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Abstract. The purpose of  the present analysis is to explore the numerical investigation on the time-dependent 
3D magnetohydrodynamic flow of  micropolar fluid over a slendering stretchable sheet. The prevailing PDEs 
are rehabilitated into coupled non-linear ODEs with the aid of  appropriate similarity variables and then 
numerically calculated by applying the 4th RKM incorporate with shooting scheme. The contributions of  
various interesting variables are shown graphically. Emerging physical parameters on velocity, microrotation, 
and the surface drag coefficient are portrayed graphically. It is noticed that the microrotation profiles highly 
influenced by the vortex viscosity parameter and the micro-inertia density parameter. It is also concluded that 
the microrotation profiles (h2) are promoted by increasing the spin gradient viscosity parameter. Excellent 

accuracy of  the present results is observed with the formerly published as a result of  a special case. 
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1. Introduction 

Fluid flow over a stretching surface has been effectively contemplated for decades owing to its wide range 
applications such as extrude plastic sheets, cooling of  metallic sheets or metal chips, artificial fibers, drawing of  copper 
wires, MHD generators, paper manufacturing, liquid film-wise condensation processes, glass-forming technique, metal 
turning and many others. The concept of  micropolar fluid and its uses to the motion of  suspension solutions were 

conferred by Ahmadi [1]. The combined effects of  viscoelasticity and a magnetic field over a stretching surface were 
prepared by Andersson [2]. The effect of  Arrhenius activation on hydromagnetic Eyring-Powell nanofluid flow towards 
a stretched sheet was analyzed by Reddy et al. [3]. Acharya et al.[4] investigated the effect of  hydromagnetic on Ag-
water and TiO2-water nanofluid over a varying movable surface. Reddy et al. [5] explored the impact of  non-uniform 
heat source/sink and chemical reaction on the magneto-fluid dynamics blood flow over an inclined permeable stretching 

surface with an acute angle α to the vertical surface. The hydromagnetic three-dimensional free convective flow of  
nanofluid over an exponentially stretching sheet with chemical reaction was developed by Nayak et al. [6]. Sundry 
investigators [7-16] inspected the distinct flow problems over a stretching surface. 

The interesting aspects of  micropolar fluids can be found in the books of  Eringen [17]. It has been presented a field 
of  dynamic research because of  their applications in numerous procedures that arise in the industry. Cases of  these 

applications incorporate the flow of  expulsion of  polymer fluids, body fluids, intriguing ointments, materials processing, 

creature blood, polymeric fabrication, solidification of  fluid precious stones, colloidal suspensions and numerous 

different circumstances. Eringen [18] improved his hypothesis of  simple micro fluids to consider the thermal effects (heat 
conduction and heat dissipation). An analysis has been done to acquire the impacts of  chemically reactive species in a 
permeable medium of  micropolar fluid flow on a nonlinear porous extended sheet with variable concentration of  the 
reactant that was developed by Rahman and Al-Lawatia [19]. Srinivas et al. [20] explored the combined effects of  
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thermal radiation and chemical reaction on the unsteady flow of  a micropolar fluid over a stretching sheet embedded in 
a non-Darcian permeable medium. More recently, Gupta et al. [21] employed a finite element approach to examine the 
mixed convective flow of  micropolar fluid over a permeable contracting sheet with an influence of  Lorentz force. Many 
authors explored the importance of  micropolar fluid with free, forced and mixed convection over various geometries. 

[22-32]. The micromotion of  fluid components, spin inertia and the impacts of  the couple stresses are significant in 
micropolar fluids. 

Magnetic fields are inexhaustibly utilized as a part of  different assembling procedures, for example, MHD control 
generators, pumps, and stream meters, in the design of  the cooling framework, purification of  molten metals from 
metallic incorporations with liquid metals, etc. The magneto-fluid dynamics flow and heat transfer over an extending 

sheet had been considered by Kumari et al. [33]. It is noticed that the wall temperature, Prandtl number, and the sink 
notably affects the heat exchanger. At the point m < -2 and Pr > 2.5 the implausible temperature distribution is 

encountered. Attia [34] examined the impact of  Lorentz force on a time-dependent non-newtonian micropolar fluid over 
a permeable disk and observed that the  Lorentz force highly dominates the fluid velocity and temperature. Recently 
Khan et al. [35] numerically explored the Williamson nanofluid behavior over a variable extending surface with an 
influence of  an inclined magnetic field and assumed that the variable viscosity varies as a linear function of  temperature. 

The objective of  this study is to numerical investigation on the unsteady three-dimensional MHD flow of  micropolar 

over a slendering stretchable sheet. The current work determinations are to accomplish this gap in the existing literature. 
Such type of  studies finds their vigorous applications in polymer fluids, body fluids, exotic lubricants, animal blood, 

solidification of  liquid crystals, electronic chips, artificial fibres, drawing of  copper wires, oceanography, artificial fibres, 

etc. 

2. Mathematical Modeling 

Let us consider the time-dependent 3D magnetohydrodynamic flow of  a micropolar fluid over a slendering extensible 

surface. The surface is not flat and has been portrayed with a given profile indicated as 1/2 (1 )/2(1 ) ( ) nz J mt x y c −= − + +  

here, 0m≥ . In this problem, the velocity power index 1n ≠ and J are assumed to be too small to satisfy the sheet with a 

pressure gradient along with the sheet. The coordinate scheme and flow model as exposed in Fig. 1.  

 

Fig. 1 Physical configuration of  the problem. 

 

At the time 0t= , the sheet is impulsively stretched. The magnetic field B is applied vertically to the sheet. Under these 

assumptions, the governing equations are specified in the vectorial form as (see Ahmad et al. [30]) 

( ). V 0,
t

ρ
ρ

∂
+∇ =

∂
 (1) 

( ) ( ) ( ) ( )
V

2 .V V J ,
d

p B
dt

ρ λ μ κ μ κ κ ω= + + ∇ ∇ − + ∇× ∇× − ∇× −∇ + ×  (2) 

( ) ( )V 2 + .
d

j
dt

ω
ρ κ κω α β γ ω γ ω= ∇× − + + ∇ ∇ − ∇×∇×  (3) 

where κ  is the vortex viscosity, V is the velocity vector, ρ is the fluid density,ω is the microrotation vector, ,λ α and β  
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are the new viscosity coefficients for micropolar fluids, J (V )Bσ≡ × is the current density in which B is the magnetic 

field strength, 2 / wj uν= is the micro-inertia per unit mass, μ is the viscosity of  the classical viscous fluid,σ denotes the 

electrical conductivity of  the fluid. The fluid begins to move abruptly from the plain sheet at 0t = when the flat sheet 

expands in two horizontal ways. Using the standard boundary-layer approximations, based on the scale investigation, the 

governing equations yield the following (See Chamkha et al.[29] and Subhani and Nadeem [31]) 

0,
u v w

x y z

∂ ∂ ∂
+ + =

∂ ∂ ∂
 (4) 

2 2

2

2
,

u u u u u B
u v w u

t x y z zz

ωμ κ κ σ

ρ ρ ρ

   ∂∂ ∂ ∂ ∂ + ∂  + + + = − −     ∂ ∂ ∂ ∂ ∂∂ 
 (5) 

2 2

1

2
,

v v v v v B
u v w v

t x y z zz

ωμ κ κ σ

ρ ρ ρ

   ∂∂ ∂ ∂ ∂ + ∂  + + + = + −     ∂ ∂ ∂ ∂ ∂∂ 
 (6) 

2

1 1 1 1 1
12

2 ,
v

u v w j
t x y z zz

ω ω ω ω ω
ρ χ κ ω

   ∂ ∂ ∂ ∂ ∂ ∂ + + + = − +      ∂ ∂ ∂ ∂ ∂∂ 
 (7) 

2

2 2 2 2 2
22

2 ,
u

u v w j
t x y z zz

ω ω ω ω ω
ρ χ κ ω

   ∂ ∂ ∂ ∂ ∂ ∂ + + + = − −      ∂ ∂ ∂ ∂ ∂∂ 
 (8) 

The boundary conditions are 

(1 )
0.5 2

1 2

1 2

, , 0, , (1 ) ( )

0, 0, 0, 0

n

w w

v u
u u v v w l l at z J mt x y c

z z

u v as z

ω ω

ω ω

− ∂ ∂ = = = = =− = − + + ∂ ∂
→ → → → →∞ 

 (9) 

where  

( ) ( )
( )

( )
1

1 2

0 0 0, , ,
1 1 1

n n n

w w

x y c x y c x y c
u U B B v U

mt mt mt

− + + + + + + = = =  − − − 
 (10) 

Here, the spin gradient viscosity χ is assumed to be constant and given by 

2
j

κ
χ μ
 = +   

 (11) 

We now introduced the following similarity transformations (see Acharya et al. [4]) 
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ζ ζ ζ ζ ζ

−
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 (12) 

Substituting (12) into Eqs. (5)-(8), we get the following equations: 

( ) ( ) ( ) ( ) '

1 1 2

2 2
''' 1 '' 2 ' ' ' ' '' ' 0,

1 1 1

A n M
F R F F F F G F F G R H F

n n n
ζ

 + − + − + + + − − =  + + +
 (13) 

( ) ( ) ( ) ( ) '

1 1 1

2 2
''' 1 '' 2 ' ' ' ' '' ' 0,

1 1 1
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G R G G G F G G F G R H G

n n n
ζ
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( ) ( ) ( ) ( )'' ' ' 1 3
2 1 1 1 1 1 1

23 1
3 ' ' 2 '' 0,
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R RA n
R H H H H F G H F G H G

n n n
ζ
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 (15) 
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ζ
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 (16) 

where A, 1 2 3, ,R R R and M are the unsteadiness parameter, vortex viscosity parameter, spin gradient viscosity parameter, 

micro-inertia density parameter, and magnetic parameter respectively, which are given by 

( )
2

10
1 2 3

0 0

, , , , ,
( )

n

w

B m
M R R R A x y c

U j u j x y c U

σ κ χ ν

ρ μ μ

−
= = = = = + +

+ +
 (17) 

In this paper, 3 andR A are treated as the local dimensionless parameters, which have a fixed incentive in the specific 

condition of  the sheet. 

The corresponding boundary conditions are 

1 2

1 2

1 1
F( ) = , ( ) = , ' ( ) = 1,

1 1
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where '  denotes the differentiation with respect toζ and 1/2

0(( 1) / 2 )J n Uλ ν= + is a variable of  the wall thickness.  

Let us define 

1 1 1

2 2 2

( ) ( ) ( ),
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( ) ( ) ( ).
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H h h
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Substituting the above expressions into Eqs. (13)-(18), which become as, 

( ) ( )( ) ( ) ( ) '
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2 2
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 (22) 

with the boundary conditions, 

1 2
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1 1
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f g f
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λ λ
    − −            + + 
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 (23) 

Among physical quantities of  interest, skin friction coefficients are 

( )

( )
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1

0.5

1/2

1

1
Re 2 1 1 '' (0),

2

1
Re 2 1 1 '' (0).

2

x

x

f xz

f yz

n
C l R f

n
C l R g

 +   = + −     
 +   = + +     

 (24) 

where Re ( ) /x wu x y c ν= + + is the local Reynolds number. 
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Fig. 2. Increasing values of  M on 'f . Fig. 3. Increasing values of  M on 'g . 

  

Fig. 4. Increasing values of  M on 1h . Fig. 5. Increasing values of  M on 2h . 

  

Fig. 6. Increasing values of 1R on 'f . Fig. 7. Increasing values of 1R on 'g . 

3. Results and Discussions 

The influence of  numerous parameters is reconnoitered on the fluid velocities, microrotation profiles for both A = 0 

and A = 0.5 cases, which are portrayed in Figs. 2-19. If  A = 0 then the mathematical represents steady case and A = 0.5 

then the mathematical represents the unsteady case. It is shown through Figs. 2-5 the impact of  magnetic parameter M 

on velocity and microrotation distributions in the x- and y-directions. When the magnetic parameter increases, the 

velocity magnitudes ( ( ) and ( ))f gη η of  the fluid for x- and y-directions become lower as seen through figs. 2 and 3. An 

increment in the magnetic parameter from M = 0 to M > 0 effects to decrease the velocity because of  presence in an 

electrically conducting fluid familiarize with impeding body force acting toward the direction of  the applied magnetic 

field. Since the presence of  the magnetic parameter interrupts the flow of  the fluid, the velocity of  the fluid decreases. 

Fig. 4 exhibits that the reduced microrotation profiles h1 in the y-direction are negative and decreases in absolute value 

with M but the boundary layer thickness diminishes with the increase of  M. Finally, we noticed that the reduced 

microrotation profiles h2 increase with M as can be seen from Fig. 5. The boundary layer thickness reduces as the great 

moves away from the wall. In electroconductive polymer processing, the intensity of  rotatory motions of  the suspensions 

(microelements) is therefore also successfully controlled with the imposition of  a magnetic field. This is particularly 

important in applications where homogenous distributions of  microelements are needed. 
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Fig. 8. Increasing values of 1R on 1h . Fig. 9. Increasing values of 1R on 2h . 

  

Fig. 10. Increasing values of λ on 'f . Fig. 11. Increasing values of λ on 'g . 

  

Fig. 12. Increasing values of 2R on 1h . Fig. 13. Increasing values of 2R on 2h . 

Figures 6-9 demonstrate the variations on ( ), g ( ), ( )1f hη η η  and 2 ( )h η microrotation with a dissimilarity of 1 /R κ μ= , the 

material parameter it gives the ratio between dynamic viscosity and vortex viscosity of  the fluid under consideration. 

These two viscosities have a similar in 1R . It was found out about the speed that it overhauls with an extension in 1R  as 

appeared in Figs. 6-7. This is a result of  the vortex thickness that impacts liquid particles to quicken while the magnetic 

field slows down the flow. It is evident from this accept the thickness of  the boundary layer ascends with 1R . As we 

increase 1R  the absolute value of  the velocity gradient close to the surface drops. Fig. 8 demonstrates that the reduced 

microrotation profiles h1 in the y-direction is negative and decreases in absolute value with 1R  but the boundary layer 

thickness decreases with the increase of 1R . Finally, we noticed that the reduced microrotation profiles h2 increment with 

1R  as can be seen from Fig. 9. Figs. 10-11 demonstrate the variations on ( )f η and g ( )η microrotation with a 

dissimilarity of  λ . From these figures, it is revealed that the velocities decrease with rising in λ  for the cases of  A = 0 

and A = 0.5. 
 

 



3D MHD Micropolar Flow over a Slendering Sheet  
 

Journal of  Applied and Computational Mechanics, Vol. 7, No. 3, (2021), 1403-1412 

1409 

  

Fig. 14. Increasing values of 3R on 1h . Fig. 15. Increasing values of 3R on 2h . 

  

Fig. 16. Increasing values of  M on
1/2Refx xC . Fig. 17. Increasing values of  M on

1/2Refy xC . 

  

Fig. 18. Increasing values of l on
1/2Refx xC . Fig. 19. Increasing values of l on

1/2Refy xC . 

Table 1. Comparison '' (0)f− for various values of  n with A = 0, M = 0, R1 = 0, R2 = 0, R3 = 0, l = 0. 

n Fang et al. [15] Khader and Megahed [12] Present results 

10 1.0603 1.0603 1.06034 

5 1.0486 1.0486 1.04862 

3 1.0359 1.0358 1.03588 

2 1.0234 1.0234 1.02342 

1 1.0000 1.0000 1.00000 

0.5 0.9799 0.9798 0.97994 

0 0.9576 0.9577 0.95764 

-0.5 1.1667 1.1666 1.16666 

The impact of  the spin gradient viscosity parameter on the velocity profiles is delineated in Figs. 12-13. From Fig. 12, the 

velocity profile is reduced with a growing spin gradient viscosity parameter for the A = 0 and A = 0.5 cases. An 

increasing the values of  the spin gradient viscosity parameter, boosts the velocity profile for the A = 0 and A = 0.5 cases. 

Figs. 14-15 delineate the velocity profiles for numerous estimations of  the micro-inertia density parameter. From Fig.14, 
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we found that a growing the velocity profile by increasing micro-inertia density for A = 0 and A = 0.5 cases. Figure 15 

displays the impact of  the micro-inertia density parameter on the velocity profile. It is seen from this figure that the fluid 
velocity drops with increasing values of  the micro-inertia density parameter for the A = 0 and A = 0.5 cases, 

respectively. The impact of  the magnetic parameter (M) on the
1/2Refx xC and

1/2Refy xC is portrayed in Figs. 16-17. From 

these Figs, the
1/2Refx xC and

1/2Refy xC are found to reduce with the rise in the magnetic parameter for both A = 0 and A = 

0.5 cases. Figs. 18-19 exemplify the
1/2Refx xC and

1/2Refy xC for various estimations of  the boundary. Here we saw from Fig. 

18 that builds the
1/2Refx xC , by expanding the boundary parameter for both A = 0 and A = 0.5 cases. From Fig. 19, we 

found that the
1/2Refy xC drops with expanding the estimations of  the boundary parameter for both A = 0 and A = 0.5 cases. 

4. Conclusion 

A numerical solution was exhibited for the unsteady, three-dimensional hydromagnetic flow of  a micropolar fluid 

over a slendering stretchable sheet with thermal radiation. 4th RKM incorporate with shooting scheme was employed to 

solve this present model. The main interpretations from this investigation can be abridged as follows 

 The velocity profiles diminish with the higher value of  the magnetic parameter for the cases of  steady and unsteady. 

 Flow equations are highly nonlinear and coupled in the domain [ ),λ ∞ . 

 The skin friction coefficient decreases with the rise in the magnetic parameter. 

 The velocity profiles strengthen by means of  the vortex viscosity parameter for both the cases. 
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Nomenclature 

A Unsteadiness parameter σ  The electrical conductivity of  the fluid 
M Magnetic parameter κ  Vortex viscosity 

1R  Vortex viscosity parameter j  Micro-inertia per unit mass 

Re Reynolds number ρ  The density of  the fluid 

, ,u v w  The components of  velocities in x, y and z 

directions 
χ  Spin gradient viscosity 

3R  The micro-inertia density parameter ω  Microrotation vector 

J  Current density 1 2,ω ω  
The components of  the microrotation vectors to the 
ω  

B  Magnetic field strength , ,λ α β  The spin viscosity coefficients for micropolar fluid 

2R  The spin gradient viscosity parameter ζ  Similarity variable 

n Velocity power index parameter ψ  Stream function 

Greek Symbols   

μ  Dynamic viscosity   
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