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Abstract. In this paper, the fractional Sumudu decomposition method (FSDM) is employed to handle the time-fractional PDEs and
system of time-fractional PDEs. The fractional derivative is described in the Caputo sense. The approximate solutions are obtained
by using FSDM, which is the coupling method of fractional decomposition method and Sumudu transform. The method, in general,
is easy to implement and yields good results. Illustrative examples are included to demonstrate the validity and applicability of the
proposed technique.
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1. Introduction

Fractional differential equations (FDEs) have gained much attention from researchers due to their ability to enhance real-world
issues, used in various fields of engineering and physics. Numerous physical marvels in signal processing, chemical physics,
electrochemistry of corrosion, probability, and statistics, acoustics, and electromagnetic are precisely modeled by DEs of fractional
order [1]. Nonlinear partial differential equations (PDEs) can be considered the generalization of the differential equations of integer
order [2]. In the modern age, it is impossible to imagine the modeling of many real-world problems without using fractional partial
differential equations (FPDEs). Indeed, fractional calculus can be called this century’s calculus [3] because of the diversity of
applications in different areas of science and technology [4].

Many numerical and analytical techniques have been suggested for the solutions of linear and nonlinear partial differential
equations of fractional order such as homotopy analysis technique [5], variational iteration method [6-8], homotopy perturbation
method [9-11], Laplace homotopy perturbation method [12], Laplace decomposition method [13], Sumudu variational iteration
method [14], variation iteration transform method [15], reduce differential transform method [16], series expansion method [17],
and other methods [18-24]. This paper considers the efficiency of fractional Sumudu decomposition method (FSDM) to solve the
time-fractional Fokker Plank equation, nonlinear time-fractional gas dynamics equation, and system of time-fractional partial
differential equations. The FSDM is a graceful coupling of two powerful techniques, namely ADM and Sumudu transform methods,
and gives a more refined convergent series solution.

Our aim is to extend the application of the proposed method to obtain the approximate analytical solutions to fractional partial
differential equations. The remaining sections of this work are organized as follows. In Section 2, some background notations of
fractional calculus are presented. In Section 3, the analysis of the fractional Sumudu decomposition method is discussed.
Applications of FSDM are shown in Section 4. The conclusion of this paper is given in Section 5.

2. Preliminaries

Some fractional calculus definitions and notation needed in the course of this work are discussed in this section.
Definition 1 [10,11,14]. A real function ¢(u), u > 0, is said to be in the space Cy, 9 € R if there exists a real number g, (¢ > 9), such that
o(p) = ple, (), where ¢, (1) € C[0, ), and it is said to be in the space CJ* if ™ € Cy,m € N.

Definition 2 [10,11]. The fractional derivative of ¢(u) in the Caputo sense is defined as
1 1
8 — ym-8pm — — )ym-6-1,(m)
DPp(u) = I"°D™(u) T =0) fo k-0 p™(D)dr, 1
form—1<86§<mmeN, u>0, p €C™.

The following are the basic properties of the operator D?:
1. DIPo(u) = o(w. .
2. I°DPo(w) = () — XX 0P (0) 5
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Definition 3 [10,11,14]. The Mittag-Leffler function Eswith & > 0 is defined as
had 5
_ u
Es () = Z Tmo + 1 @
m=0

Definition 4 [14]. The Sumudu transform is defined over the set of function
A= {(p(r)/ aAM, wy, w, > 0,]@(7)| < Melrl/‘“’i,if Te(-1)/ x [0,00)}

by the following formula

©

Slo(@](@) = f e (DT, © € (~wy,w;). (3)
0

Lemma 1 [14]. The Sumudu transform of the Caputo fractional derivative is defined as
m-1

S[DM o n)] = 0™ Slp(u, 7] - Z Wm0 o (1, 0),m — 1 < mé < m. @)
k=0

3. Fractional Sumudu Decomposition Method (FSDM).
Let us consider a general fractional nonlinear partial differential equation of the form:
Do) + Rlp(, D]+ Nlp D] = g1, 1), ©)
with the initial condition
o, 0) = f(1) Q)

where D¥p(u,7)is the Caputo fractional derivative of the function ¢(u,t) defined as:

1 T am ,
%o, 1) J(T—w)m‘s‘l—(p(“w)dw, m—-1<g§<m
DEg(u,7) = —o i = 0
* ! G

I'(m-—246) aTm
0"y, 7)
7, S§=mE€N

and R is the linear differential operator, N represents the general nonlinear differential operator and g(,t) is the source term.
Taking the ST on both sides of Eq.(5), we have

S[D2e(u, ] + S[RIp (D] + S[Nlp (D] = S[g (1, D] @)
Using the property of the ST, we obtain
Slp( D1 = (1, 0) + w’S[g(n, D] — w’S[Rlp (1, D] + No(, 1]]. ®)
Operating with the ST on both sides of Eq. (8) gives
o, 1) = fF() + S (w°S[g(u, D) — S7*( W’ S[R[@ (1, D] + N (u, D]]). ©)
Now, we represent the solution as an infinite series given below
p@D) =) puluD), (10)
n=0
and the nonlinear term can be decomposed as
NpW DT =) APy s s ) 11
n=0
where
1 0™

A (@0, P1, -, ) = T

N (2 Ai(pi)

A=0

Substituting Eqgs.(10) and (11) in Eq.(9), we get

R +ZAn

n=0

). 12)

Y o) = £+ 57 (@Sl o) - 57 ( o5
n=0

i on(,7)
n=0

On comparing both sides of the Eq. (12), we get

o, D) = F(1) + S (w0S[g(w, D)),
13
o1 (u1)=— S_l( a)‘SS[R[<p0(,u, Dl + Ao])r a3

@21, 7) = — ST wOS[RIg, (1, D] + Ay]),
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on(, ) = = ST WS[R[@p_1 (W D] + Ayq]), n2 1

Finally, we approximate the analytical solution ¢(g, 7) by truncated series:

o) = Z @n (1, 7). (14)
n=0

4. Applications
In this section, we will implement the proposed method FSDM for solving time-fractional differential equations.

Example 1. First, we consider the time-fractional Fokker-Plank equation

D20 e) = (2001 ~E) 0, + 920 7) (15)
o) = 7 (LowD) -3) o) + 5507 W),

where >0, u €RR, 0 < § < 1, subject to the initial and boundary conditions

e 0) =42 90,7 =0,¢(1,7) = Es(1°). (16)
If § = 1, then the exact solution of Eq.(15) is ¢(u, ) = u?e”.
From Egs. (13) and (4.1), the successive approximations are

oo 1) = 0, 0),

B a /4 i a2 (17)
(Pn+1(ﬂv =395 . ( w’s [_a<pfpn(ﬂz T) _§) (Pn(ﬂ: T) +a_#zAn]>,n >0

where
Ay = ¢}
Ay = 20004
Ay = 2000, + 7

Then, we have

0oL T) = 12,

d (4 u 02 uts
— ¢-1 S¢|_ _ . — = —
p(wr)=§ <w S[ a#<#<ﬂo(ﬂ.ﬂ 3)fpo(#,7)+a#z‘40]> TG+ 1)
9 /4 u 92 #2.[26
— ¢1 s¢|_ _ N — = —
p.(p)=§ (CU S[ o (#fP1(H.T) 3) o1 (1 7) + EPE A1D T2s+ 1)

9 /4 U L “2T38
— ¢1 s¢|— — _— N = —
os(w)=S <‘4’ S[ o (M(ﬂz(ﬂ:f) 3)472(#'1') +6u2AZD T35+ 1)
ZTnS

on(p,7) = m

Therefore, the solution of Eq.(15) is given by

8 726 8 .
=12 =pu? . 18
oD =1 I e T Ty D +F(n6+1)] WE() (18)
Setting § = 1 in Eq.(18), we reproduce the solution of the problem as follows:
72 ™
— 2
o(uT) =u [1 trtot +F] (19)

This solution is equivalent to the exact solution in closed form:
o(u1) = p2e. (20)

In Figure 1, we plot the graph of the approximate solution for Egs. (15) and (16) when § = 0.7,0.8,0.9, 1. In Figure 2, 3D surface solution
for Egs. (15) and (16) when § = 0.5,0.7,0.9, 1. In Table 1, we evaluated the numerical values of the approximate solution ¢(, 7) of the
problem (15) obtained by the FSDM and the exact solution ¢y given by Eq. (20) through different values of u, v when § = 0.7,0.8,0.9
to make a numerical comparison between ¢(y, 1) and @gy.
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d=1
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Fig. 1. Plots of approximate solution ¢(u,7) for different values of § with fixed value u = 1.

® ()

o ()
e (p )

Fig. 2. The surface graph of the approximate solution ¢(u,7) of Egs. (15) and (16): (a) ¢(u,7) when & = 0.5, (b) ¢(u,7) when § = 0.7, (¢) ¢(u,7) when & =
0.9, (d) p(u,v) when § = 1.

Table 1. Numerical values of the approximate and exact solutions among different values of 4 and r when § = 0.7,0.8,0.9 for Example 1.

§=07 §=108 d=109 Absolute Error

[z T @ @ @ PEx | — @exl
0.25 0.0977 0.0903 0.0846 0.0803 0.0044
0.25 0.50 0.1331 0.1205 0.1108 0.1030 0.0077
0.75 0.1766 0.1582 0.1438 0.1323 0.0115
0.25 0.3906 0.3610 0.3385 0.3210 0.0175
0.5 0.50 0.5322 0.4820 0.4431 0.4122 0.0309
0.75 0.7064 0.6327 0.5753 0.5293 0.0460
0.25 1.5625 1.4440 1.3540 1.2840 0.0700
1 0.50 2.1289 1.9281 17725 1.6487 0.1238
0.75 2.8256 2.5307 2.3010 21170 0.1840

Example 2. Consider the following nonlinear time-fractional gas dynamics equation:

1
Do) +35(0* WD), —eWwD +¢* (WD) =0, (21)
where 0 < § < 1, subject to the initial and boundary conditions
e 0) =e*, 90,1 =E(1%), o1,1)=e"E5(7%). (22)

If § = 1, then the exact solution of Eq. (21) is ¢(u,7) = e™*.
From Egs. (13) and (21), the successive approximations are

0o, 7) = 01, 0), (23)
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Pni (1) = =871 ( w’S [%An - a7 + Bn]),n 20
where
Ay = (‘P(Z))ﬂ
Ay = 2@op1)y

A, = 2oy, + (P%)u

By = ¢}
By = 29004
By =200, + ¢F
Then, we have
o, 7) = e7¥,

1 o
— _¢1 Sc¢lZa4 — — —u
o1 (0, 7) s (w S[ZAO wo(u,r)+BoD TG’

1 126
= _g1 S¢1Z A — R ——
o2(17) s (w 5[2A1 wl(u,r)+31]) T+t
(u,7) = —S’1<w‘$SFA —¢,(u,7)+ B D— 7136 ek
P31, T) = 242 21, 2 _F(36+1) ,
,L.nS
= H
(1 7) D

Therefore, the solution of Eq.(21) is given by

8 726 o8 .
=e# = . 24
o) =e [1+r(5+1)+r(25+1)+ et | - ¢ B (24)
Setting § = 1 in Eq.(24), we reproduce the solution of the problem as follows:
72 ™
put) =e "[1+T+E+~~+H . (25)

This solution is equivalent to the exact solution in closed form:
pu) = ek (26)

In Figure 3, we plot the graph of the approximate solution for (21) and (22) when § = 0.7,0.8,0.9, 1. In Figure 4, 3D surface solution fo
r (21) and (22) when § = 0.5,0.7,0.9,1. In Table 2, we evaluated the numerical values of the approximate solution ¢(,7) of the prob
lem (21) obtained by the FSDM and the exact solution ¢zy given by equation (26) through different values of u,v when § = 0.7,0.8,0
9,1 to make a numerical comparison between ¢(u,7) and @gy.

Example 3. Consider the following system of nonlinear time-fractional PDEs:

Dip(u) Y, +P+9=0, 0<6<1

(27)
DIYy(wD -9, +P+p=0 0<y<1
with the initial and boundary conditions
@(u,0) = sinh(w)
Y(u, 0) = cosh(w),
(28)
¢(0,7) = —Eé'(Tﬁ), ¢(1,7) = sinh(1) Eé'(Tﬁ) — cosh(1) E5(T6)
Y(0,7) = E5(7%),9(1,7) = cosh(1)Es(7%) — sinh(1)E5(7°%)
If § = y = 1 then the exact solution of Eq.(27) is ¢(u,7) = sinh(u — 1), (@, 7) = cosh(u — 7).
Taking the Sumudu transform on both sides of Eq.(27), we have
S[D o] = [, — ¥ — 9]
SO )] = S[pu =¥ — o],
Using the property of the Sumudu transform and the initial condition in (28), we obtain
S[p(u,7)] = sinh(u) + ’S[y, — v — @],
(29)

Sl (u, ] = cosh() + w’S[e, —¥ — @],
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Fig. 3. Plots of approximate solution ¢(u,7) for different values of § with fixed value u = 1.
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Fig. 4. The surface graph of the approximate solution ¢(g,7) of Egs. (21) and (22): (a) ¢(u,7) when § = 0.5, (b) ¢(u,7) when § = 0.7, (¢) ¢(u,7) when § =
0.9, (d) p(u,v) when § = 1.

Table 2. Numerical values of the approximate and exact solutions among different values of 4 and r when § =0.7,0.8,0.9,1 for Example 2.

=07 =108 d=09 Absolute Error
2 T @ ® (% PEx |9 = @p|
0.25 1.2169 1.1246 1.0545 1.0000 0.0545
0.25 0.50 1.6580 1.5016 1.3804 1.2840 0.0964
0.75 2.2006 1.9709 1.7920 1.6487 0.1433
0.25 0.9477 0.8759 0.8212 0.7788 0.0424
0.50 0.50 1.2913 1.1694 1.0751 1.0000 0.0751
0.75 1.7138 1.5350 1.3956 1.2840 0.1116
0.25 0.5748 0.5312 0.4981 0.4724 0.0257
1.00 0.50 0.7832 0.7093 0.6521 0.6065 0.0455
0.75 1.0395 0.9310 0.8465 0.7788 0.0677

Operating with the Sumudu inverse on both sides of Eq.(29), we have
9Gu1) = sinh() +57(0° Sl v o) (30)
Y, 7) = cosh() + S S[g — 9 — 9]).

AV" Journal of Applied and Computational Mechanics, Vol. 7, No. 1, (2021), 302-311
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Suppose that
o) = Z a1 7), (31)
n=0
YD) = Y (), (32)
n=0
Substituting Eqgs.(31) and (32) in Eq.(30), we get
w 5 (& o w
$Pn = sinh(u) + s < w® s 5 [/ Yy — Pn
2 IR RS
® w I o (33)
d
= -1 vVs|l—
len cosh(w) +S (a) S[a#<z an) le’n Z‘Pn
n=0 n=0 n=0 n=0
On comparing both sides of Eq.(33), we obtain
®o(p, 7) = sinh(w)
Yo, 1) = cosh(u)
d
011m) = 571 (07 8 [T~ 0~ o)
d
i) =57 (07 S| 00 =00 = ],
0
—coshWrm3 gy
v
smh(u) r(—+1)
0:00) = 57 (0 S[2w—b,-1])
d
Ve =57 (0 S[0 -0 - 01,
S+y S+y 28
- COSh([l) F(6+—y+1) + Sll’lh(ﬂ) F((S-l-—'y-l-l) + COSh(ﬂ) F(T-Fl)’
S+y 5+y 2y
- Sll’lh(ll) m + COSh([l) m + Sll’lh(ll) m
Therefore, the solution of Eq.(27) is given by
S+y Il 5t 728
¢ = sinh(w) [1 NI ] ~ cosh(1) [r(s T Te+y+D T@+D T ]
5+y T{Hy TZy (34)
¥ ) = cosh(u) [1 "Tery+n T ] +sinh(k) [F(y T Te+y+D Tr+D ]
Setting & =y in Eq.(34), we obtain
. 726 36
@(u,7) = sinh(u) [1 +m +- ] cosh(u) [F(5 D F(36 n 1) ]
(35)
25 . 0 738
Y(u,t) = cosh(u) [1 +7F(26 D + ] — sinh(u) TG+ D + T@T D + ]
Setting § = 1 in Eq.(35), we reproduce the solution of the problem as follows:
o, 7) = sinh(u) [1 torte ] — cosh(u) [‘r+ 3 +- ]
(36)
Y(u, ) = cosh(u) [1 +o Tt ] — sinh(u) [T o+ ]
This solution is equivalent to the exact solution in closed form:
(u,7) = sinh(u — 7).
plp H (37)

Y(u, ) = cosh(u—1).

In Figure 5, we plot the graph of the approximate solution for (27) and (28) when § = 0.7,0.8,0.9, 1. In Figure 6 and Figure 7, 3D surface
solutions for (27) and (28) when 6 = 0.5,0.7,0.9,1. In Table 3, we evaluated the numerical values of the approximate solution ¢(y, 7)
of problem (27) obtained by the FSDM and the exact solution ¢z given by equation (37) through different values of u, v when 6 =
0.7,0.8,0.9 to make a numerical comparison between ¢(u,7) and ¢gy. In Table 4, we evaluated the numerical values of the
approximate solution ¥ (u,7) of problem (27) obtained by the FSDM and the exact solution ¥, given by equation (37) through

different values of y,7 when § =0.7,0.8,0.9 to make a numerical comparison between (u, 1) and Ygy.
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Fig. 5. (a) Plots of approximate solution ¢(u,

fixed value p = 1.

(b) (u,7) when 6 = 0.7, (¢) ¢(u,7) when § =

=05,

(@) p(u,7) when &
=1

(d) p(u, ) when §

1) of Egs. (27) and (28):
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Fig. 6. The surface graph of the approximate solution ¢(u,

Fig. 7. The surface graph of the approximate solution ¥ (u,7) of Egs. (27) and (28): (@) ¥(y,7) when & = 0.5, (b) ¥(u,7) when & = 0.7, (¢) ¥ (u,7) when §
0.9, (d) ¥(u,7) when § = 1.

Journal of Applied and Computational Mechanics, Vol. 7, No. 1, (2021), 302-311

wa



Fractional Sumudu Decomposition Method for Solving PDEs of Fractional Order 310

Table 3. Numerical values of the approximate and exact solutions ¢(u, t) among different values of y and r when § = 0.7,0.8,0.9 for Example 3.

§=07 =08 =09 Absolute Error
u T % % ® PEx |9 = Qe
0.25 1.0936 1.0984 1.1108 1.1276 0.0168
0.25 0.50 1.1008 1.0670 1.0487 1.0421 0.0066
0.75 1.1889 1.1147 1.0605 1.0220 0.0385
0.25 1.5783 1.5545 1.5461 1.5473 0.0012
0.50 0.50 1.7249 1.6388 1.5806 1.5431 0.0375
0.75 1.9918 1.8385 1.7230 1.6358 0.0871
0.25 2.8819 2.7946 2.7414 2.7107 0.0307
1.00 0.50 3.3442 3.1336 2.9821 2.8735 0.1086
0.75 4.0315 3.6854 34211 3.2168 0.2043

Table 4. Numerical values of the approximate and exact solutions y(,v) among different values of y and r when 6 = 0.7,0.8,0.9 for Example 3.

=07 6=10.8 68=09 Absolute Error
0 T Y ] P Ve [ — Py
0.25 1.7828 1.6691 1.5848 1.6211 0.0637
0.25 0.50 2.3337 2.1307 1.9754 1.8537 0.1216
0.75 3.0307 2.7267 24907 2.3028 0.1878
0.25 2.1151 1.9990 1.9152 1.8537 0.0615
0.50 0.50 2.6851 2.4672 2.3023 21752 0.1271
0.75 3.4263 3.0939 2.8368 2.6333 0.2035
0.25 3.2075 3.0642 2.9653 2.8966 0.0687
1.00 0.50 3.9266 3.6360 3.4198 3.2569 0.1629
0.75 49015 4.4468 4.0967 3.8218 0.2749

5. Conclusion

The coupling of the Adomian decomposition method (ADM) and the Sumudu transform method (STM) in the sense of Caputo
fractional derivative, was proved very effective in solving time-fractional partial differential equations and system of time-fractional
partial differential equations. The solution was provided by the proposed algorithm in a series form that converges rapidly to the
exact solution if it exists. From the obtained results, it is clear that the FSDM yields very accurate solutions using only a few iterates.
As a result, the conclusion that comes through this work is that FSDM can be applied to other fractional partial differential
equations of higher-order due to the efficiency and flexibility in the application, as can be seen in the proposed examples.
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