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Abstract. In this paper, a new 8-node solid-shell finite element is proposed. The transverse shear strains and transverse normal 
strains of the element are separately interpolated and related to the C0-displacement approximation at tying points to overcome 
the shear- and trapezoidal-locking phenomena. From the bending strain approximation suggested for degenerated shell elements, 
the assumed bending strains for the solid-shell element are firstly established. The membrane strains of the element are 
smoothed on domains defined by dividing the middle surface's element into 1, 2, 3 or 4 sub-cells in accordance with the cell-
based strain smoothing (CS) technique. The formulations of the membrane stiffness matrices are explicitly integrated on the 
boundary lines of the smoothing sub-cells. The proposed CSn-Q8 element, in which n is the number of smoothing sub-cells, is 
verified through static analysis of several benchmark plate and shell problems. Numerical results show the improved 
performance of the CSn-Q8 element in comparison with other references. 

Keywords: plates and shells, 8-node solid-shell element, assumed bending strains, cell-based smoothed membrane strains. 

1. Introduction 

Plates and shells are some of the most suitable choices for structures which require the highest safety, convenience, and 
aesthetics. In fact, the plate and shell structures are popularly used in such many industries as civil, aerospace, shipping, and 
automobile engineering. Therefore, accurate computation of the plate and shells’ behaviors is necessary. 

Among many numerical methods that have been developed to solve the plate and shell structures, the finite element method 
(FEM) is the most popular and effective. The formulations of plate and shell finite elements are usually established by using the 
first-order shear deformation theory combined with locking-removal techniques to eliminate exaggerated strains. These plate 
and shell finite elements employ C0 continuous approximations of displacements and can analyze both thin and thick plate and 
shell structures. According to this approach, the formulations of plate and shell finite elements can be divided into 3 kinds: (1) flat 
shell, (2) degenerated continuum mechanics shell, and (3) solid-shell finite elements [1]. The flat shell and degenerated 
continuum mechanics shell finite elements predict the plates and shells' behaviors on their middle surfaces and require 
rotational displacements besides translational ones. Because of pure combination of membrane and plate finite elements, the flat 
shell finite elements cannot describe the interaction between the membrane and bending behaviors. To overcome this 
shortcoming, the degenerated continuum mechanics shell finite elements are constructed from the 3-dimensional elastic 
deformation theory constrained by zero normal strains in the directions perpendicular to the middle surfaces of the elements. In 
contrast, the formulations of the solid-shell finite elements are completely derived from the 3-dimensional elastic deformation 
theory and consider changes of the strains through the shells' thickness. As a result, the solid-shell finite elements only have 
translational displacements and can be easily combined with other types of finite elements.  

Using displacement approximations based on the C0 shape functions, 8-node solid-shell elements are the simplest ones. 
However, the transverse shear strains of the elements purely derived from the C0 displacement approximations cannot reduce to 
zero and lead to the shear-locking phenomenon when employed to analyze thin plates and shells. To attenuate the shear-locking 
phenomenon, the transverse shear strain fields are separately interpolated and connected to the displacement approximations at 
tying points. According to these approaches, many shear-locking removal techniques have been successfully developed such as 
the assumed natural strains (ANS) [2], enhanced assumed strains (EAS) [3], or mixed interpolation tensorial components (MITC) 
[4]. Furthermore, when largely curved shells are discretized by the 8-node solid-shell elements, the trapezoidal shapes of the 
elements cause additional normal strains in the thickness direction of the shells. This phenomenon is named the trapezoidal 
locking. Similar to the shear-locking removal techniques, the trapezoidal-locking phenomenon is also eliminated by interpolating 
the transverse normal strains through their values derived from the C0 displacement approximation at tying points [5]. The 8-
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node solid-shell elements which employ the shear- and trapezoidal-locking removal techniques have managed geometrically 
linear and nonlinear analyses of plate and shell structures [5–9]. 

In an effort to improve the convergence rate of 4-node quadrilateral degenerated shell finite elements, Choi and Paik [10] have 
proposed the approximations of the membrane strains from only translational displacements of nodes located on the middle 
surfaces. To the solid-shell elements, the displacements are approximated from the translational displacements of nodes located 
on the elements’ top and bottom surfaces, and the membrane and bending strains are obtained by derivatives of the 
displacement approximations. Then, Choi and Paik’s technique can be modified to interpolate the membrane and bending strains 
of the solid-shell elements. However, in the study of 6-node solid-shell elements, the membrane approximations based on the 
Choi and Paik’s suggestion are not effective because of low accuracy [11]. Therefore, in this work, Choi and Paik’s technique was 
applied to the bending strain approximations of the solid-shell elements to enhance bending behaviors of the plate and shell 
structures. 

Recently, the smoothed-FEM (S-FEM) [12] have been introduced to reduce the differences in strain fields between elements in 
discretized bodies. Such techniques based on edge-based (ES-), node-based (NS-), or cell-based (CS-) smoothing domains have 
been developed for plate and flat shell finite elements like MITC4, MITC3, DGS3, MIN3 ones. Numerical results show that owing to 
the smoothed strains, the accuracy and convergences of these elements are improved [13–18]. However, there are very few studies 
of applying the smoothing techniques to the solid-shell finite elements. Particularly, both membrane and bending strains in the 
resultant 8-node solid-shell finite elements have been smoothed on cell-based domains for geometrical linear analysis [19], or the 
6-node solid-shell elements have stiffness matrix determined on the edge-based smoothing domains for laminated shell 
structures [20]. 

As a result, a novel 8-node solid-shell finite element was proposed in this paper. Besides the conventional techniques to 
remove the shear- and trapezoidal-locking phenomena, the presented element had the bending strains independently 
interpolated and the membrane strains smoothed on cell-based domains. By using the divergence theorem, the membrane 
stiffness matrices were explicitly integrated on the boundary lines of the smoothing domains. The presented element is called the 
cell-based smoothed 8-node solid-shell finite element, or CSn-S8 element in which n = 1, 2, 3, 4 are number of sub-cell domains 
used in the element. 

In the next section, the formulation of the proposed solid-shell element is presented in detail. The convergence rate and 
accuracy of the presented element were evaluated by comparing with other reference elements in several benchmark plate and 
shell problems in Section 3. In the last section, some conclusions are drawn. 

2. A Cell-based Smoothed 8-node Solid-Shell Finite Element (CSn-S8) 

Consider a shell structure like a roof which is discretized by 8-node solid-shell elements as shown in Fig. 1. In the global 
Cartesian coordinate system OXYZ, coordinates X(X,Y,Z) of a point located in the solid-shell element can be determined by [6] 

t= +X X P  (1) 

in which, X is the coordinates of a point on the middle surface, P is half of the vector connecting the bottom surface to the top 
one of the element, and t is the axis normal to the middle surface of the parent coordinate system rst attached to the element. 

The coordinates X and P are approximated by 

4 4

1 1

;  I I I I
I I

N N
= =

= =∑ ∑X X P P  (2) 

with  

( )( ) ( )( ) ( )( ) ( )( )1 2 3 40.25 1 1 ;  0.25 1 1 ;  0.25 1 1 ;  0.25 1 1N r s N r s N r s N r s= − − = + − = + + = − +  (3) 

[ ] ( ) [ ] ( )1 1
  ;    

2 2
t b t b

I I I I I I I XI YI ZI I IX Y Z P P P= = + = = −X X X P X X  (4) 

where, t
IX and b

IX are respectively the nodal coordinates of the element's top and bottom surfaces as defined in Fig. 1. 
From eq. (2), the coordinates X in eq. (1) can be rewritten 
 

( )
4

1
I I I

I

N t
=

= +∑X X P  (5) 

  

(a) (b) 

Fig. 1. (a) Schematic configuration of the shell structure and (b) Definition of geometry and coordinates of an 8-node solid-shell element. 
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For convenience, a local coordinate system oxyz for each element is constructed from unit base vectors defined by 

 
    
; ;   r s r

z x y z

r s r

x= = =
×

×
×

R R R
R R R

R R R
RR  (6) 

in which, 

4

, , , ,0 0

4

1 1

;  r r I r s s I si it t
I I

N N
= =

= =

= = = =∑ ∑X X X XR R  (7) 

Note that in this paper, the derivative of a function with respect to a variable is denoted by a subscript comma.  
In the local coordinate system oxyz of the element, the displacements u = [uX uY uZ]T are determined by [6] 

t= +u u p  (8) 

herein, [ ]  T

X Y Zu u u=u is the displacements of the middle surface, and p is half of the vector connecting the displacements of the 

bottom nodes to the top ones.  
The displacements u and p are approximated by 

4 4

1 1

;  I I I I
I I

N N
= =

= =∑ ∑u u p p  (9) 

with  

[ ] ( ) [ ] ( )1 1
  ;    

2 2
T Tt b t b

I XI YI ZI I I I XI YI ZI I Iu u u p p p= = + = = −u u u p u u  (10) 

in which, t
Iu and b

Iu are respectively the nodal displacements of the top and bottom surfaces in the local coordinate system. 
Substituting eq. (9) into eq. (8), the displacements are expressed by 

( )
4

1
I I I

I

N t
=

= +∑u u p  (11) 

The relations of the coordinates and displacements between the local and global coordinate systems and vice versa are  

;  ;  ;  T T= = = =x R X X Rx u R U U Ru  (12) 

herein, R = [Rx Ry Rz] is the transformation matrix. 
From the displacement fields in eq. (8), the strain fields in the local coordinate system are determined by 

     
m b

T

xx yy xy zz xz yz z

s

z

t

ε ε γ ε γ γ ε

 +     = =          

ε ε

ε

ε

 (13) 

where, ,  ,  ,  m zzsb εε ε ε are respectively the membrane, bending, transverse shear and transverse normal strains defined as 

( )
( )

, , , , ,

, , , , , , , , , , ,

, , , , ,

  ;    ;  ;  
T T x z x z z x z x z x

m x x y y x y y x x x y y x y y x zz z z z z z zb

y z y z z y z y z y

s

u t p p t p u
u u u u p p p p u tp t p

u t p p t p u
ε
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=


ε ε ε  (14) 

Replacing the displacement fields approximated by eq. (11) into the strain fields in eq. (14), the relations between the strains 
and nodal displacements qe of the element in the local coordinate system can be obtained as follows 

4

1
m mI eI

I=

=∑B qε  (15) 

4

1
eIb bI

I=

=∑B qε  (16) 

4

1
s sI eI

I=
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4

1
zz zI eI

I=

=∑B qε  (18) 

in which,      
T

eI xI yI zI xI yI zIu u u p p p =   q and BmI, BbI, BsI, and BzI are the standard gradient matrices and will be modified in the 

following discussion. 
To establish formulations for locking removal and separate bending strain interpolation, the strain fields in the parent 

coordinate system can be expressed by ones in the local coordinate system as 

[ ] 1          
T

rr ss tt rs rt st x

T

x yy zz xy xz yzε ε ε γ γ γ ε ε ε γ γ γ−  =   T  (19) 

with 
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wherein, Iij is the component located at row i and column j of the inverse of the Jacobian matrix J determined by 

, , ,

, , ,

, , ,
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Then, the gradient matrices BsI and BzI in eq. (17) and eq. (18) can explicitly rewritten by 

,13 13 11 33 23 31 21 33

,13 32 12 33 23 32 22 33

0 0 0 0

0 0 0 0
I r I

I I
sI

s

N NI I I I I

N NI I I I I I I I

    + +     =     + +    
B

J J

J J

I I I
 (22) 
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0 0
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To attenuate the shear-locking phenomenon when the thickness of plates or shells becomes thin, the transverse shear strains 
are separately interpolated and connected to the displacement approximation given in eq. (11) through the tying points. This 
interpolation, namely the MITC4 technique, was introduced by Bathe and Dvorkin [21] as follows 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

31

2 4

0.5 1 0.5 1

0.5 1 0.5 1

AA
rt rt rt

A A
st st st

s s

r r

γ γ γ

γ γ γ

= − + +

= − + +

%

%
 (24) 

in which, ( ) ( ) ( )31 2, , ,AA A
rt st rtγ γ γ and

( )4A
stγ are respectively the values of the transverse shear strains determined by the displacement 

approximation in eq. (11) and the transverse shear strains in eq. (17) at points A1(0,-1,0), A2(1,0,0), A3(0,1,0), and A4(-1,0,0) in the 
parent coordinate system. 

Transforming from the parent coordinate system to the local one, the transverse shear strains according to the MITC4 
technique can be expressed in the nodal displacements by 

4

1

ˆˆ s
I

s I eI
=

=∑B qε  (25) 

Due to distorted meshes in largely curved shells, there is parasitic transverse normal strain due to the trapezoidal shape in 
the thickness direction of elements. This trapezoidal-locking phenomenon can be overcome by employing the following 
interpolation of the transverse normal strain [5] 

( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( )31 2 4ˆ 0.25 1 0.25 1 01 .25 1 01 .25 111 BB B B
tt tt tt tt ttr r r rs s s sε ε ε ε ε− + − + + + += − + + −  (26) 

here, ( ) ( ) ( )31 2, , ,BB B
tt tt ttε ε ε and ( )4B

ttε are respectively the values of the transverse normal strains in eq. (18) evaluated at points B1(-1,-1,0), 

B2(1,-1,0), B3(1,1,0), and B4(-1,1,0) using the displacement approximation given in eq. (11). 
Similarly, the transverse normal strain in eq. (26) is transformed into the one in the local coordinate system which relates to 

the nodal displacements as follows 

4

1

ˆˆ zIz ez I
I

ε
=

=∑B q  (27) 

In this study, the bending strains b in eq. (14) are also interpolated again based on the technique suggested by Choi and Paik 

[10]. According to this technique, the bending strains in the parent coordinate system   
Tb b b

rr ss rsε ε γ    are interpolated through the 

values of the bending strains directly derived from the displacement approximation at points A1(0,-1,0), A2(1,0,0), A3(0,1,0), and A4(-
1,0,0) 
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Substituting the bending strains in eq. (16) transformed to the parent coordinate system into eq. (28), the approximated 
bending strains in eq. (28) in the local coordinate system can be formulated the relation to the nodal displacements as 

4

1

ˆˆ eIbIb
I=

=∑B qε  (29) 

To improve the effectiveness of the proposed element, the membrane strains are smoothed on cell-based domains [12,22]. To 
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this cell-based smoothed technique, the membrane strains are averaged by 

1ˆ d
cs

s

m m

cA
Ω

Ω= ∫ε ε  (30) 

in which, Acs is the areas of the smoothing domains cs defined by 1, 2, 3 or 4 sub-cells of an element as depicted in Fig. 2. 
From eq. (14) and eq. (15), the smoothed membrane strains given in eq. (30) are expressed 
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Applying the divergence theorem to the integrations of the derivatives of the shape functions, eq. (31) can be rewritten by  
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B
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(32) 

here, cs is the boundary of the smoothing domains cs; nx and ny are the direction cosines of the unit vector normal to cs. 

The gradient matrix ˆ
mIB in eq. (32) is computed by using one Gaussian quadrature point on each edge of the boundary cs. The 

values of the shape functions at the Gaussian quadrature points rqp for the cases of 1, 2, 3 or 4 smoothing sub-cells are provided in 

Fig. 2. The gradient matrix ˆ
mIB is therefore determined 
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where, led is the length of each edge of the smoothing sub-cells. 
From eq. (25), eq. (27), eq. (29), and eq. (32), the strain energy of the proposed CSn-S8 element, or CS1-S8, CS2-S8, CS3-S8 and 

CS4-S8 for 1, 2, 3 and 4 smoothing sub-cells used, in the scope of linear elasticity is [6] 

( ) ( ){ }
1 1 1

1 1 1

1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ d d d
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Te T
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= + ++ +∫ ∫ ∫ CC Jε ε ε ε ε ε  (34) 

    

(a) 1 smoothing sub-cell (b) 2 smoothing sub-cells 

  

(c) 3 smoothing sub-cells (d) 4 smoothing sub-cells 

Fig. 2. Division of an element into 1, 2, 3, or 4 smoothing sub-cells and values of the shape functions (N1, N2, N3, N4) at the quadrature points. 
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wherein, 
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and E is the Young's modulus and  is the Poisson's ratio. 
Integrating eq. (34) through the thickness, the strain energy of the element can be rewritten 

{ }
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From the strain energy and following the standard procedure of the FEM, the stiffness matrix of the CSn-S8 element can be 
obtained 

ˆ ˆ ˆ ˆ ˆe e e e e
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with Nsc = 1, 2, 3 or 4 smoothing sub-cells.  

3. Numerical Verifications 

In the following numerical examples, the presented elements were used to determine static displacements of some 
benchmark plates and shells. The proposed elements were implemented by using MATLAB software on a laptop with an i7-8550U 
CPU. To investigate the accuracy and convergence, the plates and shells were discretized by only one element through the 
thickness and NXNY elements on the middle surface, in which NX and NY were respectively the number of elements on the X- and 
Y-directions. The numerical results given by the presented elements were compared with the flat shell elements employing the 
MITC3+ [23] or MITC4 [21] techniques, the QUAD4 flat shell element with selective reduced order integration [24], the Xshell41 4-
node assumed strain quasi-conforming flat shell element with drilling rotation [25], the Xsolid83 or Xsolid85 resultant 8-node 
solid shell elements [6], and the RH8s-4 smoothed resultant 8-node solid shell element [19].  

 

Fig. 3. Geometry, boundary, load, and 44 mesh of the Cook's membrane plate. 

 

Fig. 4. Vertical displacement at A given by the presented elements and others. 
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Table 1. Normalized deflection at the center of the clamped square plate with h/L = 10-3. 

Elements 
NxNy % relative 

errors 
CPU time (seconds) 

44 88 1212 1616 1616 
MITC3+ [23] 0.1235 0.1259 0.1263 0.1264 0.2368 3.03 
MITC4 [21] 0.1211 0.1251 0.1259 0.1262 0.3946 1.16 

CS1-S8 0.1256 0.1263 0.1264 0.1265 0.1973 14.27 
CS2-S8 0.1256 0.1263 0.1264 0.1265 0.1973 14.66 
CS3-S8 0.1256 0.1263 0.1264 0.1265 0.1973 15.13 
CS4-S8 0.1256 0.1263 0.1264 0.1265 0.1973 15.64 

Table 2. Normalized deflection at the center of the clamped square plate with h/L from 10-3 to 10-8. 

Elements 
h/L 

10-3 10-4 10-5 10-6 10-7 10-8 
MITC3+ [23] 0.1264 0.1263 0.1184 0.0179 0.0005 0.0002 
MITC4 [21] 0.1262 0.1266 0.1268 0.1155 0.0183 0.0001 

CSn-S8 0.1265 0.1264 0.1256 0.1282 0.1193 0.1074 

3.1 Cook's Membrane Plate 

Consider a cantilever plate with dimensions and load proposed by Cook [26] as shown in Fig. 3. The plate's thickness is h = 1 
and the material's properties are E = 1 and  = 1/3. With the concentrated load P = 1 applied at the middle point A of the free edge, 
the exact vertical displacement at A is 23.91.  

To evaluate the membrane behaviors of the presented element, the plate is discretized by different meshes of NX = NY = 2, 4, 8, 
and 16 elements. The vertical displacement at A given by the presented elements and others are illustrated in Fig. 4. The results 
given by the proposed CSn-S8 elements, except for the CS1-S8 element, approached the exact displacement at A according to the 
low-bound criteria of the standard FEM when the mesh refinements increased. However, the CS2-S8 and CS3-S8 elements predict 
slightly larger results than the exact displacement. It means the lower the number of sub-cells that the cell-based membrane 
strain smoothing technique used, the softer membrane stiffness the proposed elements had. In this example of the pure 
membrane behavior, Fig. 4 suggests that the presented element using 4 smoothing sub-cells (CS4-S8) could obtain the best 
accuracy. As compared with the exact displacement, the CS4-S8 element provided more accurate results than those obtained by 
the MITC4 flat shell element and other 8-node solid shell elements like Xsolid85 and RH8s-4. 

3.2 Square Bending Plate  

A square plate is clamped all edges and subjected to uniformly distributed load p = 1 as shown in Fig. 5. The plate has the 
length L = 10, the thickness h = 0.01, and material properties of E = 1092000 and  = 0.3. According to the analytical method [27], 
the normalized deflection at the plate's center is 0.1267.  

The plate is meshed by NXNY = 44, 88, 1212, and 1616 elements. Because the plate only bends, the membrane strain 
smoothing technique does not influence the results as listed in Table 1. The proposed element well converged to the analytical 
solution with the relative error below 0.2% for the mesh of 1616 elements. The CSn-S8 element predicted the central deflection 
more accurately than those given by the MITC3+ and MITC4 flat shell elements. This is because of the benefit of the bending 
strain approximation used in the presented element. Table 1 also shows the comparison of the computational time consumed by 
the CSn-S8, MITC4 and MITC3+ elements for the mesh of 1616 elements. The number of sub-cells used in the proposed elements 
slightly influenced the CPU time. Because of twice the number of the degrees of freedom, the CSn-S8 solid shell elements 
consumed more computational time than those of the MITC3+ and MITC4 plate elements.   

To assess the ability of the shear-locking removal of the suggested element, the thickness-to-length ratio of the plate was 
reduced from 10-3 to 10-8. As shown in Table 2, the CSn-S8 element could overcome the shear-locking phenomenon until h/L = 10-8 
while the shear locking occurred at h/L = 10-5 for the MITC3+ element and h/L = 10-6 for the MITC4 element. 

3.3 Rectangular Bending Plate  

Clamped plates under concentrated load P = 4104 at the center in Fig. 6 were considered in this example. The plate's 
thickness is h = 0.01. The material properties of the plate are E = 1.7472107 and  = 0.3. The reference deflections at the center are 
respectively 5.610-6 and 7.2310-6 for the plates with dimensions LL = 22 and L5L = 210 [6]. 

Due to symmetry, a quarter of the plate is modeled by meshes of NXNY = 22, 44, 66, 88 and 1616 elements. In comparison 
with the reference deflections, the graphs of element size versus relative error of the central deflections in the logarithm scale 
given by the presented element and others are demonstrated in Fig. 7. The convergence rate of the CSn-S8 was the same as those 
of other solid and flat shell elements for both square and rectangular plates. The presented element obtained better results than 
those of Xsolid83 and Xsolid85 solid shell elements. For the mesh of 88 elements, the CSn-Q8 solid shell elements gave worse 
results than those of the Xshell41 and QUAD4 flat shell elements. However, when using the fine mesh of 1616 elements, the CSn-
Q8 elements provided better results with about 0.1% and 1% relative errors for square and rectangular plates, respectively.  

 

 

Fig. 5. Geometry, clamped boundary, uniformly distributed load, and 44 
mesh of the square bending plate. 

Fig. 6. Geometry, clamped boundary, concentrated load, and 44 mesh of 
the rectangular bending plate. 
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(a) Square plate (aa) (b) Rectangular plate (ab) 

Fig. 7. Convergence rate and accuracy of the central deflection of clamped square and rectangular plates under concentrated load. 

 

Fig. 8. Geometry, clamped boundary, uniformly distributed load, and 44 mesh of the rhombic bending plate. 

 

Fig. 9. Geometry, boundary, and 44 mesh of the Scordellis-Lo roof. 

Because the number of elements in the meshes for both square and rectangular plates are identical, the meshes used to model 
the rectangular plate are rectangular elements and coarser than those of the square plate. As a result, all elements predicted the 
central deflections of the square plate more accurately than those of the rectangular one. 

3.4 Rhombic Bending Plate 

A Morley's rhombic plate given in Fig. 6 has the length L = 100, thickness h = 1, and acute angle  = 30o [28]. The plate is simply 
supported on all edges and subjected to uniformly distributed load p = 1. The plate is made of material with E = 10106 and  = 0.3. 
The reference deflection at the plate's center is 0.04455. 

The rhombic plate is discretized by meshes of NX = NY = 8, 16, and 20 elements. Due to the rhombic shape of the plate, the 
meshes include 8-node solid-shell elements with very acute angles and strongly influence the numerical results. The central 
deflections of the rhombic plate predicted by the presented elements and other finite elements are listed in Table 3 for various 
meshes. As shown in Table 3, the proposed element could obtain very good deflection with the smallest relative error as 
compared with the Xsolid85 solid, MITC3+ and MITC4 flat shell elements. Particularly, when using the mesh of 2020 elements, 
the CS4-S8 element could achieve the reference deflection with the relative error of 0.1122% while the relative errors predicted by 
the other elements were above 5%. The enhancement of the CSn-S8 element indicated the effectiveness of the proposed bending 
approximation. 
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Table 3. Central deflection of the simply supported rhombic plate under uniformly distributed load.  

Elements 
NxNy % relative 

errors 88 1616 2020 
Xsolid85 [6] 0.0388 0.0413 0.0422 5.2076 

MITC3+ [23] 0.0291 0.0330 0.0369 17.2615 

MITC4 [21] 0.0357 0.0384 0.0410 7.9910 
CSn-S8 0.0428 0.0435 0.0445 0.1122 

Table 4. Vertical displacement at point A of the Scordellis-Lo roof. 

Elements 
NxNy % relative 

errors 44 88 1616 
MITC3+ [23] 0.2304 0.2769 0.3066 1.3889 

MITC4 [21] 0.2851 0.2958 0.3049 0.8267 

Xsolid85 [6] 0.2903 0.2976 0.3021 0.0992 
RH8s-4 [19] 0.3293 0.3148 0.3088 2.1164 

CS1-S8 0.3587 0.3185 0.3080 1.8519 
CS2-S8 0.3279 0.3105 0.3060 1.1905 
CS3-S8 0.3143 0.3066 0.3050 0.8598 

CS4-S8 0.3020 0.3027 0.3040 0.5291 

3.5 Scordellis-Lo Roof Shell  

Consider a Scordellis-Lo roof shell subjected to the self-weight p = 90. The roof’s dimensions are the length L = 50, radius R = 25 
and thickness h = 0.25 as illustrated in Fig. 9. The Young’s modulus and Poisson’s ratio of the roof’s material are respectively E = 
4.32108 and  = 0. The ends of the roof are rigid diaphragms and the other edges are free. The reference vertical displacement of 
point A located at the middle free edge is 0.3024 [29]. 

With a quarter of the roof simulated because of the symmetry, the displacement constraints are described in Fig. 9. The roof is 
discretized by 44, 88, and 1616 elements. The vertical displacements at point A given by the presented elements using 1, 2, 3, 
and 4 sub-cells for smoothing the membrane strains are listed in Table 4. Among these presented elements, the CS4-S8 element 
predicted the smallest relative error as compared with the reference results. The CS4-S8 element also gave more accurate 
displacement than MITC3+, MITC4 flat shell elements and RH8s-4 smoothed solid shell element. Despite being not as good as the 
Xsolid85 element in this example, the suggested element could obtain the acceptable result by employing the coarse mesh of 44 
elements as demonstrated in Fig. 10. 

3.6 Pinched Cylinder with End Diaphragm  

A cylindrical shell of the radius R = 300, thickness h = 3, and L = 600 is applied to two concentrated loads P =1 as shown in Fig. 
11 and its two ends are rigid diaphragms. The material properties of the pinched cylinder are E = 3106 and  = 0.3. The vertical 
displacement at the load’s position (point A) is 1.824810-5 [30].  

 

Fig. 10. Convergence and accuracy of the vertical displacement at point A of the Scordellis-Lo roof. 

 

Fig. 11. Geometry, boundary, concentrate load, and 22 mesh of the pinched cylinder. 
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Table 5. Vertical displacement at point A of the pinched cylinder. 

Elements 
NxNy % relative 

errors 
CPU time (minutes) 

88 1616 3232 3232 
MITC3+ [23] 1.412310-5 1.715810-5 1.760210-5 3.2857 9.00 
MITC4 [21] 1.355910-5 1.694410-5 1.745010-5 4.1209 3.81 
Xsolid85 [6] 7.390410-6 1.529210-5 1.781010-5 2.1429 - 
RH8s-4 [19] 1.383210-5 1.704410-5 1.806610-5 0.7363 - 

CS1-S8 1.100910-5 1.696810-5 1.806310-5 0.7527 4.15 
CS2-S8 1.070210-5 1.686610-5 1.805110-5 0.8187 4.17 
CS3-S8 1.063710-5 1.684410-5

 1.803310-5 0.9176 4.20 
CS4-S8 1.057910-5 1.682210-5 1.802810-5 0.9451 4.24 

Because of symmetry, one-eighth of the pinched cylinder is modeled by meshes of 88, 1616, 3232 elements. The vertical 
displacements at point A obtained by the suggested elements were compared with those given by other elements in Table 5. In 
this example, as compared with other CSn-S8 elements, the vertical displacement given by the CS1-S8 element was the largest 
because the CS1-S8 element had the softest membrane stiffness. However, the difference in the relative errors of the 
displacement between the CS1-S8 and CS4-S8 elements is not large, about 0.2%. Table 5 also indicated that with the identical 
meshes of 3232 elements and degrees of freedom, the computational time of the CSn-S8 solid shell elements was not much 
lower than that of the MITC4 flat shell elements. The MITC3+ elements wasted the most CPU time due to double the number of 
elements used. For the Xsolid85 and RH8s-4 elements, the CPU time was not presented because there is no information in the 
references. 

As seen in Fig. 12, the presented elements and RH8s-4 had similar convergence and accuracy and performed more superior 
results than those of MITC3+, MITC4 and Xsolid85 shell elements. 

3.7 Hemispherical Shell with 18o Hole  

A hemispherical shell with 18o hole in Fig. 13 was considered in this example. The hemispherical shell has the radius R = 10, 
thickness h = 0.04, Young's modulus E = 6.825107, and Poisson's ratio  = 0.3. The hemispherical shell is subjected to concentrated 
loads P = 2 along X- and Y-directions at the equator as shown in Fig. 13. The top and bottom circular boundaries are free. The 
reference X-displacement at the position of the applied load, point A, is 0.094 [24].  

A quarter of the hemispherical shell with symmetric boundaries given in Fig. 13 is simulated by meshes of Nx = NY = 4, 8, 16, 
20, and 32. The X-displacement at the applied load's position provided by the proposed elements and other references are 
presented in Table 6. The results given by the mesh of 2020 and 3232 elements were remarkably close. This means that all 
elements could obtain convergence results when using the 3232 mesh. The relative errors between the numerical displacements 
given by the elements and the reference value versus number of elements on each edge are depicted in Fig. 14. As compared with 
other reference elements, the CSn-S8 elements obtained less percentage of the relative errors than those computed by the flat or 
solid shell elements like MITC3+, MITC4, Xsolid85, and RH8s-4. The CS4-S8 element could determine the most accurate result. 

 

Fig. 12. Convergence and accuracy of the vertical displacement at point A of the pinched cylinder. 

 

Fig. 13. Geometry, boundary, concentrate loads, and 22 mesh of the hemispherical shell with 18o hole. 
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Table 6. X-displacement at point A of the hemispherical shell with 18o hole. 

Elements 
NxNy % relative 

errors 44 88 1616 2020 3232 
MITC3+ [23] 0.0992 0.0954 0.0935 0.0933 0.0934 1.0823 

MITC4 [21] 0.0814 0.0913 0.0929 0.0930 0.0933 0.9740 

Xsolid85 [6] 0.0995 0.0945 - - - - 
RH8s-4 [19] 0.0968 0.0937 0.0932 0.0932 0.0932 0.8658 

CS1-S8 0.0819 0.0925 0.0926 0.0931 0.0927 0.3247 
CS2-S8 0.0815 0.0922 0.0923 0.0929 0.0926 0.2165 
CS3-S8 0.0812 0.0919 0.0921 0.0927 0.0926 0.2165 

CS4-S8 0.0811 0.0918 0.0919 0.0926 0.0925 0.1082 

 

 

Fig. 14. Convergence and accuracy of the X-displacement at point A of the hemispherical shell with 18o hole. 

4. Conclusion 

A new 8-node solid-shell finite element has been presented. The proposed element is able to overcome the shear- and 
trapezoidal-locking phenomena, and could improve the prediction of the membrane and bending behaviors of plate and shell 
structures owing to the separate interpolation of the bending strains and the cell-based smoothing technique of the membrane 
strains. The presented CSn-S8 element was employed to statically analyze some typical plate and shell problems. Numerical 
results indicate that by using 4 sub-cells for smoothing the membrane strains, the presented element could obtain the excellent 
accuracy and convergence rate for membrane-dominated problems. The suggested approximation of the bending strains also 
showed the effectiveness of the CSn-Q8 element for analysis of bending-dominated plates and shells. The deflections given by the 
presented element were similar or better than those provided by many other flat shell or solid-shell finite elements previously 
published. 
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Nomenclature 

Acs Area of smoothing sub-cell 

BmI, BbI, BsI, BzI, Gradient matrices of membrane, bending, transvers shear and transverse normal strains 
ˆ ˆ ˆ ˆ,  ,  ,  mI sI zIbIB B B B  Gradient matrices of assumed membrane, bending, transverse shear and transverse normal strains 

 Strains in the local coordinate system 

m, b, s, zz Membrane, bending, transvers shear and transverse normal strains in the local coordinate system 

ε̂  Assumed strains in the local coordinate system 

ˆ ˆ ˆ ˆ,  ,  ,  m s zzb εε ε ε  Assumed membrane, bending, transverse shear and transverse normal strains 
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E Young's modulus 

h Thickness of plates or shells 

J Jacobian matrix 

k̂  Element stiffness matrix 
ˆ ˆ ˆ ˆ,  ,  ,  m s zbk k k k  Element stiffness matrices of membrane, bending, transverse shear and transverse normal parts 

led Length of an edge of the smoothing sub-cells 

L Length of plates or shells 

 Poisson's ratio 

nx, ny Direction cosine of the vector normal to the boundary of smoothing sub-cells 

NI Shape functions 

Nsc Number of smoothing subcells 

cs Smoothing sub-cell 

p Half of a displacement vector from bottom to top surfaces 

P Half of a coordinate vector from bottom to top surfaces 

qeI Nodal displacements of node I 

rqp Gaussian quadrature point in the parent coordinate system 

R Radius of shells 

R Transformation matrix from the local coordinate system to the global one 

T Transformation matrix from the local coordinate system to the parent one 

u Displacements in the local coordinates system 

u  Displacements of the middle surface 

U Displacements in the global coordinates system 

x Point coordinates in the local coordinate system 

X Point coordinates in the global coordinate system 

X  Point coordinates of the middle surface 
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