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Abstract. We introduce smaller artificial factors into the elastic constants matrix and manage to make Mindlin first-order plate 
theoryequations of motions coupled for a uniform and integrated analysis. The energy distributions of the five coupled modes are 
obtained and all the five vibration modes are identified through the energy calculation. This analytical approach based on 
artificial couplings of vibration modes suggests that all vibration modes of structural components can be analyzed through the 
same procedure and computer code if the right elastic constants are modified and the mode identification can be done with the 
energy method. This is a new technique to study multimode vibrations of structures in a broad frequency range with just one 
procedure and calculation tool for simplification.  
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1. Introduction 

It is known that the first-order Mindlin plate theory is widely used as the fundamental theory for the analysis of high 
frequency vibrations of quartz crystal resonators. Moreover, material characteristics of quartz crystal has a great impact in the 
resonator behaviors[1, 2]. Utilizing the Mindlin first-order plate theory [3] to study vibrations of rectangular plates of AT-cut quartz 
crystal is always a good choice because it can present accurate results with minimal computation costs. Theoretically, the 
fundamental thickness-shear (TSh) mode is only strongly coupled with the flexural (FL) mode and face-shear (FS) mode while the 
other two modes, the extension (EX) and thickness-twist (TT) modes, are not coupled with them. So, even there are five modes in 
the fundamental vibrations of the quartz crystal plates, only three modes or even two are actually taken into account in the 
vibration analysis. 

The first-order Mindlin plate theory is widely used in the analysis of quartz crystal resonators with plate models. Mindlin 
analyzed the free vibrations of the AT-cut quartz crystal plate with the electric field and mass of electrode coatings using the 
three-mode equations and obtained useful results [4]. Lee et al. used the first-order Mindlin plate equations to solve forced 
vibrations of an AT-cut plate with electrodes and found results agree well with that from the three-dimensional equations [5]. 
Yong et al. studied both the AT- and SC-cut quartz plates and analyzed the accuracy of the plate theories of different orders [6]. 
The two-dimensional equations can be further simplified to one-dimensional by considering the straight-crested waves. Wang 
and Momosaki use the one-dimensional equations to study the forced vibrations of piezoelectric AT-cut quartz strip resonators 
with seven-mode model and results are in good agreement with experimental data [7]. Wang and Zhao studied the first-order 
Mindlin plate equations and found the technique to determinate the optimal length for resonator blanks [8].  

In summary, there are three analytical models of AT-cut quartz crystal plate with the first-order Mindlin plate theory: 1) TSh 
and FL modes, 2) TSh, FL, and FS modes, and 3) TSh, FL, FS, EX, and TT modes. To predict the simple thickness-shear frequency [9-
12], it is accurate enough to choose one of these models and calculate with the correction factors [13]. In the calculations we will 
obtain the frequency spectrum of vibration modes and then we need to identify each of them [8]. The design objective is always to 
locate the strong thickness-shear mode from the coupled spurious modes with proper resonator configurations.  

Typically, the mode shapes [14, 15] are identified from the spatial distribution of displacements of each vibration mode. But 
this identification method is based on visualization technique which means it relies on the manual intervention and will affect 
the calculation efficiency. To improve this procedure, we turned to the vibration energies [16, 17] eg. stain energy[18] which can 
also characterize the vibration properties and are much easier for quantitative comparison. Using the energy solutions, we 
obtained results of identified vibration modes with the first-order Mindlin plate theory [19]. In the numerical examples earlier, we 
can only use three modes model as mentioned before to calculate the energy distributions, simply because the TSh, FL, and FS 
modes are not coupled with EX and TT modes [3], and their displacements cannot be calculated from the same procedure. 
Therefore, the total energy has to be artificially divided into two parts for each group of modes. Calculations with separated 
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groups of vibration modes are slow and incomparable. In particular, the incomplete calculation of vibration modes will break the 
solution consistency comparing with the FEM solutions [20-22]. In this paper, we present a procedure to enable the five vibration 
modes in the first-order Mindlin plate theory to be coupled by using artificial elastic constants. Artificial modification is 
sometimes proved effective through solving equations with some mandatory purposes [23]. As a result, we manage to calculate 
vibration modes with the energy solution and succeed in identifying vibration modes accurately. We believe this method and 
procedure is a new technique in the vibrations analysis of quartz crystal plates with practical importance. In addition, the 
artificial couplings introduced in this study can be used in occasions with multimode vibrations in a wide frequency range for 
simplified analysis with just one procedure and calculation tool. 

2. Equations of the First-Order Mindlin Plate Theory 

For the vibration analysis of AT-cut quartz crystal plates with the first-order Mindlin plate theory, there are six components of 

displacements. The flexure ( )0
2u , face-shear ( )0

3u , and thickness-shear ( )1
1u  modes are strongly coupled. The displacements ( )0

1u  and 
( )1
3u  are the extensional and thickness-twist mode which are only coupled with themselves. The thickness-stretch mode ( )1

2u  is 

solved as a known variable for approximate consideration in an AT-cut quartz crystal plate and it can be expressed by other 

displacements [3]. As a result, there are five vibration modes in the first-order Mindlin plate theory of an AT-cut plate. The 

calculation model of rectangle AT-cut quartz crystal plate is shown in Fig. 1 with a rotation of 35.25o along the crystal axis. 

 

 

(a) Orientation of cuts of quartz crystal 

 

 

(b) A resonator model 

Fig. 1. AT-cut rectangle quartz crystal resonator model. 

2.1 The five-mode equations with artificial coupling factors 

The stress-displacements relations of the first-order Mindlin plate equation of AT-cut quartz crystal with the full matrix of 
elastic constants are [3] 
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where the ( ) ( )0 1,3,4,5,6pT p= , ( ) ( )1 1,3,5pT p= , ( ) ( )0 1,2,3ju j= , ( ) ( )1 1,3ju j= , and b are the zeroth-order stress, first-order stress, 

zeroth-order displacement, first-order displacement, and half of plate thickness in Fig. 1, respectively. The ( ), 1,2,3,4,5,6ijc i j=  are 

the elastic constants [24], and ,ijc are the modified elastic constants after the truncation of the plate equations. The 4κ and 6κ  
are the correction factors for the first-order Mindlin plate theory as 

x1

x3

x2

2a

2b

2c

2

4 6 ,
12

π
κ κ= =  

(2) 
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Then the first-order equations of motion are [3] 

where ρ  is the density of quartz crystal. To study the thickness-shear vibrations, we define displacement expressions of the five 

modes, according to the assumption of straight-crested waves along the 1x
 
axis and the functioning vibration modes, as [25]  

where ( )1,2,3,4,5 , ,jA j ξ ω=  and t are the vibration amplitudes, wavenumber, frequency, and time, respectively. 

With the consideration of the zeroes of elastic constants of AT-cut quartz crystal, then substituting Eqs. (1) and (2) into eq. (3), 
we obtain the determinant equation of the coefficients of dispersion relations as 

where Z , and Ω  are the normalized wavenumber and frequency with definitions as 

where 0ω  is the frequency of the fundamental thickness-shear mode. 

By solving the eq. (5) we can obtain the displacements expressions as 

where ( ) ( )41,2,3,4,5 , 1,2,3,4,5 ,j jZ j A j= =  and ( ), 1,2,3,4,5ij i jα =  are the jth wavenumber, vibration amplitudes of thickness-

shear mode at jth wavenumber, and amplitudes ratios which defined as: 

The problem is that we cannot obtain reasonable values of α�� in eq. (7) from the eq. (5) since the equations are not coupled. 
We can see form the eq. (5) that the five modes are not coupled due to the absence of some elastic constants of the AT-cut quartz 
crystal. This is not necessarily a good situation if we want to use the computer code based on the five mode for the analysis, 
because the code has to be reconfigured with less equations and solve separately for certain materials. Then, it is natural to ask if 
we can use the same code for all equations to be solved without breaking them into small groups to reduce the time and 
modification of the code. Clearly, if we modify the elastic matrix by changing some constants to nonzero to establish the 
couplings, we may manage to make the equations coupled for a one-stop solution with the same code and procedure. By 
observing the elastic constants and the equations of motion Eqs. (1) and (3), we find the parameters 15c

 
and 16c  are the good 

choices for modifying and as we should know the AT-cut crystal is monoclinic so the elastic constants are diagonally symmetric 
thus 51c

 
and 61c  are also changed. In the following calculations we will set the 15c

 
and 16c  to a small value � and modify the 

dispersion equations. 
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We let 15 51 16 61, 0c c c cε= = = =  or 15 51 16 610,c c c c ε= = = =  and the eq. (5) now become as 

Form the eq. (9) we can see that the new dispersion equations are well coupled for all the displacements presented in eq. (7). 
Finally, we substitute the eq. (9) into the boundary conditions to obtain the vibration frequency and amplitudes. The traction-free 
boundary conditions in this case are given as 

where a is the half length of the resonator as shown in Fig. 1. 
We are not going to expand the equations here, as it was discussed in many studies before [3, 8]. By solving the eq. (10) with a 

standard procedure we can obtain the amplitudes ratios rβ of wave-numbers of each single mode as [26], 

With eq. (11), we have completed the calculation and obtained the analytical expressions of each vibration mode which can be 
used in energy calculation for mode identification purpose. 

2.2 Vibration mode identification with the kinetic and strain energies 

The vibration mode identification is very important in the analysis of vibrations of structures including quartz crystal plates. 
The TSh mode as the primary functioning mode is expected to be dominant near the vicinity of working frequency. There is an 
alternative way for mode identification with energies [19] without using the traditional mode shapes. Following the calculation 
procedure for the strain and kinetic energies of each mode, the distributions of energies can be used for the labeling of vibration 
modes. Usually the dominant vibration mode is designated as the one with the highest concentration of modal energies. The 
procedure is proved efficiency and reliable in the AT-cut quartz crystal model with the first-order Mindlin plate theory. 

First, the strain energy density of the Mindlin plate is [3] 

We can classify the energy density with their modes, like the thickness-shear (TSh) and extension (EX) modes, as 

Then by substituting eq. (7) into eq. (14) and integrate it over the whole plate for one period of time we can obtain the energy 

as 
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Following the same procedure we can obtain the kinetic energy expressions as [3], 

where c represents the half width of the plate in Fig. 1. 
To obtain the energy distributions, we sum up all the energies together as 

where XP  are the percentages of the energy distribution of the specific mode. The coupled energies are omitted due to their 

comparatively small values.  
The above results showed us the energy solution of an AT-cut quartz crystal plate with the first-order Mindlin plate theory of 

five modes. They cannot be calculated without the solutions from eq. (7). Clearly, the artificial factors successfully enabled the 
uniform implementation of the energy proportion among all modes and amplitudes for comparisons. 

3. Numerical Results 

In this section, numerical results of three- and five-mode models will be presented based on the energy formulation with 
artificial factors. The plate model is the rectangle AT-cut quartz crystal plate with four free sides, and the electrodes and 
piezoelectric effects are neglected. 
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First, we focus on the changes of the artificial factors brought into the equations. The dispersion relations are the important 
feature to indicate the characteristics of vibration modes. The dispersion relation reveals the relations between the normalized 
wavenumber and the frequency and can also help us to find out the cut-off frequency of the specific wave mode. In this study, we 
use the dispersion relations to verify the modification of the equations as shown in Fig. 2. We compare the original dispersion 
relations with the modified equations in eq. (5) with artificial factor ��� = 10�
. Figure 1 shows these two sets of dispersion curves 
are exactly the same, implying the equations with the artificial facts still maintain their exact characteristics. 

Then we present the frequency spectra of both the three and five modes in Figs. 3 and 4. These frequency spectra will cover all 
the possible frequencies in a specific range, including all possible optimal working frequencies. The frequencies in Fig. 4 are more 
complex than the Fig. 3 because of the extra frequencies of the TT and EX mode. The optimal working modes in the spectra can be 
selected by the mode identification method.  

The traditional identification method requires plotting displacements of each mode and relies on the assistance of visual 
examination. However, the energy solution approach is more efficient. The energy solution starts with calculating the energy 
distributions of vibration modes. From Figs. 3 and 4, we select frequency points at the specific length to thickness ratio 33.0 for 
calculating the strain and kinetic energy distribution of each mode. 

Table 1 shows the energy distributions of the three-mode model and the high concentration of modal energy with its value in 
bold indicating the dominance mode prominent. We can see in the Table 1 the energy distributions of different modes are listed at 
the specific thickness to length ratio 33.0 and the values of the strain and kinetic energies have been showing the exactly same 
trend. The differences between the two energies are in their coupled parts [29], but overall both indicate the same weight for the 
mode identification. We can clearly identify the frequency of working mode form the Table 1 as its TSh modal energy is 98% at the 
4th row. 

Table 2 presents the energy distributions of the five-mode model with artificial factors 5
15 51 10c c −= = . Compared with the 

Table 1, Table 2 can identify two more extra modes, namely the TT and EX modes. Meanwhile, the frequency points of Table 2 are 
more than those in Table 1 and the extra points are from the frequency spectra brought in by the TT and EX modes. We can see 
from the Table 2 the characteristics of extra frequency points are obvious. The energy distribution of these points which marked 
with underline in the Table 2 are clear, and the value of the TT and EX modes are comparatively higher than that of the FS, FL, and 
TSh mode whose value are nearly zero so they clearly indicates that these frequencies belong to the TT and EX modes. It obtains 
almost the same conclusion as the Table 2 when the artificial factors are 5

16 61 10c c −= = . The affect of artificial factors between 
��
 and ��� is minimal and their numerical difference is in the order of 10��. The artificial factors have the same effect and we 
can choose either one of them for calculations. 

 

Fig. 3. Frequency versus length/thickness ratio of the coupled TSh, FS, and FL modes 

 

Fig. 4. Frequency versus length/thickness ratio of the coupled TT, EX, TSh, FS, and FL modes 
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Table 1. Strain/Kinetic(S/K) energy distributions of the crystal plate at each resonance with three vibration modes. 

Mode 

Number 

Normalized 

Frequency 

Flexural 

(S/K %) 

Face-shear 

(S/K %) 

Thickness-shear 

(S/K %) 

1 0.917209859 76.4 / 88.7 0.4 / 0.4 23.2 / 10.9 
2 0.971792029 72.5 / 79.8 3.6 / 6.0 23.9 / 14.2 
3 0.979196968 8.1 / 5.4 89.0 / 93.7 2.9 / 0.9 
4 1.001676224 1.4 / 1.2 0.0 / 0.0 98.6 / 98.8 
5 1.013360338 19.3 / 16.8 0.1 / 0.1 80.6 / 83.1 
6 1.025727449 53.9 / 53.4 0.3 / 0.3 45.8 / 46.3 
7 1.044711639 27.2 / 24.3 0.1 / 0.1 72.6 / 75.6 
8 1.070398309 35.4 / 31.1 24.3 / 30.7 40.3 / 38.2 
9 1.072808022 12.4 / 9.7 62.4 / 68.4 25.2 / 21.9 

10 1.092680606 48.9 / 46.9 0.5 / 0.65 50.7 / 52.5 
11 1.121264339 45.2 / 43.0 0.2 / 0.1 54.6 / 56.8 
12 1.147777217 51.3 / 49.5 0.8 / 1.0 47.9 / 49.5 
13 1.165481238 1.8 / 1.2 97.1 / 98.3 1.0 / 0.4 
14 1.176935519 51.4 / 49.6 0.4 / 0.4 48.2 / 50.0 

Table 2. Strain/Kinetic(S/K) energy distributions of the crystal plate at each resonance with five vibration modes with 
5

15 51
10c c −= = . 

Mode 

Number 

Normalized 

Frequency 

Extension 

(S/K %) 

Flexural 

(S/K %) 

Face-shear 

(S/K %) 

Thickness-shear 

(S/K %) 

Thickness-twist 

(S/K %) 

1 0.916938345 0 / 0 80.6 / 88.7 0.2 / 0.4 19.3 / 10.9 0 / 0 

2 0.971552057 0 / 0 77.6 / 80.2 1.5 / 5.6 20.8 / 14.2 0 / 0 

3 0.979178492 0 / 0 16 / 5 79.3 / 94.1 4.6 / 0.9 0 / 0 

4 0.993080257 97.4 / 99.5 0 / 0 0 / 0 0 / 0 2.6 / 0.5 

5 1.001670439 0 / 0 1.3 / 1.1 0 / 0 98.7 / 98.9 0 / 0 

6 1.013299571 0 / 0 19.9 / 17.1 0 / 0.1 80.1 / 82.8 0 / 0 

7 1.025555986 0 / 0 55.9 / 53.3 0.1 / 0.3 44 / 46.4 0 / 0 

8 1.044587269 0 / 0 27.9 / 24.1 0 / 0.1 72.1 / 75.8 0 / 0 

9 1.070274472 0 / 0 43 / 32.1 11 / 28 46 / 39.8 0 / 0 

10 1.072759691 0 / 0 18.4 / 8.7 45.2 / 71.1 36.4 / 20.2 0 / 0 

11 1.092467492 0 / 0 51.1 / 46.8 0.2 / 0.6 48.6 / 52.6 0 / 0 

12 1.097295681 95.9 / 99 0 / 0 0 / 0 0 / 0 4.1 / 1 

13 1.121051898 0 / 0 47.3 / 43 0.1 / 0.1 52.6 / 56.9 0 / 0 

14 1.147525190 0 / 0 54.3 / 49.5 0.4 / 0.9 45.4 / 49.5 0 / 0 

15 1.153644170 0.2 / 0.4 0 / 0 0 / 0 0 / 0 99.8 / 99.6 

16 1.157412751 0.2 / 0.4 0 / 0 0 / 0 0 / 0 99.8 / 99.6 

17 1.165473144 0 / 0 4.2 / 1.3 93.9 / 98.3 1.9 / 0.4 0 / 0 

18 1.176678522 0.2 / 0.6 0 / 0 0 / 0 0 / 0 99.8 / 99.4 

19 1.187020941 0 / 0 54.2 / 49.5 0.2 / 0.4 45.6 / 50.1 0 / 0 

 Table 3. Strain/Kinetic(S/K) energy distribution variations of three vibration modes with five vibration modes with 5

16 61
10c c −= =  

Mode 

Number in 

three modes 

Mode 

Number 

In five 

modes 

Frequency 

(Freq3-Freq5)/ Freq3 

Changes (%) 

Flexural 

Abs(FL3-FL5) 

(S/K %) 

Face-shear 

Abs(FS3-FS5) 

(S/K %) 

Thickness-shear 

Abs(TSh3-TSh5) 

(S/K %) 

1 1 0.030 4.2 / 0 0.2 / 0 3.9 / 0 

2 2 0.025 5.1 / 0.4 2.1 / 0.4 3.1 / 0 

3 3 0.002 7.9 / 0.4 9.7 / 0.4 1.7 / 0 

4 5 0.001 0.1 / 0.1 0 / 0 0.1 / 0.1 

5 6 0.006 0.6 / 0.3 0.1 / 0 0.5 / 0.3 

6 7 0.017 2.0 / 0.1 0.2 / 0 1.8 / 0.1 

7 8 0.012 0.7 / 0.2 0.1 / 0 0.5 / 0.2 

8 9 0.012 7.6 / 1 13.3 / 2.7 5.7 / 1.6 

9 10 0.005 6 / 1 17.2 / 2.7 11.2 / 1.7 

10 11 0.020 2.2 / 0.1 0.3 / 0 2.1 / 0.1 

11 13 0.019 2.1 / 0 0.1 / 0 2 / 0.1 

12 14 0.022 3.0 / 0 0.4 / 0.1 2.5 / 0 

13 17 0.001 2.4 / 0.1 3.2 / 0 0.9 / 0 

14 19 0.022 2.8 / 0.1 0.2 / 0 2.6 / 0.1 
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As the three-mode model has been verified in previous work [9], with Table 1 we can compare the data of the five-mode model 
with artificial factors of ��� = ��� = 10�
. By excluding the frequency points of the TT and EX modes, we compared the values of 
the left three vibration modes. We can see from the Table 3 that the variations of artificial factors brought in are: 1) the frequency 
changes slightly if the value is less than 10��; 2) energy distribution varies comparatively larger at some frequency points whose 
value reach more than 5% but does not affect much on the identification of the working mode; 3) the results of kinetic energy 
varies less than the strain energy with the artificial factors.  

In summary, it is clear that the introduction of small artificial constants has enabled the couplings of separated vibration 
modes. Then the two equations for separated processing are merged and the same solutions are presented through just one 
solution process with good accuracy. It shows the analytical procedure can be simplified without doing any modification and 
reconfiguration for the problem. This is important because if all vibration modes can be linked to one enlarged equation, then the 
procedure will be simpler and reliable. Afterwards, the ode identification can be done with energy procedure we proposed without 
worrying about profiling costs. Since the results are identical with two separated equations, it is natural to try other separated 
vibrations in one equation as shown in this study to simplify the analytical process based on artificial coupling. 

4. Conclusions 

In this paper, we have introduced the artificial factors in the equations of motion of an AT-cut quartz crystal plate with the 
first-order Mindlin plate theory and managed to enable the two groups of equations with the five vibration modes coupled 
together. The frequency spectra and dispersion relations of the first-order Mindlin plate theory are obtained and compared. Then 
the energies of modes and their distributions are calculated and listed in the tables for comparison and examination. The energy 
identification procedure for the five- mode model can not only identify the FS, FL, and TSh modes but also the TT and EX modes. 
The coupling relations of modes can be clearly distinguished from the energy distribution from the Table 2 as the separated 
modes always approach to zero at the specific frequency point. The results of the artificially coupled model have certain changes 
when compared with the three-mode model at the corresponding points as shown in Table 3. The prediction by the kinetic energy 
is comparatively stable than the strain energy and is much closer to the original model. 

With the replacements by small numbers of certain zeros in elastic constants, we have successfully obtained the artificially 
coupled five-mode equations of the first-order Mindlin plate theory. The five-modes coupling model provides more modal 
identification options then the traditional models of three and two modes in two equations. The energy solution is now applicable 
to all the mode couplings of the first-order Mindlin plate theory of AT-cut quartz crystal plates. The energy distributions of the 
five-mode model are reasonable accurate and can be used for mode identification without going through the plotting and visual 
examination. The artificial coupling approach can recapitulate the first-order Mindlin plate equations and obtain reliable facts for 
mode identification. This approach unified the calculation procedure for energy solution in identifying the modes with potential 
implementation with computer codes including the finite element analysis for the automation of the vibration mode 
identification which has been done with mode shape plotting through visual recognition.  

Furthermore, it is to be explored that the known modes of vibrations of typical structural components such as beams, rods, 
and plates with typical forms like extension, flexure, and torsion are studied separately before can now be considered as coupled 
vibrations for analysis with the same procedure and analytical code artificially. The identification of these coupled vibration 
modes can be done with the energy method presented in this study. The research direction presented in this study points to the 
full and coupled vibrations of structural components in a broad frequency range with large number of vibration modes through 
natural and artificial couplings to streamline and simplify the analytical procedure which is separated in earlier studies. 
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