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Abstract. In this paper, we numerically solve the equations for hydromagnetic nanofluid flow past semi-infinite parallel plates 
where thermal radiation and a chemical reaction are assumed to be present and significant. The objective is to give insights on 
the important mechanisms that influence the flow of an electrically conducting nanofluid between parallel plates, subject to a 
homogeneous chemical reaction and thermal radiation. These flows have great significance in industrial and engineering 
applications. The reduced nonlinear model equations are solved using a Newton based spectral quasilinearization method. The 
accuracy and convergence of the method is established using error analysis. The changes in the fluid properties with various 
parameters of interest is demonstrated and discussed. The spectral quasilinearization method was found to be rapidly 
convergent and accuracy is shown through the computation of solution errors.  

Keywords: Cattaneo-Christov; Hydromagnetic flow; Quasilinearization; Chebyshev spectral collocation; Gauss Lobatto grid points. 

1. Introduction 

A nanofluid consists of a base fluid such as water, kerosene, oil or ethylene glycol and suspensions of nanometer sized 
particles of average size less than 100�� [45]. The nanoparticles are usually metals or metal oxides with higher thermal 
conductivities than base fluids. The minute size of nanoparticles has the desirable effect of increasing the surface area, which 
results in increased thermal conductivity of the fluid. Nanoparticles also play the valuable role of improving the viscosity and 
diffusivity of the base fluid. Nanofluids have important applications in the cooling of heat engines and microsystems, space 
vehicles, nanomedicine, materials processing, etc. [16]. For this reason, research studies on the rheology of nanofluids has 
increased on a massive scale in the last few years. 

Recently, Muhammad et al. [32] presented a study of bioconvection in the flow of a Carreau nanofluid containing micro-
organisms over a wedge. A study using spherical gold (Au) nanoparticles was given by Quresh et al. [38]. Muhammad et al. [35] 
presented a Darcy-Forcheimer revised model for a nanofluid flow with convective boundary conditions. Sithole et al. [43] 
discussed the flow of a couple stress nanofluid in a magneto-porous medium while accounting for a chemical reaction and 
thermal radiation while Pal and Mondal [17] studied the unsteady natural convective MHD boundary-layer flow with a chemical 
reaction. Sandeep and Sulochana [32] studied the flow of Jeffrey, Maxwell and Oldroyd-B nanofluids with a non-uniform heat 
source or sink.  

Magnetohydrodynamics (MHD) is concerned with the study of electrically conducting fluids. This category of flows finds 
applications in, inter alia, MHD generators, micro MHD pumps, drug delivery, etc. The effects of a magnetic field on different 
characteristics of electrically conducting fluids have been discussed by, among others, Pal and Mondal [27] and Takhar et al. [47]. 
Chamkha et al. [4] studied MHD mixed convection flow in a vertical channel. Other studies on MHD flow can be found in 
Chamkha [4, 6], Patil et al. [18], Pal and Mondal [37], Mondal et al. [26-28] and many others. Research has shown that in wire 
drawing, subjecting an electrically conducting fluid to a transverse magnetic field may be used to control the rate of stretching 
and cooling to achieve desirable properties of the finished product [17]. 
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Gorla and Chamkha [16] investigated convection in flow past a vertical plate in a porous medium saturated with a nanofluid. 
Reddy et al. [40] investigated nanofluid flow past a flat plate in a porous medium. They reported that the shape of nanoparticles 
has a marked effect on the rate of heat transfer. Mondal and Sibanda [29] studied entropy generation in Sakiadis nanofluid flow. 
Their study revealed that entropy generation rises in tandem with increased Reynolds numbers. 

MHD viscous nanofluid flow between parallel plates has of late received considerable attention from researchers due to their 
wide application in science and industry. Such flows occur in food processing industries, polymer manufacturing industries, 
lubricating machines, hydro-dynamical equipment among many other areas. The pioneering study on such flows was done by 
Stefan [46].  

A study of unsteady squeezing flow and heat transfer in flow between parallel plates was presented by Mustafa et al. [35]. 
They observed that the Nusselt number diminishes with the radiation parameter and the Hartmann number but appreciates with 
increases in the squeeze number and the Eckert number. A squeezing flow of a third grade fluid was investigated by Shafiq et al. 
[42] while Das and Mohammed [8] investigated unsteady squeezing flow subjected to a magnetic field. Dib et al. [10] obtained 
analytical solutions of the equations that model unsteady squeezing nanofluid flow using the Duan-Rach Approach. Sobamowo 
and Akinshilo [44] investigated double diffusive magnetohydrodynamic squeezing nanofluid flow passing two parallel disks with 
temperature jump and slip boundary conditions using the homotopy perturbation method.  

Lately, many researchers have used the Cattaneo-Christov model in place of some classical models in the study of heat 
transport problems. In these models heat transfer between two objects is due to a temperature gradient existing between the 
objects. However, it has been noted that Fourier’s law has some inadequacies in fully accounting for the characteristics of heat 
transfer.  

Hayat et al. [20] and Farooq et al. [15] analyzed models based on Christov heat and mass fluxes in a porous media. Hayat et al. 
[19] interrogated stretching surface in Christov heat flux. Additional literature on the Cattaneo-Christov model can be found in 
Hayat [20-21], Mondal and Sibanda [29], Oyelakin [36] and Dogonchi and Ganji [13]. 

The objective of this work is to determine the characteristics of nanofluid flow and heat transfer using the Christov heat flux 
law and to solve the transport equations the spectral quasilinearization method (SQLM). The SQLM is an iterative Newton-based 
method in which nonlinear terms in a differential equation are linearized using a Taylor series expansion. In the last decade, 
many studies have been published where the SQLM was used to solve boundary value problems in fluid dynamics. This trend is 
attributed to the fact that the SQLM has been found to be robust and efficient. Indeed, it leads to faster convergence in 
comparison with many other numerical methods such as the finite difference method, Runge-Kutta method and so on [[30, 43]. 
Other recent studies that used the SQLM include papers by Alharbey et al. [1], Magodora et al. [24], Motsa et al. [31], and Pal et al. 
[37]. 

In Section 2, we describe the configuration and give the equations that model the flow and the associated boundary 
conditions for the squeezing flow. In section 3 the steps followed in applying the SQLM to solve model equations are given. The 
results are discussed in section 4 with comparisons to previously published literature. The convergence analysis of the SQLM is 
given to justify its use and give confidence to the findings in the study. Methods that give a fast rate of convergence are 
important in saving computer memory, time and precision. The choices of parameter values used is informed by literature and a 
consideration of engineering and industrial applications.  

2. Mathematical Formulation 

 The two-dimensional incompressible Cattaneo-Christov heat flux model between infinite parallel plates saturated with a 
nanofluid is considered. The parallel plates are placed at 0.5( ) (1 )H t l tα± =± −  where l is the position at t = 0 and α  is the squeezing 
parameter with dimensions of 1/[time]. For the values of 0α>  , the parallel plates are squeezed with velocity ( ) /v t dH dt=  at 

1 /t α= , while for 0t < , the plates are pulled apart 1 0( ) / (1 ),K t k tα= − . The nanofluid is assumed to be Newtonian. A 
homogeneous reaction and the base fluid, having the time-dependent reaction rate, is assumed while a time-dependent 
magnetic field 0.5

0( ) (1 )B t B tα −= −  is applied across the two parallel plates [13, 35]. The slip velocity is assumed to be negligible. 
Copper nanoparticles are suspended in water which is the base fluid. The thermal and physical properties of these nanofluids are 
shown in Table 1. The orientations of the �-axis and the �-axis appear in Fig. 1. The velocity components u and v are oriented in x 
and y directions, respectively. A heat source is placed between plates as depicted on Fig. 1. In tandem with the above 
assumptions the model equations for mass conservation, linear momentum conservation, energy conservation and mass 
diffusion are given as:  

0
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Fig. 1. Flow configuration 

 
where DT is the thermophoretic diffusion, DB is the Brownian diffusion, p is the pressure of nanofluid, k0 is the uniform reaction 
rate, B0 is the uniform magnetic field, qr is the radiative heat flux and: 

2 2 2 2 2 2
2 2

2 2 2
. 2 2 2 .
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 (6) 

The dynamic viscosity is calculated from the Brinkman model [14] as: 

2.5(1 )
f

nf

µ
µ

ϕ
=

−
 (7) 

The other properties of nanofluid are defined as in Rashidi et al. [39]:  
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The boundary conditions for the model are (refer to Dogonchi and Ganji [13] and Mustafa et al. [35]):  
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u v v T T C C y H t

dt
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 (11) 

where wv denotes velocity at the plate surface. By the Roseland approximation, the radiative index rq  is taken as 
* * 44 / 3 ( / )r nfq k T yσ=− ∂ ∂  and 4 3 44 3 .T T T T∞ ∞= −  This implies that * 3 */ (16 / 3)( / ) / ,r nfq y T k T yσ ∞∂ ∂ =− ∂ ∂  hence (4) becomes: 
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Let � denote the stream function such that /u yψ= ∂ ∂  and /v xψ=−∂ ∂ , we introduce the following dimensionless variables: 

, ( ) , '( ), ( ), ( ) ,
2(1 )1 2 1H H

y lT x C
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T t Cl t t
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αα α
= = = =− =
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Upon effecting the above similarity variables, the model equations and their associated boundary conditions transform to: 
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Table 1. Material properties of base fluid and nanoparticles. 

Property Water (base fluid) Copper (nanoparticles) 

Density, ρ ( 3kgm− ) 

Specific heat capacity,  Cp ( )1 1Jkg K− −  

Thermal conductivity, ( )1 1Wm Kκ
− −  

997.1 

4179 

0.613 

893.3 

385 

401 

 

where 1 1 2 2 2 1 3 4 2 4/ , 1 / , Pr / (3 / (3 4)), ( / )(3 / (3 4)).sA A A SA A N N H A N Nα α β β= = = + = +  The dimensionless constants iA  for i = 1, 

2, 3, 4 are defined as 1 2 3 4/ , / , ( ) / ( ) and / .p pnf f nf f nf f nf fA A A C C A k kρ ρ µ µ ρ ρ= = = = Here Pr is the Prandtl number, Sc the Schmidt 

number, S the squeeze number, ζ  is the chemical reaction parameter, Hs the heat source parameter, M the magnetic parameter, 

N the radiation parameter, γ  the reaction parameter are defined as: 
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Physical properties of scientific and engineering interest are the skin friction Cf, the Nusselt number Nuf and the Sherwood 
number Shf are defined by: 
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They are deduced from eq. (13) and eq. (19) as: 

2 ''(1),fC A f= ,    4

3 4
3
N
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N

 + =   
, 1 '(1).t gα− =−   (20) 

3. Method of Solution 

The method of quasilinearization is used to linearize the nonlinear ordinary differential eq. (14)-(16). Details of this method 
can be found in Bellman and Kalaba [2]. The iterative scheme that is obtained from applying quasilinearization is: 
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where the subscript r denote the previous approximation while the r+1 denotes the current iteration. Further discussion of the 
quasilinearization method can be found in Magodora et al. [24], Motsa et al. [30], Mondal and Bharti [28] and Mondal and Sibanda 
[29].  

The next step in using the SQLM is to apply the spectral method to the linearized system eq. (23) - (25). Details of the spectral 
method can be found in Canuto et al. [3], Sithole et al. [43], Pal et al. [37] and Trefethen [48]. The domain of the problem is 

[0,1].η ∈  
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Fig. 2. The impact of squeeze parameter S on nanofluid velocity. Fig. 3. The impact of squeeze parameter S on temperature. 

  

Fig. 4. The impact of squeeze parameter S on concentration of diffusing 

species. 

Fig. 5. The impact of the radiation parameter N on temperature. 

  

Fig. 6. The impact of solid volume fraction φ  on temperature. Fig. 7. The impact of heat source parameter SH  on temperature of 

diffusing species. 
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To solve the system (22)-(24) with the spectral method, we convert the domain [0,1] to [ 1,1]zη ∈ ∈ −  by letting ( 1) / 2.zη = +  

For discretization, we use the Gauss-Lobatto grid points cos( / ) for 0, 1, 2,..., .i i N i Nη π= =  The derivatives at the Gauss-Lobatto 

nodes are calculated as 
0

/ ( )
i

N

n n wiww
df d D f

η
η η

=
=∑ , where D is the Chebyshev differential matrix and ( ) ( ) / .n w wiw iD f d dη τ η η=  Higher 

order derivatives are defined as /
i

p p p
n nd f d D Fηη =  where 0 10

( ) and [ ( ), ( ),.... ( )]
Np p T

n n w n n n n Niww
D F D f F f f fη

η η η η
=

= =∑  and T denotes 

transpose of the matrix. 

 The following initial guesses are chosen in such a way that they satisfy the boundary conditions 

3 2 21 3
, , .

2 2
r and gη η θ η η=− + = =   

Applying spectral method to system (21)-(23) yields  

11 1 12 1 13 1 1r r rA f A A g Rθ+ + ++ + =  (30) 

21 1 22 1 23 1 2r r rA f A A g Rθ+ + ++ + =  (31) 

31 1 32 1 33 1 3r r rA f A A g Rθ+ + ++ + =  (32) 

The boundary conditions for , ,f gθ  and their derivatives are imposed on the first row, second row, second last row or last 
row of the square matrices 11 22,A A  and 33A  as illustrated by Sithole et al. [43]. The linear system AY=R is then solved using 
MATLAB code where  

11 12 13

21 22 23 1 1 1 1 2 3

31 32 33

, [ ] , [ ]T T
r r r

A A A

A A A A Y f g R R R R

A A A

θ+ + +

    = = =     

 (33) 

4. Results and Discussion 

The study used the spectral quasilinearization method to investigate the momentum, thermal and concentration properties 
of a hydromagnetic flow of copper nanofluid between parallel plates in the presence of a homogeneous chemical reaction and 
thermal radiation. The validity of our methodology and accuracy of results is demonstrated in Table 2 by comparison with 
previously published results. Excellent agreement is observed. 

To show the convergence of the numerical scheme, we computed the solution errors in , ,f gθ  respectively. The solution 
errors give the differences between successive iterations, as defined by the norms above. The solution errors are shown in Figs. 
13-15 and it is observed that they all reduce, to the order of 10-12 after a few iterations, thereby demonstrating fast convergence of 
the numerical scheme.  

The different profiles when the parameters , , , , , , andSS M N H Scϕ γ ζ are varied are shown in Figs. 2-11. For the purpose of our 
numerical simulation we have used the values of 1, 1, 0.01, Pr 1, 1, 0.1, 1, 0.1 and 1SS M Sc N Hϕ γ ζ= = = = = = = = = unless 
otherwise stated. When a particular parameter is varied, all other parameters are taken to be constant. 

  

Fig. 8. The impact of the relaxation parameter γ  on temperature. Fig. 9. The impact of magnetic parameter M on temperature. 
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Fig. 10. The impact magnetic parameter M on velocity. Fig. 11. The impact of the Schmidt number Sc on concentration. 

  

Fig. 12. The impact of chemical reaction parameter ζ on concentration. Fig. 13. Solution error for f when 0.3, 0.01, 0.1, 1S M Sc=− = = =φ and 

1.=ζ  

Figs. 2-4 indicate the influence of the squeezing parameter S, on the various profiles. A downward variation of the squeezing 
parameter is associated with increased momentum and thermal boundary layers, while the opposite is true for the concentration 
boundary layer. We considered only negative values of S which correspond to squeezing flow where the plates move towards 
each other. This action squeezes out the nanofluid and enhances the fluid velocity. Coupled with a greater surface area of the 
nanoparticles, increased velocity implies enhanced kinetic energy of the nanofluid. This in turn leads to higher thermal 
conductivity in the nanofluid, hence the increased temperature profiles. It is also apparent that the increased reaction rate 
causes the species diffusion to reduce significantly due to enhanced velocity and temperature of nanofluid. 

The influence of the radiation parameter N on the temperature profiles is shown in Fig. 5 where an increase in radiation leads 
to an increase in the temperature. As expected, this rise in the temperature increases the Nusselt number as shown in Table 3. It 
is assumed there is no velocity slip, and as a consequence, Fig. 6 shows that an increase in the volume fraction ϕ , reduces the 
fluid temperature profiles. The volume fraction is the volumetric concentration of the nanoparticles in the base fluid. Such a 
relationship between the volume fraction and the temperature were also obtained by Dongonchi et al. [8]. 

The temperature profiles when heat source parameter Hs is varied, is illustrated in Fig. 7. It is observed, as would be expected, 
that the temperature increases with the heat source parameter. The physical interpretation of this scenario is that an increased 
heat source parameter implies increased heat energy being released into the flow, thereby enhancing the thermal boundary layer 
thickness. 

Figure 8 shows the impact of different values of the relaxation parameter γ , where an increase in γ  is accompanied by a 
diminished thermal boundary layer hence a reduced temperature profile. Figures 9 and 10 show the impact of the magnetic 
parameter on the thermal and momentum profiles respectively. An increased magnetic field reduces the thermal and 
momentum boundary layers. Strengthening the magnetic field normal to the flow causes the rise of a Lorenz force, which 
opposes the flow of the electrically conducting nanofluid.  
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Table 2. Comparison of skin friction coefficient and local Sherwood number values as squeeze parameter S varies at �=1 and when 

1, Pr 1, 0.01, 0,SSc H= = = =φ . 

S 
''(1)f−  '(1)g  

Mustafa et al. [35] Dogonchi and Ganji [11] Present Result Mustafa et al.[35] Present Results 

2 4.1673389 4.167041 4.1673892 0.7018132 0.7018132 

0.5 3.336449 3.336449 3.3364495 0.7442243 0.7442243 

0.01 3.007134 3.007133 3.0071338 0.7612252 0.7612252 

-0.5 2.614038 2.617403 2.6174038 0.7814023 0.7814023 

-1 2.170090 2.170090 2.1700909 0.8045580 0.8045588 

 
Table 3. Effects of certain parameters on skin friction coefficient, local Nusselt and Sherwood numbers. 

 

 
 

 

 

 

 

 

 

 
 

Fig. 14. Solution error for θ  when 0.3, 0.01, 0.1, 1S M Sc=− = = =φ and 

1.=ζ  

Fig. 15. Solution error for g when 0.3, 0.01, 0.1, 1,S M Sc=− = = =φ

and 1.=ζ  

The effect of different values of Schmidt number on the species concentration profiles is shown in Fig. 11. The Schmidt 
number is a ratio of mass diffusion to momentum diffusion. It is noted that reduced molecular activity occurs due to increased 
Schmidt number. The influence of the chemical reaction parameter ζ  on the species concentration is portrayed in Fig. 12. It is 
noticeable that an increased chemical reaction parameter leads to increased chemical reaction, which consequently leads to 
decreased concentration of the diffusing species, as expected. Table 3 shows the effects of varying the parameter 

, , , , andSS M Hϕ γ ζ on ''(1), '(1) and '(1).f gθ−  It is apparent that an increase in the magnetic parameter M is associated with a 
decrease in '(1) '(1)and gθ  but is accompanied by an increase in ''(1)f− . 

5. Conclusion 

 The study considered heat and mass transfer in an electrically conducting nanofluid between parallel plates with radiation, 
homogeneous chemical reaction and a magnetic field that is transverse to the flow. The model equations were solved 
numerically using the spectral quasilinearization method. The accuracy of the method was shown through convergence analysis 
and by comparing current results with published results in the literature, excellent agreement was established. This study 
illustrates the efficiency and precision of the spectral quasilinearization method in solving nonlinear flow problems. The impact 
of the Schmidt number Sc, the relaxation parameter γ , the squeeze parameter S, the solid volume fraction ϕ , the radiation 
parameter N, the heat source parameter HS, the magnetic parameter M and the chemical reaction parameter ζ  on the skin 
friction coefficient, Nusselt number, Sherwood number, velocity, temperature and concentration profiles was examined and the 
results discussed in detail. Highlights of the results from the study are that: 

Parameter Value ''(1)f−  '(1)−θ  '(1)g  

φ  
0 2.4244886 0.0595669 0.8030504 

0.01 2.3706990 0.0565725 0.8033708 

S 
-0.4 2.8912768 0.0465793 0.7768018 

-0.6 2.7288755 0.0494688 0.7850880 

γ  
0.1 2.3706990 0.0565725 0.8033708 

0.2 2.3706990 0.0540696 0.8033708 

M 
0 2.1179478 0.0572280 0.8048802 

2 2.6048013 0.0559913 0.8048802 

HS 
0.1 2.3706990 0.0565725 0.8033708 

0.2 2.3706990 0.1153963 0.8033708 

ζ  
1 2.3706990 0.0565725 0.9205214 

1.2 2.3706990 0.0565725 1.1287782 
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1. An increase in the magnetic parameter leads to a decrease in the local Nusselt and Sherwood numbers but is accompanied 
by an increase in the skin friction coefficient.  
2. An increase in the volume fraction acts to reduce the Sherwood numbers.  
3. The temperature decreased with the relaxation parameter and increased with the heat source parameter. 
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Nomenclature 

Ai dimensionless constants, where i =1, 2, 3, 4 Sc Schmidt number 
B(t) variable magnetic field SQLM spectral quasilinearization method 
B0 uniform magnetic field T temperature (K) 
C concentration (mol/m3) TH temperature of plate (K) 
CH concentration at plate surface (mol/m3) �	 free stream temperature (K) 

	 free stream concentration (mol/m3) Greek letters 
Cp specific heat capacity (Jkg-1K-1) α  squeeze rate (s-1) 
DB Brownian diffusion η  dimensionless variable 
DT thermophoretic diffusion ρ  density (kgm-3) 
f dimensionless velocity ϕ  volume fraction of nanoparticles 
g dimensionless concentration Θ  dimensionless temperature 
Hs heat source parameter σ  electrical conductivity (��) 
k thermal conductivity (Wm-1K-1) *σ  Stefan-Boltzmann constant 

k0 uniform reaction rate µ  dynamic viscosity (Nsm-2) 
k* mean absorption coefficient  υ  kinematic viscosity (m2s-1) 

K1(t) time - dependent reaction rate γ  reaction parameter 

M magnetic parameter ζ  chemical reaction parameter 
N radiation parameter Subscripts 

Pr Prandtl number f  base fluid 

qr radiative heat flux nf  nanofluid 

S squeeze parameter   
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