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Abstract. On the microgravity condition, gravity affects the motion of objects and the flow of fluids, and the 
continuum assumption is not valid, therefore, a fractal Chaplygin-He gas model is developed by a new fractal 
derivative in microgravity space. A fractal variational principle is successfully established via the fractal semi-
inverse method.  
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1. Introduction 

Microgravity [1, 2] means that the acceleration caused by gravity or other external forces does not exceed 0.00001~0.0001g, 
where g is the acceleration of gravity on the Earth’s surface. An astronaut (Fig. 1) is subject to a condition of microgravity, the 
blood flow and the air flow in the respiratory system are different from those in normal conditions. Under the condition of 
microgravity, the air molecules are segregated each other with a very larger distance than those on the Earth’s surface, and the 
continuum assumption in the fluid mechanics becomes invalid, and the governing equations have to be established according to 
physical laws in a fractal space. 

 

 
Fig. 1. An astronaut in microgravity (

space earth
g g<< ) 
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  In a discontinuous space or time, He's fractal derivative [3-9] can perfectly describes the motion of objects and the flow of 
fluids in a microgravity condition or fractal space. He’s fractal derivative is defined as follows 
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where 0x∆ ≠  is the average distance among molecules. 
In [2], Prof. He studied the variational principle of the one-dimension flow in microgravity space as follows 
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P k λρ= , (1.4) 

where ρ  is the density of flow , v  is the velocity of flow, P is the pressure and , kλ  are constants. HD Dtα  and HD Dxβ  are the 

He’s fractal operators. When 1α β= = , the eqs. (1.2)-(1.3) is the classical Euler equation for one dimensional compressible flow. 

However, He proposed that if eq. (1.4) is changed, a new fractal model can be obtained and it is called as fractal Chaplygin-He 
gas model (FCHGM). 

The fractal Chaplygin-He gas model is given as follows: 

(1) The mass conservation law 

( )
0

H H

D vD

Dt Dxα β

ρρ
+ = , (1.5) 

(2) The moment conservation law 
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where A , B , ς  are the constants and 0 1ς< ≤ .  

(3) The isentropic relationship is as follows 

B
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ρ
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= − . (1.7) 

When 1α β= = , eqs. (1.5)-(1.7) is the very famous Chaplygin gas model (CGM). The CGM is used to elaborate on the lift 

problem of aerodynamics aircraft wings. The model is also often adopted to study dark matter and dark energy. For the physical 
interpretation of the fractal Chaplygin gas model (FCGM) in the state of microgravity, see [2].  

In this paper, we mainly consider the new fractal Chaplygin-He gas model in a microgravity space. We adopt the fractal semi-
inverse method [10-13] to establish its variational principle [14-16] and its properties are elaborated via two-scale transform 
method [17-21].  

 

2. Variational Principle of Fractal Chaplygin-He Gas Model 
 

By eq. (1.5), we construct a function ϕ  which satisfies 
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According to the semi-inverse transform method, we establish an energy-like integral operator as follows 
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where K  is the function of ϖ , v  and their fractal derivative. Equation (2.4) is the kinetic of the fluid in the microgravity 
condition. 

Therefore, we obtain the stationary condition as follows 
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where /Kδ δϕ  is the variational derivative operator, which reads 
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According to eq. (1.5) and eq. (2.1), from eq. (2.5) we obtain 

( )
( )

H H H H

D vK D D D

Dx Dx Dx Dtβ β β β

ρδ ϖ ρ
ρ

δϖ
= = =− . (2.7) 

Equation (2.7) can be rewritten into the form 
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Thus, we can obtain the following result 
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Equation (2.3) can be written into the form 
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The Euler-Lagrange equation is 
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Using eq. (2.1) and eq. (2.2), we have 
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Eq. (2.12) can be reduced the following form 
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By calculating eq. (2.13), 1K  can be determined as follows 
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Therefore, we successfully establish the variational principle as follows 

21
( , ) { ( ) ln }

2 1H H

D D B
L A A Dx Dt

Dx Dt

ς
β α

β α

ϖ ϖ ρ
ϖ ρ ρ ρ ρ ρ ρ

ς

−

= + + − +
+∫∫ . (2.15) 

Finally, the Euler-Lagrange equation of eq. (2.15) can be easily obtained as follows 
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Equation (2.16) and eq. (2.17) are equivalent as eq. (1.5) and eq. (2.2), respectively. 
 
Proof: Since 
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So, eq. (2.16) and eq. (2.17) can be rewritten in the following form 
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Hence, eq. (2.19) and eq. (2.20) are completely same as eq. (1.5) and eq. (2.2), respectively. 
Equation (1.3) can be further modified the following form 
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where , , ,A B C ς  are arbitrary constants. Equation (2.21) is a new Chaplygin-He gas modeling, and which is established by He in 

2019.  
We will established the variational principle of eq. (2.21) as the similar technique. 
In a similar way, we construct a function ϖ , and it satisfy  
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Similarly, we can obtain the parameter 1K  as follows 
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So, we establish the variational principle as follows 
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The Euler-Lagrange equation of eq. (2.25) can be obtained as follows 
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Equation (2.26) and eq. (2.27) are same as eq. (1.5) and eq. (2.21), respectively. 
 

3. Discussion 

    We consider the Chaplygin-He gas modeling in a microgravity condition or fractal space. We also can establish the variational 
principle of Chaplygin-He gas modeling in continuous space. We will adopt two-scale transform method to convert fractal space 
into its continuous space partner. 

 We assume 

T tα= , (3.1) 

X xβ= . (3.2) 

Equation (1.5) and eq. (1.6) can be converted into its partners, which reads 
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We can obtain its variational principle as the similar method. 
Construct a functionϕ , and satisfy the following relation 
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Hence, the variational principle is established as follows 
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   The Euler-Lagrange equations of eq. (3.7) can be easily obtained as follows 
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In this way, the eq. (2.21) can be written into the form 
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In a similar way, we construct a function ϖ , and it satisfy  
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So, we establish the variational principle as follows 
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The Euler-Lagrange equation of eq. (3.13) can be obtained as follows 
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In this paper, we mainly study the variational theory of fractal Chaplygin-He gas modeling , whose approximate analytical 
solutions can be obtained by Homotopy perturbation method [22-26], Homotopy analysis method [27,28], Taylor series method 
[29-32], Reduced differential transform method [33], Laplace transform method [34-36], Variational iteration method [37-40] and 
other powerful methods [41]. 

 

4. Conclusion 

In this work, the fractal Chaplygin-He gas model is established by He’s fractal derivative in a microgravity space. Its 
variational principles are obtained via fractal semi-inverse method. The advantage of variational principle is it can be used to 
construct conservation laws and suggest solution structures of the model. 
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