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Abstract. The current article is concerned with a comprehensive investigation in achieving approximate solutions of coupled
nonlinear oscillations with high nonlinearity. These equations are highly nonlinear second-order ordinary differential equations.
Via a coupling of the Homotopy perturbation method and Laplace transforms, which is so-called the He-Laplace method,
traditional approximate solutions involving the secular terms are accomplished. On the other hand, in order to cancel the secular
terms, an expanded frequency technique is adapted to accomplish periodic approximate solutions. Therefore, a nonlinear
frequency, for each differential equation, is achieved. Furthermore, for more convenience, these solutions are pictured to indicate
their behavior. The multiple time-scales with the aid of the Homotopy concept are utilized to judge the stability criteria. The
analyses reveal the resonance as well as the non-resonant cases. Additionally, numerical calculations are carried out, graphically,
to address the regions that guaranteed the bounded solutions. It is found that the latter method, is the most powerful
mathematical tool in extracting the stability analysis of the considered system.

Keywords: He-Laplace Method, Expanded Frequency Analysis, Multiple Time Scales Technique.

1. Introduction

The coupled nonlinear oscillators that governed by the generic Hamiltonian function of two-degrees of freedom may be
written in the following form:

H= (0} +P})+ V), (1)

where p, and p, are the momentum of the system and the function V(x,y) consists of two-dimensional harmonic potentials,
in addition, with the quartic terms as follows:
V(x,y) = w’X* + 0%y + ax* + By* + 1%’y )]

This potential is utilized in a model of quantum field theory; for instance, see Rajaraman and Weinberg [1]. Additionally, in
the scalar field theory, as given by Friedberg et al. [2].
In the dynamics of galactic motion (AGK galactic potential), see El-Sabaa et al. [3], as given by:

1 a b
V(x,y) = E(xz +y°) - Z(xz +y?) - 5 x*y? 3)

The Yang-Mills fields are vector fields belonging to the adjoint representation of the local symmetry group (Gauge group
SU(2)). For instance, see Jiménez-Lara, and Llibre [4].

V(x,y) = Ax* + By’ +%X4 +%y‘* +gx2y2. @

Furthermore, consider the potential
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V(X’Y) =

when n=-2, the potential that is given in eq. (5) may takes the following form:
V(x,y) =2[x* +y* +6x" +2y’ +2x°y* +1]. (6)
In comparison with eq. (2), one finds
W?=12,02=4,0=2,=2 and =4 7)

Our considered system is a conserved energy with two-degrees of freedom, which can be integrable in the Liouville sense, see
Arnol'd [5], if there exist an additional first integrall besides the Hamiltonian function H, such that the gradient vectors
of I and H are independent of all points in the phase space, except perhaps a set of zero measure and in the involution of
{I,H} = 0. Moreover, most problems in the dynamical system with nonlinearity cannot be exactly solvable, where there is no
general method for determining whether the system is integrable or not. Painlevé (P) and his co-workers have been using the
P — property to integrate a class of nonlinear ordinary differential equations and to obtain their underling solution; for instance,
see Ince [6]. The P— .property requiring that the general solution has only movable singularities, on the complex plane are as
poles, and the corresponding solution can be given in the Laurent series in the neighborhood of a movable singular point.
Furthermore, the P — property gives the necessary condition for the solution. It has been shown that the potential function that
is given in eq. (1) can be integrated by using Ablowitz et al. [7] (ARS) conjecture for some values of the parameters; for instance,
see Bountis et al. [8]. It should be noted that a survey of the relativistic theory of a rigid body was introduced by Ditchburn and
Heavens [9].

As shown in the aforementioned aspects, the problems in these cases are reduced to quadrature, but some of them still non
solvable. Therefore, no information about the behavior of the solutions is addressed. Simultaneously, the numerical treatment is
sometimes available. Unfortunately, it is not adequate to yield complete information about the system. For this purpose, the
perturbation methods are needed. These methods are widely used in obtaining analytically approximate solution of the nonlinear
differential equations. Simply, they convert the nonlinear differential equation into linear ones. Regrettably, in many cases, these
equations do not possess a small parameter. In this case, the application of the classical perturbation techniques is highly
restricted. Consequently, they failed to handle the problems of strong nonlinearity behavior. As an early mathematical tool in
several mathematical analysis is known as: the perturbation methods. These methods are concerned with the solution of the
nonlinear equations in many practical physical situations. Some problems may be solved by a straightforward technique, which
mainly depend on a small physical parameter; for instance, see Dyke [10]. Away from the existence of the small parameter,
recently, a new technique has been suggested to obtain an analytical approximate solution. He [11-17], Yn and He [18], He and Jin
[19] and He and Ain [20] were considered as the first researchers, who proposed and developed this new method; namely the
Homotopy perturbation method (HPM). This heuristic algorithm is found to be working well in solving strongly nonlinear systems.
It is considered as a promising and powerful technique in analyzing many problems in diverse areas in engineering and practical
physical applications. Furthermore, the solution in this approach is addressed as an infinite series and usually converges to an
accurate solution. Throughout the latter references, El-Dib, and Moatimid [21] adapted the HPM to accomplish exact solutions of a
class of linear, nonlinear, singular and system of ordinary/partial differential equations. Simply, they choose an initial trial
function, typically, in the form of a power series. The cancellation of the first order approximate solution warranties that all
higher orders are, also, ignored. Consequently, the residual zero-order solution will be corroborated to achieve an exact one. In
order to analyze the Duffing equation with a displacement time-delay, El-Dib [22] utilized two perturbation techniques to analyze
the damped Duffing equation with a time delayed displacement variable; namely the HPM as well as the nonlinear frequency
analysis. Additionally, based on the combination of the HPM along with the multiple scale, a uniform periodic equation was
achieved. Recently, Sripacharasakullert et al. [23] investigated the fractional multi-dimensional Burgers equation by means of the
Caputo fractional calculus. Utilizing the HPM, they achieved an approximate analytical solution. Furthermore, the convergence
analysis and the error estimation were derived and obtained by the HPM. Recently, Moatimid et al. [24] made a coupling of the
HPM together with the Laplace transforms (L;) to obtain an approximate analytical solution of a cylindrical surface deflection
between two hydro-magnetic Darcian fluids. Once more, Moatimid [25] examined the behavior of the motion of a sliding bead in a
vertically rotated parabola. His analysis was based on the HPM. Furthermore, it reveals the stability profile of the system with
different approaches. Moatimid [26] investigated the stability analysis of a parametric Duffing oscillator. Again, he utilized the
HPM together with the L; to obtain different analytical approximate solutions of this equation. It is worthy to mention, here,
that his analysis recovers the exact solution of the Duffing equation. In other words, he utilized the He-Laplace approach to
obtain an approximate solution of the interface profile. Recently, in the light of the potential applications in engineering,
electronics, physics, chemistry, and biology, Ghaleba et al. [27] applied several techniques to achieve analytic approximate and
numerical solutions of the cubic-quintic Duffing-Van der Pol equation with two external periodic forcing.

The current paper is concerned with analytical approximation solutions, along with the stability analysis, of the following
governing equations of motion:

X+wx+ax’ +yxy° =0 (8)

y+o’y+ 8y’ +yyx* =0. )

The potential of such consider system is sketched throughout Fig. 1. To crystallize the present work, the paper is organized as
follows: The next Section is depicted to obtain approximate solutions of the equations (8) and (9) via the He-Laplace approach.
Unluckily, these solutions include secular terms. Simultaneously, we do not have any authority to eliminate these terms. Of
course, this situation is physically undesirable. An analytic periodic approximate solution, based on an expanded natural
frequency concept, is depicted in Section 3. The stability analysis, based on the multiple-time scales with the Homotopy concept,
is achieved in Section 4. Its Subsections involve the stability analysis of the resonance as well as the non-resonance cases. Finally,
concluding remarks are summarized throughout Section 5.
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Fig. 1. Depicts the potential of the considered system

2. Approximate Solutions by means of the He-Laplace Approach

In terms of the elliptic functions, the equation of the un-damped relativistic oscillator was solved by Hutten [28]. The results
showed that the frequency was decreased in light of the total energy. Additionally, a consistent formula with the experimental
features, under some restrictions, was achieved. The current governing equations of motion of the considered coupled nonlinear
oscillations consist of high nonlinear second-order ordinary differential equations. Precisely, they have no exact solutions.
Consequently, they are organized by making use of a perturbation technique along with the Laplace transforms. As well-known,
there is an advantage in this couple; the Laplace transform is valid for solving all linear differential equations. Additionally, the
Homotopy perturbation method (HPM) converts the nonlinear differential nonlinear equation into a series of linear ones.
Therefore, the Laplace transform makes the solution process extremely simple and accessible to all audiences. For this purpose,
see Refs. [29-39]. The following procedure depends mainly on the He-Laplace approach. The linear and nonlinear parts of
equations (8) and (9) may be written as:

L, =X+uw’x and N, =ax®+yxy’ (101)

L,=y+0’ and N,=3y*+yyx’. (1011)
For this purpose, it is convenient to consider the following initial conditions:

x(0)=0 and x(0)=1, (111)

y(0)=0 and y(0)=1. (1111)
It follows that the Homotopy equations may be written as follows:

X+wzx+p<ax3+'yxy2):0 (121)

J+o'y+p(By +9yx°)=0;  pe[01] (1211)

where p is an artificial embedded parameter. Sometimes, it is called the Homotopy parameter. Along with this approach, the
time-dependent parameters may be written as: x(t) = x(t; p) and y(t) = y(t; p) .

Applying the Laplace transforms (L) on both sides of the equations (12I) and (12II), one finds

(s* + W)L {x(t; )} — X(0) — X(0) = —p Ly {N, (x,y; )} (131)

(8 +0?)Lo {y(6:0)} — 5¥(0) ~ 7(0) = —pL, {N, (x,yi0)}. (131)
In accordance with the regular HPM, the dependent function x(t;p),and y(t;p) may be expanded as:

)

x(t:0) = Y2 p'x,(1) (149

i=0

)

y(t:0) =P, (t)- (1411)

j=0
Accordingly, the nonlinear part Nr should be written as follows:
< k

N[Z le Vet

k=0 1=0

= No(XoYo) + pN3 (XY1,X,Yo) + p2N2(XOYZ’X1y1’yOXZ) + -~--/’ka(XOYk:Xkal»YOXk» ViXe 1) (15)

where
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1. 9 (& &
N, (XoY4r X1 Vi 1 YoXs Y1xk71):p1}£%87pkN[Z le Yk—lpk]' (16)

k=0 1=0

Utilizing the initial conditions as given by equations (11I and 11II), one gets

L L N,(xYin)) (171)

LG = s

Le{y(t;p)} = Lo {N, (x,y;p)}- (171)

Ser(T2 Sz+(72

Acting on both sides by the inverse Laplace transforms of equations (17I) and (171I), one finds

sinwt _ 1
xiti) = St { L v i) (181
. sinot L 1 .
y(t;p) = P pLy &1 o2 Ly [Nz(x,y,p)] . (181)

Substituting from equations (14I) and (14II) into equations (181) and (18II) and then equating the coefficients of like powers of p
on both sides, one gets the following set of equations:

00 X, = sinwt ’ (191)
w
Py =20 (1911)
o
p: X, =-L LLT {a X3+ y'xoyg} , (201)
s*+uw’
pi oy =-L7 LLT{[jngF'YYOx;} ) (2011)
s*+o?
_ 1
Pl X =L {m Ly {30‘ X,Xg +7X,Y5 + 27 XYoYs }} (211)
and
N 1
pi Y, =L {mLT {3[1371)73 +YYaX5 + 27’X0X1y0}}. (2111)

As seen from the previous equations (20I), 20II), (21I) and (21II), the solutions of first, and second orders depend mainly on the
zero-order solutions.
Using the Mathematica software (12.0.0.0), the first-order may be written as:

(4—'ymu4 —9a0® +(9a — 87)o’w’ ) sinwt +
1 4tow(o? — w?)(Bao’® + 2w?))coswt +
xy(t) = 320%05 (02 2 ( { )( )> . omw (229
oW (e’ —w’) ao®(w? —o?)sin3wt + 2qw*(w + o)sin((20 — w)t) +
2qw*(w — o)sin((20 + w)t)
and
(—470.}04 +98w° + (87 — 9ﬂ)a2w3)sin ot +
1 4tow(o? — w?)(36w’ + 270?%))cosat +
Vi) =357 (10 ?( ) . o Ew (2211)
W (0" =) | B (w? — 0?)sin 3ot + 2y0*(w + o)sin((o — 2w)t) +
2y0*(w — o)sin((o + 2w)t)

For an easier follow-up of the analysis, the functions x,(t) and y,(t) are known from the context. They will be omitted here.

Simultaneously, they are obtainable under the memorial of the readers. For simplicity, the analysis is stopped at the second-order
only. Therefore, the approximate solutions of equations (8) and (9) may be written as follows:

x(t) = 10151;1 (Xo(t) +pxy(t) +p*x, (t)) (231)
and

y(t) =Tm(yo(t) + pyi(t) + * Y (1) (2311)
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Fig. 2I. Plots the approximate solution that is given in eq. (23I), for a

Fig. 2II. Plots the approximate solution that is given in eq. (23II), for a
system having the particulars: « =16, v =6,8 = L,w = V2,0 =4 system having the particulars as given in Fig. (1I).

These solutions cannot be judged the bounded/unbounded behavior in light of the increasing of time by the presence of the
secular terms. Actually, the unbounded solution comes in light of the existence of the secular terms. Unfortunately, physically it is
not preferred. In reality, the previous classical method does not enable us to ignore the source of these secular terms. In this case,
the stability of the given problem cannot be governed by this traditional approximate solution.

To this end, it is convenient to confirm the previous unbounded approximate solutions in a numerical manner. Therefore, in what
follows, some figures are depicted to show the behavior of the approximate solutions x(t) and y(t) versus the independent
variable t. Therefore, the figures (2I) and (2II) are plotted to indicate the behavior of the dependent variables x(t) and y(t).
From these two figures, it is seen that for small values of the time, the solutions behave like a stable one. In contrast, for large
values of the time, it is observed a growth rate of the amplitudes. Of course, this is occurring in light of the presence of the secular
terms. Subsequently, the analysis in the next Section follows an adaptation of the previous analysis to avoid the existence of
these secular terms, and consequently, to obtain bounded approximate solutions.

3. An Approximate Solution by means of an Expanded Frequency Analysis

The main objective of this Section is to achieve bounded analytical approximate solutions of equations (8) and (9).
Unfortunately, the previous analysis does not enable us to do this. Therefore, another a new technique, to govern a periodic
solution of the considered equations, must be in sight. For this purpose, as given before, the Homotopy formula of the considered
equations is given as in (12I) and (12II) will be used.

Actually, the squares of the natural frequencies of the present model are given by «” and o”. The following stability
examination will be based on an expanded frequency analysis; for instance, see Moatimid [26]. In accordance with this approach,

expanded artificial frequencies v> and A\* may be formulated as follows:
vi=uw? ijwj (241)
and
2 2 j
Ne=ot 4D r'o; (2411)
Combining equations (12I), (12II), (24I) and (2411), the Homotopy equations may be rewritten as follows:
5&+u2x+p(—(wl+pw2)x+ax3+wxy2):0 (251)
and
J+ A%y + p(~(oy + po,)y + By +7yx*) =0. (2511)

For simplicity, one may consider the same initial conditions as given in the previous case. Taking the Laplace transforms of
equations (25I) and (25II), one gets

1
Lo {x(to)} = 55— ﬁ’” [y + pw,)x + ax® +yxy?} (261)
and
1
L {y(t;p)} = Eawy —5217)/\25 {—(01 +po,)y + 8y’ + W}’XZ}- (2611)

Employing the inverse Laplace transforms of both sides of the equations (16I) and (161I), one finds

sinut __
x(t;p) = — L} %LT {—(wl + pw, )X +ax® + wxy2}1 (271)
v s’ +v
and
sinAt Lt_P

Yt =—=~Ls Le{~(oy + po,)y + BY’ +7yx*}

s? + A2
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Utilizing the expansion of the dependent parameters x(t;p) and y(t;p) as given in equations (141) and (14Il), and then equating
the coefficients of like powers p on both sides, one gets the following system:

00 X, = sin Ut’ (281)
v
Py, = sm)\t’ (2811)
A
pr X, =L L) {wix +ax; + x5} (291)
. 1 T SZ Jr UZ T 10 0 0J0 ’
p: Y1:_Ljrl{sz+)\z LT{_UlyO +5yg+”/)ﬁ)x§}}» (291)
_ 1
P2 Xy =-L {m Ly {—w,Xo — w;X; +30x,%5 + 7 x5 + Zq/xoyoyl}} (301)
and
R 1
PPy, =L {WLT {_02YO —0.Y: +38Y1Ys +7YiXs + ZW/XOXJO}}' (3011)

Typically, a uniformly valid expression turns up from the cancellation of the secular terms. For this purpose, the coefficients of
the functions sinut,cosuvt,sinAt and cosAt must be excluded from both equations. This procedure enables us to find the

parameters w; and o, as follows:

29V” +3a )’ 29\ +38V° 123~V —21a°A\® + 21a°0?)\® — 4v(36 + y)u°)\? + 8v(3a — 27U\
Wy = 2y2 v 01 = 2y2 Wy = 61612 _ 12
4v°\ 4v°) 128u°A\°(v* — A?%)

(311)

and

=120y A 4+ 216%° —218°A%° + 1207 UPA° — 8~(38 — y)vA* (3111
2 128U°X° (1% — A?) ‘

As seen from the previous results, to obtain uniform and bounded solutions, the nonlinear artificial frequencies must be different.
It follows that the periodic solution of x,(t) and y,(t) becoming

A(490* +3a0°A* —3a)*)sinut +
aX* (N —v?)sin3ut + 2yv* (v + A)sin((u — 2)\)t) + (321)
2yv*(\ —v)sin((v + 2A\)t)

1

%0 = )

and

U(—47A* =360\ +3pv* )sin At +
BUA(N? —v?)sin3At + 29A* (v + A)sin((2u — A)t) +1. (3211)
292\ (\ —v)sin((2u 4 \)t)

1

e ——
Y1( ) 321}3)\5(1’2 _AZ)

As mentioned before, for an easy follow-up of the analysis, the functions x,(t) and y,(t) are known from the context. To avoid

the length of the paper, they will be excluded here. Simultaneously, they are available under the request of the readers. Therefore,
the bounded approximate solutions of the equations of motion that are given in equations (8) and (9) may be written as follows:

X(t) = lim (xo(t) + px, (t) + p°X,(t)) (331)

1

and

y(t) = Lm (y,(t) + py,(t) + oy, (1)) (3311)

p—1

In fact, the bounded approximate solution as given in equations (33I) and (33II) requires that the arguments of the trigonometric
functions must be of real values. For this purpose, combining equations (31) into equations (24I) and (241l), it follows that the
nonlinear artificial frequencies satisfy the following characteristic equations.

128v"°A° —U® (12908 + 647 \* +128)° +128w”\°) + V°\* (1298 + 49" — 960\ + 647\* +128w°A°) +

(341)
U (167 + 960X — 24a7) - 210°V\° +210°\° = 0,
and

128V°\"° — \* (1207 + 647 V" +128V° + 1280°0° ) + A°V” (1207 — 96" + 649" + 1280°v°) +

4.4 2 4_ _ 2y 2.6 2..8 (34H)
AU (84" +964v* —244y) - 218°A%° +216°v° = 0.
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The inspection of the equations (341), and (34Il) indicates that these equations are coupled algebraic equations in the artificial
frequencies. Actually, they are rather difficult to be split. For simplicity, one may consider the following transformation:

U=20M, (35)

where, § is some constant. It must be of non-unity value. In view of eq. (35), using the HPM again, one may obtain a real value of
the artificial frequency v as follows:

vt =a,—p(a,v® +a,0°), pe[0,1] (361)
where
_ 4 2062 4 2 4 42
a, = 245" —21a%(§ 21)—}—475 (4~ +2(”y +3p)6% — 306 )’ a, = 4w _ and a,— 4 . (3611)
32(5% — 1)(3r + 2+6°) 30+ 246 30+ 296
In a similar manner, one gets
X =by—p(bA* +b,0°), pe[0,1] (36111)
where
6% (248~ — 87" —215°6°(6* — 1)) — 12a~(6” — 1 252 2

326%(6% — 1)(27+ 386%) P (2y+3867) 27 (2713887
Following a similar procedure as given above, an approximate solution, up to the second-order, of the artificial frequency, may be

written as:

v=1im (v, + pv; + v, ) (371)
where
o _[228078* —210(8° — 1) + 496*(4y + (7 + 35)8” — 356°) " WUV L 12070y, +16V5y; — 9av? — 6ad™y? (3710
0 32(8% — 1)(3ar 4 246°) T 3042467 2 2(3a + 27462)u, ’

Following a similar procedure as given above, an approximate solution, up to the second-order, of the artificial frequency, may be
written as:

A=Lm(\ + A + %) (37111)
—
In light of the real value of the artificial frequencies, the approximate bounded solutions require the following criteria:
a,>0 and b, >0 (38)

It is worthy to note that the inequalities that are given in (38) include all the characteristics of the considered system (8) and (9), in
addition to the virtual parameter (6§ = 1). Indeed, these inequalities guaranteed the bounded solutions of the problem at hand. For
more convenience, the bounded solutions of the coupled equations (12I) and (12II) must be pictured. These solutions are given by
equations (33I) and (33II). Simultaneously, they depend mainly on the values of the nonlinear artificial frequencies v, and A\,
which are presented by equations (37I) and (371I). Therefore, in what follows, some graphs are plotted, for some chosen sample
systems, to indicate the bounded solutions of equations (33I) and (33II), as shown in the following figures:

The figures 3I, and 3II are plotted, simultaneously, in case of § < 1. Whereas; this not completely verified as in Fig. 41I, where, the
calculations showed that 6> 1. Therefore, the condition of the bounded solution of x(t) is automatically satisfied. In contrast,
as b, <0, one cannot obtain the bounded solution. Consequently, the finiteness the solution of y(t) is not satisfied. As a
conclusion, in case of §<1, the function x(t)is only pictured. On the other hand, in case of §>1, the function y(t) is only
displayed Fig. 411 In all these figures the periodic solutions of both x(t), and y(t) is observed.
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Fig. 3I. Plots the approximate solution that is given in eq. (331), for ~ Fig. 3IL Plots the approximate solution that is given in eq. (3311), for
a system having the particulars: a system having the particulars as given in Fig. (2I).

§=099a=16,6=1=6w=~2,0=4.
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Fig. 41. Plots the approximate solution that is given in eq. (33I), for ~ Fig. 4II. Plots the approximate solution that is given in eq. (331I), for
a system having the particulars: a system having the particulars as given in Fig. (3I),
§=099%a=1y=1=Lw=10=1. butin case of §=1.1

4. Multiple-time Scale Technique

To analyze the stability nature, of the coupled nonlinear oscillations as presented in equations (8) and (9), the multiple time-
scales technique is adopted; for instance, see Nayfeh [40]. Recently, Ren et al. [41] made a couple of the HPM along with the
multiple time scales. The new method has been proved to be promising, effective and powerful mathematical tool in analyzing
several nonlinear equations. Additionally, it is extremely effective for the forced nonlinear oscillators. Throughout the following
analysis, a uniform valid expansion of the governed equation of motion will be given as a function in terms of three independent
variables rather a single parameter. In light of the HPM, one may consider the dependent variable as a function of t, pt and p’t.
Therefore, the expansion, that gives the response, is addressed as a function of multiple independent variables, or scales, instead
of a single one. The technique of multiple-time scales is considered as a more general method in the perturbation theory.

For this purpose, one begins by introducing the new independent variables according to

T, =p"t, n1=0,1,2,.... (39)

Therefore, the ordinary derivatives with respect to the time-dependent variable will expanded in terms of the partial derivatives
with respect to the time-scales T, T, T,.... as follows:
d _dT, o  dT, 0  dT, 0

= +—2—+..=Dy+pD, +p’D, +....
dt— dt oT, dt oT,  dt oT, o TP (40)

and
dz
P DZ +2pD,D; + p* (D} +2D,D, ) + .. (41)

where D, = 9/ 9T, . Assuming that the solutions of equations (8) and (9) may be represented as an expansion as follows:

x(t;p) =X (T, Ty, Typeoe) + 0%, (Tg, Ty, Topevnd) + 07 %, (T, Ty, Ty o) + e (421)
and

Y(60) = Yo (Tos T, Tyyere) + p Y3 (Tos Tyy Tyyeees) + 02 ¥, (To, Ty Typevns) A+ wovee (4211)
It should be noted that the number of the independent time scales equals the order at which the expansion is carried out. Namely,

if the expansion is carried out up to O(p®),,then T, and T, are only needed.

For more convenience, to obtain an accurate expansion, the expansion is carried up to O(p®). In this case, three time scales,
T,,T, and T, arerequired.

Substituting from equations (41), (42I) and (421I) into the equations (8) and (9), then equating the coefficient of like powers of p
to zero, one finds the following equations:

p°: (Dy+w’)x, =0, (431)
p°: (D§+0%)y, =0, (4311)
p: (DS +w2)x1 =—-2D,D,x, — X3 —yX,V2, (441)
p: (Di+0")y, =—2D,Dyy, — BYs — ¥ YoXes (4411)
p*: (D +w?)x, = —(2DyD,X, +2DoDyX; + DiX, + 3a XX, + ¥X,Ys + 27X, YoY: ) (45])
and
p’: (Dy+0%)y, =—(2D,D,Y, +2DoDyy; + DIy, +38Ysy; + 7Y X + 27YoXoXy )- (4511)
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With this approach, it is convenient to write the solutions of equations (43I) and (43II) in the following form:
X,(Ty, T, T,) = A(T,, T,) ™ 4 c.c. (461)
Yo(To, T, ) = B(T, T, )€™ +cc. (4611)

where c.c. represents the complex conjugate of the preceding terms. Substituting from equations (46I) and (46lI) into equations
(441) and (4411), one finds

(D2 +w?)x, = —(2iwD,A + 30 A’A + 27 ABB)e"™ — a A’ — y A% 2% — AB el M 4 cc. (471)
(D2 +0%)y, =—(2i0D,B +33B°B +2yBAA)e"™ — 3B%e™™ — yBA%" 2% _ yBA’el" 2T 4 cc. (471)

The required uniform expansions of the functions x, and y, need the elimination of the secular terms. Therefore, to obtain a
uniform valid expansion, the secular terms must be excluded. The sources of these secular terms come from the coefficients of
the exponentials e**™, and e*“™.Therefore, the uniform valid expansions require

2iwD,A +27ABB +3aA’A=0 (481)
2icD,B+2yBAA+33B°B=0. (4811)

Equations (48I) and (48II) are well-known as the solvability conditions. Sometimes, they may called the amplitude equations. It
follows that uniform solution of the particular solutions of equations (47I) and (471I) may be written as

aA? ~ AB? ” ~AB’ .
x,(T,,T,,T,) = el T7R2  pilet20) TR piw-20)T, +coc. (491)
(I T T) 8w’ W’ —(w+20) W’ —(w—20)
(T T T ) _ 533 3o _ ’YBAZ pilr+29)% _ ’YBKZ pilr=2)T, +ee
Y1 0r -1y 72/ 7 80_2 0'27((T+2(/J)2 0,27(0_72“})2 e (4911)

Substituting from equations (46I) (46lI), (491) and (49Il) into equations (45I) and (45II), after lengthy, but straightforward
calculations, one finds the following equations:

_ — = =2
. 1502A%A° 7(3(102 +(v f3a)w2)A2ABB 52 <3w2 - 2(72)AB2B )
D? + w?)x, =|—2iwD,A + + oMo 4
(Do + ), w2 8w? wz(wzfoz) 2w2(w27(72)

v(4v0” + Bw(110 + 50)) AB’B

Q3T _ 3a°A 5iu T,
4wo? (w + U)

5
8w’ ¢

[21a2A4A . 7(200% + (7 — 2a)w?) A’BB

8w’ w? (w2 - (72)

’y('y(afw)(nz —4ow— 2wz)730[(72((7724,.)))A2KB2

2wo’? ((72 — wz)

7(470? + Bu(5w —110)) ABB’
40 (w - U)

]ei(¢+2<7)'r0 +

(501)
7(7(0 + 4/.1)((72 +4ow—2w")—3a0’(c+ 2w))AZKE2 g0, _ 7(70 + 8w+ cr))AB4 sy
2wo’ (02 - w2) 40° (w + U)
7(7‘7 —Bw— U))AB4 pilo—20Ty 7(47(7“) +a(o’ +ow+ GWZ))A3 B’ oi2e+30)Ty
40° (w - U) 8ow’ (w + cr)
7(4*}/ ow — 0[(0-2 tow+ 6w2)) A3 BZ ei(Zw—?m)To +c.c.
8ow’ (w — cr)
and
2338 (380 + (v —30)0?)B’BAA  +* (307 —2u?)BA’A"| .
(D5 +0%)y, = _2i0D2B+15ﬁBzB ’Y( Je 2('7 2 [)(27 ) +'Y ( Uz 2“’ ) 2 e +
8o a(w 7(7) 2(7((7 7w)
2158 (20" + (1 =200 )BAA| L 3B . (1[99 +ao(lle +50))BATA N
85° o? <w2 — (72) 807 4ow? (w+o0)
’y('y (0 —w)(—w’ +4ow+20")+ 38w’ (20 — w))AZEB2 os20)ms 7(4’y W’ +ao(50 — 11w))ABK3
200° ((72 - wz) ¢ - 4w’ (0 —w) (so1)
’y('y (0 +w)(20” —4ow—uw’)—38w(20 + w))B2K2E plo2m, y(yw +oa(w+ U))BA4 gl
20w’ (O’z - w2) 40* (w + U)
7(7"” - O‘("" - U))BK4 pilo—40Ty _ ’Y<47 ow+B(60" +ow+ wz))AZ B’ ei2r+3aTs |

4u° (cr - w) 8wo? (w + U)
’y<4—'ymu —B(60" —ow+ wz))A3 B’

'@ =3% 4 cc.
8wo? (w - U)
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To eliminate the secular terms of equations (50I) and (50II), one finds

. 1502A%A° 'y(3a o> +(y— 3a)w2)AZKBE 72 (34,.;2 — ZGZ)ABZEZ 3
—2iwD,A + s T 2 o) A ) 0 (511)

and

155°8°B°  7(30w’ +(7y—38)0")B’BAA  1*(30° —2u°)BA’A"

~2ioD,B+=> P ) 0. (5111)

The solution of the solvability conditions will be presented in two categories; the first category is concerned with the non-
resonance case; whereas, the second one concerns with the resonance one. These approaches will be given in the following
Subsections:

4.1. Stability Analysis in the non-Resonance Case

In order to investigate the stability profile, throughout the non-resonance case, one may return back to the amplitude
equations that are given by equations (48I), (48II), (51I) and (51II). Actually, these equations may be used to determine the
unknown complex functions A and B in terms of the time-independent variables T, and T,. Furthermore, the stability
behavior depends mainly on the behavior of these functions. For this purpose, one may integrate equations (48I) and (48II)
partially with respect to the variable T,. Then integrate equations (51I) and (51II) partially with respect to the variable T,. In
another procedure, simply, multiply equations (48I), (4811), (511) and (51II) by p and p*, respectively, then adding them. It follows
that the partial differentiation in these amplitude equations may be transformed intodA /dt and dB/dt. Finally, one may find
the following amplitude equations:

Byt =2
_dA 1502 . — (300” +(y—30a)w’)A’ABB  +*(3w” —20°) AB’B
2iw— + 30 A*A — A’A" +2yABB— - =0 521
v dt +aa 8w? T w? (w2 —O’z) 2w? (w2 —O’z) (621)
and
Sar -2
. dB - 1582 - — (38w’ +(v—3p)0")B’BAA  7*(30° —2w°)BA’A
2ic—— +33B°B——-"-B°B  +2yBAA — — =0. 5211
7 dt +3f 80?2 T o? (w2 — O’z) 20?2 (02 - wz) (21

Equations (52I) and (52II) are first-order nonlinear differential equations with complex coefficients. The amplitude equations will
govern the stability criteria of the problem in the non-resonance case. The solutions of these equations may be obtained by
utilizing the polar form formula as given below:

A(t) =T, (t)e™® (531)
and
B(t) =T, (t)e™, (5311)

where the functions T,(t), I',(t), \,(t) and ), (t) are real functions on time.

Substituting from equations (53I) and (53II) into equations (52I) and (52II), then equating the real and imaginary parts on both
sides. Simultaneously, two differential equations and two algebraic equations will be obtained. The solution of these equations
may be written as: T',(t)=c,, [,(t)=c, ,\(t)=s;t and ) (t)=s,t,where, ¢, and c, are two real constants. The coefficients s,
and s, are given in the Appendix. One may choose appropriate boundary conditions, so that they may be considered as unities.
On the other hand, the quantities s, and s, are real ones. They are composed of the given parameters of the problem at hand.
Therefore, in view of the non-resonance case, the considered system has, always, a periodic solution during all time. Finally, the
constants s, and s, are given as:

Along with the solutions in the non-resonance case, one gets:

49°c3(20% —3w’) + 3a (W’ — 0?)(8w” —5acl) + 8yc) (20.}2(0.)2 - 02)) +8ycic (3&02 +w(y— 3a))
5, = ,
! 1603 (w” — 0?)

477} (2w’ —30%) +38 (07 —w?)(80” —5¢}) + 87 (207(07 — w)) + 8y cich (34w’ + 0’ (y —38))
S, =

2 16(73((72 — wz)

As a final result in the case of non-resonant, the approximate periodic solutions of the equation that is given in equations (8) and
(9) may be written as follows:

X(t) =L (x,(t) + px,(£) + 0" %,(t)) (541)

y(£) =1 (yo(t) + p¥:(t) + 9 y,(t))- (5411)

4.2. Stability Analysis of the Resonant Case

As seen in the previous Subsection, the non-resonant case fails to achieve the stability criteria. Subsequently, the following
discussion is devoted to introducing a resonant case. It should be noted that resonance occurs when the natural frequency w of
eq. (121) is nearer to the natural frequency o of eq. (121I).
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Actually, there are several powers in the different stages as shown in equations (471), (471I), (50I) and (501I). It follows that there are
two super-harmonic resonance: as oc~w/2and o ~w/3 and one sub-harmonic resonance: as ¢ ~w. To avoid the lengthy of
the calculations, the present analysis is only concerned with one of these resonance cases. As an example, one may consider the
sub-hamonic resonance. Therefore, if the natural frequency o is nearer to the natural frequency w, one may introduce a
detaining parameter (2, this advantage helps us in introducing an additional secular term. Accordingly, one may write

oc=w+pQ) (55)
In this case, one finds
—i(w — 20)T, = iwT, + 2iQT, (56)

Therefore, the secular terms will be rising again. At this stage, the solvability conditions given by equations (481) and (48II) will be
modified to become:

2iwD,A +27ABB +3a A%A + yB? Ae®™ =0 (571)

2icD,B+2yABA +33B’B+vA*Be " = 0. (5711)

The uniform valid solutions of equations (47I) and (47Il), in this case, may be expressed as:

ahA® ~AB? i
x,(T,, T,,T,) = [ — LSS RN 581
(1T T) 8w? W —(w+20) (>81)
(T,, T, T,) = BB o YBAT A’ 729 4 ¢ ¢ (5811)
YI 071272 _80_2 0_27(0_4,’»21‘0)2 o

Substituting from the transformation (56), into the right-hand side of equations (50I) and (50II), the elimination of these secular
terms requires

1502A%A° N '«,(3(102 +(y— 3a)w2)A2KBE 52 (3w2 - 202)ABZE2

2iwD,A — + +
? 8w’ W? (wz — 02) 2u° (wz - 02)
— _ (591
20T, 7(4702 + Buw(Sw — 110))B3AB N ’y(’y(a +w)(0® +4ow—2w?) —3ac’ (o + Zw))ABZA2 _
4w0® (o—w) 2uwo? (02 — w2)
and
BB (30w + (7 —36)0?)AB’AB (307 — 20 |BA%A’
sioD,p 1IF'B (38 2(72 ﬂ)z) 7 2 )2
8o cr(cr —w) 20(0.} —0)
2 3R 2 2 2 23?2 (591)
o 20T 'y<4—’yw +ao(S50— 11w))A AB N 'y('y(o +w)(20® —4ow—w’)-38u*(20 + w))BA B o
40w’ (0 —w) 20uW? (o’z - wz)
Using similar arguments as given in the non-resonance case to obtain equations (52I) and (52II), one finds
‘Z—? +ia, A’A +ia, A*A’ +1ia, ABB +ia, A> ABB +ia, AB’B’ +ie”™ (a6 B’A+a,B*AB +a, ABZKZ) =0 (601)
and
% +ib,B*B+1b,B* B’ +ib, ABA + ib,AB’AB + ib,BA’A” +ie %™ <b6 A’B+b,A’AB+b,BA’B’ ) =0, (6011)

where the coefficients a, and b, are given as follows:

o - 3a a _ 1507 e o= 7(3(102+(’y*30z)w2) . 772<3w27202) W
2w e W 22 —0?) T Al (WP -o?) 2w

. _7(73a02(072w)+7(07w)(02+4w072w2)) and a __"/(4"/172+5w(5w7110))
a 4w202(027w2) 8 8w?o? (0 — w)

o 38, 1588 .y, (380387 (300 -27) 4
Y2672 160’ P ot 20'3(w270'2) T 4—0’3(0'270.)2)' ¢ 2’
b, — ’y<3ﬂw2 (w+20)+ (0 +w)(20° — 4wo —w2)) and b, = 77(470.}2 +ao (50 — 110.})).

4uw%0? (02 — wz) 8uw?o? (a — w)

Equations (60I) and (60II) are first-order nonlinear differential equations with complex and variable coefficients. Their solutions
may be obtained by the following transformation:

Alt) = &(t)e™™, (611)
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B(t) = &(t)e™", (6111)

where, & (t) and ¢ (t) are two real functions on time. Substituting from equations (61I) and (611I) into equations (60I) and (601I),

then equating the real and imaginary terms, the resulting differential equations showed that the two functions ¢ (t) and &(t)
are of constant values. These constant values may be written as follows:

a,& +(ag +a,)& + (a, +ag)2E2 +a,&8 +(a;, + ag)él +2(c —w)=0 (621)
and
bzf; +(bs +b, )514 + (b, + bs)'ﬁlzfzz + b1'€22 +(bs + bg )'512 +o—w=0 (6211)

Equations (62I), and (62II) are coupled equations for ¢, and ¢&,. Actually, they are rather difficult to be divided. As previously
shown, throughout the expanded frequency analysis, one may consider a virtual parameter ¢, such that

& =¢&, (63)
where, ¢ is some constant. It must be of non-unity value. Equations (62I) and (62II), are then become
§+a&+9,=0 (641)
&+aE +9,=0 (6411)
where, q,(i=1,2,3,4) are given as follows:
*a, e’ +a, +a 20t
a4, = ! : <) 9

a,e* +(a, +ag)e* +a, +a,’ - a,e* +(a, +ag)e* +a, +a,’

e?(by +by) + b, Q
= and = .
&= b 1)t + (b, +b,) +D, &= . 5 0,)" + (b, + by) b,

As shown in equations (61I), and (61II) the functions ¢ (t) and &(t) are two real functions on time, and consequently, the
constants ¢, and must have a real nature. From the elementary algebra: the criteria of eq. (64l), require

¢ <0, q,>0, and g} —4q, >0, (651)
whereas, for eq. (641I), one finds
4, <0, q,<0, and ¢ —4q, >0. (6511)

For more convenience, the criteria of the periodic approximate solutions will be plotted. Therefore, in what follows, the figures 5I,
and S5II are pictured to illustrate the stability criteria (65I), and (65II). In these figures the nonlinear natural frequencies (¢ and w)
are plotted versus the parameter ~, for sample chosen systems. Evidently, the ordered pairs in the shaded region indicate that

the solution as it is a periodic one.

T T T T T
e B s S 0
[ 15 8
35 i B
5.0: B
L 10+ i
3 2.5: i 5
20 } 1 sk e
15 — 5
L0p, I I 1 1 2| 0L, I 1 1 L 7
0 2 4 [ 8 0 2 4 6 g
Y Y
Fig. 51. Plots the phase diagram to show the natural frequency w versus  Fig. 5II. Plots the phase diagram to show the natural frequency o versus
the parameter v , for a dynamical system having the the parameter v, for a dynamical system having the
particulars: 5 =1.0,2=0.25,« =16, 0 = 4.0 ,and ¢=0.6 particulars: 5 =1.0, 2= 0.25, « = 16, w = \/E ,and e = 0.6
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5. Concluding Remarks

The current paper is concerned with the analysis of governing equations of coupled nonlinear oscillations. This system is
comprehensively examined throughout different approaches. The first one deals with a traditional analytic approximate solution.
The He-Laplace approach is utilized to produce this solution. Unfortunately, because of the presence of the secular terms, this
solution is physically un-preferred. Simultaneously, no one has any authority to ignore these terms. Therefore, in order to
eliminate these secular terms, a modification to the classical HPM is made. This approach needs an inclusion of an artificial
frequency, which sometimes called the nonlinear frequency. Therefore, the nonlinear frequency of each differential equation is
achieved. Indeed, the significance of the expanded frequency is an early concept. It was first proposed by Lindstedt-Poincaré
technique throughout the perturbation theory. This approach resulted in periodic approximate solutions of the considered system.
During the latter approach, the criteria in finding the periodic approximate solutions are achieved. For more convenience, the
solutions of the previous two cases are plotted. Furthermore, the multiple time scale technique is utilized. For more accuracy,
three-time scales are considered. Unluckily, the non-resonance case does not produce any criteria to the periodic solution.
Subsequently, the analysis proceeds to include the resonance case. Several criteria, for achieving the periodic solutions, are
accomplished. Furthermore, the obtained criteria are plotted. It is concluded that the multiple time scales method is the most
powerful mathematical tool in analyzing the nonlinear oscillation system that arises in physical application and practical
engineering. The concluding remarks of the present work may be summarized as follows:

e The classical approximate solutions, involving secular terms, are given in equations (231I) and (23II).

e The periodic approximate solutions via an expanded parameter are given in equations (33I) and (33II).

¢ The non-resonance case concludes that the system is always stable.

e The resonance case reveals the stability criteria as given in (65I) and (651I).

e Figures (5I) and (5II) result all the ordered pairs that yield the periodic solutions of the considered coupled nonlinear
oscillations.

Author Contributions

All authors planned the scheme, initiated the project, developed the mathematical modeling and examined the theory
validation. The manuscript was written through the contribution by all authors. All authors discussed the results, reviewed, and
approved the final version of the manuscript

Conflict of Interest

The authors declared that no potential conflicts of interest with respect to the research, authorship, and publication of this
article.

Funding

The authors received no financial support for the research, authorship, and publication of this article.

References

[1] Rajaraman, R., Weinberg, E.J., Internal symmetry and the semi classical method in quantum field theory, Physical Review D, 11,
1975, 2950-2966.

[2] Friedberg, R., Lee, T.D,, Sirlin, A., Class of scalar-field soliton solutions in three space dimensions, Physical Review D, 13, 1976,
2739-2761.

[3] El-Sabaa, EM., Hosny, M., Zakria, S.K., Bifurcations of Armbruster Guckenheimer Kim galactic potential. Astrophysics and Space
Science, 364(34), 2019, 34-43.

[4] Jiménez-Lara, L., Llibre, J., Periodic orbits and nonintegrability of generalized classical Yang-Mills Hamiltonian systems, Journal
of Mathematical Physics, 52, 2011, 032901, 9 pages.

[5] Arnol'd, V.I., Forgotten and neglected theories of Poincaré, Russian Mathematical Surveys, 61(1), 2006, 1-18.

[6] Ince, E.L., Ordinary Differential Equations, Dover Publication Inc., New York 1956.

[7] Ablowitz, M.J., Ramani, A., Segur, H., Nonlinear evolution equations and ordinary differential equations of Painlevé type, Lettere
Nuovo cimento, 23(9), 1978, 333-338.

[8] Bountis, T., Segur, H., Vivaldi, F, Integrable Hamiltonian systems and the Painlevé property, Physical Review A, 25, 1982, 1257-1264.
[9] Ditchburn, R.W,, Heavens, O.S., Relativistic theory of a rigid body, Nature, 170, 1952, 705.

[10] Dyke, M.V, Perturbation methods in fluid mechanics, Nature, 206, 1965, 226-227.

[11] He, J.H., Homotopy perturbation method, Computer Methods in Applied Mechanics and Engineering, 178(3-4), 1999, 257-262.

[12] He, J.H., A new perturbation technique which is also valid for large parameter, Journal of Sound and Vibration, 299, 2000, 1257-
1263.

[13] He, J.H., Homotopy perturbation technique: a new nonlinear analytical technique, Applied Mathematics and Computation, 135(1),
2003, 73-79.

[14] He, J.H., Comparison of homotopy perturbation technique and homotopy analysis method, Applied Mathematics and
Computation, 152(2), 2004, 527-539.

[15] He, J.H., Some asymptotic methods for strongly nonlinear equations, International Journal of Modern Physics B, 20(10), 2006, 1141-
1199.

[16] He, ]J.H., Maxmin approach to nonlinear oscillation, International Journal of Nonlinear Science and Numerical Simulation, 9(2), 2008,
207-210.

[17] He, J.H., The simpler, the better: analytical methods for nonlinear oscillators and fractional oscillators, Journal of Low Frequency
Noise, Vibration and Active Control, 38, 2019, 1252-1260.

[18] Yu, D-N, He, J.H., Garcia A.G., Homotopy perturbation method with an auxiliary parameter for nonlinear oscillators, Journal of
Low Frequency Noise, Vibration and Active Control, (38), 2019, 1540-1554.

[19] He, J.H., Jin, X., A short review on analytical methods for the capillary oscillator in a nanoscale deformable tube, Mathematical
Methods in the Applied Sciences, 2020, 1-8. https://doi.org/10.1002/mma.6321.

[20] He, J.H., Ain, Q.T., New promises and future challenges of fractal calculus: from two-scale Thermodynamics to fractal
variational principle, Thermal Science, 24(2A), 2020, 659-681.

Journal of Applied and Computational Mechanics, Vol. 7, No. 2, (2021), 382-395 A\V'A



Approximate Solutions of Coupled Nonlinear Oscillations: Stability Analysis 395

[21] El-Dib, Y.O., Moatimid, G.M., On the coupling of the homotopy perturbation and Frobenius method for exact solutions of
singular nonlinear differential equations, Nonlinear Science Letters A, 9(3), 2018, 220-230.

[22] El-Dib, Y.O., Stability analysis of a strongly displacement time-delayed Duffing oscillator using multiple scales homotopy
perturbation method, Journal of Applied and Computational Mechanics, 4(4), 2018, 260-274.

[23] Sripacharasakullert, P., Sawangtong, W., Sawangtong, P., An approximate analytical solution of the fractional multi-
dimensional Burgers equation by the homotopy perturbation method, Advances in Difference Equations, 252(2019), 2019, 12 pages.
[24] Moatimid, G.M., El-Dib, Y.O., Zekry, M.H., The nonlinear instability of a cylindrical interface between two hydromagnetic
Darcian flows, Arabian Journal for Science and Engineering, 45, 2020, 391-409.

[25] Moatimid, G.M., Sliding bead on a smooth vertical rotated parabola: stability configuration, Kuwait Journal of Science, 47(2), 2020,
18-33.

[26] Moatimid, G.M., Stability analysis of a parametric Duffing oscillator, Journal of Engineering Mechanics, 146(5), 2020, 05020001, 1-13.
[27] Ghaleba, A.F, Abou-Dinaa, M.S., Moatimid, G.M., Analytic approximate solutions of the cubic-quintic Duffing-Van der Pol
equation with two-external periodic forcing terms: Stability analysis, Mathematics and Computers in Simulation, 2020,
https://doi.org/10.1016/j.matcom.2020.08.001.

[28] Hutten, E.H., Relativistic (Non-Linear) Oscillator, Nature, 205, 1965, 892.

[29] Anjum, N., He. J.H., Homotopy perturbation method for N/MEMS oscillators, Journal of Mathematical Methods in the Applied
Sciences, 2020, DOI: 10.1002/mma.6583.

[30] Yu, D-N., He, J.H., Garcia A. G., Homotopy perturbation method with an auxiliary parameter for nonlinear oscillators, Journal of
Low Frequency Noise, Vibration and Active Control, 38(3-4), 2019, 1540-1554.

[31] Prakash, J., Kothandapani M., Bharath, V., Numerical approximations of nonlinear fractional differential difference equations
by using modified He-Laplace method, Alexandria Engineering Journal, 55, 2016, 45-651.

[32] Mishra, H.K., Nagar, A., He-Laplace method for linear and nonlinear partial differential equations, Journal of Applied
Mathematics, 2012, 2012, 180315, 16 pages.

[33] Nadeem, M., Li, FEQ., He-Laplace method for nonlinear vibration systems and nonlinear wave equations, Journal of Low
Frequency Noise, Vibration and Active Control, 38(3-4), 2019, 1060-1074.

[34] Suleman, M., Lu, D., Yue, C., Rahman, J., Anjum, N., He-Laplace method for general nonlinear periodic solitary solution of
vibration equations, Journal of Low Frequency Noise, Vibration and Active Control, 38 (3-4), 2019, 1297-1304.

[35] Li, EQ., Nadeem, M., He-Laplace method for nonlinear vibration in shallow water waves, Journal of Low Frequency Noise,
Vibration and Active Control, 38(3-4), 2019, 1305-1313.

[36] Wei, C., Solving time-space fractional Fitzhugh-Nagumo equation by using He-Laplace decomposition method, Thermal Science,
22(4), 2018, 1723-1728.

[37] He, J.H., Jin, X., A short review of analytical methods for the capillary oscillator in a nanoscale deformable tube, Mathematical
Methods in the Applied Sciences, 2020, Article DOI: 10.1002/mma.6321.

[38] Anjum, N., He. ].H., Homotopy perturbation method for N/MEMS oscillators, Mathematical Methods in the Applied Sciences, 2020,
DOI: 10.1002/mma.6583.

[39] Prakash, J., Kothandapani, M., Bharath, V., Numerical approximations of nonlinear fractional differential difference equations
by using modified He-Laplace method, Alexandria Engineering Journal, 55, 2016, 45-651.

[40] Nayfeh, A.H., Perturbation Methods, Wiley-Interscience, New York, 1973.

[41] Ren, Z.E, Yao, S.W., He J.H., He's multiple scales method for nonlinear vibrations, Journal of Low Frequency Noise, Vibration and
Active Control, 38,2019, 1708-1712.

ORCID iD

Galal M. Moatimid “© https://orcid.org/0000-0001-6833-8903
Fawzy M.F. Elsabaa https://orcid.org/0000-0001-7595-3357
Marwa H. Zekry ' https://orcid.org/0000-0002-2899-3513

@ ® © 2020 by the authors. Licensee SCU, Ahvaz, Iran. This article is an open access article distributed under the terms
and conditions of the Creative Commons Attribution-NonCommercial 4.0 International (CC BY-NC 4.0 license)
(http://creativecommons.org/licenses/by-nc/4.0/).

BY NC

How to cite this article: Moatimid G.M., Elsabaa FEM.F,, Zekry M.H. Approximate Solutions of Coupled Nonlinear Oscillations:
Stability Analysis, J. Appl. Comput. Mech., 7(2), 2021, 382-395. https://doi.org/10.22055/JACM.2020.34722.2467

A\V'A Journal of Applied and Computational Mechanics, Vol. 7, No. 2, (2021), 382-395




