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Abstract. This paper demonstrates a case study of a combined application of smart materials in a thermal energy harvester with 
vibrating action. The conceptual design of the harvester is based on a Shape Memory Alloy wire attached to the free end of a 
piezoelectric flexible cantilever beam intended for generation of electrical energy utilizing a constant heat source. A 
mathematical model containing three differential equations describing the dynamics of the mechanical, electrical and thermal 
subsystems is developed. The Shape Memory Alloy hysteretic behaviour is considered in the mathematical model. An essential 
observation is the system oscillates at two frequencies lower one of which depends on the temperature time constant and the 
higher one is determined by the natural frequency of the mechanical subsystem. The comparison of the numerical solutions and 
the experimentally obtained graphs of the harvester output characteristics shows a good degree of coincidence. 

Keywords: Thermal energy harvester, Smart materials, Vibration. 

1. Introduction 

Over the last decades, considerable attention has been paid to the problem of waste energy use. A significant amount of 
research has been done on collecting energy from the environment and converting it into electrical energy through energy 
harvesters of different types. The collection of waste thermal energy represents a promising and cost-effective direction, which is 
developing more intensively compared to the utilization of other types of energy. Mainly, technical devices with two operational 
principles are employed. The first principle is based on the direct conversion of the thermal energy into electrical one while the 
second principle uses an intermediate conversion of the thermal energy into mechanical, followed by a conversion of the 
mechanical energy into electrical. 

The direct transformation of the thermal into electrical energy is based on various physical effects [1] with different efficiency. 
The thermionic conversion is a physical phenomenon of spontaneous ejection of electrons from a hot surface [2], the pyroelectric 
converters are based on the generation of the electrical potential in some crystals when they are heated or cooled [3] and the 
Seebeck semiconductor thermoelectric generators directly convert the temperature difference into a voltage potential [4]. The 
alkali metal thermal-to electric converters employ the properties of the beta alumina solid electrolyte to conduct sodium ions [5]. 
The Johnson thermo-electrochemical converter utilizes a pressure differential formed by the heat drive of the positive ions [6]. 

The fundamental principles for the transformation of thermal-to mechanical-to electrical energies are also relatively diverse. 
At the first stage, the conversion of the thermal to mechanical energy is based primarily on the use of the well-known 
thermomechanical heat engines using different thermodynamic cycles [7-9]. Thermomechanical systems based on different 
physical principles are also utilized. Travelling and standing waves thermoacoustic engines use heat to efficiently generate 
oscillating acoustic waves within a working fluid [10,11]. The phenomenon of the change of the magnetization of some materials 
under the influence of temperature change is exploited in the thermomechanical motors [12,13]. Hydride heat engines utilize the 
property of some unique alloys to store and release hydrogen within their crystal lattice [1]. 

Shape memory alloys (SMA) based engines and actuators are utilized for many practical purposes in diverse areas like power 
systems, civil structures and medicine [14-17]. Their operational principle is based on the ability to regain their shape under the 
influence of heat. This effect results from the change of the crystallographic structure of the SMA when the temperature changes 
[18] and it is widely used for actuation applications and mechanical energy transformation. Depending on the application, the 
academic researchers and engineers have developed SMA actuators with continuous [19] and oscillating motion [20]. 
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Fig. 1. Kinematical scheme of the SMA-PETEH: (a) for cold SMA wire; (b) for heated SMA wire; (c) schematic configuration 

The second stage mechanical-to-electrical conversion uses the well-studied piezoelectric, magnetic, electrostatic, triboelectric 
[21] and elastoelectric converters as well as novel operating principles [22]. Combining different physical principles and smart 
materials a broad variety of hybrid energy harvesters is already designed and studied. The authors of [23] present Piezo-SMA 
based thermal energy harvester modelled by 1D serial model and the 3D model with the Eshelby theory. The paper [24] presents a 
hybrid actuation and energy harvesting system consisting of a piezoelectric bimorph and a SMA wire heated by a laser. Another 
unusual device to utilize the solar energy and consisting of piezoelectric cantilever beam and SMA spring actuator is presented in 
[25]. Todorov et al. [26] demonstrated the concept of smart materials combination in the developed novel type of thermoelectric 
energy harvester with thermally induced vibrations in а SMA wire through a heater with constant heat. A novel dynamical model 
is presented assuming small vibrations and neglecting the hysteresis in the SMA wire. The design and control of the combined 
devices are considerably facilitated by the recently developed numerical tools for FE modelling of smart material based active 
elements embedded in structures [27-30]. 

The present paper aims to develop, study and validate a nonlinear mathematical model of an energy harvester of the type 
thermal-to mechanical – to electrical energy combining piezoelectric cantilever beam and SMA wire considering the hysteretic 
behaviour of the SMA. 

2. Design of a Shape Memory Alloy Piezoelectric Thermal Energy Harvester 

Figure 1a) depicts the kinematical scheme of the designed Shape Memory Alloy piezoelectric thermal energy harvester (SMA-
PETEH) [26] and Figure 1c) shows the schematic configuration of the device. Its operational principle is based on the repeated 
deformation of a piezoelectric layer due to the force action of a SMA wire subjected to sequential heating and cooling. The free 
end of the deformed cantilever beam 3 with deposited piezoelectric layer 2 stretches the vertically arranged SMA wire 1. The 
heated by the heater 5 brass plate 4 contacts lengthwise the wire also heated. Figure 1b) shows the layout of the SMA-PETEH with 
heated SMA wire which has undergone crystallographic changes due to the heating. The heating leads to a transition from 
martensite to austenite structure resulting in a shortening of the wire causing an upward movement of the beam free end. The 
resulting deformation of the piezoelectric layer generates an electrical charge. Due to the presence of the stops 6, the shortening 
of the wire causes a clockwise rotation of the plate, leading to its distancing from the wire which begins to cool. Another 
austenite to martensite transformation decreases the SMA wire stiffness, and it lengthens under the influence of the cantilever 
beam force. The plate rotates counterclockwise whereat cantilever beam deforms again and the piezoelectric layer generates a 
second portion of electrical charge. The described process exhibits periodic behaviour with a certain frequency determined by the 
system parameters. 

3. Mathematical Modelling of the System 

3.1 Modelling of the SMA wire force 

The mechanical properties of the SMA wire depend on its temperature and stress. At low temperature, the SMA has twinned 
or detwinned martensite structure correspondingly for low and high stress. At high temperature, the SMA has an austenite 
structure and the transition between the two phases is accomplished by mixed structures consisting of both phases in different 
proportions. The ratio  

M
m

V
R

V
=  (1) 

of the volume of the martensite Vm to the entire volume V of SMA is called martensite fraction. Many mathematical models 
describing the hysteretic behaviour of the SMA [31,32] are based on the temperature dependence of the martensite fraction value. 
Unlike the models used so far, in this paper the martensite fraction is presented by the following equation: 
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As and Af are the start and the final austenite temperatures; Ms and Mf are the start and the final martensite temperatures; 

( )0.5a sfb A A< − , ( )0.5m s fb M M< − , 0.5ac < , 0.5mc <  are experimentally determined constants; T is the temperature of the 

wire. Figure 2 shows the graph of the martensite fraction plotted by the use of Eqs. (2) ÷ (4). 

By the use of Eqs. (2) ÷ (4) the force produced by the SMA wire is presented as a function of its deformation εs by the following 

piecewise function: 
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where mE , TE , dE , and aE are Young’s modulus of the fully twined, partially twined, detwinned martensite and austenite 

respectively; y
mε  is the yield strain of the twined martensite; d

mε  is the minimum strain of the detwinned martensite; wA is the 

cross-sectional area of the SMA wire. In Fig. 3 is shown the graph of the SMA wire force for a constant temperature of 39 °C. 

Position 1 designates the graph of the force for decreasing temperature (cooling) and position 2 designates the graph of the force 

for increasing temperature (warming). 

3.2 Determination of the initial deformations and positions 

The piezoelectric cantilever beam and SMA wire deformations are considered as shown in Figure 4 [26]. In the free 
undeformed state (before the connection), the longitudinal axis of the cantilever beam is a straight line denoted by CD and the 
initial length of the SMA wire is denoted by AE. 

 

Fig. 2. Martensite fraction Rm expressed by the hyperbolic tangent function 

 

Fig. 3. SMA wire force for a constant temperature of 39 °C: 1 – cooling, 2 – warming 
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Fig. 4. Deformations of the SMA wire and the piezoelectric cantilever beam 

The following designations are used when the free end of the cantilever beam (point D) is connected to the wire end (point A): 
1) if the deformation of the wire is not considered than Δy0 is the deformation of the free end of the beam and lS0 is the SMA wire 
length; 2) if the deformation of the SMA wire is taken into account the equilibrium position of the system is at the point B and Δyc0 
is the deformation of the free end of the cantilever beam and ΔlS0 is the SMA wire deformation. The force Fc0 acting at the free 
beam end is: 

0 0c c cF k y= ∆  (6) 

where  

3

3 c
c

c

E I
k

l
=  (7) 

is the stiffness of the cantilever beam; Ec is the Young modulus of the beam material; lc is the length of the beam. The moment of 

inertia of the beam section is 3 12,I wh= where w and h designate the width and the thickness of the beam section. According to 

[32], the SMA wire equilibrium force FS0 is: 
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where the differences of Young’s modules are denoted by mT m TE E E∆ = − , TTd dE E E∆ = − . 

It is assumed that at the point B acts the weight G of the generalized mass m: 

G mg=  (9) 

The static equilibrium of the forces FC0, FS0 and G is expressed by the following equation: 

0 0c c sk y mg F∆ + =  (10) 

Also, from Fig. 4 it follows the geometric condition: 

0 0 0S cy l y∆ =∆ +∆  (11) 

Substituting in eq. (11) the initial deformation of the SMA wire ΔlS0 with 

00 0S S sl l ε∆ =  (12) 

and solving the equations (10) and (11) as a system, expressions for the unknown values of Δyc0 and εS0 are obtained:  
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To avoid the penetration of the plate into the SMA wire the plate rotation angle φ(y) is constrained to positive values: 

( )
arctan 0
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y
if y

y
if y

ϕ δ

 >=  ≤

 (15) 

where: y is the deflection of the cantilever beam free end; δ is the distance between the SMA wire and the axis of the rotation 
of the hot plate (see Fig. 1).  

The temperature transferred from the hot plate to the SMA wire is modelled by the following relationship: 
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where the following notations are used: Thp is the temperature transferred from the hot plate to the SMA wire; Th is the 
temperature of the hot plate; φm is the maximum angle of rotation of the hot plate; T∞ is the temperature of the room; kTh is an 
experimentally determined constant.  

Due to the one-way action of the SMA wire, the damping coefficient is defined as a function of y: 
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where βSMA and βc are the damping coefficients of the SMA wire and the cantilever beam correspondingly. 

3.3 Dynamical modelling 

The behaviour of the SMA-PETEH is determined by the dynamics of the constituent subsystems belonging to different 
physical domains - mechanical, electrical, and thermal. The mutual interaction between the subsystems is illustrated by the 
simplified diagram shown in Fig. 5. The mechanical subsystem is presented as a generalized mass concentrated at the point B 
whose position y is considered as a mechanical generalized coordinate. The electrical subsystem consists of a piezoelectric 
transducer Cp and a loading resistor RL and the charge q is chosen as an electrical generalized coordinate. The thermal subsystem 
is presented by its equivalent electrical circuit shown in Fig. 5 where the following notations are used: LThp is the equivalent 
thermal inductance, RTSMA is the nonlinear equivalent thermal resistor, which depends on the thermal conductivity αs, RTr is the 
equivalent thermal resistor depending on heat convective transfer coefficient, and Qh is the equivalent thermal voltage.  

The generalized coordinate for this equivalent circuit is: 

0

t

T Tdtλ = ∫  (18) 

The Lagrangian for the entire multiphysical system is defined as: 

L K PT TW W W W WΠ= − − +  (19) 

In eq. (19) the following notations are used: 

2
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my
W =

ɺ
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Fig. 5. The dynamical model of the energy harvester  
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is the kinetic energy of the system; 
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is the potential energy of the system; 
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is the piezoelectric energy according to [34]. In (22) the following notations are used: 2
pk  is the electromechanical coupling 

coefficient of the piezoelectric layer and  

yp y∆=  (23) 

is the longitudinal deformation of the piezoelectric layer; py is the coupling coefficient between longitudinal deformation and 
the displacement of the cantilever beam free end along axis y as explained in [34]. The equivalent capacitance C is:  
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p
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C

g
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where ε is the piezoelectric permittivity of PZT; wp, lp and gp are the width, length, and thickness of the piezoelectric layer. In 

(22) d33 is the piezoelectric constant; 33 ,E
a p pK I s l= Es is the compliance when the electric field is constant; Ip is the moment of 

inertia of the piezoelectric layer section; t is the time;  
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is the thermal energy where s w phpLT A cρ= ; ρs and cp are the density and the specific heat of the NiTi alloy. 

Based on the above assumptions the dynamical model of the system obtains the following form: 
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where C′  is the derivative of C with respect to y; hc is the heat convective transfer coefficient; Ao is the circumferential area 
per unit length of the SMA wire; Ac is the contact area per unit length between the wire and hot plate; Fs is the SMA wire force, 
determined according to Eq. (5). The thermal conductivity between the SMA wire and the plate is: 

( ) ( )s sA sM sA mR Tα α α α= + −  (27) 

where sAα  and sMα  are the thermal conductivity between nitinol and brass at austenite and martensite phases respectively 

(see Table I). 
The first equation in the system (26) represents the balance of the forces in y-direction, the second equation represents the 

temperature behaviour of the energy harvester, and the third equation represents the balance of the voltages. 

 
 

(a) (b) 

Fig. 6. A layout view of the experimental setup and sensors placement 
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Table 1. Numerical values of the model parameters. 

Symbol Quantity Value and unit 

m Generalized mass 0.0023 kg 
kc Cantilever beam stiffness 86.4 N/m 
E Young’s modulus of the cantilever beam 0.11×1012 Pa 
l Length of the cantilever beam 0.032 m 
w Width of the cantilever beam 0.018 m 
h Thickness of the cantilever beam 0.0004 m 
lp Length of the piezoelectric layer 0.016 m 
ε33 
d33 

Permittivity of PZT-5H 
Piezoelectric constant of PZT-5H 

1.24×10-8 F/m 
590×10-12 C/N 

hp Thickness of the piezoelectric layer 0.0003 m 
δ Distance between the SMA wire and center of rotation of the plate 0.003 m 
Ka Stiffness of the piezoelectric layers at shortcut electrodes 30.52 N/m 
kp Electromechanical coupling coefficient 0.75 
sE Compliance of PZT-5H at constant electric field 2×10-11 Pa-1 
β Coefficient of viscous resistance 0.002 kg/s 
RL 
s0 
ρs 
ds 
αsM 

Loading resistor 
Initial length of the SMA wire 

Density of the SMA wire 
Diameter of the SMA wire 

Thermal conductivity of NiTi at martensite phase 

10×106 Ω 
0.244 m 

6450 kg/m3 
0.00001 m 

18 W/(m °C) 
αsA Thermal conductivity of NiTi at austenite phase 8.6 W/(m °C) 
hc Heat transfer coefficient between air and NiTi 70 W/(m2 °C) 
kTh Temperature approximation coefficient 1.2 
cp Specific heat 836 J/(kg⋅°C) 
cm First approximation coefficient for martensite state  2.17 °C 
ca First approximation coefficient for austenite state 1.95 °C 
bm Second approximation coefficient for martensite state 0.01 °C 
ba Second approximation coefficient for austenite state 0.01 °C 
Th Temperature of the heater 120 °C 
T∞ Temperature of the room 20 °C 
Ms Start martensite temperature 45 °C 
Mf Final martensite temperature 35 °C 
As Start austenite temperature 61 °C 
Af Final austenite temperature 70 °C 
Ea Young’s modulus of NiTi at austenite  3.44×109 Pa 
ET 
Ed 

Young’s modulus of NiTi at partly twinned martensite 
Young’s modulus of NiTi at detwinned martensite 

1.03×109 Pa 
1.72×109 Pa 

Em Young’s modulus of NiTi at fully twined martensite 1.72×109 Pa 
y
mε  Yield strain of twined martensite 0.0136 

d
mε  Minimum strain of detwinned martensite 0.0596 

φm Maximum angle of the plate 15 deg 

4. Numerical Solutions and Validation of the Mathematical Model 

In Figure 6 is shown the view of the produced experimental setup for the examination of the designed SMA-PETEH behaviour. 
It consists of the following basic elements shown on the general view in Figure 6 a): 1 –Experimental setup; 2 – DAQ; 3, 4 – 
Rectifiers; 5 – Thermal regulator; 6 – Computer. The layout of the used sensors is shown in Figure 6 b): 1 - Piezoresistive force 
sensor 1 of type FSG15N1A for measurement the longitudinal force in the SMA wire; 2 - Brass hot plate; 3 – Heater; 4 – 
Piezoelectric cantilever beam; 5 - Three-axis accelerometer 5 of type ADXL345 measuring the acceleration of the cantilever beam 
along the vertical axis (y-coordinate); 6 – Thermocouple for measuring the heater temperature;  7- Thermocouple for measuring 
the room temperature. For the improvement of the dynamics of the temperature measurement of the SMA wire, a type-T 
thermocouple with a diameter of 100 µm is used (shown in the lower-left corner of Figure 6 b), 1 – SMA wire, 2 – Thermocouple). 
The sensor analog outputs are processed by a National Instruments cDAQ-9174 compact DAQ Chassis and modules Ni9201, 
Ni9229 and Ni9211. Labview software for the initial data processing and visualization is used.  

The system of eqs. (26) is solved numerically by the implicit Euler method using the numerical values shown in Table 1. Initial 

conditions for the variables are: ( )0 0y = , ( )0 0y =ɺ , ( )0T T∞= . At time t=0 the charge q has a value, computed from the third 

equation of (26) for 0q=ɺ : 

( ) ( )330 0a yq d K p y=−  (28) 

The presented here experimental setup is used to conduct a series of experiments for obtaining the graphs of some system 
output characteristics and compare them to the numerical solutions. Figure 7 presents the numerical solutions overlapped with 
the experimental results. 

In Fig. 7a) are shown the numerical 1 and the experimental 2 graphs for the SMA wire force. As one can see, the force has 
periodic stable behaviour and two types of motions with different frequencies are present in the graph. The first one has a value 
of 4 Hz as can be concluded from the filtered force graph denoted by pos.3. This motion is caused by the temperature phase 
transitions in the SMA wire accompanied by its lengthening and shortening and the value of the frequency depends on the 
temperature time constant τ of the thermal subsystem [33]: 

1 1
s w p

c s c

A c
h A A

τ ρ
α

  = +   о

 (29) 

Except the temperature-dependent frequency, there exists another one motion with a higher frequency with value about 46 
Hz. It is modulated by the temperature-dependent frequency and its value is equal to the natural frequency ωS of the mechanical 
subsystem: 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Fig. 7. Graphs of the system output characteristics for the steady-state: a) Force in the SMA wire; b) Generated voltage by the piezoelectric 
transducer; c) Temperature of the SMA wire; d) Phase trajectory of the point mass 
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where 

( )
0

w
SMA

S

T
k

l
=
Е А

 (31) 

is the SMA wire stiffness and Young’s modulus is: 

( ) s

w s

F
E T

ε
=
А

 (32) 

The equation (30) hints that the stiffness change of the SMA wire causes an additional frequency modulation, but it is weakly 
expressed on the theoretical and experimental graphs. 

In Figure 7b) are shown numerically 1 and experimentally 2 obtained graphs of the voltage, generated by the piezoelectric 
layer. It is also periodic with a frequency determined by the two mentioned frequencies. The maximal value of the voltage is 
about 0.6 V. Figure 7c) depicts numerically 1 and experimentally 2 obtained graphs of the SMA wire temperature. The smoothly 
rising section of the temperature corresponds to the heating when the heater is approaching the wire followed by a descending 
section when cooling. The change of the wire temperature is between 39oC and 46oC. The main reason for the incomplete 
coincidence between the numerical solution and the experimental curve is the high-temperature inertia of the thermocouple 
used. In Fig. 7d) is shown the phase trajectory of the point mass. As it is confirmed by the other graphs, there are vibrations of the 
mass with variable amplitude around two equilibrium positions. The maximum displacement and velocity of the mass are about 
0.9 mm and 0.07 m/s correspondingly. 

An additional parametric study showed a large sensitivity of the output characteristics and a rich variety of dynamic regimes 
which is a premise for optimization of the system. Moreover, conditions for the existence of oscillatory modes in the system are 
established in [35]. 

The comparison between the presented numerical and experimental curves shows a satisfactory coincidence between the 
amplitudes, shapes and frequencies for the depicted output characteristics. The main reason for the observed differences is the 
approximate character of the developed mathematical model and the presence of uncertainty for the values of some constants.  

The higher efficiency of the energy harvester could be obtained if the frequencies of the mechanical and the thermally-
induced oscillations coincide. For the considered case the mechanical frequency is about 10 times bigger than the thermal 
frequency. The coincidence of the frequencies requires an increase of the circumferential area and a decrease of the volume per 
unit length of the SMA wire. A successful design approach would be the reduction of the size of the device which will increase the 
mechanical and thermal frequencies but with different scale factors allowing their equalization or at least approaching each 
other. This approach shows that the miniaturization of the developed energy harvester improves its performance. 

5. Conclusions 

This paper studied problems related to the combined application of smart materials in a thermal energy harvester with 
vibrating action. The development and investigation of a thermal energy harvester whose operational principle is based on the 
deformation of a piezoelectric cantilever beam through repeatedly heated and cooled SMA wire employing a constant heat source.  

A mathematical model of the system composed of equations from mechanical, thermal and electrical domains is developed 
and numerically solved. The SMA wire force model takes into account the SMA hysteretic behaviour. It was found that the system 
oscillates at two main frequencies – a lower one, determined by the temperature time constant of the system and a higher one, 
determined by the natural frequency of the mechanical subsystem. The experimental validation performed shows a relatively 
good coincidence between the theoretical and experimental results therefore it can be confirmed that the mathematical model 
describes with sufficient accuracy the dynamic behavior of the studied system. Some conclusions and directions for improving 
the harvester output characteristics have been formulated. 

The following goal is to maximize harvested energy and to optimize the geometrical design of the device. 
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