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Abstract. In this paper, laminar natural convection of copper/water nanofluid in an open-ended L-shaped cavity is investigated by 
Lattice Boltzmann Model (LBM). The results are compared by previous studies that are in good agreement. Influences of Rayleigh 
number (Ra = 103, 104, 105, 106), cavity aspect ratio (AR = 0.2, 0.4, 0.6) and volume concentration of Cu nanoparticles (0 ≤  ≤ 0.1) on 
the momentum, thermal fields and heat transfer in the enclosure are studied. Also, the effect of changing the boundary 
conditions, on the heat transfer rate has been investigated. It is observed that maximum heat transfer enhancement by adding 
the nanoparticles for Ra = 106 with AR = 0.4 (32.76%) occurs. Results illustrate that increasing the cavity aspect ratio decreases 
heat transfer rate for Ra = 103 and Ra = 104. The least and most heat transfer rate for Ra = 105 occurs in enclosures by aspect ratios 
of 0.2 and 0.4 respectively, while it was observed at Ra = 106 for minimum and maximum rate of heat transfer the opposite 
behavior that at Ra = 105 occurs. 

Keywords: Lattice Boltzmann method, Natural convection, Nanofluid, Open-ended L-shaped cavity, Aspect ratio. 

1. Introduction 

    The study of various types of convective heat transfer, which is one of the most important and practical mechanisms of heat 
and energy transfer in many engineering applications in industry, has long been considered by scientists [1-4]. In recent years, 
many researchers have investigated free convection heat transfer by Lattice Boltzmann method (LBM) [5-7]. Implementation of 
LBM results in more efficient computations in complex geometries and multi-component flows compared to other computational 
fluid dynamics (CFD) common methods [8-14]. The combination of a fluid with nanometer-sized particles (nanoparticles) is called 
nanofluid that first was introduced by Choi [15]. Then, many studies were done on the types of heat transfer in the presence of 
nanofluids, which can be referred to as recent works such as; Hashim et al. [16], Carrillo-Berdugo et al. [17] and Sheikholeslami et 
al. [18]. Chamkha et al. [19] reviewed all works that were studied by numerical, analytical, and experimental on the effect of 
nanofluids on fluid flow and heat transfer in microchannels. Also Chamkha et al. [20] numerically analyzed 
magnetohydrodynamic (MHD) mixed convective heat transfer of a nanofluid in a lid-driven porous cavity with a heat source and 
heat sink located at the bottom and upper wall respectively, Also after that, Rashad et al. [21] investigated the same study for 
natural convection. 

The first research on natural convection thermal flow in a cavity containing nanofluids was performed by Khanafer et al. [22]. 
They showed that with increasing nanoparticles volume fraction for all Grashof numbers considered, heat transfer rate enhances. 
Afterward, many researchers investigated natural convection in cavities contains nanofluids [23-37]. They performed the effects of 
various parameters such as; Ra number, aspect ratio (AR) and inclination angles of cavities, and several types of nanoparticles 
with water as the base fluid of nanofluid. Some researchers have focused on the free convection heat transfer in an enclosure 
with inner hot or cold obstacles or fins [38-43]. Chamkha et al. [44] used the Galerkin finite element method (FEM) to solve the 
melting process of a phase change material on the free convection thermal flow in an enclosure containing single and hybrid 
nanofluid with a heated inner cylinder. Their results conducted that by increment Fourier number the melting rate first increases 
and then decreases. Hajatzadeh et al. [45] by finite volume method (FVM) explored free convection flow in a square cavity 
containing ����� /Water nanofluid and with two isothermal obstacles and sinusoidal boundary conditions with applying 
Magnetohydrodynamic. Their results demonstrate that the heat transfer decreased by augmenting aspect ratio. Siavashi et al. [46] 
used FVM to simulate free convection in a cavity containing copper-water nanofluid with an array of porous fins. They 
demonstrated that a high volume concentration of nanoparticles enhances the heat transfer less than the low volume 
concentration of nanoparticles. Moreover, the entropy generation declines by adding more fins. The LBM was used by Vijaybabu 
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and Dhinakaran [47] to investigate MHD free convection flow and heat transfer of ���/����� nanofluid between a heated porous 
triangular-shaped and cold square cavity. They found that the effect of heat transfer decrement due to increment in Hartmann 
number (Ha) is eminent for higher Darcy number. Hashim et al. [48] numerically solved free convection thermal flow in a wavy-
walled including ���/����� nanofluid with a heated block in the center and heated the bottom wall. They concluded that with 
increment the size of each side of the heated block, the heat transfer rate increases for all concentrations of the nanoparticles. 
Rafie and Payan [49] examined the effect of various parameters including the most favorable position and length of a thick fin at 
the two inclination of the fin on the vertical hot wall of a square cavity. Their results showed that a thick fin with grooves and an 
obliquely thin fin have a better decrement heat transfer rate than a direct thick fin at Ra=10
and Ra=10� respectively. 

A number of recent researches have been done on free convection in the curve and non-quadrilateral geometries, among 
them, are those related to buildings ventilation, solar-collectors, cooling systems of electronic equipment, the molten core of the 
Earth, etc [50-54]. Parvin et al. [55] applied FEM to simulation free convection in an annulus including ���/����� nanofluid. They 
are applied two thermal conductivity models to measure the heat transfer increment in the annulus. Sheikholeslami et al. [56] 
applied LBM to simulate the Cu/water nanofluid natural convection thermal flow in a square cavity with curve boundaries. They 
concluded that flow and thermal fields strongly depend on the inclination angle of the cavity. Zare Ghadi et al. [57] analyzed 
double-diffusive free convection fluid flow and heat transfer inside a curved enclosure including a porous media by FVM. They 
scrutinized the effects of disparate parameters on the velocity and temperature fields and heat transfer. Jayhooni and Jafarpur [58] 
solved laminar free convection flow and heat transfer around the bi-sphere, cylinder, prolate, and cylinder with hemispherical 
ends numerically. They found that mean Nusselt numbers based on the square surface area are independent of the geometries 
for the Ra numbers with laminar flow. The FVM was applied by Rezvani et al. [59] to carry out entropy generation for free 
convection in cylindrical cavities. They showed that decreasing the irreversibility ratio decreases the total entropy generation. 
Ghasemi and Aminossadati [60] numerically studied free convection inside a right triangular cavity that contains nanofluid. They 
demonstrated that the highest heat transfer rate occurs in high Ra numbers in an optimal amount of the volume fraction of the 
nanoparticles. Saleh et al. [61] simulated natural convection thermal flow inside a trapezoidal enclosure with utilizing nanofluid. 
They discovered the relevance for medium Nusselt number as a function of the gradient wall’s angel, Grashof number, effective 
thermal conductivity, and viscidity. Natural convection in an inclined triangular enclosure containing water utilizing LBM was 
done by Mejri et al. [62]. Their results indicated that the gradient angle effect on heat transfer rate augments with increment Ra 
number. Chamkha et al. [63] by FVM (SIMPLE) solved MHD free convective heat transfer in a C-Shaped enclosure filled with CuO-
water nanofluid. They found that the magnetic field causes a reduction quickly the entropy generation rate. Mohebbi et al. [64] 
utilized LBM to investigate the effect of the location of the heat source on free convection flow in a C-shaped cavity filled with 
nanofluid. They showed that increment in the Nusselt number of the nanofluid at low Rayleigh numbers is independent of the 
location of the heat source. Bondareva et al. [65] examined laminar natural convection heat transfer in a partially heated open 
triangular enclosure contain Cu/ ���  nanofluid applying finite difference method (FDM). They obtained results which 
demonstrated increasing heat transfer with nanoparticles volume fraction occurs chiefly for high Ra number. Mahmoodi et al. [66] 
and Mansour et al. [67] solved free convection inside C-shaped and T-shaped cavities including Copper/water nanofluid 
respectively. They acquired that the rate of heat transfer enhances with reducing the aspect ratio of the enclosure. Bakier [68] 
numerically studied free convection thermal heat transfer in segmentally C-shape open-ended cavity containing nanofluid. Their 
results highlighted that at a low Ra number, the heat and mass transfer rates through the opening boundaries enhance in the 
presence of nanoparticles. FVM was employed by Hemmat Esfea et al. [69] to solve free convection thermal flow inside T-shaped 
cavities including (MWCNT-COOH)/��� nanofluids. They concluded that increment in aspect ratio reduces the mean Nusselt 
number. Mahmud [70] and Tasnim and Mahmud [71] were among the first researchers who started their simulation on free 
convection inside L-shaped enclosures containing air. Afterward, Mahmoodi [72] numerically studied the free convection flow of 
Cu/��� nanofluid in L-shaped cavities. He obtained a mean Nusselt number for all ranges of cavity aspect ratio that enhances 
with an increment in the Ra and volume concentration of the nanoparticles. Moreover, he illustrated that the heat transfer rate 
increases by reducing the aspect ratio of the cavity. Sheikholeslami et al. [73] analyzed the effects of different parameters on 
natural convection in an inclined L-shape enclosure containing Cu/��� nanofluid. They showed that minimum and maximum 
mean Nusselt number corresponds to 45� and −45�, respectively for Ra=10
, in the event that an opposite result is observed for 
Ra=10�. Mliki et al. [74] numerically studied natural convection in the L-shaped cavity including Cu/��� nanofluid by LBM. They 
concluded that the existence of nanofluid causes mean Nusselt number to increase. They also showed that reducing the aspect 
ratio increases the mean Nusselt number. Mohebbi and Rashidi [75] studied free convection thermal flow numerically in an L-
shaped cavity contain �����/��� nanofluid and an internal heating obstacle using LBM. They concluded that with decreasing 
nanoparticle diameter and aspect ratio of the channel and the increasing Ra and height of the obstacle the heat transfer 
enhances. Rahimi et al. [76] utilized LBM to study natural convection in a hollow L-shaped cavity filled with hybrid nanofluid. 
Thermophysical properties of ����- ����/water-Ethylene glycol hybrid nanofluid are obtained experimentally. They demonstrated 
that the total entropy generation reduces with increasing of the volume concentration of the nanoparticles. Zhang et al. [77] used 
the finite difference lattice Boltzmann model (FDLBM) to analyze entropy distributions on the MHD natural convection thermal 
flow in an L-shaped enclosure filled with several types of Newtonian and non-Newtonian fluids. They concluded that the heat 
transfer and total entropy generation decreases by increasing Rayleigh and Hartmann numbers, in addition, the dependency rate 
of changes in heat transfer and total entropy generation to the Ha number and Ra number increases with the decrement power-
law index. Izadi et al. [78] numerically studied the effect of disparate important parameters considered in relation to the MHD 
flow and porosity, on MHD free convection inside a porous enclosure. They discovered that at a low Ra number heat transfer 
enhances with an increment strength ratio of the two magnetic sources and magnetic number. The LBM was used by Abbassi et al. 
[79] to simulate MHD natural convection thermal flow inside an incinerator shaped cavity filled by �����-��� nanofluid with a 
heated obstacle placed on the bottom wall. They demonstrated that minimum entropy generation and maximum heat transfer in 
incinerator inclination angle 270° and 90° occurs. Yuan Ma et al. [80] used LBM to investigate the free convection in a U-shaped 
enclosure containing �����-��� or ����-��� nanofluid and including a heated block. They obtained results showed that by 
increment the U-shaped cavity’s aspect ratio, the mean Nusselt number enhanced. Seo et al. [81] performed 3-D natural 
convection thermal flow inside a cavity including a hot, circular cylinder or an elliptical cylinder. They found that the heat 
transfer rate is dependent on the radius variation for the circular or elliptical cylinders. Dutta et al. [82] examined the efficacy of 
various parameters on the free convection thermal flow and entropy generation in a rhombic cavity containing Cu/��� 
nanofluids under the influence of magnetohydrodynamics. They reported that by increasing Hartmann number for all range of 
the Ra number and inclination angles of the cavity the total entropy generation rate declines. The LBM investigation of MHD free 
convection in a V-shaped electronic device including Cu-��� nanofluid has been studied by Purusothaman and Hasani [83]. They 
exhibited that the heat transfer reduces with enhancement of the aspect ratio and Ha. Moreover, the Optimum inclination angle 
is 45 for maximum heat flow rate. Yahiaoui et al. [84] numerically (FVM) examined free convection thermal flow inside the square 
cavity and cavities with concave and convex constant temperature walls utilizing copper-water nanofluid. They discovered that 
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the heat transfer in a square cavity was more than the other cavities with concave and convex walls. Almeshaal et al. [85] carried 
out Rayleigh-Bénard free convection thermal flow by FVM and experimental thermophysical properties of the (MWCNT)-water 
nanofluid inside the three-dimensional L-shaped cavity filled. They realized that in AR=0.4 the highest heat transfer occurs for 
Ra<10� and volume concentration of the nanoparticles less than 0.03. Dogonchi et al. [86] studied the natural convective of Cu-
��� nanofluid inside the circular cavity including porous interior heat source. They formulated a new correlation for the mean Nu 
number by the effect Nanoparticles volume concentration, viscous dissipation, and Ra number. 

As we know, heat transfer is improved by changing the flow geometry, boundary conditions, adding secondary surfaces (such 
as fins), changing the behavior of the flow, and changing the fluid properties. Therefore the major aims of this work are to 
perceive the ability of the LBM in investigating the behavior of nanofluid in complicated geometries and boundaries and also 
enhancing the rate of heat transfer by changing the flow geometry, boundary conditions, and adding nanoparticles. So, the D2Q9 
model is used to solve the temperature and velocity field of the laminar natural convection of Cu-��� nanofluid in open-ended L-
shaped cavities. In addition in order to solve the problem more accurately the unknown density and internal energy distribution 
functions can be calculated by a second-order approximation. The effects of various parameters such as; Ra, volume 
concentration, and various aspect ratios on the heat transfer have been considered. And finally, to investigate the effect of 
changing the boundary conditions, on the heat transfer rate, the present study has been compared with the work of Mahmoodi 
[72] for base fluid and nanofluid. 

2. Mathematical formulation 

2.1. Problem statement 

As it is shown in Fig. 1, in the current work, an open-ended L-shaped cavity is considered. The dimensionless temperature of 
the L shaped right and left walls are fixed at �� and �� respectively, and the top wall is adiabatic. From the east opening 
boundary, Cu-water nanofluid with a constant temperature (��) enters into the open-ended L-shaped cavity. The height and width 
of the open-ended L-shaped cavity are shown by Z. The aspect ratio (AR=D/Z) of the enclosure is described as the ratio of 
thickness divided by the height or width of the enclosure. The size of the length of the perpendicular to the plane of the enclosure 
supposed to be long enough; therefore, the problem is assumed as 2-dimensions. The thermophysical properties of copper 
nanoparticles and water are shown in Table 1. Several assumptions for Cu-��� nanofluid have been proposed as follows: between 
water and copper nanoparticles, not existence any slip and are in thermal equilibrium. The Newtonian nanofluid flow is supposed 
to be incompressible and laminar. The nanofluid density changes are calculated by Boussinesq approximation [87]. Therefore for 
the current study, the Navier-Stokes and energy equations in the non-dimensional state are derived as follows [72]: 

0
U V

X Y

∂ ∂
+ =

∂ ∂
 (1) 

2 2

2 2
Prnf

U U P U U
U V
X Y X X Y

 ∂ ∂ ∂ ∂ ∂  + =− + +  ∂ ∂ ∂ ∂ ∂ 
 (2) 

2 2

2 2
Pr Prnf nf nf

V V P V V
U V Ra
X Y Y X Y

θ
 ∂ ∂ ∂ ∂ ∂  + =− + + +  ∂ ∂ ∂ ∂ ∂ 

 (3) 

2 2

2 2
U V
X Y X Y

θ θ θ θ ∂ ∂ ∂ ∂  + = +  ∂ ∂ ∂ ∂ 
 (4) 

where the non-dimensional parameters are defined as follows:  
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Fig. 1. Geometry of the open-ended L-shaped cavity considered in the present study. 
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 Table 1. Thermophysical properties. 

Physical properties Water Cu 

( )
p
C J kgK  4179 385 

( )3kg mρ  997.1 8933 

( )k W mK  0.613 400 

( )1Kβ −  521 10−×  51.67 10−×  

( )2m sα  71.471 10−×  - 

( )kg msµ  48.55 10−×  - 

2.2. Lattice Boltzmann method for natural convection simulation 

    For simulation, the incompressible fluid flow and heat transfer topics, LBM uses two distribution functions g and f for the 
temperature and velocity fields, respectively [88]. 

( ) ( ) ( ) ( )1
, , , ,

i

eq
i i i i i

v

f x c t t t f x t f x t f x t tF
τ
 + ∆ +∆ − =− − +∆    (6) 

( ) ( ) ( ) ( )1
, , , ,eq

i i i i i

c

g x c t t t g x t g x t g x t
τ
 + ∆ +∆ − =− −    (7) 

where Wt is indicative of lattice time step and is equal to 1. F is defined as the external force. ��, �� is the relaxation time for the 
temperature and velocity fields, respectively. 

    In this study, the nine-velocity two-dimensional (D2Q9) model (Fig. 2a) is used for temperature and velocity field, so the 
weighting factors (��) and the discrete particle velocity vectors (��) are obtained in the following equations:  

4 9 0

1 9 1 4

1 36 5 8
i

i

i

i

ω

 == = − = −

 (8) 

( ) ( )( )
( ) ( )( )
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2 cos 5 2 4 ,sin 5 2 4 5 8

i

i

c c i i i
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π π
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 =    = − − = −            − + − + = −       

 (9) 

 ��
�� ,   �

��  are the equilibrium distribution functions that have a proper determined functional dependency on the local 
hydrodynamic properties which are computed with Eqs. (10) and (11) for velocity and temperature fields respectively. 
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! and u are defined as the macroscopic density and velocity, respectively, c is defined as the lattice speed and equals to Δx Δt⁄ = 1 
where Wx is defined as lattice space.  

 

  

a b 

Fig. 2. (a) The discrete velocity vectors for D2Q9. (b) Domain boundaries. 
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The thermal diffusivity (') and kinematic viscosity (() are defined by the ��, �� in the following format: 

21

2 sc tνϑ τ
 
 = − ∆
  

   and      21

2c sc tα τ
 
 = − ∆
  

 (12) 

where �) = � √3⁄  is defined as the lattice speed of sound. 
External force (F) calculated as follows: 

3 yiF gω β θ= ∆  (13) 

where W � is equal to (�-�,) whereas �,=(�� + �/) 2⁄  and β is the thermal expansion coefficient.  
   Eventually, ρ, u, � can be calculated with the following equations. 

Flow density: ( ) ( ), ,i
i

x t f x tρ =∑  (14) 

Momentum: ( ) ( ), ,i i
i

u x t f x t cρ =∑   (15) 

Temperature: ( ),i
i

g x tθ =∑  (16) 

2.3. Boundary conditions for flow field 

At the boundary nodes the unknown distribution functions mentioned to the fluid zone must be determined (Fig. 2 b). Bounce 
back boundary condition is applied on the no-slip solid boundaries. At the open boundary the unknown density distribution 
functions can be defined by a second-order approximation: 

6, 6, 1 6, 2

7, 7, 1 7, 2

3, 3, 1 3, 2

4 1

3 3
4 1

3 3
4 1

3 3

n n n

n n n

n n n

f f f

f f f

f f f

− −

− −

− −

= −

= −

= −

 (17) 

2.4. Boundary conditions for temperature field 

   The north boundary kept adiabatic and bounce back boundary condition can be applied to it. The temperature boundary 
condition at the open boundary is known so that for input flow to the enclosure �� = 0.0 and for output flow from the enclosure 
is adiabatic. Temperatures are defined in the west of L-shaped wall �� = 1.0 and in the east of L-shaped wall �� = 0.0. In this study 
D2Q9 is used for the unknown internal energy distribution function at the open boundary, east and west boundaries that can be 
acquired by the following equations [89]: 

 For the west L-shaped wall (on the hot walls) 

( )
( )
( )

1 1 3 3

5 5 7 7

8 8 6 6

h

h

h

g g

g g

g g

θ ω ω

θ ω ω

θ ω ω

 = + − = + − = + −

 on the vertical walls 
 

(18) 

 ( )
( )
( )

2 2 4 4

5 5 7 7

6 6 8 8

h

h

h

g g

g g

g g

θ ω ω

θ ω ω

θ ω ω

 = + − = + − = + −

 on the horizontal walls 

    For the east L-shaped wall (on the cold walls)  

3 1 7 5 6 80 , 0 , 0g g g g g g= − = − = −  on the vertical walls 

4 2 7 5 8 60 , 0 , 0g g g g g g= − = − = −  on the horizontal walls 
(19) 

    For the east open boundary (by a second-order approximation)  

If u < 0 then : 3 1 7 5 6 80 , 0 , 0g g g g g g= − = − = −  

If u > 0 then : 

6, 6, 1 6, 2

7, 7, 1 7, 2

3, 3, 1 3, 2

4 1

3 3
4 1

3 3
4 1

3 3

n n n

n n n

n n n

g g g

g g g

g g g

− −

− −

− −

= −

= −

= −

 

 

(20a) 

 

 

(20b) 

2.5. Method of solution 

    With keeping constant Ra number, Mach number and Prandtl number (Pr) the thermal diffusivity and viscosity are computed 
from the following formula: 
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2 2 2PrMa m c
v

Ra
=  (21) 

where m is the number of lattices in X and Y directions. Pr and Ra numbers are described as Pr=ϑ α⁄  and Ra = (βg:Z�(T= − T/)) ϑα⁄ , 
respectively. Mach number should be less than Ma = 0.3 for an incompressible flow [29]. The viscosity and subsequently thermal 
diffusivity can be computed by Eq. (21). Eventually with Eq. (12) can be calculated the relaxation times for temperature and flow 
distribution functions. 

2.6. Lattice Boltzmann method for nanofluid 

   In this study, important control parameters are the Ra number with Pr number. The nanofluid is assumed to be like a pure 
fluid and then nanofluid qualities are obtained that are practical for the governing equations. The nanofluid density changes in 
the buoyant force are calculated by Boussinesq approximation. The relevant thermophysical properties are shown in Table 1. 
    The effective density of a nanofluid can be calculated by [90]: 

( )ρ φ ρ φρsnf f1= − +  (22) 

where >ρc@A
BC

 is as the heat capacity and the thermal expansion coefficient of the nanofluid are obtained as [91]: 

( ) ( )( ) ( )ρ φ ρ φ ρp p pnf f s
c 1 c c= − +  (23) 

( ) ( )( ) ( )ρβ φ ρβ φ ρβ
nf f s

1= − +  (24) 

where φ is being the volume concentration of the Cu nanoparticles. The effective dynamic viscosity of the Cu-water nanofluid 
can be computed with the Brinkman model [22] as the following equation. 

( )2.5
1

f

nf

µ
µ

ϕ
=

−
 (25) 

    For computing effective thermal conductivity of the nanofluid is used the Maxwell-Garnetts model as regards the 
nanoparticles are assumed to be identical and spherical shapes [27]:  

( )
( )

2 2

2

s sf fnf

f s sf f

k k k kk

k k k k k

ϕ

ϕ

+ − −
=

+ + −
 (26) 

    Nusselt number is one of the basic non-dimensional parameters in the explanation of the free convection thermal flow 
mechanism. The local Nusselt number can be described as:  

l

f

hZ
Nu

k
=  (27) 

   While the heat transfer coefficient can be written in the following formula: 

w

ch

q
h

T T
=

−
 (28) 

   The thermal conductivity is obtained as the following equations: 

w
nf

w
nf

q
k

T X

q
k

T Y

 =− ∂ ∂ =− ∂ ∂

 
on the vertical walls 

on the horizontal walls 

(29) 

 

    By putting up Eqs. (28) and (29) in Eq. (27), the local Nusselt number for the vertical and horizontal parts of the L-shaped hot 
wall can be achieved in the following equations: 

 

 

nf

l

f

nf

l

f

k
Nu

k X

k
Nu

k Y

θ

θ

   ∂   =−   ∂    ∂ =−     ∂  

 

on the vertical walls 

on the horizontal walls 

(30) 

 

    Finally, the mean Nusselt number on the L-shaped hot wall can be achieved by the following formulation: 

1 1

0 0

0 0

1
| |

2 Y Xl lNu Nu dX NudY= =

  = +    
∫ ∫  (31) 

3. Code validation and grid independence 
 

The convergence criterion is defined by the following phrase: 

1

1 1 7

1

1 1

10

m n t t

j i

m n t

j i

Error
λ λ

λ

+

= = −

+

= =

−
= ≤
∑ ∑
∑ ∑

 (32) 
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Fig. 3. Comparison of the temperature on axial midline between the present study, Khanafer et al. [22] and Jahanshahi et al. [27]
4( 0.1 10 )6.2, ,r GrP ϕ= == . 

 

Fig. 4. Schematic view of the open-ended cavity considered in the previous investigations. 
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Fig. 5. Comparison of the streamlines (left) and isotherms (right) between (a) Mohamad et al. [89] and (b) the present study. 
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Table 2. Comparison of average Nusselt number on the hot wall for open-ended cavity. 
 

Ra 
Present study LBM 

2 9 2 9
,D Q D Q  

LBM [29] 

2 9 2 4
,D Q D Q  

LBM [89] 

2 9 2 4
,D Q D Q  

FVM [92] 

104 3.275 3.319 3.377 3.264 

105 7.263 7.391 7.323 7.261 

106 14.355 14.404 14.380 14.076 

Table 3. The average Nusselt number for L-shaped cavity contain air with AR = 0.25, comparisons of the present study with Mahmoodi [72] and 
Tasnim and Mahmud [71]. 

Ra Present study (LBM) Mahmoodi [72] (FVM) Tasnim and Mahmud [71] (FVM) 

103 3.277 3.270 3.251 

104 3.290 3.259 3.255 

105 3.829 3.855 3.903 

106 9.050 9.340 9.331 

 
where λ is a transport quantity. The numerical method has been used in this work is implemented in the FORTRAN program. 

The current numerical study was already validated in three cases of this problem. For the first section, Fig. 3 shows a 
validation between the present study by LBM and outcomes of Khanafer et al. [22] and Jahanshahi et al. [27] for a cavity contain 
Cu-water nanofluid. For the second section, the stream functions and isotherms contour for an open-ended cavity with boundary 
conditions conforming to the Fig. 4 for air with Pr=0.71 of the current study were validated with the study of Mohamad et al. [89] 
in Fig. 5. Table 2, also displays the comparison of mean Nusselt number on the hot wall of the current work with studies of LBM by 
Mohammad et al. [89] and Kefayati et al. [29] and FVM by Mohammad et al. [92]. For the third section, the stream functions and 
isotherms contour for natural convection in L-shaped enclosure with AR=0.6 for net fluid (water) of the present simulation were 
compared with the results of Mahmoodi [72] in Fig. 7. Also, Table 3. indicates the comparison of mean Nusselt number on the hot 
wall of the free convection thermal flow in L-shaped enclosure contain air for AR=0.25 with boundary conditions conforming to 
the Fig. 6 of the present study (LBM) with studies of FVM by Mahmoodi [72] and Tasnim and Mahmud [71]. Therefore results of the 
current study have a good matching with prior works. 

 

Fig. 6. Geometry of the L-shaped cavity considered in the previous investigations by Mostafa Mahmoodi [72]. 

 

(a)   

(b)   

Fig. 7. Comparison of the streamlines and isotherms between (a) Mostafa Mahmoodi [72] and (b) the present study for Ra=10
, AR=0.6, φ=0 
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Fig. 8. Grid independence test: 
avrage

Nu versus grid number for 0.1 , 0.6ARϕ = = . 
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Fig. 9. Contour of the streamlines with volume fraction of the nanoparticles and Ra number for Cu/water nanofluid inside the Open-ended L-shaped 
cavity with AR=0.2. 
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0.1ϕ =  

    

Fig. 9. Continued. 
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Fig. 10. Contour of the isotherms with volume fraction of the nanoparticles and Ra number for Cu/water nanofluid inside the Open-ended L-shaped 
cavity with AR=0.2. 

A grid independence check is performed for natural convection heat transfer in the open-ended L-shaped enclosure with 
aspect ratio 0.6 contain copper-water nanofluid with φ=0.1 for Ra numbers 10�, 10
, 10� and 10�. Several uniform grids are applied 
and for all of the grid sizes considered mean Nusselt number of the L-shaped hot wall is calculated. According to Fig. 8 the lattice 
sizes of 300 × 300, 375 × 375, 450 × 450 and 600 × 600 are chosen for Ra=10�, 10
, 10�, and 10�, respectively. 

4. Results and discussion 

In this part, numeric results for Cu/��� nanofluid natural convection in open-ended L-shaped cavities are reported. The 
influence of several parameters likes Ra number (10�-10�), the aspect ratio of the open-ended L-shaped cavity (0.2-0.6) and volume 
concentration of the nanoparticles (0-0.1) on the velocity and temperature fields were investigated. 

Figs. 9 and 10 illustrate the effect of Ra and the volume concentration on temperature and flow distribution in the open-ended 
L-shaped cavity for AR=0.2. From the streamlines in Fig. 9 for aspect ratio 0.2 can be deduced a clockwise eddy is formed in the 
whole vertical part of the enclosure for all Ra number and volume concentration of solid particles. In the horizontal part of the L-
shaped enclosure for Ra=10� for base fluid and nanofluid three eddies with rotating in the opposite direction are formed but for 
other Ra numbers, no eddy is formed. Also, streamlines model for all Ra numbers does not vary significantly when the 
concentration of the nanoparticles enhances. Fig. 10 shows that the isotherm lines for Ra=10� and all range of the concentration 
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of the nanoparticles are accumulated close to the walls in the vertical section and oscillating in the horizontal section of the L-
shaped enclosure. But for other Ra numbers isotherm lines are parallel with walls of the enclosure for all range of the 
concentration of the nanoparticles that shows conduction is the prevail on the heat transfer mechanism. Therefore, at Ra=10�, the 
isotherm lines vary considerably and heat transfer by convection thermal flow prevails. Also, it can be concluded that the 
effectiveness of nanoparticles on the open boundary region is insignificant.  

 310  410  510  610  

0ϕ =  

    

0.03ϕ =  

    

0.06ϕ =  

    

0.1ϕ =  

    

Fig. 11. Contour of the streamlines with respect to the volume fraction of the nanoparticles and Ra number for Cu/water nanofluid 
inside the Open-ended L-shaped cavity with AR=0.4. 
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Fig. 12. Contour of the isotherms with volume fraction of the nanoparticles and Ra number for Cu/water nanofluid inside the Open-
ended L-shaped cavity with AR=0.4. 
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Fig. 12. Continued. 
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Fig. 13. Contour of the streamlines with volume fraction of the nanoparticles and Ra number for Cu/water nanofluid inside the Open-
ended L-shaped cavity with AR=0.6. 
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Fig. 14. Contour of the isotherms with volume fraction of the nanoparticles and Ra number for Cu/water nanofluid inside the Open-
ended L-shaped cavity with AR=0.6. 

Isotherms and streamlines for pure fluid and nanofluid natural convection in an open-ended L-shaped cavity for aspect ratio 
0.4 at various Ra numbers are shown in Figs. 12 and 11 respectively. From Fig. 11 at Ra=10� and 10
 for all volume concentration, 
exist a clockwise eddy in the vertical section of the L-shaped enclosure while; the flow in the horizontal part of the enclosure go 
down in near hot horizontal wall, and in open boundary part in the enclosure, isothermal condition go down to the hot horizontal 
wall. At Ra=10� in addition to existence a clockwise eddy in the vertical section, a counter clockwise eddy there is in the 
horizontal section of the enclosure. Finally, at Ra=10�  the effect of the volume concentration of the nanoparticles on the 
streamlines is significant, so for pure fluid, there is a clockwise eddy and a counter clockwise eddy in the vertical and horizontal 
section of the enclosure respectively while for φ=0.03, 0.06 and 0.1 the streamlines extend to the entire L-shaped enclosure then 
cross into the open boundary. As it is clear in Fig. 12, isotherm lines for Ra=10�and Ra=10
 are parallel with walls of the enclosure 
without considering the concentration of the nanoparticles. Also Fig. 12 shows the isotherm lines for Ra=10� are condensed close 
the walls and vertical oscillating in the vertical part and horizontal part of the L- shaped enclosure respectively which is 
indicative of changing the major heat transfer process from conduction to convective thermal flow. At Ra=10� the isotherm lines 
more intense accumulated towards close the wall in the vertical part of the enclosure and horizontal oscillating towards to the 
hot wall from open boundary region in the horizontal part of the enclosure. Therefore heat transfer characteristics augment by 
adding nanoparticles to water.  

Figs. 13 and 14 show the isotherms and streamlines for open-ended L-shaped cavity with aspect ratio 0.6 and range of the 
concentration of the Cu nanoparticles 0≤  ≤0.1. Fig. 13 displays that for Ra=10� and 10
 a clockwise eddy with diagonal elliptical 
core has appeared in the open-ended L-shaped enclosure for pure fluid and nanofluid while; the flow in close the open boundary 
enclosure go down in the near hot horizontal wall. With increasing the Ra from 10� to 10� for =0 and nanofluid with all the 
concentration of the Cu nanoparticles, a current eddy is disappeared gradually and crosses into the open boundary. At Ra=10� 
and 10�, for φ=0, φ=0.03 and φ=0.06 eddy is gone and cross into the open boundary then again at φ=0.1 eddy to be formed. As it is 
clear in Fig. 14 isotherms at Ra=10� and Ra=10
 with increment volume concentrations, does not change considerably and the 
main process of heat transfer is conduction. At Ra=10� the dominating heat transfer process is changed to convective thermal 
flow. Particularly at Ra=10� can be viewed as different thermal boundary layers are nearby the vertical walls that indicate the heat 
transfer process is free convection. 

The effect of Rayleigh numbers and nanoparticle volume concentration on the mean Nusselt number for the hot walls has 
been shown in Fig. 15 for various aspect ratios. It is obvious that the mean Nusselt number enhancement rate by increment the 
volume concentration of Cu nanoparticles depends on the aspect ratio and Rayleigh number. Maximum and minimum the mean 
Nusselt number enhancement between base fluid (water) and Cu-��� nanofluid with φ=0.1 for Ra 10� with AR=0.4 (32.76%) and 
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AR=0.2 (28.68%) occurs respectively. From Fig. 15 it can be concluded that by increment Rayleigh number heat transfer increases 
for all values of the nanoparticle volume concentration and aspect ratios. Also, it was observed with increasing aspect ratios 
transition point from conduction to convective thermal flow happens in lower Rayleigh numbers. 

It is obvious from Fig. 16 for Ra=10�  and 10
  with increasing aspect ratio, heat transfer rate reduces with respect to 
nanoparticles volume concentration, but at Ra=10� with increasing aspect ratio from 0.2 to 0.4 heat transfer rate enhances and 
then at aspect ratio 0.6 decreases. Therefore, the maximum rate of heat transfer is seen for AR=0.4. For Ra=10� with enhancement 
aspect ratio from 0.2 to 0.4 rate of heat transfer declines and then at cavity with AR=0.6 increases. Thus, it is obvious for the cavity 
with AR=0.4 minimum rate of heat transfer happens. It is observed that at Ra=10� and Ra=10
, increment heat transfer rate by 
increasing nanoparticle volume concentration is higher for open-ended L-shaped enclosures with lower aspect ratio, but at 
Ra=10� and Ra=10� increasing heat transfer rate with an increment volume concentration of nanoparticles is almost equal for all 
aspect ratios. It can obvious from Fig. 16 that the maximum and minimum changes in mean Nusselt number enhancement for 
Ra=10� and Ra=10� by 76.6% and 2.28% when the aspect ratio of the cavity is decreased from AR=0.4 to AR=0.2 and AR=0.6 to 
AR=0.4, respectively. 

  

(a) (b) 

 

(c) 

Fig. 15. Effect of nanoparticle volume concentration and Ra numbers on the average Nusselt number on the hot walls for (a) AR=0.2, 
(b) AR=0.4, (C) AR=0.6. 
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(c) (d) 

Fig. 16. Effect of nanoparticle volume concentration on the average Nusselt number on the hot walls for different aspect ratios with 
(a) Ra=10�, (b) Ra=10
, (C) Ra=10�, (d) Ra=10�. 

 

  

(a) (b) 

Fig. 17. Comparison of the average Nusselt number on the hot walls between the present study and Mostafa Mahmoodi [72], (Fig.6) 
(a) J=0, (b) J=0.1 for different Ra numbers and aspect ratios. 

 

Table 4. Percentage of increase in the average Nusselt number for J=0, J=0.1, different Ra numbers and aspect ratios. 

AR Ra 
∆LMN =Percentage of increase in the average Nusselt 
number by changing boundary conditions for pure 

fluid (water) J=0 

∆LMON =Percentage of increase in the average 
Nusselt number by changing boundary conditions 

for nanofluid (Cu/���) with J=0.1 

∆LMON − ∆LMN 

∆LMN 
× 100 

AR=0.2 

10� 22.63% 21.57% -4.68 

10
 27.72% 27.12% -2.16 

10� 27.40% 35.39% 29.16 

10� 29.87% 46.28% 54.93 

AR=0.4 

10� 66.33% 65.04% -1.94 

10
 65.75% 77.39% 17.70 

10� 44.63% 73.17% 63.94 

10� 44.35% 59.63% 34.45 

AR=0.6 

10� 143.36% 145.86% 1.74 

10
 103.96% 144.41% 38.91 

10� 107.55% 141.13% 31.22 

10� 150.54% 186.92% 24.16 
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Fig. 18. Complex geometries for future studies in electronic cooling device 

Fig. 17 demonstrates the effect of boundary conditions, by comparison, current work, and study of Mahmoodi [72], (Fig. 6) for 
base fluid (water) and Cu/��� nanofluid with J=0.1. It is evident that the heat transfer enhanced for all values of the parameters 
considered when the boundary conditions have changed the end of the L-shaped cavity from the fixed wall with an adiabatic 
boundary condition to open boundary conditions. The maximum and minimum percentage increment average Nusselt number 
obtained for pure fluid (J=0) by 150.54% and 22.63% for enclosure with AR=0.6 at Ra=10� and AR=0.2 at Ra=10�, respectively. But 
for nanofluid (J=0.1) maximum and minimum percentage enhancement average Nusselt number by 186.92% and 21.57% for the 
cavity with AR=0.6 at Ra=10� and AR=0.2 at Ra=10�, respectively. So it can be concluded that the efficacy of changing the boundary 
conditions on increment the heat transfer is higher by increasing the aspect ratio from 0.2 to 0.6. 

Table 4 shows the effect of changing boundary conditions on the rate of heat transfer, by calculation percentage of increases 
in the average Nusselt number between the present study, and Mahmoodi [72], (Fig. φ φ6) for =0, =0.1 for different Ra numbers and 
aspect ratios. It is seen from Table 4. that for Ra numbers 10� and 10
 with AR=0.2 and also Ra=10� with AR=0.4, the rate of 
increases heat transfer for the nanofluid is lower than for pure fluid when changing the boundary conditions, but for other cases, 
the opposite behavior can be seen. The greatest effect of changing boundary conditions and adding Cu nanoparticles to pure fluid 
(water) on increasing heat transfer is observed for the cavity aspect ratio 0.2, 0.4, and 0.6 in Ra numbers 10� (54.93%), 10� (63.94%), 
and 10
 (38.91%) respectively. Therefore, the results of the present study can be used to increases cooling in order to the optimal 
design of various equipment in industries. 
   Finally, a correlation for the mean Nusselt number for each aspect ratio of open-ended L-shaped enclosure with variable 
parameters, Ra number, and the volume fraction of the nanoparticles was obtained as the following formula: 
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5. Conclusion 

In this work, laminar natural convection thermal flow and heat transfer of Cu/��� nanofluid in open-ended L-shaped cavities 
were simulated by LBM. The effects of various important parameters like Rayleigh number, the volume concentration of the Cu 
nanoparticles, and various aspect ratios on the stream function, velocity, and heat transfer specifications have been studied and 
also, the effect of changing the boundary conditions, at the end of the L-shaped cavity on the heat transfer rate has been 
investigated and the following outcomes were achieved. 

i. The mean Nusselt number increases with raising Rayleigh number and volume concentration of the nanoparticles for all 
values of the aspect ratios. 

ii. The maximum effect of adding nanoparticles on increasing heat transfer for Ra=10� with AR=0.4 (32.76%) observed. 
iii. With increasing aspect ratios, the transition point from conduction to convection thermal flow happens in lower 

Rayleigh numbers.  
iv. At Ra=10� and 10
 with increasing aspect ratio, the rate of heat transfer reduces regardless of the concentration of the 

nanoparticles. Moreover at Ra=10� cavity with AR=0.2 and AR=0.4 minimum and maximum rate of heat transfer occur 
respectively, But at Ra=10� cavity with aspect ratios of 0.4 and 0.2 minimum and maximum rate of heat transfer 
happens respectively.  

v. The maximum changes in heat transfer enhancement in Ra=10� by 76.6% with decreasing the aspect ratio of the cavity 
from 0.4 to 0.2 occur. 

vi. The heat transfer enhanced (maximum 186.92%) for all values of the parameters considered when the boundary 
conditions have changed the end of the L-shaped cavity from the fixed wall with an adiabatic boundary condition to 
open boundary conditions. 
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6. Future work 

Some suggestions for the future studies can be considered as follows: 
i. Investigation of free convection heat transfer in other geometries with more complex patterns and curved corners (Fig. 

18) and using fins in internal and external sections in order to increase the cooling efficiency in various industries, 
especially electronic cooling equipment.  

ii. Investigation of different types of single and hybrids nanoparticles and various base fluids for nanofluid. 
iii. To consider new nanofluid models and new experimental models to obtain the thermophysical properties of nanofluid. 
iv. Examination of the effect of the magnetic field and porous media on fluid flow and heat transfer. 
v. To consider different boundary conditions for walls such as; constant and variable thermal flux, variable temperature 

distribution. 
vi. Three-dimensional natural convection simulation using dual multiple relaxation time lattice Boltzmann method in the 

curve and asymmetric geometries. 
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