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Abstract. This paper is focused to investigate the effects of nonlinear sources, including viscoelastic foundation and geometrical
nonlinearity along with the surface elasticity and residual surface stress effects on the primary frequency response of a
harmonically excited nanoscale Bernoulli-Euler beam. Due to large surface-area-to-volume ratio, the theory of surface elasticity
as well as residual surface stress effects are taken into account within the beam models. The Galerkin approach accompanied by
trigonometric shape functions is utilized to reduce the governing PDEs of the system to ODEs. The multiple scales perturbation
method theory is applied to compute the nonlinear frequency response of nanobeam. The effects of linear and nonlinear
viscoelastic damping coefficient of the medium, crystallographic directions of [100] and [111] of anodic alumina, geometrical
nonlinear term and geometrical property on the nonlinear primary frequency response of nanoscale beam are investigated. The
results show that theses parameters have a significant effect on the nonlinear frequency response of nanobeams in the case of
primary resonance.
Keywords: Self-Sustaining Nanobeam, Primary Resonance, Surface Elasticity, Viscoelastic Medium, Crystallographic Directions.

1. Introduction
In recent decades, many research efforts have been conducted on the perception of the dynamical behavior of micro- and
nano-sized structures on account of their superior physical properties. Among them, microbeams have remarkable applications,
such as high precision measurement devices, Micro-Electro-Mechanical Systems (MEMS) transducers, chemical and biological
sensors. Since performing controlled experiments at the nanoscale is very difficult and prohibitively expensive, the development
of theoretical tools for modeling nanostructured materials has attracted the attention of many researchers. Two main categories
of theoretical tools including atomistic approaches and continuum mechanics approaches were employed to investigate the
bending, buckling and vibrational behaviors of nanobeams. The linear and nonlinear vibration analysis of nanobeams was carried
out in time and frequency domains. Many vibrational phenomena can be detected only in nonlinear approaches such as; chaotic
vibration, bifurcation of Poincare map, continuous power spectrum, irregular phase plan, backward and forward jumping in
primary and secondary frequency response, dependency of natural frequency to amplitude. Accordingly, many investigations
were focused to study the effect of mechanical and geometrical nonlinear sources on the vibrational behavior of nanobeams.
Many researches were employed different tools including bifurcation diagrams, largest Lyapunov exponents, Melnikov method,
etc. to detect the chaotic parameter of nanoscale structure [1-13]. Ge and Yi [1] implemented a method for the approximation of
the fractional derivative to study the chaotic vibration of a nonlinear damped Mathieu and nano resonator system. Using a
bifurcation diagram, Phase portrait, Poincaré section, and time history, Mayoof and Hawwa [2] investigated the chaotic conditions
of the carbon nanotubes (CNTs) with waviness along its axis. Patel and Joshi [9] investigated the nonlinear chaotic vibration of a
double-walled CNT-based mass sensor subjected to harmonic excitation using time response, Poincaré maps and Fast Fourier
transformation diagrams. The nonlinear chaotic characteristics of single-walled carbon nanotubes (SWCNTs) with different
boundary conditions were carried out by Hu et al. [11] by implementing the translational and rotational springs. The diagrams of
bifurcation were employed to detect the chaotic parameters. Ramezannejad Azarboni et al. [12] studied the chaotic vibration of a
harmonically excited curved SWCNT by implementing the bifurcation diagram and largest Lyapunov exponents. The chaotic and
periodic responses of CSWCNT were presented in phase portrait and Poincare map. Ramezannejad Azarboni and Edalatpanah [13]
investigated the thermomagnetic chaotic vibration of SWCNT subjected to harmonic excitation by considering the surface effects.
The amplitude and frequency of harmonic external load were selected as controlling parameters to detect the critical chaotic
values using a bifurcation diagram and the largest Lyapunov exponents. The dynamic behaviors of the system in the chaotic and
periodic regime were illustrated in time history, phase plane and Poincare map figures.
Another category of researches was focused to investigate the nonlinear dynamic response of nano stretchers in the
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frequency domain and the effect analysis of different mechanical and geometrical parameters on the behavior of nanostructures
[14-38]. Based on the Bernoulli–Euler beam model, Fu et al. [14] computed the nonlinear frequency of single- and double-walled
nanotubes by applying the incremental harmonic balance method (IHBM). The nonlinear frequency response of nanobeam with
the axial initial load under linear viscoelastic medium was studied by Wang and Li [16] based on the nonlocal continuum
Bernoulli–Euler beam theory. The effects of nonlocal parameter, axial initial load, number of modes, elastic term of Winkler
foundation and the geometrical parameter on the primary resonance of nanobeam were analyzed. El-Borgi et al. [17] investigated
the nonlinear free and forced vibration of functionally graded (FG) nanobeams under a nonlinear elastic medium. Applying the
variational Iteration Method (VIM) and the multiple scales time method, the effects of nonlocal coefficient, FG parameters and the
nonlinear coefficient of the elastic medium on the primary resonance or frequency response were studied. The nonlinear
dynamic behaviors of bistable micro/nano-electro-mechanical of an initially curved arch shaped MEMS resonator subjected to a
combined DC and AC electrostatic parallel plate field were investigated by Tajaddodianfar et al. [18]. Dai et al. [19] performed
numerically the nonlinear forced vibration of a cantilevered nanobeam by considering the surface elasticity effect. The influences
of positive and negative residual surface stress for different aspect ratios on the primary resonance response and occurrence of
jumping were analyzed. Based on the Euler Bernoulli beam model, Caruntu and Luo [20] carried out the frequency response of a
cantilevered SWCNT subjected to electrostatic force and viscoelastic foundation with nonlinear elastic terms. The effects of van
der Waals force, damping of foundation and frequency on the primary resonance of the voltage response of SWCNT were studied.
Sari [21] analyzed the thermomagnetic nonlinear frequency response of nanobeam under to nonlinear elastic medium in the case
of superharmonic resonance by employing the nonlocal Euler–Bernoulli beam theory. Applying the multiple scales method, the
effects of nonlocal parameter, thermomagnetic filed, and the nonlinear quadratic and cubic coefficient of elastic foundation on
the superharmonic resonance of SWCNT were studied. Ramezannejad Azarboni [22] analyzed the nonlinear frequency analysis of
SWCNT resting to linear viscoelastic medium under to axial thermomagnetic load and lateral external harmonic excitation in the
case of primary resonance. The effect of geometrical nonlinearity, thermomagnetic field, surface elasticity and residual stress
effects and different boundary conditions, including simply supported, clamped-clamped and simply supported-clamped at two
ends of nanobeam on the primary resonance were investigated.
So far, the vast majority of previously conducted researches on the nonlinear frequency analysis have been limited of CNTs
resting to the linear and nonlinear viscoelastic medium with nonlinear elastic terms. The main objective of this work is to
investigate the effects of nonlinear viscoelastic medium with nonlinear damping term along with the geometrical nonlinearity
due to large deformation, residual stress and surface elasticity, crystallographic directions of [100] and [111] of anodic alumina,
and geometrical parameter on the primary resonance of nanobeam with a rectangular cross section. The Galerkin decomposition
method and multiple scale technique are implemented to compute the nonlinear primary frequency response of nanobeam. The
results show that the nonlinear damping term can be produced a closed curve domain in addition to an asymptotic curve domain
on nonlinear primary frequency response of nanobeams.

2. Governing equation
2.1 Surface elasticity and residual surface stress theory
Figure 1 shows a simply-supported nanobeam with a distributed elastic foundation. To describe governing equations, a
Cartesian reference coordinate ( x, y, z ) is attached at the center of the left side surface of the beam. Beam dimensions can be
represented by length L , width b , and thickness h , as shown in Figure 1, while its Young’s modulus, shear modulus, and mass
density are E, G and ρ respectively.
In micron and sub-micron scales, the mechanical properties of surface layers are not the same as those of bulk environment,
because of different local environment types experienced by atoms in bulk and those within near surface layers. In order to
consider the surface energy effects, it is presumed that upper and lower surfaces of the beam have identical surface elastic
modulus Es and constant residual surface stress τ . However, different loading schemes have been applied to model residual
surface stress as an external load. The Laplace-Young equation is utilized here to take the effect of residual surface stress into
account. The curvature tensor καβ of the surface can be related to the stress jump, denoted by 〈σij+ − σij− 〉 , through:
s
〈σij+ − σij− 〉nin j = σαβ
καβ

(1)

where σij+ and σij− (i, j = 1,2,3) denote the stress above and below the surface, respectively, ni and n j are the normal unit
s
vectors of the surface and σαβ
(α, β = 1,2) is the surface stress. Note that conventional Einstein’s summation rules apply to above
Latin and Greek indices. Eq. (1) implies that the residual surface stress acts on a deformed beam as a distributed load exerted on
the surface. The curvature of the bending beam can be considered as

Fig. 1. Schematic of nanobeam with rectangular cross section resting on nonlinear viscoelastic medium
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κ=

∂2 y
∂x 2

(2)

By substituting Eq. (2) into Eq. (1) and assuming that upper and lower residual surface stresses are denoted by τu and τ b
respectively, approximated distributed loads on two surfaces become.
Pu ( x ) = −τ u b

∂2 y
∂x 2

(3)

Pb ( x ) = −τ b b

∂2 y
∂x 2

(4)

Moreover, the distributed force acting on the beam by the nonlinear viscoelastic support can be described by
3

Pe ( x ) = −ky( x ) + CL

 ∂y( x ) 
∂y( x )
+ CN 

 ∂t 
∂t

(5)

where k, CL , CN are elastic constant, linear damping and nonlinear damping coefficient of the viscoelastic foundation and y( x ) is
transverse deflection of the beam at distance x from the reference origin. From the energy point of view, it should be noted that
in consequence of considering the effect of surface elasticity and existing the viscoelastic foundation, additional elastic strain
energy and damping energy terms arise in calculating the total potential energy of the system. Furthermore, the work of the
residual surface stress acting as an external distributed loading must be considered.

2.2 Bernoulli-Euler nanobeam
The von Karman strain for Euler Bernoulli beam can be considered;
2

εxx = −z

∂ 2 ym (x, t ) 1  ∂ym (x, t )

+ 
∂x 2
2  ∂x 

(6)

where ym ( x, t ) is the lateral deflection of the beam. According to constitutive relation, the strain energy is calculated as follows;
L

Ub =

1
2 ∫0

L


 σ ε dA = 1
 ∫ xx xx  2 ∫
 A

0

2
2
4
L 


 ∂ 2 y (x, t )
 ∂ 2 ym (x, t ) 
 ∂ym ( x, t )
1  ∂ym (x, t )   1  1

m
dx





+
dA
=
EA
+
EI



 ∫ σxx −z



 ∂x 
 
 ∂x 2
∂x 2
2  ∂x    2 ∫0  4
A







(7)

Considering the surface effect, a nanobeam can be modeled as three layered beams consisting of two surface layers (upper
and lower layers) and a bulk layer (core layer). The corresponding strain energy can be written as follows;
2
L 
 1
 2
 
* ∂ y m ( x, t )  
 dx
Ub = ∫  (EI ) 

2
2
 
 ∂x
0 



(8)

(EI) = EI + 2Esbh2

(9)

where
*

The kinetic energy of the beam can be indicated as:
T=

L 
1 

∫
2 0 ∫A


2
2
L

 ∂y (x, t )
 ∂y (x, t )
1
 dAdx = ∫ ρ A  m
 dx
ρ  m


2 0
 ∂t

 ∂t



(10)

Work done with surface stress forces can be written as:
L

WF = −∫ Fs ym (x, t )dx

(11)

0

where
Fs = −(τ u + τ b ) b

∂ 2 y m ( x, t )
∂x 2

(12)

Applying the Hamilton’s principle leads to
t2

δ ∫ (T − Ub + WF )dt = 0

(13)

t1

Considering the nonlinear viscoelastic foundation and the external harmonic excitation, the equation of motion of nanobeam
can be derived as;
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3

 ∂y (x, t )
∂ 4 y m ( x, t )
∂ 2 ym (x, t )
∂ y ( x, t )
∂ 2 ym (x, t )
 + ρ A
− (τ u + τ b ) b
+ kym (x, t ) + CL m
− CN  m
4
2
∂x
∂x
∂t
∂t 2
 ∂t

=

2
L
 2
EA   ∂ym (x, t )  ∂ ym ( x, t )
 dx
+ F cos ωt
 ∫ 

2L  0  ∂x   ∂x 2

(14)

For nanobeam with a simply supported boundary condition at two ends the polynomial admissible functions can be
implemented as
ym ( x, t ) = Ym (t )sin

mπ x
L

(15)

Substituting polynomial admissible functions for simply supported boundary conditions in the Eq. (14) and on can be derived
the ODEs respect to time by applying the Galerkin decomposition method over the length of nanobeam.
3
4
2
4



d2 Ym (t ) CL dYm (t )
 mπ 
1  mπ 
2
 Y (t ) − 3 CN  dYm (t ) + 1 E  mπ  Y 3 (t ) = F cos ωt

EI
2
E
bh
τ
τ
b
k
+
+
+
+
+
+
(
)





s
u
b
m
m
2

















dt
ρ A dt
ρ A  L
L
4 ρ A  dt 
4ρ L
ρA


(16)

The following dimensionless parameters can be employed to present a convenient format of ODE of vibration.
r=

I
Y
, um = m
A
r

(17)

The ODE of motion for nanobeam is derived as follows.
3

4
d2um (t ) CL dum (t )
3 CN r2  dum (t )
1 Er 2  mπ  3
F
 +
+
+ ω02um (t ) −
cos ωt

 um (t ) =

2




dt
ρ A dt
4 ρ A  dt 
4 ρ
L
ρA

(18)

4
2

 mπ 
1  mπ 
2
 EI + 2Es bh + 
 (τu + τb ) b + k



 L 
ρ A  L 


(19)

where

3. Applying the technique of multiple scale
In accordance with the multiple times scale technique, one can be rewritten Eq. (18) as:
3
ɺɺm + ω02um = −εη1uɺ m + εη2uɺ 3m − εη3um
u
+ η4 cos ωt

(20)

where
4

η1 =

CL
3 CN r 2
1 Er 2  mπ 
F
, η2 =
, η3 =
 , η4 =

ρA
4 ρA
4 ρ  L 
ρA

(21)

The frequency of excitation can be considered as ω ≈ ω0 to study the nonlinear primary resonance analysis of nanobeam.
Accordingly,
ω = ω0 + εσ

(22)

where σ is the detuning parameter which defines the nearness of linear natural frequency of nanobeam. Based on the
perturbation method of multiple scale, the following time scales are produced.
Ti = εit

i = 0,1,2,⋅⋅⋅

(23)

Applying the first and second derivatives with respect to t ,
d
dT ∂
dT ∂
= 0
+ 1
+ ⋅⋅⋅ = D0 + εD1 ⋅⋅⋅
dt
dt ∂T0
dt ∂T1

(24)

d2
= D02 + 2εD0 D1 + ε 2 (D12 + 2D0 D2 ) + ⋅⋅⋅
dt 2

(25)

Considering the nonlinearity of dynamic behavior of nanobeam and in order to apply the method of multiple times scale, the
following asymptotic expansions are assumed for the solution of nonlinear vibration of system.
u = u0 + εu1

(26)

η4 cos ωt = εη4 cos (ω0 T0 + σ T1 )

(27)

Subsequently, the excitation term is also written as

Substituting Eq. (22) through (27) into Eq. (20), the following equation is obtained.
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 D2 + 2εD D + ε 2 ( D2 + 2D D ) (u + εu ) + ω 2 (u + εu )
0 1
1
0 2 
0
1
0
0
1
 0
= −εη3 (u0 + εu1 ) − εη1 [ D0 + εD1 ](u0 + εu1 ) − εη2 [ D0 + εD1 ](u0 + εu1 ) + εη4 cos (ω0 T0 + σ T1 )
3

3

(28)

Equating same power of ε 0 and ε , the following equations are found.
D02u0 + ω02u0 = 0

(29)

D02u1 + ω02u1 = 2D0 D1u0 − η1 D0u0 − η2 (D0u0 ) − η3u03 + η 4 cos ω0 T0
3

(30)

The general solution of Eq. (29) can be stated as,
u0 = R (T1 ) exp(iω0 T0 ) + R (T1 ) exp (−iω0 T0 )

(31)

where R (T1 ) is an unknown complex function and R (T1 ) is the complex conjugate R (T1 ) . Substituting Eq. (31) into Eq. (30) leads



dR
1
D02u1 + ω02u1 = − i 2ω0
+ ω0 η1 R − iη2 ω03 R2 R + 3η3 R2 R exp(iω0 T0 ) − η3 R3 exp (3iω0 T0 ) − iη2 R3 ω03 exp (3iω0 T0 ) + η 4 exp(iσ T1 ) + C.C


dT
2

1
 


(32)

where C.C stands for the complex conjugate terms. To investigate the non-resonance analysis of harmonically excited nanobeam,
the secular terms of Eq. (32) should be eliminated and the coefﬁcient of exp(iω0 T0 ) are set to be zero as;


dR
1
i 2ω0
+ ω0 η1 R − iη2 ω03 R2 R + 3η3 R2 R = + η4 exp (iσT1 )


2
dT1


(33)

The polar representation in the form of R = 0.5 a exp(iθ ) is applied to separate the real and imaginary parts of Eq. (33),
 1

da
1
1
η  sin γ
= − η1a + η2 ω02a3 + 
 2ω0 4 
2
8
dT1

(34)

 1

dγ
3
= σa −
η3a3 −
η  cos γ
 2ω0 4 
8ω0
dT1

(35)

where γ = σ T1 − θ . The steady state motion of nanobeam leads when da / dT1 and dγ / dT1 consequently,
 1

1
1
η1a − η2 ω02a3 = 
η 4  sin γ
2
8
 2ω0 

σa −

 1

3
η3a3 = 
η  cos γ
 2ω0 4 
8ω0

(36)

(37)

After some mathematical manipulations, the implicit expression of the primary resonance response of nanobeam can be
derived as follows.
2
2
2


   1


1
3
 1
2 3
η3a3   = 
η4 
 η1a − η2 ω0 a  + σa −
2
8
8ω0

   2ω0 



(38)

The Eq. (38) can be rewritten as follows;
2
2
 1

 λ a − 1 λ a3  + (σa − λ a3 )2  =  1 λ 
L
N
G
F
 2
  2 

8



(39)

where
λL = η1 ,λN = η2 ω02 , λG =

η3
η
, λF = 4
ω0
ω0

(40)

4. Results and discussion
Depending on the crystallographic structure, anodic alumina may possess positive or negative elastic constant and different
residual surface stresses. The material and geometric parameters of the nanobeams are taken to be E = 70G Pa, υ = 0.3,
ρ = 2700 kg m3 the length L = 15nm , the width b = 1nm , the height h = 0.5nm . The surface related properties of the anodic
alumina with crystallographic directions of [100] and [111] are Es = −7.9253 N m, τ = 0.5689 N m and Es = 5.1882 N m,
τ = 09108 N m , respectively.
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Fig. 2. Comparison of numerical and analytical results for validation

Fig. 3. Comparison of different parameter on the nonlinear frequency response of nanobeam

At first, Numerical simulations have been carried out for the nonlinear system to verify the reliability of the analytical results
as shown in figure 2 Solutions have been done by numerical integration via a fourth-order Runge-Kutta integration algorithm. As
depicted in figure 2 one can be observed a satisfactory accuracy between numerical results and the analytical results obtained in
this study.
Comparing the effects of crystallographic directions of [111] and [100], the nonlinearity of viscoelastic foundation, surface
elasticity and geometrical nonlinearity on the nonlinear primary resonance of simply supported Bernoulli-Euler nanobeam are
illustrated in Fig 3. Ignoring the nonlinear term of the viscoelastic medium, the frequency response of nanobeam consists of an
asymptotic curve with a horizontal axis without a closed curve domain λN = 0 . The second domain with a closed curve domain is
appeared by considering the nonlinearity of the viscoelastic medium. In this case, the nonlinear primary frequency response of
nanobeam includes two subdomains that are symmetric without geometrical nonlinearity, λG = 0 . The effect of geometrical
nonlinearity, λG ≠ 0 , is to bent the primary frequency response curve with two separate domains. Comparing the crystallographic
directions of [111] and [100] effects on the frequency response show that in the case of [100] the non-dimensional amplitude of
frequency is larger than of [111] ones. Moreover, neglecting the surface elasticity effect, the frequency response of nanobeam is
developed in both domains.
The influences of linear and nonlinear damping term, λL and λG , of viscoelastic foundation with and without considering the
geometrical nonlinearity of nanobeam with crystallographic direction of [111] is depicted in figure 4 to 7. For small values of
linear damping term, the frequency response of nanobeam has an asymptotic curve with a horizontal axis without a closed curve
domain. In increasing the λL , the second closed curve domain is appeared for a critical value of λL . As λL is increased further, the
second closed curve domain produces with an increasing amplitude of response as shown in figure 4. In the presence of
geometrical nonlinearity, λG , the forward frequency response of nanobeam in the case of primary resonance can be observed as
depicted in figure 6, but in the absence of λG the frequency response is symmetric. Similarly, the results can be observed by
changing the nonlinear damping term, λN , of viscoelastic foundation except that increasing of λN has a positive effect on the
elimination of development of multivalued frequency response of nanobeam as illustrated in Figures 6 and 7.
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Fig. 4. Effect of the linear parameter of viscoelastic foundation on nonlinear frequency response for [111] model without geometrical nonlinearity

Fig. 5. Effect of the linear parameter of viscoelastic foundation on nonlinear frequency response for [111] model with geometrical nonlinearity

Fig. 6. Effect of the nonlinear parameter of viscoelastic foundation on nonlinear frequency response for [111] model without geometrical
nonlinearity
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Fig. 7. Effect of the nonlinear parameter of viscoelastic foundation on nonlinear frequency response for [111] model without geometrical
nonlinearity

Fig. 8. Effect of change of cross section on nonlinear frequency response for [111] model without geometrical nonlinearity

Fig. 9. Effect of change of cross section on nonlinear frequency response for [111] model with geometrical nonlinearity
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The effect of the cross section area of nanobeam on the primary resonance response with and without geometrical
nonlinearity are presented in ﬁgures 8 and 9. As depicted in ﬁgures 8 and 9, on cam be concluded that by increasing the cross
section area the surface effect increase and the closed curve domain get constricted. Moreover, the amplitude of frequency
response is increased by increasing the cross section area. The symmetric and forward asymmetric behavior can be found in the
absence and presence of geometrical nonlinearity in ﬁgures 8 and 9, respectively.
The effect of length of nanobeam on the frequency response on nanobeam in the case of the primary resonance with and
without the nonlinear term of geometry are plotted in figures 10 and 11. Increasing in length has a negative sensitivity effect on
the frequency response of nanobeam because the closed curve domain of frequency response expands with multivalued
frequency response especially in the presence of geometrical nonlinearity as illustrated in ﬁgure 11.

Fig. 10. Effect of length of nanobeam on nonlinear frequency response for [111] model without geometrical nonlinearity

0.6

L = 10nm,

= 113.84 GHz, L = 0.2778, N = 17.993, F = 0.0244, G = 1.2837
= 91.26 GHz, L = 0.2778, N = 11.5679, F = 0.0304, G = 1.9965
L = 30nm, 0 = 74.53 GHz, L = 0.2778, N = 7.7145, F = 0.0373, G = 2.9937
L = 15nm,

0.5

0
0

L = 60nm, 0 = 69.72GHz, L = 0.2778, N = 6.7512, F = 0.0395, G = 3.4209

0.4

0.3

0.2

0.1

0
-0.3

-0.2

-0.1

0

Detuning parameter (

0.1

0.2

)

Fig. 11. Effect of length of nanobeam on nonlinear frequency response for [111] model with geometrical nonlinearity

5. Conclusion
In this study, the nonlinear nanoscale Bernoulli-Euler theory has been successfully applied to analyze the primary resonance
response of the self-sustaining nanobeam rested on a nonlinear viscoelastic foundation and subjected to harmonic lateral loads.
The surface elasticity and residual surface stress are considered to derive the governing equations of the system. Galerkin’s
method is used to transform the partial differential equations into the ordinary ones. The effects of linear and nonlinear damping
terms of foundation constant, crystallographic directions of anodic alumina of [100] and [111], geometrical nonlinearity and
geometrical parameters on the nonlinear primary resonance of nanobeam are investigated. Useful conclusions can be indicated
as follows:
1- The surrounding viscoelastic foundation has stabilizing effect on the frequency response characteristics of nanoscale
beams.
2- Due to increase of stiffness, the crystallographic direction of [111] is more stable than the crystallographic directions of
[100].
3- Ignoring the geometrical nonlinearity, the symmetric frequency responses are observed of nanobeam.
4- The forward asymmetric frequency response curves are found by considering the effect of geometrical nonlinearity.
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5- The nonlinear damping term produces a closed curve domain that is expanded by decreasing λN .
6- The cross section area and length of nanobeam have significant effects on the frequency response characteristics of
nanoscale beams in the case of primary resonance.
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Nomenclature
L

Length of nanobeam [nm]

καβ

Curvature tensor [ 1 m ]

h

Thickness of nonobeam [nm]

ni

Normal unit vector of the surface

b

Width of nanobeam [nm]

nj

Normal unit vector of the surface

E

Young’s modulus [Tpa]

G
ρ

Shear modulus [TPa]

Curvature of the bending beam [ 1 m ]
Ub

Strain energy [J]

Mass density [ kg m ]

A

Cross section area [ nm2 ]

Es

Surface elastic modulus [ N m ]

I

Moment of inertia [ kgm2 ]

τ

Constant residual surface stress [ N m ]

T

Kinetic energy [J]

σij+

Stress above surface [ N m2 ]

WF

Work done with surface stress forces [J]

σij−

Stress below the surface [ N m2 ]

F

Amplitude of external force [N]

s
σαβ

Surface stress [ N m2 ]

ω

Frequency of external force [ rad s ]

τu

Upper residual surface stress [ N m2 ]

Ym

Deflection of nanobeam [nm]

τb

Lower residual surface stress[ N m2 ]

η1

Non-dimensional parameter

Pu ( x )

Upper distributed loads [ N m ]

η2

Non-dimensional parameter

Pb ( x )

Lower distributed loads [ N m ]

η3

Non-dimensional parameter

Pe ( x )

Distributed force of support [ N m ]

η4

Non-dimensional parameter

CL

Linear damping of foundation [ Ns m2 ]

ω0

Natural frequency of nanobeam [ rad s ]

3

CN

Nonlinear damping of foundation [ Ns3 m ]

σ

Detuning parameter

k

Elastic constant of foundation [ N m2 ]

Ti

Time scale

εxx

von Karman strain

D0

Derivative operator

ym

Lateral deflection of beam [nm]

D1

Derivative operator

R (T1 )

Unknown complex function

D2

Derivative operator

R (T1 )

Unknown complex conjugate function

a

Amplitude of complex function

γ

Non-dimensional phase

θ

Phase of complex function

λL

Non-dimensional parameter

λN

Non-dimensional parameter

λG

Non-dimensional parameter

λF

Non-dimensional parameter

4

Journal of Applied and Computational Mechanics, Vol. 8, No. 4, (2022), 1196-1207

1206

Habib Ramezannejad Azarboni and Hamidreza Heidari, Vol. 8, No. 4, 2021

References
[1] Ge, Z.M., Yi, C.X., Chaos in a Nonlinear Damped Mathieu System, in a Nano Resonator System and in its Fractional Order Systems, Chaos, Solitons
& Fractals, 32(1), 2007, 42–61.
[2] Mayoof, F.N., Hawwa, M.A., Chaotic Behavior of a Curved Carbon Nanotube Under Harmonic Excitation, Chaos, Solitons & Fractals, 42(3), 2009, 1860–
7.
[3] Hawwa, M.A., Al-Qahtani, H.M., Nonlinear Oscillations of a Double-Walled Carbon Nanotube, Computational Materials Science, 48(1), 2010, 140–3.
[4] Joshi, A.Y., Sharma, S.C., Harsha, S.P., Chaotic Response Analysis of Single-Walled Carbon Nanotube Due to Surface Deviations, Nano, 7(02), 2012,
1250008.
[5] Hu, W., Deng, Z., Wang, B., Ouyang, H., Chaos in an Embedded Single-Walled Carbon Nanotube, Nonlinear Dynamics, 72(1-2), 2013, 389–98.
[6] Hu, W., Deng, Z., Chaos in Embedded Fluid-Conveying Single-Walled Carbon Nanotube Under Transverse Harmonic Load Series, Nonlinear
Dynamics, 79(1), 2015, 325–33.
[7] Tajaddodianfar, F., Hairi Yazdi, M.R., Pishkenari, H.N., On the Chaotic Vibrations of Electrostatically Actuated Arch Micro/Nano Resonators: A
Parametric Study, International Journal of Bifurcation & Chaos, 25(08), 2015, 1550106.
[8] Hu, K., Wang, Y.K., Dai, H.L., Wangm, L., Qian, Q., Nonlinear and Chaotic Vibrations of Cantilevered Micropipes Conveying Fluid Based on Modified
Couple Stress Theory, International Journal of Engineering Science, 105(1), 2016, 93–107.
[9] Patel, A.M., Joshi, A.Y., Modelling the Nonlinear Behavior of Double Walled Carbon Nanotube Based Resonator with Curvature Factors, Physica E:
Low-dimensional Systems and Nanostructures, 84(1), 2016, 98–107.
[10] Alemansour, H., Miandoab, E.M., Pishkenari, H.N., Effect of size on the chaotic behavior of nano resonators, Communications in Nonlinear Science
and Numerical Simulation, 44(1), 2017, 495–505.
[11] Hu, W., Song, M., Deng, Z., Zou, H., Wei, B., Chaotic Region of Elastically Restrained Single-Walled Carbon Nanotube, Chaos, 27(2), 2017, 23118.
[12] Azarboni, H.R., Rahimzadeh, M., Heidari, H., Keshavarzpour, H., Edalatpanah, S.A., Chaotic Dynamics and Primary Resonance Analysis of a
Curved Carbon Nanotube Considering Influence of Thermal and Magnetic Fields, Journal of the Brazilian Society of Mechanical Sciences and Engineering,
41(7), 2019, 746.
[13] Ramezannejad, H., Edalatpanah, S.A., Chaotic Vibrations of a Harmonically Excited Carbon Nanotube with Consideration of Thermomagnetic
Filed and Surface Effects, Proceedings of the Institution of Mechanical Engineers, Part C: Journal of Mechanical Engineering Science, 233(10), 2019, 3649–58.
[14] Fu, Y.M., Hong, J.W., Wang, X.Q., Analysis of Nonlinear Vibration for Embedded Carbon Nanotubes, Journal of Sound and Vibration, 296(4-5), 2006,
746–56.
[15] Ansari, R., Ramezannezhad, H., Nonlocal Timoshenko Beam Model for the Large-Amplitude Vibrations of Embedded Multiwalled Carbon
Nanotubes Including Thermal Effects, Physica E: Low-dimensional Systems and Nanostructures, 43(6), 2011, 1171–8.
[16] Wang, Y.Z., Li, F.M., Nonlinear Primary Resonance of Nano Beam with Axial Initial Load by Nonlocal Continuum Theory, International Journal of
Non-Linear Mechanics, 61, 2014, 74–9.
[17] El-Borgi, S., Fernandes, R., Reddy, J.N., Non-Local Free and Forced Vibrations of Graded Nanobeams Resting on a Non-Linear Elastic Foundation,
International Journal of Non-Linear Mechanics, 77(1), 2015, 348–63.
[18] Ouakad, H.M., Tajaddodianfar, F., Nejat Pishkenari, H., Maani Miandoab, E., Hairi Yazdi, M.R., Classification of the Nonlinear Dynamics in an
Initially Curved Bistable Micro/Nano-Electro-Mechanical System Resonator, Micro & Nano Letters, 10(10), 2015, 583–8.
[19] Dai, H.L., Zhao, D.M., Zou, J.J., Wang, L., Surface Effect on the Nonlinear Forced Vibration of Cantilevered Nanobeams, Physica E: Low-dimensional
Systems and Nanostructures, 80(1), 2016, 25–30.
[20] Caruntu, D.I., Le, L., Bifurcation and Pull-In Voltages of Primary Resonance of Electrostatically Actuated SWCNT Cantilevers to Include Van Der
Waals Effect, Meccanica, 52(4-5), 2017, 849–59.
[21] Sari, M., Superharmonic Resonance Analysis of Nonlocal Nano Beam Subjected to Axial Thermal and Magnetic Forces and Resting on a
Nonlinear Elastic Foundation, Microsystem Technologies, 23(8), 2018, 3319–30.
[22] Azarboni, H.R., Magneto-Thermal Primary Frequency Response Analysis Of Carbon Nanotube Considering Surface Effect Under Different
Boundary Conditions, Composites Part B: Engineering, 165(1), 2019, 435–41.
[23] Yang, Y., Wang, J., Yu, Y., Wave Propagation in Fluid-Filled Single-Walled Carbon Nanotube Based on the Nonlocal Strain Gradient Theory, Acta
Mechanica Solida Sinica, 31(1), 2018, 484-492.
[24] Ganapathi, M., Polit, O., A nonlocal higher-order model including thickness stretching effect for bending and buckling of curved nanobeams,
Applied Mathematical Modelling, 57(1), 2018, 121-141.
[25] Sarafraz, A., Sahmani, S., Aghdam, M. M., Nonlinear Secondary Resonance of Nanobeams Under Subharmonic and Superharmonic Excitations
Including Surface Free Energy Effects, Applied Mathematical Modelling, 66(1), 2019, 195-226.
[26] Zhang, D., Lei, Y., Shen, Z., Effect of Longitudinal Magnetic Field on Vibration Response of Double-Walled Carbon Nanotubes Embedded in
Viscoelastic Medium, Acta Mechanica Solida Sinica, 31(1), 2018, 187–206.
[27] Attia, M. A., Rahman, A. A. A., On Vibrations of Functionally Graded Viscoelastic Nanobeams with Surface Effects, International Journal
of Engineering Science, 127(1), 2018, 1-32.
[28] Rahmanian, S., Hosseini-Hashemi, SH., SoltanRezaee, M., Efficient Large Amplitude Primary Resonance in in-Extensional Nanocapacitors:
Nonlinear Mean Curvature Component, Nature, 9(1), 2019, 1-18.
[29] Ghasemi, H., Park, H. S., Rabczuk, T., A Multi-Material Level Set-Based Topology Optimization of Flexoelectric Composites, Computer Methods in
Applied Mechanics and Engineering, 332(1), 2018, 47-62.
[30] Nanthakumar, S. S., Zhuang, X., Park, H. S., Rabczuk, T., Topology Optimization of Flexoelectric Structures, Journal of the Mechanics and Physics of
Solids, 105(1), 2017, 217-234.
[31] Nanthakumar, S. S., Zhuang, X., Park, H. S., Rabczuk, T., Topology Optimization of Piezoelectric Nanostructures, Journal of the Mechanics and Physics
of Solids, 94(1), 2016, 316-335.
[32] Ouakad, H.M., Valipour, A., Żur, K.K., Sedighi, H.M., Reddy, J.M., On the Nonlinear Vibration and Static Deflection Problems of Actuated Hybrid
Nanotubes Based on the Stress-Driven Nonlocal Integral Elasticity, Mechanics of Materials, 148(1), 2020, 103532.
[33] Sedighi, H.M., Koochi, A., Daneshmand, F., Abadyan, M., Non-Linear Dynamic Instability of a Double-Sided Nano-Bridge Considering Centrifugal
Force and Rarefied Gas Flow, International Journal of Non-Linear Mechanics, 77(1), 2015, 96-106.
[34] Sedighi, H.M., Daneshmand, F., Nonlinear Transversely Vibrating Beams by the Homotopy Perturbation Method With an Auxiliary Term, Journal of
Applied and Computational Mechanics, 1(1), 2015, 1-9.
[35] Sedighi, H.M., Shirazi, K.H., Noghrehabadi, A.R., Yildirim, A., Asymptotic Investigation of Buckled Beam Nonlinear Vibration, Iranian Journal of
Science and Technology: Transactions of Mechanical Engineering, 36(M2), 2012, 107-116.
[36] Moory-Shirbani, M., Sedighi, H.M., Ouakad, H.M., Najar, F., Experimental And Mathematical Analysis of a Piezoelectrically Actuated Multilayered
Imperfect Microbeam Subjected to Applied Electric Potential, Composite Structures, 184(1), 2018, 950-960.
[37] Ouakad, H.M., Sedighi, H.M., Rippling Effect on the Structural Response of Electrostatically Actuated Single-Walled Carbon Nanotube Based
NEMS Actuators, International Journal of Non-Linear Mechanics, 87(1), 2016, 97-108.
[38] Ouakad, H.M., Sedighi, H.M., Static Response and Free Vibration of MEMS Arches Assuming Out-of-Plane Actuation Pattern, International Journal of
Non-Linear Mechanics, 110(1), 2019, 44-57.

ORCID iD
Habib Ramezannejad Azarboni
https://orcid.org/0000-0003-3468-3762
Hamidreza Heidari
https://orcid.org/0000-0001-7405-3218

Journal of Applied and Computational Mechanics, Vol. 8, No. 4, (2022), 1196-1207

Nonlinear Primary Frequency Response Analysis of Self-Sustaining Nanobeam

1207

© 2022 Shahid Chamran University of Ahvaz, Ahvaz, Iran. This article is an open access article distributed under
the terms and conditions of the Creative Commons Attribution-NonCommercial 4.0 International (CC BY-NC 4.0
license) (http://creativecommons.org/licenses/by-nc/4.0/).

How to cite this article: Ramezannejad Azarboni H., Heidari H. Nonlinear Primary Frequency Response Analysis of SelfSustaining Nanobeam Considering Surface Elasticity, J. Appl. Comput. Mech., 8(4), 2022, 1196–1207.
https://doi.org/10.22055/JACM.2020.33977.2317
Publisher’s Note Shahid Chamran University of Ahvaz remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Journal of Applied and Computational Mechanics, Vol. 8, No. 4, (2022), 1196-1207

