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Abstract. An analytical effort is made to achieve cognition on the effect of time-dependent mechanical loading on the stress fields
of rotating disks with non-uniform thickness and density. At high variable angular velocities and accelerations, evaluation of the
effect of shear stress on the values of von Mises stress is significant and it is excellent to consider shear stress in this equivalent
stress calculation alongside the radial and tangential stress. In the proposed analytical model, the Homotopy perturbation
method (HPM) solves the general structure of rotating disks equilibrium equations in both radial and tangential directions. HPM is
an efficient tool to solve linear and nonlinear equations, providing solutions in quick converging series. The results obtained
through this process are then confirmed using the finite difference method and the exact solution in the literature. The effect of
parameters in angular velocity and acceleration functions with the parameter in the thickness function and the effect of
boundary conditions on the values of elastic limit angular velocity and acceleration are established by performing numerical
examples. Furthermore, the effect of shear stress on the maximum values of von Mises stress is discussed. It is shown that shear
stress has more influence on the distribution of equivalent von Mises stress in the elastic region. It is shown the introduced
analytical model is useful for evaluating rotating disk with any arbitrary shape of thickness and density function, without using
the commercial finite element simulation software.

Keywords: Non-uniform thickness and density disk, Homotopy perturbation method, Time-dependent loading, Shear stress,
Elastic limit angular velocity and acceleration.

1. Introduction

In various engineering machines and systems such as gas turbine engines, gears, flywheel systems, turbo pumps, and turbo
generator a rotating disk is an essential structural component [1-4]. Throughout normal work, the angular velocity of a rotating
disk is usually constant. But, the angular velocity is changed overtime during the start or the stop process of the machine and the
disk may have an angular acceleration. Hence, the stress distribution of rotating disks becomes an essential consideration of the
design process in such situations. The study of real engineering problems generally includes the solution of nonlinear differential
equations. It is not possible to solve these differential equations simply and usually attempts to find their exact solution fails.
Most of the research in rotating disk fields is focused on the finite element simulations and numerical solutions of rotating disks
with uniform and particularly variable thickness and density under constant angular velocity [1-20]. As previous research shows,
numerical methods in solving nonlinear problems are not highly accurate and sometimes have high error rates. Finite element
solutions also need commercial software and are costly. Based on the need for high precision solutions, no research work has
been provided on analyzing mechanical behavior in a rotating disk under time-dependent mechanical loading with analytical
methods to the author's knowledge. The Homotopy perturbation method (HPM) is used for the first time in this paper to obtain
displacement-stress distributions in both radial and tangential direction of the rotating disk under variable mechanical loading
condition. In most cases [21-25], the HPM yields a very quick convergence of the solution series. It is showing that the elastic limit
angular velocity and acceleration how changes over time for different thickness and density parameters and boundary
conditions.

One of the first researchers to work on the theoretical treatment of elastic-plastic rotating disks is Gamer [1], and after him,
researches continue in various aspects to these days [1-20]. Gamer provided the exact solution for the elastic-plastic reaction of a
rotating solid disk with uniform thickness. Following on Gamer works; Guven investigated the fully plastic state of the solid disk
with variable thickness [2-4]. Eraslan performed computational studies on the elastic-plastic mechanical behavior of annular
disks with various thickness profiles, including hyperbolic, exponential and power types under different boundary conditions [5-
9]. Hojjat et al. also have performed several works on rotating disks [10-15]. They studied the elastic behavior of rotating disks
by variational iteration method [10], variable material property method [11], Adomian’s decomposition [12] and homotopy
perturbation methods [12]. The thickness and density function are considered non-uniform in these researches and parametric
studies for different values of thickness and density parameters are carried out after the verification process [10-12]. They
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proposed a plastic study of rotating disks by assuming a linear strain hardening model for material behavior in the plastic region
by HPM [13] and variable material property method [12]. In all of these researches, constant mechanical loading is imposed on
rotating disks. Hojjati et al. suggested the use of variable material properties, Runge-Kutta's and finite element methods for
functionally graded rotating disks subjected to thermo-mechanical loadings [14]. In the field of optimization, Jafari et al.
introduced classical and modern optimization methods in minimal weight configuration of an elastic rotating disk with variable
thickness and density. They used Karush-Kuhn-Tucker, simulated annealing (SA) and particle swarm methods (PSO) and found
that the performance of PSO and SA methods is simpler and provides greater flexibility [15].

Among the latest research, Alashti et al. studied the plastic behavior of a rotating disk with non-uniform thickness under a
constant angular velocity by taking into consideration the models of ductile damage in simulations [16]. Zheng et al. provided
stress analysis for non-uniform thickness and variable angular velocity in functionally graded rotating disks using the finite
difference method [17]. Newly, Salehian et al perform thermo-elastic analysis of a functionally graded rotating hollow circular
disk with variable thickness and angular velocity using the Galerkin method [18]. Shlyannikov et al. emphasis on the crack growth
rate for rotating disk in gas turbine engine compressor based on the nonlinear fracture mechanics [19]. Nayak et al. used a
variational iteration method to evaluate the elastic-plastic behavior of thermo-mechanically loaded FGM disks [20]. Bayat et al.
solved a thermo-elastic contact problem of functionally graded materials rotating brake disk under temperature dependent
material properties by Finite Element Method. The results for temperature-dependent and temperature-independent material
properties are investigated and presented [21].

As a result of this introduction, it can say that the presumption in a large number of studies is that the angular velocity as
mechanical loading is constant. Because of the importance of variable angular velocities on the one hand and the accuracy
precision of analytical solution on the other hand, displacement-stress distributions in radial and tangential direction and the
values of elastic limit angular velocity and acceleration are studied using the presented analytical model for boundary condition
that occurs in real work environments. The rotating disk undergoes the time-dependent mechanical loading and governing
equilibrium equations are solved by HPM. The results are compared to the exact solution for uniform disk and the results of a
non-uniform disk are confirmed using the finite difference method. The material is supposed to obey an elastic-linear hardening
behavior with von Mises yield criterion. The values of equivalent von Mises stress as a criterion for estimating the elastic limit of
angular velocity and acceleration are implemented. Finally, a parametric analysis is performed in the form of examples for
various sets of thickness parameters, boundary conditions and constants in angular velocity and acceleration functions. The
material of the disk is considered as an Inconel-718 alloy in which density varied alongside the disk radius according to a special
function. As illustrated in Fig. 1, the disk is assumed to be different boundary conditions. Also, a schematic configuration of
equipment including the rotating disk is shown in this figure.
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Fig. 1. a) Radially restricted-directed b) radially restricted-free c) a schematic configuration of equipment including the rotating disk
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2. Disk Thickness Profile and Material Properties

The disk is symmetrical to the mid-plane and its profile is supposed to vary as a function of radius (r) as shown in Fig. 2 [12]:

h(r) = h, [L] (1)

where n is geometric parameter, r. is the outer radius of the disk and ho is the thickness of the disk at r = r. The disk material
is chosen as Inconel-718 having densities that change according to Eq. (2) [17]:

ki k k ki
p(r)=pot piT +p7" + 08, p =800, p =105, p,=100-F,  p, =1000% @

The density function along the disk radius is shown in Fig. (2). Uniform thickness and density disk are simply obtained by
setting n = 0 in Eq. (1) and r = 0 in Eq. (2), respectively. An elastic-linear hardening [2] model is used in this work to model the
stress-strain relationship of the disk material:

5—% oc<o,

e 1 €
e=—=+—(0—0,) o>o0,

E E

where o, and E, are the material yield strength and tangent modulus, respectively. Table 1 demonstrates the geometry and
material properties used for the disks studied in this research.
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Fig. 2. a) Disk profile for different thickness parameter b)Density function
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Table 1. Geometry and material properties and angular velocity constant of rotating disks [18]

. . Angular
Outer Inner . Young's Poisson's Shear Tangent Yield Igu' Ang@ar
: . Thickness . dul h velocity velocity
radius radius trer modulus ratio modulus modulus strengt constant constant
: atr=re E, (GPa
T, (m) 1i(m) E (Gpa) v G (GPa) + (GPa) o, (MPa) w, (rad/s) A (Us)
0.8 0.1 0.1 200 0.3 77 80 300 100 [-1,+1]

3. Time-dependent Mechanical Loading

In this paper, we assume that angular velocity and acceleration as mechanical loading is a function of time (t), rather than a
constant state as discussed in the previous literature [1-21]. For the convenience of modeling rotating disk in general form,
angular velocity and acceleration are defined as an exponential function [17]:

w(t)=we™ (4)
o(t)= d‘;if) — e )

Such relations focus on the accelerating or decelerating process on the rotating disk. In these relations, w,is the initial
angular velocity, and X is a constant that influences the law of transition. If A > 0, it is a decelerating process that occurs when
the rotating disk decides to stop. While accelerating when X <0, in this situation the disk decides to start the work condition. If
A =0, the disk is rotating with a constant angular velocity and zero angular acceleration, this situation is equal to normal work.
Elastic limit angular velocity (w,) and elastic limit angular acceleration (4;)9) occurs when the von Mises stress as equivalent
stress exceeds the yield strength of the material of disk.

In Fig. 3, the angular velocity and acceleration variations based on the parameters in Table 1 are plotted for various time
values (t). As seen in these figures, for )\ > 0, the changes in angular velocity and acceleration are completely different over time.
The angular velocity is positive; it has w, value at t=0 and tends toward zero as time increases. But angular acceleration is
negative; it has —w,\ value at t=0 and tends toward zero as time increases. For A =0, the angular velocity is constant over
time (w(t) = w, ) and angular acceleration is zero. For A < 0, changes in angular velocity and acceleration over time are similar.

4. Theoretical Background
4.1. Governing equation of rotating disk

In this part, assuming that the disk is thin, has a variable thickness which is a function of r and rotates around the z-axis with
angular velocity and acceleration that is a function of time (t). Fig. 4 displays a disk element with all in-plane forces in the radial

(r) and tangential (6 ) directions of a polar coordinate system. The equilibrium equations can be given in relative directions as
[12- 13, 17]:

o))+ En(r) - on(r) = -plr)irh(r) ©
%[Twh(r)r} +7,0(r) = —p(r)wr’h(r) @

where p(r) is density distribution function, wis the angular velocity, wis the angular acceleration, f(r) = —p(r)w’r’h(r) is a radial
force, and f(f) = —p(r)wr’h(r)is a tangential force. Otherwise, o, and o, are radial and tangential components of the normal
stresses and 7,, is the shear stress. Because of the rotational symmetry in this problem, displacements fields are functions of r
only and Egs. (6-7) can be simplified further to:

L [oh(r)r] - oh(r) = o) (r) ®

d

SR+ (h(r) = —p(r)wr*h(r) ©)

The stress-strain relationship in the plane stress and small deflection condition assumed for these analyses are [2]:

0,(1) =2z e (1) +ve, (7] (10)
0, (1) = T2 [e, (1) + ve, (1) (1)
7,0 (1) =G,y (12)

and strain-displacement relationships can be defined as:

¢, (r) = 200 (13
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Fig. 3. a) Angular velocity, b) Angular acceleration, for different value of A

Fig. 4. Acting forces at the disk element [12-13]
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M, r 1du T Rotational symmetry ur r
o r)= e LR )= "
1du r du. (r U, (1) Rotational symmetry du, (r U, (r
)= g BT - 20 “

with a substitution of Egs. (10-12 and 13-15) in the relations (8 and 9), yields the following governing equation in the term of
radial (u, ) and tangential (u,) displacements in relative direction:

Pu,(r) (1 1 dn(r)]du(r) [1 v dh(r) (1= v)p(n)err

R P T N B S R W o M S LU A ae)
du,(r) {1 1 dh(r)|du,(r) |1 1 dh(r) _ p(r)er (17)
dr? v h(r) dr | dr |* h(n)r dr ue(r)_iT

where, G is shear modulus and v is the Poisson ratio. For mention, the analytical solution of the Eq. (16) for constant angular
velocity by the Homotopy perturbation method, Variational iteration method, Adomian’s decomposition method and Runge-Kutta
method is shown in references [10, 12]. Such findings are in excellent agreement for thickness and density profile as
h(r) =ho(r /b)™", p(r) = po(r / b)" . A new density profile is assumed in this study; HPM is implemented to solve equilibrium Egs. (16
and 17) for angular velocity and acceleration that is changing over time.

4.2. Homotopy Perturbation Method (HPM) [22-26]
To present HPM, let us consider the following differential equation and boundary condition:

Au)- f(r)=0, rep, (18)

B(u,0u/on)=0, re’, (19)

In this relation, u is the unknown function, A is a general differential operator, B is a boundary operator, f(r) is a known
analytic functional and T' is the domain boundary. One of the most important steps in solving the differential equations by
HPM is to find the linear and nonlinear parts of the function A . Hence, function A in Eq. (18) can be divided into two parts L
and N.In this definition, L is alinear part whereas N is a nonlinear part. So, Eq. (18) rewritable as:

L(u) + N(u) — f(r)=0. (20)
The Homotopy perturbation structure is established as the following equation:
H(v, p) = L(v) - L(u.) + pL(u,) + P[N(v) - f(r)] = O (21)
where v in HPM is a character variable by below definition:
u(r,p): ©x[0,1] = R (22)

At Eq. (21), p €[0,1] is the embedding parameter and u, is the first approximation that satisfies the boundary condition in Eq.
(19). For p=0 and p=1, Eq. (21) reduced to the following equations respectively:

H(v,0)=L(v)—L(u,)=0, H(v, 1)=A(v)— f(r)=0 (23)

This relation shows that L(v)=L(u,)and A(v)= f(r). This information is used to writing Eq. (21). To begin the process of
solving, we consider v as following:

U=V, + pu, + PV, + p*u; + ... (24)

Then, Eq. (21) is arranged according to the various powers of p-terms (p°, p?, p? ...). Each coefficient of p-terms is a differential
equation in terms of variable v that must be solved. After this stage, the process of changes of p from zero to unity is that of
u(r,p) changing from u, to u(r).And the best approximation for the solution is:

u=lim , , v =v, + v, + U, +.ccce. (25)
The above convergence is discussed in [22-26].

4.3. Finite Difference method (FDM) [27-28]

One of the effective methods for the numerical solutions of differential equations is the finite difference method. This
approach is one of the easiest and the oldest methods to solve difficult or impossible differential equations. Finite difference
approximation of derivatives plays a key function for the numerical solutions of differential equations in this method. The
solution's precision depends on the number of grid points chosen. By increasing the number of grid points one can improve the
precision of the solution to some desired degree. To solve differential equations with stated boundary conditions, a set of grid
points must be identified in the variable interval. Central difference equations often approximate the derivatives of a function
f(r) . But derivatives for grid point in boundary conditions are written based on the forward and backward finite difference form.
Therefore, the first derivative concerning r in central-forward-backward difference form can be written as [27-28]:
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" e S ey Y e f S ] T i i
“ entral +Oh , “ orwar 74‘0]’!, W ackwar 7_,'_0],[
arl 2 S R ™ 26)
While the second derivative of a function f(r) for r is:
ﬁ':r\ Central — _fiﬂ _2fi +_fiil +O(h2) de . Forward — _sz _2fi+1 +_f‘ +O(h) ﬁ':n Backward — _fi _2fi71 +.fi72 + O(h) 27
dr’ 52 odr? 52 ar? 52 27)

The references [26-27] include other finite-difference types of derivatives for a function f(r). The differential equation is

written in the finite difference form for each grid point in the interval [0,1]. In this scheme, the boundary conditions are written,
too. Finally, the set of linear algebraic equations can be obtained in the following matrix expression which must be solved using
an appropriate method [28].

A-U=B (28)

At the end of the finite difference process, there are N—2 equations for the inner points and two equations for the inner
and outer surface boundary condition of the disk.

5. Analytical Solution

To achieve the analytical model, in this section elastic annular rotating disks with variable thickness and density are
considered in its general form under variable mechanical loading. The equilibrium equations in both the radial and tangential
directions are simultaneously solved by HPM as an analytical method to achieve this paper's goals.

5.1. Application of HPM
5.1.1. Radial direction

At first, the equilibrium equation is solved in a radial direction. Egs. (1-2 and 4) are substituted into Eq. (16) and yields the
following differential equation in term of unknown radial displacement:

du, (1) N (1-n)|du,(r) [(1+nv) W (r)=— (1 - Uz)(ﬂo + T+ p,r” + P3T3)(woeﬂt)2" (29)
dr? r dr r? A E
Once the linear and nonlinear parts of this equation are separated according to the definitions for Eq. (21), HPM can be applied
as:
d’u,, (7 1-n)|du,, (r) [(1+nv
1 (1) = Leoelt) [0 rlr) B0, ) 0
dv(r) [(1-n)|du(r) [(1+nv)
L — _
(U(T)) er + r dr T2 U(T) (31)

fr)=- (L=v)lpo +or + erz +par* ) (woe YT .

where L(u(r)) is the linear part of the Eq. (29) and L(uO,(r)) is its initial approximation. Due to the time dependence of the
function f(r), the equilibrium equation must be resolved at each loading step. But the displacement field is still only dependent
on the variabler. We considered v as:

U(r) =, (r)+ pv, (r) + p’v, (r) (33)

Replacement Egs. (30-32) into Eq. (21) and rearrangement based on the powers of p -terms, we have:

0. Ue(r) du,(Mn du (N1 du,(r) nuve(r) d(r) ve(r) dug (1 nvu,(r) du(rn
: n = - - - = - "_o 34
p r? * dr r + dr r dr? r’ * dr? r? r r * r’ dr r (34)

.y B u0,2(r) N d2u12(r) N dzumz(r) N du,, (r)l B nuuz1 (r) _dy, (T)E v Er) N dv, (r)l B nuugr (r) B

r dr dr dr r r dr r r dr r r
2 2 3 —At)2 (35)
d“m(’)ﬂJr(l_U )(po + a7 + o7 + pa* ) (woe ™) " b
dr r E B
dv,(r)n nuv,(r)  d*v,(r) vu,(r)  du,(r)1
2. _aun\rn 2 2\") 2 2V _0 36
p dr r r? * dr? r? * dr r (36)
The above equations are to be solved to determine function v. Solving Eq. (34), we have:
N S EEN e

Uy (1) = g, (r) = cr” ey Cre 2 o 37)

Similarly, solving Egs. (35 and 36) yields the following results respectively:
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Ly LT anora Ly L anra 2 Y2y
v, (r)=C,r2 i ‘4+C21’2 PA ‘4+ (1—v")(wpe ™)r
(nv+5n—24)(nv +3n —8)(nv +6n —35)(nv + 4n — 15)E
—6720 4 (1312v +5072)n —
[(—12600+ (1725v + 8145)n — (74v* + 7200 + 1726)n” +(v° + 150” + 740 + 120)n*) p, + ) ( 2) s " LT+ (38)
(67v° +584v+1197)n" +(v° + 14v” 4+ 63U+ 90)n
, y s , N —2880 + (672v + 2448)n — .
(—4200 + (925v + 3415)n — (58V° + 460v + 882)n” + (° + 13v” +54v +72)n* )1’ p, + ) A ' L0
(47v* +360v +673)n° +(v* + 12v* + 47V +60)n
1 1[5, 1 1 e
Uz (T) _ Cl)’EYHE n°+4nv+4 +C2T5n7§ n°+4nv+4 (39)

yields ields
Replacement of the above equations (37-39) in Eqg. (33) gives the equation forvand asp — 1, then U(Y)yﬂ u,(r) . That means

finding the answer for the governing equation of elastic rotating disk (i.e., Eq. (16)) in the general form of non-uniform thickness
and density. The optimum number of HPM iteration considering the converged result is two. Therefore, the semi-exact solution of
u,(r) is:

Lot ranvia EN N vy (171]2)((,‘; e At)2]’3
u,(r)=Cr2 2 +C,r2 2 + 2
' (nv+5n—24)(nv + 3n—8)(nv + 6n —35)(nv + 4n — 15)E
—6720 + (1312 +5072)n —
(67v* +584v + 1197)n* + (v* + 14v° + 63v + 90)n°
—2880 + (672v + 2448)n —
(47V% +360u +673)n° + (V° + 12v” + 47v + 60)n°

[(—12600+ (1725v + 8145)n — (74v* + 7200 + 1726)n” +(v° + 150” + 740 + 120)n°) p, + o+ (40)

(—4200 + (925 + 3415)n — (58V° + 460U + 882)n” + (° + 13v” +54v +72)n* )1’ p, + py]

In this relation, C; and C, are integration constants to be calculated by applying boundary conditions on both inner and
outer surfaces. As shown on Eq. (40), radial displacement is a function of the thickness parameter (n), the Poisson ratio (v), the
Young modulus (E), the constant parameters in the density function ( p,, p;,p,, 05 ), the initial angular velocity (w, ), the constant (\)
and the variable time (t).

5.1.2. Tangential direction

In this section, HPM solves the equilibrium equation in the tangential direction. This equilibrium equation is obtained with
the substitution of Egs. (1-2 and 4) into Eq. (17) as follow:

dZ;:Z(r) La - n) du‘; r(r) ! - My (1) = (po + o7+ 0,1 +G par*) (o ) (a1)
After the linear and nonlinear parts of this equation are separated, HPM can be defined as:
L(v(r)) = d;l;,(zr) N (1;n) dl(;gr) B (1;2n) o) @)
L(ugy (7)) = dzsig(r) N (1 ; n) du;,;r(r) B [(1;2n)]uw ") 43)
= (Po+ piT + a7 + par® ) (“Awoe )1 4a)

G

Where L(u(r)) is the linear part of the Eq. (41) and L(uy,(r)) is its initial approximation. We considered v as its definition in
Eq. (33). With substituting Egs. (42-44) into Eq. (21) and rearrangement on the basis of p-terms components, we have:

0. Ug(r) , dug(n , duy(1  dug(r)  nue(r) | due(r) Vo) dug ()1 nug(r) dvmn _ 45
P 2 T dar v drr a2 r’ dr r r ar r (45)
1. Cug(n) | dui() | dug,(r) | duy()1 ) nui() dv(n vy(r), dv,()1 | nug(r)

P 2 a1 ar or 10~ or r ¢ ar P (46)

dug(r)n , (po+ o7+ a0 + 0,07 )(Nne ™)1

r r G -

du,(r) 1 nu,(r) | d’v,(r) u,(r) d’u,(r)n
2. o\") L 2 A1) L\ ZUVR g 47
P ar v T r’ dr (47)
To determine v function, the above equations are to be solved. Solving Eq. (45), we have:

Vo (1) = U, (r) = Cor + Cr™ ™Y (48)

Similarly, solving Egs. (46 and 47) respectively give the following results:
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_ 1 (—Awe )r?
=C Cr Y 4 = 0 —6300 + 3210n — 540n* + 30n*
U, (1) =Cr +C,r +60(n—4)(n—5)(n—6)(n—7)G[( +3210n n’ +30n°) p, + )

(—3360+1880n — 340n° +20n° )rp; + (—2100 + 1245n — 2401 + 15n° )1’ p, + (—1440 + 888n — 180n° +12n° ) r’p,]

U, (T> =G+ CJ(“%) (50)

ields ields
Substitution equations (48-50) in Eq. (33) includes the equation forvand as pyﬂ 1, then U(Y)y—> u,(r) . This means finding the

answer for Eq. (17) in the general form of non-uniform thickness and density. In this case, the optimum number of HPM iteration
is two when with considering the converged result and the exact solution of u,(r) is:
T (—dwpe )’
U, (1) =Cyr +Cr" M — 0 —6300 +3210n — 540n* 4 30n° ) p, +

M =Cr+C, 60 (n74)(n75)(n76)(n77)G[( Jre (51)
(—3360 +1880n — 340n” +20n° )rp, + (—2100 + 1245n — 2401 + 15n°)1°p, + (—1440 + 888n — 180n° + 12n°)°p;]

Tangential displacement in Eq. (51) is a function of the thickness parameter (n), the shear modulus (G), the constant
parameters in the density function ( py, p,,p,,p; ), the initial angular velocity (w, ), the constant () and the variable time (t ). In this

relation, C, andC, are integrations constant to be determined by applying boundary conditions of rotating disk at inner and outer
surfaces. Two various types of boundary conditions are considered in this paper.

6. Numerical Solution

6.1. Application of FDM

The differential Egs. (16 and 17) is valid for elastic deformations of non-uniform thickness and density rotating disk under
variable mechanical load in radial and tangential direction. Derivatives of the displacement component in the radial direction are
replaced by Egs. (26-27) to solve the differential equation by finite difference method. Finally, these differential equations express
in the form of finite difference as follows:

: : : : : 2 2 3 —At\2
woouirut @en)ut —utt (Lanv) o (=0 (g + it + o1 4 par ) (wee ),

3 + — U =— (52)

6 r 26, 14 E

. o _ . ) ,
MHHr1 —2u, + MHFl (1 — n) MHIAl — MHFl (1 — Yl) i (f)o + ol Pty + sty )(7/\“)06 )Tl

3 + — U, = (53)

& 4 26, A G

The radial direction of the disk (re[r,r,]) is divided to N grid points (i =[1,N]).The FD form of differential equations is written
for internal grid points. The boundary condition of the rotating disk at the inner and outer surfaces of the disk must also be
represented in the FD form. The FD form of two different boundary conditions is:

(a) Radially restricted and directed boundary conditions: if the inner surface of the annular disk is placed on a rigid shaft
and the outer surface is directed as shown in Fig.1, the FD form of these boundary conditions are:

. yields . . yields .
i=1, u(rp)=0->u=0 i=1, u,(r)=0—u,=0

Radial direction: ' Jlds Tangential direction: s (54)
i=N, u(r,)=0—u =0 i=N, u(r,)=0—u=0
(d) Radially restricted and free boundary conditions: if the annular disk is mounted placed on a rigid shaft and the outer
surface is free of any traction, the FD form of these boundary conditions are:
. yields
i=1, u(r)=0-u=0
Radial direction: yields du.(r r yields 11 __ 1;i-1 i
i=N, o,(,)=0— Ez u,()+vur():0_>7ur Y % g
(1-v*)| dr r 5, T,
(59)
yields

i=1, u,(r)=0->u,=0
ields
i=N, m(re):oyﬁl[duﬁ(” W) _

G| dar r

Tangential direction: yields i _ iy
o YU Y _

6 T,

T i

Eventually, a system of linear algebraic equations is achieved. The radial and tangential displacement of the rotating disk for
each grid point is determined by solving the system of equations.

7. Results and Discussions
7.1. Verification of HPM

The geometry and material properties used for the disks in this research are listed in Table 1. This section's main objective is
to demonstrate the ability of the HPM to manage non-uniform thickness and density rotating disks taking into consideration
angular velocity and acceleration that varies in simulations over time. It's quite interesting to note that the exact solution of the
Egs. (16) and (17) for uniform thickness and density rotating disk with constant angular velocity (w ) and acceleration (JJ) can be
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shown as [12, 29]:

C, (1-v)puw’r’
u, (r)=Cr+—-2—3*——10— 56
r( ) 1 r 8E ( )
C3 pu:)TS (57)
r=—2-C,r—
to (1) 26r * 8G

In Finite difference method, for solving equilibrium equations in the FD form as Egs. (52-53) and to increase the accuracy of
the solutions, the radial distance, (r, —r;) is divided into N steps, §,=(r, —1;)/ N . Also, a mesh sensitivity analysis was performed
to ensure that the results are independent on the mesh size,and N was set to 401.

For the case of uniform thickness and density, Fig. 5 compares the HPM and FDM results for both radial and tangential
displacements-stress distributions. In this figure, the angular velocity and acceleration assumed constant, hence the affected
parameter in Egs. (4 and 5) is considered zero (t =0). So, the finding is shown in Fig. 5 are based on the «|, , = w, =100rad /s and
wl,_o = —Mw, — w=—50rad/s’. Radially restricted-directed and radially restricted-free as boundary conditions are implemented,
and HPM and FDM results are compared with those results obtained from the exact solution in Egs. (56-57). As can be seen in this
figure, the agreement between the results of HPM and FDM solutions for a uniform disk is excellent in comparison with the exact
solution. Boundary conditions are completely satisfied. For radially restricted-free conditions, all of the radial and tangential
displacements at the outer radius of a disk (r=r,) have a maximum value. The radial and shear stress is achieved by their

maximum values at the inner surface (r=r). The highest values of tangential stress do not
exist in the disk's inner or outer surface, but occurs in the middle of the disk.
x 10° x 10
4 35
O  Radial stress, HPM
‘DO_EI_.@--E--@--E---@ q = Tangential stress, HPM
3L T i 3R 4 Shear stress, HPM
icaig o, X
- 6 - -= Radial stress, Exact
251 E& -+ Tangential stress, Exact
2r B Shear stress, Exact
= Radial displacement, HPM Radial sfress, FDM
£ Tangential displacement, HPM Tangential stress, FDM
2 1r g R P ' g‘? Shear stress, FDM
g = Radial displacement, Exact =
§ ; -+ Tangential displacement, Exact é "---~.,.'.. )
5 0Os ©  Radial displacement, FDM 1 » o . S
a -"...'._ - ®  Tangential displacement, FDM s ha
... =N i ]
-1 -""-I..-__ 4 Y,
i 05f . 1
L T &,
.. .
ol gy .
Or JM_‘,-.._¢--¢—*-w—o-w—«--o—w—w+—«—+—+—o—-l.
e
3 L L L 1 L 1 _0_5‘* I I I I I I
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Radial coondinate (m) Radial coordinate (m)
(a) Radially restricted-free: displacements (a) Radially restricted-free: stresses
x 10°
9 T
sl 3 ﬂ‘oﬂ i
/B ~., 4
Tr /‘ﬂ % i
2 ol
.' \.
4 \,
6 @ b 1 i
/ %,
E 5 Ey N 1
z / O Radial displacement, HPM 5 R
o £ A 5
g 4r 7 B Tangential displacement, HPM ‘.‘ B @ X '..,..
& g2 |- Radial displacement, Exact 1 % 0 Radial stress, HPM S, R
& 3t dm ---------- Tangential displacement, Exact ‘\ B = Tangential stress, HPM ‘u& .,
o 7 O Radial displacement, FDM v 0sl ¢ Shearstress, HPM 0, f'
2r Eﬂé ®  Tangential displacement, FDM ] ’ ===~ Radial stress, Exaxt Y
4 1 Tangential stress, Exact ‘-Tﬂ
1 fo.’ ‘-‘* ==-== Shear stress, Exact AN
n Y al O Radial stress, FDM a\. |
O Lo 4 » B P QM Q- P - * - ® Tangential stress, FDM fk.
*  Shear stress, FDM \'@
| | |
A 02 03 0.4 05 06 07 08 0.1 02 03 0.4 05 0.6 0.7 08

Journal of Applied and Computational Mechanics, Vol. 8, No. 3, (2022), 791-808

Radial coordinate (m)

(b) Radially restricted-directed: displacements

Radial coordinate (m)

(b) Radially restricted-directed: stresses

Fig. 5. Comparison of results for uniform thickness and density rotating disk: t = 0,A = 0.5
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The highest value of radial displacement occurs approximately in the center of the disk for radially restricted-directed
conditions and its value is very high compared to tangential displacement. The maximum value of tangential stress also occurs
approximately in the middle of the disk. The radial and shear stress reaches maximum values at both the inner and outer surface
of the disk. This stress is positive at the inner surface, but it is negative on the disk's outer surface. There is a point along the
radial direction of a disk with this boundary condition that has zero stresses. The level of displacement and stress in the disk with
the radially restricted-directed condition is less than disk with the radially restricted-free conditions. This implies that for the
disk with restricted-directed boundary conditions, the elastic limit of the angular velocity at which yielding starts is higher than
disk with restricted-free boundary conditions.

To check the results of HPM for displacement-stress distribution in a rotating disk with non-uniform thickness and density,
the thickness parameter in Eq. (1) is selected asn=0.5. The results are compared with the FDM solution in Fig. 6 for two
prescribed boundary conditions. All the reported results are based on the use of constant angular velocity and acceleration
(w(@t=0)=w, =100 rad/s and L;J(@t =0)=-dw, — w=-50rad/s ) and density function according to Eq. (2). It is important to
note that there is no exact solution for rotating disks with non-uniform thickness and density. This figure shows the ability of
these techniques to solve the governing equation of rotating disk at radial and tangential directions in its general form. In HPM,
two iterations lead to the high precision of the solution in its general form (non-uniform thickness and density) for the governing
equation of the problem. This solution is in good agreement with the results of both the exact and the FDM. The results show that
HPM doesn't require specific algorithms, complex calculations, or large computational capacity, it is much simpler and straighter.
By comparing Figs. 5 and 6, it can be seen that by considering the non-uniform thickness and density in a rotating disk, the level
of tangential displacement and shear stress decreases as opposed to uniform disk at each affected point of the disk. For both
boundary conditions, the distribution conditions of radial and tangential displacement are close to the uniform disk. But, unlike
the uniform disk, values of radial and shear stress on the disk's inner and outer surfaces are not equal for the restricted-directed
condition. These stresses reach its maximum value at the outer surface. It can be said that the factors that contribute to these
results are the type of boundary conditions on disks.
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Fig. 6. Comparison of results for rotating an annular disk with thickness parameter n= 0.5 and p(r) : t =0,A = 0.5
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7.2. Numerical results

Numerical examples are used in this section, to demonstrate the implementation of the presented analytical model.
7.2.1. Example 1

Parametric analysis is done in Fig. 7 for distributions of radial, tangential and shear stress for various thickness parametern
and constant in angular velocity function A. Such results can be used to estimate the von Mises equivalent stress along the radius
of the disk and identify its effective factors. All of the findings presented in Fig. 7 are calculated in time (t =2s). At this time,
deformations are still elastic in the rotating disks. According to Egs. (3 and 4), If A=0.5 is considered, angular velocity and
acceleration are estimated as (w=36.78rad /s and w =—18.39rad /s*). If A = —0.5is considered, these variables are estimated as
(w=271.82rad/sandw=135.91rad /s’ ). The decelerating effect of constant\on these calculations is quite obvious. Its angular
velocity and acceleration approaches to zero when A =0.5andt = 2s is considered. As shown at Fig. 7, the levels of shear stress
compared to other stresses are low for both boundary conditions. As the thickness parameter increases, the level of these stresses

is decreased. From Fig. 7 the maximum location of radial, tangential and shear stress for different values of the effective
parameters nand )\ are available.

7.2.2. Example 2

In this example, the von Mises stress distribution along the radial direction of a disk are discussed for various values of
thickness parameter n and constant ). The findings are illustrated based on two different boundary conditions in Fig. 8. As seen
in this figure, for each boundary condition and for A > 0, von Mises stress along the radius of disk trends to zero to stop the disk
as time increases. In the case of A <0, von Mises stress levels increase rapidly as time increases. For radially restricted-free
conditions and A < 0, the maximum values of von Mises stress for thickness parameter 0 <n < 0.5 occurs at the inner radius of a
disk (r=r) and for the rest of the thickness parameter in the center of the disk approximately. In this case, the value of
maximum von Mises stress is also decreasing as the thickness parameter increases. But the maximum values of this stress for all
thickness parameters noccurs at the outer radius of a disk (r=r,) for radially restricted-directed conditions and A <0. In this

case, the combination of radial, tangential, and shear stress on the disk's outer surface is such that as a thickness parameter
increases, the value of maximum von Mises stress is increasing.
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Fig. 7. Comparison of results for stresses in rotating disk with different thickness parameter n and p(r) :t =2s,A =+0.5
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7.2.3. Example 3

In this example, the effect of shear stress on calculations of equivalent von Mises stress is discussed. The von Mises
equivalent stress is used as a criterion for evaluating the elastic limit angular velocity and acceleration. For rotating disks that are
in-plane stress conditions, Von Mises stress is determined on the basis of the following relation as a criterion for initiating plastic
deformations:

O = \/U,Z +0} —0,0,+37% (58)

It is known that if tangential deformation is eliminated, von Mises stress is obtained from the following equation. In this case,
the radial and tangential stresses are the principal stresses.

O =0 + 05 —0,0, (59)

For clarity and for two specified boundary conditions, the distribution of von Mises stress along the radius of a disk for various
values of thickness parametern and constant (A =-0.5) at a time (t=5s) is demonstrated in Fig.9. As seen in this figure, the
maximum values of von Mises stress at this time for some of the thickness parameters exceed the yield strength of the disk
material and this disk with this thickness parameter undergoes plastic deformations. As seen in example 2, for radially restricted-
free conditions, for some of the thickness parameters the maximum value of von Mises stress occurs in the inner surface and for
the rest of thickness parameters in the middle of the radial direction of the disk. But the value of von Mises stress is maximum
at the disk's outer surface for radially restricted-directed conditions. The location of maximum von Mises stress is important
because plastic deformation initiated from this place.

In the following, the values of maximum von Mises stress and radius with this maximum stress are prepared in Tables 2-4,
with and without considering shear stress in calculations. The results are reported for various values of thickness parametern,
constant A and two boundary conditions at the time (t =5s). In these tables, the values of angular velocity and acceleration are
estimated for any combination of constant A\ and timet . As seen, the effect of shear stress in calculating maximum von Mises
stress decreases by increasing the thickness parametern for each value of constant ). Furthermore, the effect of shear stress on
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the disk with the radially restricted-free condition in this case is much greater than disk with the radially restricted-directed
condition. In general and regardless of the type of boundary conditions on the disk, with considering the lower value of constant
A, the effect of shear stress in calculating maximum von Mises stress is increased. The lower value of constantl is equivalent to
having lower values of angular velocity and acceleration. It can be concluded that consideration of shear stress in the calculation
of maximum von Mises stress is important, especially in the region of elastic deformation and must be considered for prediction
of elastic limit angular velocity and acceleration.
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Fig. 8. Comparison of results for von Mises stress distribution of rotating disk with different thickness parameter n,constant\,

Fig. 9. Comparison of results for von Mises stress distribution of rotating an annular disk with different thickness parameter n

Von Mises stress (Pa)

x 10
2s 2= o= n=0,t=1, 2= 05
—o- n=0, t=1, A= 0.
p //@ — 8- n=0.2
‘ p - - n=05
2ka /// 7 n=0.8
%{ 6\0 - % - n=1
R s —e— =0, t=2, 4= 0.5
15k e o, / 1| —e—n=02
g / =05
e GBS o n=0.8
o 0—2 g /// —%—n=1
1 /’/o —o ~n=0, =3, )= 0.5

ee%g;%@z@:@--s-ﬂ—-@—«n

- - o=

—8 -n=0.2

— ~n=05
n=0.8
— -n=1

1
0.1 0.2 0.3 0.4 0.5 0.6 0.7
Radial coordinate (m)

(b) Radially restricted-directed

time t and p(r)

x 10
4.5 T T
‘ -0 -n=0, t=51=-0.5
4p - - -n=0.2 H
o - —~--n=05
35l Q n=0.8 i
Lo - == -n=1
= Q.
e H ®
&£ 3l o g 4
0 ) S}
€a Te
2 Seg g Te.
» 250 B -5 g oo 4
8 el O
2 D O e
s K x X=X - . b~
s 2f IR ;
o RSN
> ’O’Q,Q*—Wﬂe\‘@\ X\‘\‘[‘L
L 0~ oo Ko
1.5 P S e
<
00
1b
05 L L L L L L
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Radial coordinate (m)
(a) Radially restricted-free
x 10
2
18- - 0= -n=0, t=5s, A=-0.5 )
- -0~ -n=0.2 ,
— —%— - n=| 1
160 n=0.5 il
| n=0.8 W
P Q — o -n=1 /7
g_“i 1.4[% X /
%] m ©
8 12/ 8 a # 1
7 u_ ® Vi
- 0 e 4
Q B Bla. Y
L 1 TE 7 b
s B s
5 A 7
L P 7 i
> 08 oo AN ////,//6
oo ® =
0.6 Ao . ) ;:x// -
g=-g - _°
041 i 1
L L L L L L
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Radial coordinate (m)

(b) Radially restricted-directed

and p(r):t="5s,A=-0.5

Journal of Applied and Computational Mechanics, Vol. 8, No. 3, (2022), 791-808



806 Sanaz Jafari, Vol. 8, No. 3, 2022

Table 2. Results for maximum von Mises stress, a different value of thickness parameter n, A =-0.5at time t=5s .

Angular velocity w], . =1218.2 ra% Angular acceleration wtis e = 609.1“@?2
Thickness Radius with Von Mises stress with Von Mises stress without
parameter Boundary conditions maximum von considering shear considering shear stress Percent
(n) Mises stress (1) stress (MPa) (Mpa)
0 Restricted-free r=0.1 4223.1 4222.2 0.021%
Restricted-directed r=0.6 1692.16 1692.15 0.000031%
0.2 Restricted-free r=0.1 3250.9 3250.3 0.017%
) Restricted-directed r=0.6 1721.1 17211 0.000033%
05 Restricted-free r=0.1 2190.0 2189.8 0.012%
’ Restricted-directed r=0.6 1760.3 1760.3 0.000037%
08 Restricted-free r=0.359 1893.2 1893.1 0.00023%
) Restricted-directed r=0.6 1794.5 1794.5 0.00004%
1 Restricted-free r=0.386 1753.1 1753.1 0.00017%
Restricted-directed r=0.6 1814.6 1814.6 0.000043%

Table 3. Results for maximum von Mises stress, a different value of thickness parameter n, A =—0.35 at time t =5s .

Angular velocity w|

t=5=-0.35

=575.4 m%

Angular acceleration w

=201.4 m%z

t=5,A=-0.35

Thickness Radius with Von Mises stress with Von Mises stress without
parameter Boundary conditions maximum von considering shear considering shear stress Percent
(n) Mises stress (r) stress (MPa) (Mpa)
0 Restricted-free r=0.1 942.56 942.12 0.0471%
Restricted-directed r=0.6 377.572 377.571 0.00007%
0.2 Restricted-free r=0.1 725.52 725.25 0.0383%
’ Restricted-directed r=0.6 384.0318 384.0315 0.000074%
05 Restricted-free r=0.1 488.75 488.61 0.0285%
’ Restricted-directed r=0.6 392.7807 392.7804 0.000081%
0.8 Restricted-free r=0.359 422.596 422.594 0.000521%
’ Restricted-directed r=0.1 400.4115 400.4111 0.000089%
1 Restricted-free r=0.386 391.192 391.190 0.00039%
Restricted-directed r=0.6 404.907 404.906 0.000096%

Table 4. Results for maximum von Mises stress, a different value of thickness parameter n, A =-0.2 at timet=>5s.

Angular acceleration @ =543 ra% )

t=5)\=-0.2

Angular velocity w)| =271.8 m%

t=5)=-0.2

Thickness Radius with Von Mises stress with Von Mises stress without
parameter Boundary conditions maximum von considering shear considering shear stress Percent
(n) Mises stress (r) stress (MPa) (Mpa)
0 Restricted-free r=0.1 346.81 346.58 0.0653%
Restricted-directed r=0.6 138.901 138.900 0.000097%
0.2 Restricted-free r=0.1 266.94 266.80 0.0531%
’ Restricted-directed r=0.6 141.2774 141.2773 0.000102%
05 Restricted-free r=0.1 179.82 179.75 0.0395%
’ Restricted-directed r=0.6 144.496 144.495 0.000112%
08 Restricted-free r=0.359 155.464 155.463 0.00072%
’ Restricted-directed r=0.1 147.3032 147.303 0.000124%
1 Restricted-free r=0.386 143.9118 143.9111 0.00054%
Restricted-directed r=0.6 148.957 148.956 0.000133%

Table 5. Results for elastic limit angular velocity and acceleration for different values of thickness parameter n and A =-0.5

Elastic angular velocity Elastic angular acceleration

Thickness Time

parameter (n) Boundary condition t (s) wg(m%) o (m%z)

Restricted-free 2.36 327 163

0 Restricted-directed 3.29 518 259
Restricted-free 2.61 368 184

0.2 Restricted-directed 3.28 515 257
Restricted-free 3.05 448 224

0.5 Restricted-directed 3.25 507 253
Restricted-free 3.10 471 235

0.8 Restricted-directed 3.23 502 251
Restricted-free 3.24 505 252

1 Restricted-directed 3.16 485 242

7.2.4. Example 4

The effect of thickness parameter nand boundary conditions on of elastic limit angular velocity and acceleration values is
investigated in this example. Tables 5-7 lists the values of angular velocity and acceleration in the elastic limit state for various
values of constant A to achieve this goal. At the time t in these tables, the maximum of von Mises equivalent stress in the
rotating disk exceeds the disk material's yield strength o,. As seen in these tables, the time at which the disks are yielded is
increased by decreasing the constant A in both boundary conditions. In addition, the influence of constant A on the values of
elastic limit angular acceleration is greater than the influence of its values on the elastic limit angular velocity. In radially
restricted-free condition the values of elastic limit angular velocity and acceleration increase by increasing the thickness
parameter n. But, as this parameter increases, the values of elastic limit angular velocity and acceleration decreases for the
radially restricted-directed conditions. According to Figs. 8 and 9, in this boundary condition, the maximum value of von Mises
stress occurs on the outer surface of the disk and disk with a higher thickness parameter has a more equivalent von Mises stress.
In terms of boundary conditions, the disk with the radially restricted-directed conditions has more elastic limit angular velocity

and acceleration in comparison to the disk with the racially restricted-free conditions.
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Table 6. Results for elastic limit angular velocity and acceleration for different values of thickness parameter n and A=-0.35.

Thickness Time Elastic angular velocity Elastic angular acceleration

Boundary condition rad *rad
parameter (n) t(s) we( A) we (raéz)

Restricted-free 3.35 323 113
0 Restricted-directed 4.71 519 181
Restricted-free 3.75 371 130
0.2 Restricted-directed 4.65 509 178
Restricted-free 4.30 450 157
0.5 Restricted-directed 4.57 495 173
Restricted-free 4.50 483 169
0.8 Restricted-directed 4.55 491 172
Restricted-free 4.62 503 176
1 Restricted-directed 4.53 488 170

Table 7. Results for elastic limit angular velocity and acceleration for different value of thickness parameter n and A =-0.2

Thickness Time Elastic angular velocity Elastic angular acceleration
parameter (n) Boundary condition t (s) wg(m%) o (m%z)

Restricted-free 5.86 322 64

0 Restricted-directed 8.20 515 103
Restricted-free 6.70 381 76

0.2 Restricted-directed 8.12 507 101
Restricted-free 7.55 452 90

0.5 Restricted-directed 8.05 500 100
Restricted-free 7.90 485 97

0.8 Restricted-directed 8.00 495 99
Restricted-free 8.05 500 100

1 Restricted-directed 7.90 485 97

8. Conclusions

In this work, the homotopy perturbation method as an analytical solution and finite difference method as a numerical
solution were used for the elastic analysis of a rotating annular disk with non-uniform thickness and density under the time-
dependent mechanical loading. HPM was successfully employed to obtain the solutions of the equilibrium equation of rotating
disk in both radial and tangential directions simultaneously. The obtained results were compared with the FDM solution. In both
uniform and non-uniform cases, very good agreement was found. It was shown that the proposed analytical model yields
accurate results without the need to use finite element analysis software which is commercially available. This may lead to time
and cost-saving in handling complicated cases. The present study also revealed that HPM is a powerful method to be applied to
advanced studies of such structures. After validation, numerical examples of HPM results were performed to study the elastic
limit angular velocity and acceleration with consideration tangential displacement and shear stress of rotating disks under
various thickness parameter n, boundary conditions and constants in angular velocity and acceleration function. The results
showed that shear stress has more influence on the distribution of equivalent von Mises stress in the elastic region. The time in
which plastic deformation introduced can be improved by considering the smaller value for constant A. In addition, the type of
boundary conditions also affected the distribution of equivalent von Mises stress. It can be concluded that the proposed
analytical model can successfully handle the rotating disk problem in general form under mechanical loading and could be
expanded to examine more complicated problems of combined loading cases such as thermo-mechanical loadings of gears,
turbine rotors, flywheels and other mechanical components.
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