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Abstract. This paper deals with a Lagrangian stochastic approach to solve the advection-diffusion equation of a scalar tracer 
inflow based on random walk particle tracking (RWPT) of a fine number of particles that describe the tracer. The water flow is 
governed by the shallow water equations that are solved using a finite volume upwinding scheme on a non-structured triangular 
mesh. Results are presented for two problems, pure advection in a square cavity and pollutant advection in the strait of Gibraltar, 
that demonstrate the performance, accuracy, and the flexibility of the RWPT method to examine the process of pollutant 
convection by comparing predictions with those from the Eulerian approach. The Lagrangian approach is shown to have 
advantages in terms of the high level of simplicity and stability relative to the Eulerian approach.  

Keywords: Lagrangian random walk tracking, Shallow water equations, Convection-diffusion equation, Strait of Gibraltar. 

1. Introduction 

The convection-diffusion of non-reactive pollutants in shallow water flow can be described by the advection-dispersion 
equation which is a partial differential equation. It is well known that solving the equation often generates non-physical 
oscillations and/or numerical diffusion in regions where the hyperbolic nature of the equation becomes predominant. There are 
two main classes of methods for solving this equation employed in the literature. Firstly, Eulerian methods, the advection-
dispersion equations are solved on a fixed mesh. The main corresponding numerical methods are Finite volume (VF), Finite 
difference (DF), finite element (EF). These methods conserve mass and are easy to implement. Secondly, Lagrangian methods, the 
convection equation is solved using a set of discrete particles that move relative to the fixed frame of reference. All the data and 
variables that constitute the problem are indexed and linked to each particle.  

In this work, we will focus on a Lagrangian method, called random walk particle tracking (RWPT), to simulate the tracer 
particle motion due to the advection and diffusion processes [1]. The RWPT is based on a deterministic advection process and a 
stochastic dispersion process to describe the dispersive component of particle displacement [2,3]. Therefore, in water flows the 
Lagrangian method of the RWPT technique has long been used the analysis of dispersion and diffusion processes for supercritical 
flow in porous media [4,5]. It employs a band of discrete particles to depict the pollutant plume, and the particles are tracked 
independently in flows. The RWPT method can typically give a good approximation of the concentration gradients and the 
numerical calculation can be readily parallelized and without numerical diffusion [6,7]. Consequently, the RWPT method has been 
used extensively to simulate, on a massive scale, biogeochemical and reactive convection problems [8,9]. In [10] have evolved a 
successful RWPT approach for the convection of contaminants simulation in media, which takes into consideration 
discontinuous dispersion coefficients. The authors present improvements to the concept of a partially reflecting barrier used to 
account for these discontinuities, The authors’ new algorithm efficiently simulates both advection‐ and dispersion‐dominated 
convection conditions, it improves the applicability of RWPT to situations in which both conditions occur. In [11] has also 
elaborated a model employs the RWPT method for simulation of the two-dimensional contaminant convection process and 
preserve transport characteristics between the discrete fracture network and the mapped continuum. In this study, the flow 
problem is solved via MODFLOW and the transport problem is solved on the grid using a particle tracking method. It is found that 
the proposed technique is useful to preserve conservative transport characteristics on the grid. Several authors have 
demonstrated that the RWPT technique of solute convection problems by dividing the solute masse into a great number of 
particles is stable and accurate [12,13]. The interpolation schemes and reflection principle that preserve discontinuities in velocity 
at material contacts are reviewed by LaBolle et al. in [12], the presented results from simulations of transport in porous media 
demonstrate the potentialities of the improvements to computing solute transport in two-dimensional heterogeneous porous 
media. In [13], Masciopinto develops a mathematical model using Navier–Stokes and Darcy–Weisbach's equation for a steady and 
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non-uniform flow, and particle tracking technique to simulate the transport in fractured rocks. The computational model was 
used to estimate the mass balance aperture and the tracer aperture. The values they found are consistent with hydraulic 
apertures, and show a similar trend. In [14] it was shown that the RWPT has been more successful than the Eulerian approach 
within an unsteady flow. Zhang et al. used, in modeling particle transport and distribution in enclosed spaces, both the Eulerian 
and Lagrangian models. The two models were further compared in predicting the transient dispersion of the particles from a 
coughing passenger in a section of airliner cabin. In the unsteady state condition, the Lagrangian method performed better than 
the Eulerian method. In the same field, Cheng et al. [15] used the random walk method to represent the time-varying 
directionality of indoor emissions, thereby predicting the time series and frequency distributions of concentrations close to an 
actively emitting point source. The models were used to estimate the air velocity and the time scale changes of plume stream 
direction in a typical naturally ventilated residence 

The RWP has been extended also for mass convection in depth-averaged flows and much research has demonstrated that the 
RWPT approach compared with the Eulerian method has achieved higher accuracy in representing pollutant dispersion in depth-
averaged flows. Among others, Wu et al. in [16] compared the random walk particle tracking method with the Eulerian methods in 
investigating pollutant transport in depth-averaged flows in two idealized cases and both numerical results have been compared 
against the analytical solution. Their simulations by the random walk model achieve higher accuracy in both cases and are free of 
fictitious oscillations in the vicinity of sharp concentration gradients, unlike the Eulerian method that generates numerical 
dissipation where concentration changes abruptly. A similar study was conducted by Yang et al. [17], who used a numerical model 
based on depth-averaged equations and a random walk particle tracking method to solve an instantaneous release problem in 
uniform flows. In this work, the authors present extensive parametric studies to investigate the influences of the number of 
particles and the size of time steps. The predictions are found to be independent of time step, but are 

to be independent of time steps but are sensitive to the particle numbers. And more recently, Jalali et al. [18] used the coupled 
shallow flow and particle-tracking model to simulate chaotic advection and mixing processes in a channel containing a pair of 
side-wall cavities containing a single groyne, and a rectangular channel containing a pair of groynes. 

The main concern of this paper is the development of a random walk particle tracking method (RWPT) for convection-
diffusion of pollutants in shallow water flow including complex topography on a nonstructural triangular mesh. The shallow 
water equations are used, to govern the flow, and solved using an upwinding scheme presented in [19,20]. The pollutant mass was 
divided into finite particles, released, and tracked in the flow using the RWPT method. In this work a conservative algorithm was 
developed to initialize the particles into the mesh from the pollutant concentration, then, rebuild the concentration from the 
particle cloud transported in the water flow. A nearest neighbors scheme was used to calculate the Lagrangian velocity.  

The layout of this work is as follows. In section 2, we describe our mathematical formulation of the shallow-water equations, 
and introduce the numerical method applied to solve it. We deliver a brief overview of the Eulerian approach, and with a specific 
focus of RWPT. Section 3 is devoted to discussing the results of the two problems. Finally, section 4 presents the conclusion 
reached from our works. 

2. Mathematical Models and Numerical Tools 

2.1 Eulerian hydrodynamical model  

In the context of shallow water flow, the two-dimensional shallow water (SW) equations are used to simulate the 
hydrodynamical behavior within the considered domain. This model is derived from depth-integrating mass continuity and 
Navier-Stokes momentum equations under the assumption that vertical pressure gradients are nearly hydrostatic, implying that 
the horizontal velocity field is constant throughout the depth of the water. In the case where the horizontal length scale is much 
greater than the vertical length scale, the example of the Strait of Gibraltar, this assumption is widely valid. In a two dimensional 
Cartesian coordinate system, the continuity and the momentum equations of the SW equations model take the following form: 
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where g is the gravitational acceleration, h is the water height, u and v are the mass-flow averaged velocity components in the x 
and y direction respectively, where Z denotes the bottom topography and n is the Manning roughness coefficient. Note that the 
indices x, y and t represent spatial and temporal derivatives. 

In the existence of convection-diffusion of a passive pollutant in the water flow, i.e. the pollutants do not interact with the 
water flow, the previous model is enriched by the convection-diffusion equation, integrated over the water height h and solved 
simultaneously with the SW equations. For the average pollutant concentration C of the water layer h, the following convection-
diffusion equation holds: 
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where D is an empirical diffusion coefficient. Remark that we have considered only the case of isotropic pollutant diffusion for 
simplicity. The depth-averaged shallow water equations coupled with the advection-diffusion equation for the depth-averaged 
pollutant concentration are described by the following system of equations: 
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Fig. 1. Unstructured mesh, triangular control volume and notations. 

The previous set of equations (3) is a system of strictly hyperbolic non-linear partial differential equations and can be written 
in a form of homogeneous system as: 

 

( ) ( ) ( )+ + =t x yF G SW W W W  (4) 

 
To integrate this system under the finite volume assumptions over an unstructured mesh, the flow domain is partitioned into 

a set of triangular cells or finite volumes. Let ij be the common edge of two neighboring cells i and j, with Γij  its length, N(i) is 

the set of neighboring triangles of cell i, and n ij  is the unit vector normal to the edge ij and points toward the cell j (Fig. 1) 

Integrating the system (4) in a considering triangular control volume Ω, and invoking the Gauss theorem: 
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Assuming a piecewise constant representation, the integral around an element is approximated as the sum of the numerical 

flux contributions from each edge, such that 
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where ( , )=W Wn
ni ix t is the vector of conserved variables evaluated at time level = ∆nt n t , n is the number of time steps, ∆t  is 

the time step, iV is the area of cell i, = +F Gx yn nF  is normal flux, δ ijF  is the numerical flux through the edge ij that has a length 

Γij .  

Herein, the following upwind scheme based on Roe’s approximate Riemann solver is employed to determine the numerical 
flux on the control volume surfaces. At each cell edge [22],  
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The normal flux can then be written as 
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where ϕ  are the wave strengths given by 
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The source terms are balanced by means of a two-dimensional implementation of the upwind scheme proposed by Vazquez 
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et al. [23,24] for treating the homogeneous part of Saint-Venant equations, and which satisfies the exact conservation C-property. 
Integration of the source term on the control volume Vi is written, 
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Following Bermudez [25], this approximation is upwinded and the source term Sn replaced by a numerical source vector ψn , 

such that 
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At each cell interface Γij , the contribution of the source term is defined as the projection of the source term vector in the 

basis of eigenvectors of the Jacobian matrix. Thus the function source term is, 
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2.2 Random walk particle tracking method  

The random walk particle method is employed to solve the convection-diffusion processes as governed by the advection-
diffusion equation (2). RWPT simulates pollutant advection and diffusion by partitioning the pollutant mass into a large number 
of representative particles and monitoring their positions as they undergo movement that depends upon the local velocity field 
and random fluctuations. The movement of the particle is expressed by the Itô-Taylor integration scheme [26,27]. Therefore, An 
explicit time integration scheme is used to get the new position of each pollutant particle[28,29] 

 

( ) ( ) ( ) ( ) 2+∆ = + ∆ + ∆p RW p p RW RWx t t x t u t t dW t D t  (16) 

 

where ( , )=p p px x y the Cartesian are coordinates of an arbitrary particle, pu  is the particle velocity calculated using the nearest 

neighbor Eulerian velocities from the considered particle, and ( , )= x ydW dw dw is a random vector whose components are 

sampled from a Gaussian distribution with unit variance and zero mean. 
 

2.2.1 Initial random points distribution 

According to the concentration inside a selected triangle Γi , the particle positions are set randomly. The particles number is 

calculated using the following formula: 
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If a triangle Γi is allowed to contains particles, a set of ( )Γp iN particles are distributed randomly according to the following 

formula, that gives the initial position coordinates of each particle. 
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Fig. 2. Examples of initial randomly particles distributed inside a triangle. 

 

Fig. 3. Domain configuration for the convection in square cavity problem.  
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where kd  and ( ),i ix y  are the median length and the barycentre coordinates of the triangle Γi . Remark that using the initial 

particle coordinates formula (19) can generate particles outside the triangle, for that, an iterative particle generator is 
implemented to validate the particle position before moving to the next triangle. The Fig. 2 gives examples of randomly initial 
particles according to pollutant concentration inside triangle mesh.  

3. Numerical Results 

Validation and verification of the RWPT numerical approach were conducted with two tests cited in the literature. The first 
one concerns an idealized convection of a tracer in a square cavity and the second in the strait of Gibraltar with irregular 
geometry and bathymetry. Results have been compared with analytical solutions and the Eulerian convection-diffusion equation. 
3.1 Convection in a square cavity: 

This first problem concerns convection-dominated transport of tracer in a square cavity. The cavity is 20m by 20m. Initially, a 
tracer, given by a set of particles with concentration C(x,y,t=0) is released in a uniform flow, i.e., u=v=1m/s. The initial 
concentration is given by: 
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where (x1,y1) and (x2,y2) are the initial central coordinates of the tracers and (C1,C2) are two constants, here are equal to (0.3,0.7).  
The profile concentration across the diagonal is given in Fig.4. We included the results of the initial solution, the exact solution, 
the numerical solutions by the particle tracking method, and the Eulerian convection-diffusion equation. The predictions by the 
particle tracking method exhibit good agreement with the exact solution. Fig.5 shows the pollutant particles at the initial time 
t=0s and final time t=100s. Fig.6 depicts the final pollutant concentration calculated by RWPT method and the Eulerian 
Convection-diffusion equation. The analysis of results indicates that the shape of the pollutant plume was preserved along with 
its convection by the RWPT method, on the contrary of the Eulerian convection-diffusion equation that decreases heavily. We 
present in Fig.7, the evolution of maximum concentration against the number of triangles obtained using the convection-
diffusion equation. It seems that additional mesh refinement does not further improve the results, indicating grid convergence. In 
all, this numerical test is convincing evidence of the particle tracking method to predict the convection of pollutants by shallow 
water flow for the pure convection process. 

The applicability of the proposed RWPT scheme is also tested against flow over irregular bed. Thus, the previous problem 
configuration is enhanced by two bumps in the bed (fig. 8). The bed profile is described by the following function: 
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Fig. 4. Cross-section along the diagonal of the initial and final concentration, Results comparison of the particle tracking and Eulerian convection-

diffusion equation. 

 

Fig. 5. Screenshot of the particle distribution in their walk at the initial and final time. 

 

Fig. 6. Zoom in of the two-dimensional final concentration distribution, left: exact solution, middle: Particle tracking method, and right: Eulerian 
convection-diffusion equation. 

 

Fig. 7. Evolution of maximum concentration against the number of triangles. 
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In the present configuration, the same numerical parameters are used except time simulation that is advanced to 150s. The 
results are presented in terms of pollutant concentration, particle positions, streamlines, and velocity magnitude. Fig.9 shows 
comparative results for pollutant concentration calculated over the flat and irregular bed and fig.10 presents the flow behavior 
obtained for the case of irregular bed. The effects of the bed irregularity are shown on the flow, indeed, the streamlines become 
curved, and the velocity increase near the twin bumps. Accordingly, the particle cloud, displayed in Fig.11, is also affected so that 
the circular form is deformed. It should be noted that the maximum value is not preserved owing to the diffusion caused by water 
mixing over the irregular bed. 

 

Fig. 8. Bathymetry profile used for the convection in the square cavity over irregular bed. 

 

 

Fig. 9. Pollutant concentration at 0, 100, and 150 s in the case of flat bed (top) and irregular bed (bottom).  

 

Fig. 10. Streamlines and velocity magnitude of the flow in the case of irregular bed.  
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Fig. 11. Particle positions at the initial and final time in case of irregular bed. 

 

Fig. 12. Location and bathymetrie of the strait of Gibraltar. 

 
Fig. 13. Bathymetries and mesh of the strait of Gibraltar. 

3.2 Pollutant convection in strait of Gibraltar 

The strait of Gibraltar is an arm of the sea dividing Europe from Africa, with a strait of just 13 km width separating the two 
continents. The system is about 60 km in length between Barbate-Tangier in the West and Gibraltar-Sebta in the East. Its width 
varies between a minimum of about 14 km from Tarifa to Punta Cires and a maximum of 44 km from Bar-bate to Tangier. To verify 
its validity, the RWPT method was used to simulate hypothetical pollutant transport during a typical tidal period. The main 
concern of this test was to display the capacity of RWPT to handle irregular topography and complex geometry, in comparison to 
the Eulerian method. Equation (1) was implemented to simulate the flow within the strait over a triangular mesh presented in Fig. 
13, and equation (2) for simulating the transport of the pollutant. On other hand, particle tracking was used to simulate the same 
pollutant divided into a set of particles.  

In this test we assume the pollutant flows with a constant diffusion coefficient Dx = Dy = 0.001m2/s, The Manning coefficient 
is set to n = 0.001s/m1/3.The bathymetry employed in our calculations is depicted in Fig. 12, the maximum depth in the selected 
area exceeds 1000 m. For the sake of stability, careful numerical treatment of bathymetry has been deployed to bypass major 
numerical difficulties such as the C-property [19].  
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Fig. 14. Pollutant concentration calculated by the Eulerian convection diffusion equation (top row) and particle tracking method (bottom row) at 
different simulation times, from left to right t=0,2,7.9 and 12h). 

Initially, the water is at rest, and tidal forcing, with main astronomical tidal constituents M2, S2, and N2 [30], is used to 
generate the flow. Then, a pollutant plume with a maximal concentration of 1 is released and tracked, at the same time, with the 
RWPT method and solved by the convection-diffusion equation. Fig. 14 presents the numerical results. As plotted, the pollutant is 
propagated over the area by following the flow until the outlet of the computational zone. The maximum concentration, 
calculated by the Eulerian method decreases, contrary to the concentration of particle clouds simulated with RWPT which 
remains almost the same. It is intuitively obvious from the comparison of the two approaches that the RWPT approach overcomes 
spontaneously the numerical diffusion that affects the Eulerian methods. Besides, The RWPT method used for solute transport is 
independent of mesh. 

Finally, The RWPT method is conservative because the mass of the tracer remains constant as the particles move in the 
domain and do not disappear. These properties prove that the RWPT is a better alternative to the convection-diffusion equation 
and useful for mass transport in water flows. 

4. Conclusions 

This paper has described the application of the shallow water equations coupled with the random particle tracking model to 
solve the convection-diffusion of pollutants in shallow water flow. This work is to improve the implementation of the model on a 
triangular mesh. The released particles are automatically controlled by the pollutant concentration and the particle density is 
used to manage the number of released particles. The validation is carried out using two test cases: with simple geometry with 
and without bathymetry and more complex bathymetry. First, this model is verified by solving a pollutant release problem in a 
uniform flow. The analytical solution is used as a reference. The results reveal several advantages of this RWPT method, including 
high accuracy, stability, and simplicity. The procedure used to calculate the pollutant concentration shows also high accuracy. 
Furthermore, the comparison of the obtained results by the RWPT with those by the Eulerian approach leads us to conclude that 
the particle tracking is free of the numerical diffusion and the maximum concentration is preserved when the displacement is 
governed by the advection process. Then, the robustness of the model and the capability of simulating flows in environments 
with complex geometries and bathymetry are demonstrated by a hypothetical pollutant transport problem in the strait of 
Gibraltar. 
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