(3 +18a°k® + 6a*Kk? —18ar® —12ax? — 6akx + 6K° + 6K* + 6K + 6)CF +

const

%(1861’3K3 —36a°K® —12a°k* +18ar® +12axk? +6m{)tCF +

1 3..3 2.3 2.2 2
g(—9a/c +9a’Kk’ +3a'k )t CF__+ (47)

const

%QSK3t3CF +..

const

CF aktCF a’k*t*CF

const. const. const

T l-x(-a) (1-x1-a) 2/(1-x(l-a))

CFE,. akt
= eXp .
1—-xk(l—a) 1—-xk(l—a)

As it can be noticed, we have obtained a very fast convergent solution of Eq. (44) only by considering the direct
application of the LVIM. This fast convergence process can be easily seen in Figure 3, where we have plotted the relative
error difference for the exact analytical solution given by Eq. (47) and the analytical series solution (46), for the special
case n=10 and n=15 iterative series solution.

It is important to see that the solution obtained for the fractional differential equation (44)

. n C
PO = lg?c;(@(t)) - 1—Kl?fnj @) exp[l—:gt— “)], "
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| Bexact (1) = Preries (1) | | Bexact (1) = Pseries (1)
Pexact (1) Pexact (1)

45x107 45%x107° F

® Series Solution n=15 ® Series Solution n=15
35x107° - 35x107

Series Solution n=10 Series Solution n=10
25x107 25x107° -
1.5x107 - 15%x107 -
5.x10710 - 5.x10710 -

. . L . L L . T
0 1 2 3 4 5 0 1 2 3 4 5
t t
() (b)

Fig. 3. The behavior of the relative error difference for the exact analytical solution (47) and the analytical series solution (46). In Fig.
(3a), we have considered the following values a =0.85, ¥ =—0.25 with ¢(0)=1; additionally in Fig. (3b), we have considered the

same values for x and ¢(0), we have taken a=0.7.

does satisfy the initial condition (45)

CF,
t= O — const — 0 .
He=0) = = g(0) (49)
only by the proper definition of CF,_, as
CF,,,, = $(0)(1—x(1—a)). (50)

Now, we will present a similar procedure for the case of Eq. (31), where some modifications need to be done in the
Atangana-Baleanu fractional derivative in order to overcome the inconsistencies found in Eq. (36).

4.2 The modified Atangana-Baleanu fractional derivative applied to the LVIM.

In order to overcome this strange inconsistency observed in Eq. (36), the modified Atangana-Baleanu fractional
derivative will be considered. This fractional derivative is given by

A9 D () %%l JICGE LA )

d‘l’J, O<a<l], (628!

where again for simplicity we will consider the case [26]
B(a) =1, (52)

Modified— AB Daf
t

where #(t)is the modified Atangana-Baleanu fractional derivative with respect to ¢t and AB is some

constant introduced with the propose of fulfilling the initial value conditions, but not necessarily will be equal to the
value of initial condition of the function, i.e.: AB_, _(0)= ¢(0) = ¢(t = 0).

The main goal is to consider this new fractional derivative with a non-singular kernel of the Mittag-Leffler type and then
be able to eliminate the contradiction found in Eq. (36). Now, we consider the following equation in order to obtain an
expression for the Laplace transform of the modified Atangana-Baleanu fractional derivative given by Eq. (51)

Modfied—AB DI gy = f(¢), t>0

=
Sa [¢(S) _ ABSconsl ]
Modified— AB ya _ —
L[; DIgo)|(s) = Cavia —J© (53)

=

#(s) = %Hl —a)f(s) +@,

and the associated integral operator for the modified Atangana-Baleanu fractional derivative will be given by
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$(r) =48 1¢[ £ (1) = AB,,, +(1—a) f(©) +% f FONt—y) dy. (54)

Let us consider a differential equation similar to Eq. (20) for which it will be proposed the new fractional derivative with
non-singular kernel (51)

(I)\/Iodiﬁed—AB Df¢(t)+R[¢(f)]+N[¢(t)} = g(;), (55)

now by Eq. (53) and the direct application of the LVIM, the following condition is established

) s
54,(s)
the Lagrange multiplier can be derived from obtaining the following result
1 _ a
A(s) = _(“)#_ (57)
s

Example 4. For our next example, let us consider a differential equation similar to Eq. (31), for which we propose the
new fractional derivative with non-singular kernel (51), i.e.:

o AP DEG(E) = reg(0), (58)
with the initial condition
Pt = 0) = ¢(0), (59)

the direct application of the LVIM suggest the construction of the following iterative procedure

AB
% (S) — S[on:t

=
% (t) = ABam:t ’

(S) =K /I(S)AB =rxl(l—a +£ ABcomt
q const Sa S
=

AB

t :L_I Kl(l—a +£ const

FOZE A (60)
l.a

=(-a)x4B,,, +axAB,, ———,

( ) const const F (1 + Q’)

2
b6 =r|(1-a)+= AB,,y
N
=
$(t) = (l_a)2+(1—a)a2t“ a’ ™ e
F(l + a’) F(l + 20’) const ?

3

@(5) — K.S (1 76{) +ia ABamst
s s
=
3
#(t) = (1 —3a+3a’ —a’ )/CZABWS, + Sa___ba - Sa K’tAB,,,
'l+a) Td+4+a) T(d+a)
2 3 3 3 3a
+ 3  3a P B, + Ka’t“AB,
I'l+2a) T(l+2a) F(1+3a)
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when 7 — oo, the series solution tends to the exact solution

#(t) = mi(qg(t)) ~AB,,, (1+x(l-a)+i’(1-a’) +*1—a’)+..)

l_a

AB  — ark(14+2k(1—a)+ 31 —a?) +...
mmm( (1-a)+3°(1-a’)+..)

2a

+ABcomlt—aK(1+3K(1*a')+6K‘2(l—a2)+)
r(1+2a)

j— ABamst + ABam:t ta aK (6 1 )
_lfK(lfa) (171((1—6{))]"(14»@) 1-k(1—a)
+ AB, e ax ?

l1-k(1—a) T(1+2a)|\1-k(1—a)
— ABamst akt”

l1-k(l-a) “(1-x(l-a))

As can be seen, we have obtained a very fast convergent solution for the FDE given by Eq. (61) only by considering the
direct application of the LVIM. This fast convergence process can be easily seen in Figure 4, where we have plotted the
relative error difference for the exact analytical solution given by Eq. (61) and the analytical series solution (60), for the
special case of n=10 and n=15 iterative series solution.

|¢exacl (1) = Pyeries (1) | Bexact (1) = Dseries (1)
Pexact (1) Bexact (1)

45%x107° 45%107° +

® Series Solution n=15 ® Series Solution n=15
35%107% - 35x107° +

Series Solution n=10 Series Solution n=10
25x107%+ 25x107%
1.5x107% 15x107°
5.x10710 1 / 5.x10710

0 1 2 3 4 5 0 1 )
t t
(@) (b)

Fig. 4. The behavior of the relative error difference for the exact analytical solution (61) and the analytical series solution (60). In Fig.
(4a), we have considered the following values a =0.85, k¥ =—0.25 with ¢(0)=1; additionally in Fig. (4b), we have considered the

same values for x and ¢(0), we have taken a=0.7.

It is important to see that the solution obtained for the fractional differential equation (58)

.2 AB axt®
#(t) = lim ; (4®)= Timja)E” [m] (62)
does satisfy the initial condition (59)
AB
#(t=0)= Tlnja) = ¢(0). (63)
only by the proper definition of 4B, as
4B,,,, = $(0)(1—x(1-a)). (64)

Now, we will present a similar procedure for the case of Eq. (31), where some modifications need to be done in the
Atangana-Baleanu fractional derivative in order to overcome the inconsistencies found in Eq. (36).
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5. Conclusions

The fundamental goal of this work was to apply the LVIM to solve some fractional differential equations involving
the modified Caputo-Fabrizio and the modified Atangana-Baleanu fractional derivatives; these new fractional
derivatives have some important properties that allowed us to introduce the proper solutions for some special family of
fractional differential equations of the eigenvalue type. For these fractional differential equations, first, the LVIM with
the originals Caputo-Fabrizio and the Atangana-Baleanu fractional derivatives were considered. it was showed that with
these original definitions some initial conditions cannot be satisfied, even when a fast convergence solution was obtained
for both fractional differential equations type. Furthermore, the direct application of the LVIM with the modified
Caputo-Fabrizio and the modified Atangana-Baleanu fractional derivatives were successfully satisfied the imposed initial
conditions, these initial conditions were not satisfied with the originals Caputo-Fabrizio and the Atangana-Baleanu
fractional derivatives. The application of the LVIM combined with the modified Caputo-Fabrizio and the modified
Atangana-Baleanu fractional derivatives were shown to be very effective to obtain fast convergent solutions and satisfy
the imposed initial conditions. In further works, we will apply these new types of fractional derivatives to the modified
homotopy perturbation method to solve nonlinear fractional differential equations, also with the modified Caputo-
Fabrizio and the modified Atangana-Baleanu fractional derivatives. Other analytical approximated methods can be
directly implemented to solve different types of FDE's to obtain fast convergent solutions that satisfy the initial and
boundary conditions, for example, in [27] the multistep homotopy analysis method (MHAM) was applied to obtain
analytical approximated solutions to some FDE's. Additionally, other methods like the fractional power series method
[29]-[36], will be easily extended to solve FDE's and satisfy the imposed initial and boundary conditions. We believe that
these novel modified fractional derivatives can be applied in the future to more complex real-world problems.
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