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Abstract. Here, we study the logistic delay differential equation with two different delays. First of all, we disscuse the local
stability and Hopf bifurcation conditons. The method of steps is used to get a discretized analogue of the original system. Local
stability and bifurcation analysis of the discretized system is investigated. Finally, we carry out some numerical simulations such
as bifurcation diagram, Lyapunov exponent and phase portraits to verify the theoretical results and to illustrate complex
dynamics of the considered system.
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1. Introduction

Delay differential equations (DDs) are applicable in science and engineering. Great attention is paid to qualitative analysis of
solutions of ordinary and DDs [1-3]. Models with only one delay are frequently used when the other delays are insignificant to
dynamical behaviors, but this is not the situation in many cases [4]. Furthermore, there are systems those are not stable with
single delay, however, the system becomes stable when a second delay added to the system [5]. Therefore, models with multiple
delays are of great interest. DDs with multiple delays are defined by the equation [6]:

dx
T f(tx(t),x(t=7)), te[o,T],
where 1=0,1,2,...,n are nonnegative integers and 7, are nonnegative real constants.

In the last years, DDs with two delays have received alot of attention from specialists because of their great importance in physics
and biology, and their rich dynamics[7-8]. This sort of equations arises in a large number of fields [9-16].

For the logistic equation there is an instantaneous dependence on changes in population size. However, there are cases in which
the logistic model must contain time delays to represent processes like gestation and maturation times that are not
instantaneous [17].

There are important results introduced in [18] concerning with the logistic delay differential equation

% — —erx(t) + prx(t—1)(1-x(t 1)),
wherec, p and 7>0.
In this work, we generalize the results introduced in [18] for the logistic DDs with two different delays

%:—x(t)+px(t—1)(1—x(t—2)), telo,T), (1)
with x(t)=x,, t<O0.

Moreover, we illustrate more dynamics concerning with (1.1). Engineering principles are applied to ecological systems by many
“ecological engineers” [19]. Population dynamics palys an important role in ecological engineering [20], the population represents
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humans, biological lifeforms in ecological systems, chemical compounds, farm lands [21]. The delay equation (1.1) is very
important in population dynamics[17-18] that is the reason why ecological engineers pay attention to it.

2. Main Results

2.1. Solution of (1.1)
Theorem 1 Problem (1.1) has a unique solution x€C[0,T], 0<x(t)<1.
Proof. Define the operator F:C[0,T]— C[0,T] by

t
Fx(t)=xe" + pfes"x(s -1)(1-x(s—2))ds.
0
Let %, y be two solutions, then

[Fx — Fy| < p]‘(es’t)‘x(s —1)(1-x(s—2))—y(s—1)(1-y(s —2))|ds

< p]‘es’t ‘x(s -1)-y(s— 1)‘+e“

0

x(s—2)—y(s—2)ds

t t
< p[rr[%%x\x(s -1)-y(s- 1)‘[es—tds + n[r%a%]x‘x(s -2)-y(s— 2)“[es—tds].

Hence,

IEX = Fyllon< pllx =Y llon (2—¢ ¢ —e )
<2p)|x =¥ o -

If p<1/2,thenF is contraction and the solution of (1.1) exists uniquely.

2.2. Stability and bifurcation
There are two fixed points of (1.1) given by the solution of —xg + px, (1 - xﬁx) =0.
These are (x,);, =0 and (x,);,=1-1/p.
Stability conditions of (x,); =0 can be obtained by analysing the eigenvalues of the linearized system [22].

The linearized equation at the neighborhood of (x,); =0 is

ax

Ef—x(t)+px(t—1). (2.1)

Assume that x(t)=e", the characteristic equation reads
A+1—pe’ =0. 2.2)

Lemma 1 [23] All roots of A +a+be” =0 have negative real parts if and only if a>-1, a+b>0, b <\/m, where c, b are
realand ¢=-a tan¢, 0<é<n if a=0 and £€=7/2 if a=0.

Applay Lemma 1 to equation (2.2) with a=1, b=—p, we can get the next theorem.

Theorem 2 The fixed point (x,); =0 of (1.1) is unstableif p<r, or p>1, where r, = *m , {=—tan(¢), 0<&<7,andis
stableif r,<p<1.

Theorem 3 When p passes through p=r, :,m , E=-tan(§), 0<¢<m, (1.1) admits a Hopf bifurcation from the fixed
point x; =0 to a periodic orbit.

Proof. Assume that A=iv, , w,€R" is a pure imaginary solution of (2.2) for p=p. . Then iw,+1-pe™ =0 and
1—p.cos(wy) =0, wy—psin(wy)=0, 1=pcos(ws), w,=psin(w,), and wj +1 = p’[cos(w,) +5in(w,)’| = p?, where p. = +1+2,
and w, = —tan(wy).

By Theorem 4, p. = —m is the critical value of p, where w, isthe rootof w,=—-tan(w,), O<w, <w.

Now, we are left with the condition d(Re()\))/dp|,_,=0.

—k—iw

Let A=k(p)+iw(p), then from (2.2), we obtain k+iw+1— pe =0. Hence,
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k+1— pe*cosw =0, (2.3)

w + pe*sinw = 0. (2.4)

Differentiate (2.3) and (2.4) with respect to p, we obtain

3—]; — e *cos(w) + pe’kcos(w)j—]; + pe’ksin(w)j—:) =0,
A ccos1% otsin(u) &
i +e"sin(w) + pe "cos(w) ” pe “sin(w) - 0.
Solving for dk/dp , we obtain
d(Re(r)) _d(Re()
dp |ﬂ:p~: dp |k—o,mwo,y—p.
_ cos(w,) + p-
(1+ p.cos(wy))* + (p.sin(w, ))?
_ p-cos(w,) + p?
p-[(1+ pcos(w,))* + (p.Sin(wo))2]
2
= L -‘rZﬂ« - = 0.
p-[(1+ p.cos(w,))* + (p~51n(w0)) ]
(2) The linearized equation at the neighborhood of (x,)s =1-1/p is
dy
= YOFyt-1)-(-1)yt-2), (2:5)
where y(t)=y(t)—(1-1/p).
The characteristic equation is
Al-et+(p—1)e? =0. (2.6)

Theorem 4 When p passes through p=p =1 —\/(cos(wo) —1) + (wy +5in(w,))’,  w, =(cos(w,) — 1)tan(2w,) — sin(w,) , then (1.1)
admits a Hopf bifurcation from the fixed point x; =1-1/p to a periodic orbit.

Proof. Assume that A =iw,, w, €R" is a pure imaginary solution of (2.6) for p=p.. Then, we obtain
iw, +1—e™ +(p. —1)e™>* =0.

Hence, it follows that

1— cos(w,) + (p- — 1)cos(2w,) =0,
wy + sin(wy) — (p- — 1)sin(2w,) =0,

(p. —1) = p=p. =(cos(w,) — 1)* + (w, +sin(w, )y,

po =1 J(cos(w) — 1) + (wp +sin(w,))?,

wy +5in(w,)  sin(2w,)

cos(wg)—1  cos(2s,)’ wy = (cos(wy) — L)tan(2w, ) — sin(w,)

Now, we are left with the condition d(Re(\))/dp|,= 0.
Let A=k(p)+iw(p), using (2.6) we get
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k+iw+1—e™™ +(p-1)e’"™ =0,

then,

k-+1—e *cosw+(p—1)e **cos(2w) =0, (2.7)

w+ e *sinw — (p — 1)e **sin2w = 0. (2.8)

Differentiate (2.7) and (2.8) with respect to p, we obtain

j—]; + e’kcos(w)j—i + e’ksin(w)j—:} -2(p—-1) e’chos(Zw)z—]; +e *cos(2w) —2(p — 1)e *sin (Zw)% =0,
(;—U; - e’ksin(w)j—i + e’kcos(w)i—;) —e sin(2w) +2(p— 1)e’2ksin(2w)j—i -2(p— 1)e’2kcos(2w)j—;) =0.

Solving for dk/dp , we obtain

d(Re())) dk

dp |,)—/,.— CTp |k:0,\u:w0,p:ﬂ-

_ 2(p. — 1) —sin (2w, )sin(w, ) — cos (2w, ) — cos (2w, ) cos (wy )
[1+cos(wy) = 2(p. —1)cos (2w, I +[s1n (wp) —2(p- —1)sin(2w,)f]

_ 2(p. —1) — cos(w, ) — cos(2w,) .
[T+ cos(wy ) —2(p. — 1)cos (2wo)I’ +[sin(wo) — 2(p- — 1)sin (2w, )I']

Using (2.7) at k=0, p=p., w =w,, We can get

d(Re(\)) - p-[2 — cos(2w,)] -3
dp " 14 cos(wy) = 2(p. — 1)cos(2uw,)f H sin(wy) —2(p. —1)sin(2wo)f']

Itis clear thatfor 0<p. <1 and p.[2—cos(2w,)] <3, d(Re(\))/dp],,=O.

Thenat p.=1- \/(cos(wo) —1)° + (w, +sin(w,))’, the condition d(Re(\))/dp|,= 0 is satisfied.

2.3. The discretized system
The delay equation (1.1) can be writen as

& ——x(t) +ox(t-1)(1- (- ), 29)

y(t)=x(t-1), (2.10)

with x(t)=x,, t<O0.
Step method is used to get a discretized analogue of the system (2.9)- (2.10) as follows[24]:
1-Let t€(0,1], then
Y1 (t) = XO:
t
X (t)=xe" + pfes"x(s ~1)(1-(y(s—1)))ds,
0
=X +px(1-y,)(1-e ).

Let t=1, then

Vi (1) = X,
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X (1) =xe " 4 pxXo (1= y,)(1—e7).

2-For te(1,2],when t<1, take x(t)=x,=x,(1), y,(t)=y,(1)=y,.
Then,

Let t=2, then

2-For te(2,3],when t<2, take x(t)=x,=x,(2), y,(t)=y,(2)=y,.
Then,

=xe " 4+ px, (1 yz)(l - e’(t’”).
Let t=3,then
¥:(3)=2x,,
X, (3)= %" 4 px, (1-y,(1))(1—e?).
Repeating this process, we get
Yaea (t) = %, (1),
%, (t) =%, " 4 px, (1-y,)(1—e ).
Let t=n+1,then
Yo =Xy

(2.11)
Xni1 = Xn(fl + X, (1 7yn)(1 - eil)'

2.4. Local stability and bifurcation analysis of the discretized system
The system (2.11) has two fixed points (x,,y;]=(0,0), (x,,y,)=(1-1/p1-1/p).
(1) At (x,y;)=(0,0):

The Jacobian matrix at (x,,y;)=(0,0) reads

e’ +p(1—e’1) 0

0,0)= :
J0.0)=1, o

The characteristic equation A% — A(e’1 +p(1- e*l)) =0 hastworoots A, =0 and )\, =e'+p(l—e’).
We canseethat A\, =1 at p=1, A\, >1 for p>1 and ) <1 when p<1,then we have
Proposition 1 (x;,y;) =(0,0) isasaddleif p>1,asinkif p<1,anonhyperbolicif p=1.
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The bifurcation due to the existence of an eigenvalue A=1 is called a fold bifurcation and its condition implies that
det(}(O,O,p')fIZ):O, where 1, is the unit 2x2 matrix [25].

Lemma 2 If p=1, then system (2.11) admits a fold bifurcation at (xl,yl) =(0,0).
Proof. The condition

det(}(O,O,p')fIZ):O

gives
e R ]_0,
1 -1
1-el—p(1-e?)=0, p(1-el)=1-e?,
then p =1.

2 At (x,,y,)=(1-1/p1-1/p):

_ _ _ -1
The Jacobian matrix at (x;,y;):(l—l/p,l—l/p) reads }(1—1//),1—1//))—[1 O(P 1)<1 e )]

The characteristic equation reads

N =X+(p-1)(1-e?)=0.

Lemma 3 [26] Let f(A)=A+pA+q.If F(1)>0,and f(A\)=0 hastworoots A, ) ,then
1. |\|<1 and |\|<1 ifandonlyif f(-1)>0 and q<1;
2. [n|<1 and |A|>1 (or |N|>1 and |\|<1)ifandonlyif f(-1)<O0;
3. [\|>1 and |»|>1 ifandonlyif f(-1)>0 and q>1;
4. \,=-1 and |\|=1 ifandonlyif f(-1)=0 and p=0,2;
5. and ), arecomplexand |\ ,[=1 ifandonlyif p’—4q<0 and q=1.

Proposition 2 (x;,y;) =(1-1/p,1-1/p) issinkif 1<p< and is source if p>

1-e! 1-e'’
The bifurcation due to the existence of ), =e*®, 0<§, <7 is called a Neimark-Sacker bifurcation [25].
Lemma4lIf p=1+ 1771(1 , then system (2.11) admits a Neimark-Sacker bifurcation at (x;,y;)=(0,0).
Proof. The characteristic equation

N =X+(p-1)(1-et)=0

has two roots

C1xJ1-4(p-1)(1-e?)

_ (2.12)
1,2 2
We can see that, when 1-4(p—1)(1-e")<0, the two roots are complex.
1 ) 1+if4(p-1)(1-e?)-1
Then for p>1+-———,wecanwrite )\, = .
4(1-¢") ' 2
Suppose that )\, =e*®, 0<6, <, for some parameter value p=p >1+ ﬁ , then
3 — e7
1-1+4(p —1)(1-¢?) . . 1
AN, = =1, —-1)(1-et)=1, =1+ . 2.13
172 4 (p )( ) p 1—e! ( )

Thusat p=p =1+ 1714 ,we have )\, = e andthe system admits a Neimark-Sacker bifurcation.
— e !

2.5. Numerical simulations

In order to verify the theoretical results that we obtained, we carry out numerical simulations.
Figure 1 verifies the analysis obtained in Section 2.4 by the bifurcation and Lyapunov exponent diagrams. Figure 2 illustrates the
complex dynamics of (2.11) by giving phase portraits at values of p at which the map is chaotic.
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Fig. 2. The phase portraits at values of p

3. Conclusion

In this paper, the dynamics of the logistic DDs with two delays are studied. After obtaining the fixed points, the local stability
is investigated. Secondly, we show that the considered system admits the Hopf bifurcation. We obtained a discrete analogue of
the considered system by applying the method of steps. After obtaining the fixed points of the discretized system, the local
stability is investigated. The discretized system admits fold and Neimark-Sacker bifurcations. Finally, numerical simulations is

performed to verify the theoretical analysis obtained and to illustrate complex dynamics of the system.

Journal of Applied and Computational Mechanics, Vol. 7, No. 2, (2021), 442-449



On the Dynamics of the Logistic Delay Differential Equation with Two Different Delay 449

Author Contributions
All authors are equally contributed to the paper.

Acknowledgments

The authers give great thanks to the editors and referees.

Funding

The authors received no funding.

References

[1] Tung, C., Tung, O., Qualitative analysis for a variable delay system of differential equations of second order, Journal of Taibah University for Science,
13(1), 2019, 468-477.

[2] Tung, C., A note on the stability and boundedness of solutions to non-linear differential systems of second order, Journal of the Association of Arab
Universities for Basic and Applied Sciences, 24, 2017, 169-175.

[3] Tung, C., Tung, O., On the boundedness and integration of non-oscillatory solutions of certain linear differential equations of second order, Journal
of Advanced Research, 7(1), 2016, 165-168.

[4] Lin, X., Wang, H., Stability analysis of delay differential equations with two discrete delays, Canadian Applied Mathematics Quarterly, 20(4), 2012, 519-
533.

[5] MacDonald, N., Two delays may not destabilize although either can delay, Mathematical Biosciences, 82(2), 2006, 127-140.

[6] Biswas, D., Banerjee, T., Time-delayed chaotic dynamical systems from theory to electronic experiment, Springer, New York, 2018.

[7] Ruany, S., Weiz, J., On the zeros of transcendental functions with application to stability of differential equations with two delays, Dynamics of
Continuous, Discrete and Impulsive Systems Series B: Applications and Algorithms, 10(6), 2003, 863-874.

[8] El-Sayed, A.M.A., Nasr, M.E., Discontinuous dynamical system represents the Logistic retarded functional equation with two different delays,
Malaya Journal of Matematik, 1(1), 2013, 50-56.

[9] Beuter, A., Larocque, D., Glass, L., Complex oscillations in a human motor system, Journal of Motor Behavior, 10, 1989, 277-289.

[10] Braddock, R.D., van den Driessche, P,, On a two lag differential delay equation, Australian Mathematical Society, Ser. B, 24, 1983, 292-317.

[11] Gopalsamy, K., Global stability in the delay-logistic equation with discrete delays, Houston Journal of Mathematics, 16(3), 1990, 347-356.

[12] Hale, J. K., Huang, W., Global geometry of the stable regions for two delay differential equations, Journal of Mathematical Analysis and Application,
178(2), 1993, 344-362.

[13] Hale, J. K., Tanaka, S. M., Square and pulse waves with two delays, Journal of Dynamics and Differential Equations, 12, 2000, 1-30.

[14] Hassard, B. D., Counting roots of the characteristic equation for linear delay-differential systems, Journal of Differential Equations, 136(2), 1997, 222-
235.

[15] Li, X., Ruan, S., Wei, J., Stability and bifurcation in delay-differential equations with two delays, Journal of Mathematical Analysis and Application,
236(2), 1999, 254-280.

[16] Ragazzo, C. G., Malta, C. P,, Singularity structure of the Hopf bifurcation surface of a differential equation with two delays, Journal of Dynamics and
Differential Equations, 4, 1992, 617-650.

[17] Almusharrf, A.H., Delay differential equations and the logistic equation with two delays, Ph.D. Thesis, Oakland University, Rochester, Michigan, 2017.
[18] Jiang, M., Shena, Y., Jian, J., Liao, X., Stability, bifurcation and a new chaos in the logistic differential equation with delay, Physics Letters A, 350,
2006, 221-227.

[19] Parrott, L., Complexity and the limits of ecological engineering, American Society of Agricultural Engineers, 45(5), 2002, 0001-2351.

[20] Mitsch, W. J., Ecological Engineering: A New Paradigm for Engineers and Ecologists, in: Engineering Within Ecological Constraints, Edited by Schulze,
P.C., the National Academy of Sciences, 1996, 111-129.

[21] Focke, W. W., Van der Westhuizen, L., Musee, N., Loots, M. T., Kinetic interpretation of log-logistic dose-time response curves, Scientific Reports, 7,
2234, 2017.

[22] Luenberger, D.G., Introduction to dynamic systems: Theory, models and applications, John Wiley Sons, New York, 1979.

[23] Hale, J. K., Verduyn Lunel, S. M., Introduction to functional differential equations, Springer, New York, 1993.

[24] Driver, R. D., Ordinary and delay differential equations, Applied Mathematical Sciences, Springer-Verlag, New York, 1977.

[25] Kuznetsov, Y., Elements of Applied Bifurcation Theory, Third ed., Springer-Verlag, New York, 2004.

[26] Albert , C. J. L., Regularity and complexity in dynamical systems, Springer, New York, 2012.

ORCID iD

AM.A. EL-Sayed'” https://orcid.org/ 0000-0001-7092-7950
S.M. Salman"® https://orcid.org/0000-0003-4112-394X
A.M.A. Abo-Bakr'® https://orcid.org/0000-0003-4533-8075

@ @ @ © 2020 by the authors. Licensee SCU, Ahvaz, Iran. This article is an open access article distributed under the terms
. and conditions of the Creative Commons Attribution-NonCommercial 4.0 International (CC BY-NC 4.0 license)
(http://creativecommons.org/licenses/by-nc/4.0/).

How to cite this article: EL-Sayed A.M.A., Salman S.M., Abo-Bakr, A.M.A. On the Dynamics of the Logistic Delay Differential
Equation with Two Different Delays, J. Appl. Comput. Mech., 7(2), 2021, 442-449. https://doi.org/10.22055/JACM.2020.34819.2476

A\V'A Journal of Applied And Computational Mechanics, Vol. 7, No. 2, (2021), 442-449




