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Abstract. A three-level time-split MacCormack method has been developed for solving the two-dimensional time-dependent 
convection-diffusion equation. The differential operator "splits" the two-dimensional problem into two pieces so that each 
subproblem is easy to solve using the original MacCormack procedure. The obtained scheme is temporal second-order convergent 
and spatial fourth-order accurate. This considerably reduces the computational cost of the algorithm. Under a suitable time-step 
restriction, both stability and convergence of the proposed technique are analyzed in the L∞(0, T; L2)-norm. A large set of numerical 
examples which provide the convergence rate of the new algorithm are presented. Overall, the considered approach is found to lie 
in the class of robust numerical schemes for solving general systems of partial differential equations. 

Keywords: 2D unsteady convection-diffusion equation, One-dimensional operators (splitting), Explicit MacCormack scheme, 
Explicit time-split method, Stability and convergence rate. 

1. Introduction and motivation 

Bolus dispersion and time-dependence can be more easily implemented using the Eulerian approach. The general concept of 
an Eulerian model is to solve a convection-diffusion equation for the aerosol in an idealized version of the lung geometry, using 
ideas first developed for modeling gas transport in the lung [1,2]. The aerosol not only is convected through the lung by the air 
motion but also diffuses relative to the air due to Brownian motion [3, 4]. As with the Lagrangian models, purely Eulerian deposition 
models that simultaneously treat the entire respiratory tract are restricted to one or two spatial dimension due to computational 
cost, with depth into the lung being the spatial dimension that is used. The one-dimensional models can be derived by considering 
the equation for mass conservation of the aerosol particles. To illustrate this situation, we introduce a coordinate system (x, y, z) 
with x representing depth into the lung and y, z, denoting the cross section of the air-filled portions of all parts of the lung at a 
depth x. Furthermore, considering a short section of lung from depth x to depth x + dx, integrating the first term on the left-hand 
side over the two spatial dimensions y and z and breaking up the other two terms into integrations over two types of surfaces: 
airway surfaces Syz and airway lumen Sx, we obtain the following figure.          

In this work, a numerical model for computation of convection-diffusion transport of nonconservative substances in two-
dimensional environment is developed. This equation describes the convection and diffusion of various physical quantities, for 
example, heat, mass and energy [5-8]. The applications of transport equation have been given in [9-11]. Specifically, the two-
dimensional transport equation has been used to describe many other physical situations such as heat transfer, dispersion of 
pollutants in rivers and streams, flows in porous media, spreads of contaminants in coastal seas, thermal pollution in river systems 
and estuaries [12-16]. The method is based on a three-level time-split explicit MacCormack approach, in which the convection and 
diffusion terms are calculated separately in one step. Special attention is paid to the convection operator, which introduces some 
difficulties in many numerical schemes, which in many cases, has proven to cause instability models. Assuming that the initial 
and boundary conditions 0u  and ϕ , respectively, are regular enough and satisfy the condition ϕ = 0( , ,0) ( , )x y u x y , for any ∈ ∂Ω( , ) ,x y  
we consider the following two-dimensional convection-diffusion equation, 

   ∂ ∂ ∂ ∂ ∂   + + − + =     ∂ ∂ ∂ ∂ ∂   


2 2

2 2
0,

u u u u u
a

t x y x y
 ∈Ω( , )x y , ∈ (0, ]t T ; (1) 

subjects to the initial condition 

( ) ( )= 0, ,0 , ,u x y u x y  ∈Ω( , )x y ;  (2) 

and the boundary condition 

ϕ=( , , ) ( , , )u x y t x y t ;  ∈ ∂Ω( , )x y , ∈ (0, ]t T ; (3) 
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Fig. 1. A portion of a lung airway at depth x in the lung is shown. Sx is the airway lumen surface at depth x, and Syz is the airway surface itself. 

where µ  and a  are two physical parameters, Ω =(0,1) ×  (0,1), ∂Ω  is the boundary of Ω . 

A major class of transport problems do not have analytical solution due to the complexities involved in their formulation (like 
nonlinearity). Numerical simulations to these equations have attracted a lot of attention and which have resulted in various 
numerical techniques including finite difference, finite element, boundary element and time-splitting methods. Since very less 
works have been carried out to obtain analytical solutions of two-dimensional transport equations therefore a lot of works are 
needed to develop efficient numerical schemes for solving the model equation (1) – (3). In literature, several finite difference 
schemes which include predictor-corrector, time-splitting and collocation radial basis functions have been used for solving Poisson 
equation, time-dependent convection-diffusion and advection-diffusion equation are developed and deeply analyzed (for example, 
see [17-28]) (for example, see [17-28]). 

In some recent works [29-31], the authors proposed a three-level time-split MacCormack method for solving two-dimensional 
reaction-diffusion and heat conduction equations. The method applies to time-dependent equations of the form: = +1 2( ) ( )tu A u A u  
where tu  denotes ∂ ∂/u t  and jA  ( )= 1,2j  are differential operators, so that the subproblems = 1( )tu A u  and = 2( )tu A u  are each 
solved independently using the explicit MacCormack method. Furthermore, the solution of the original problem is advanced by 
alternating between (approximately) solving each of the two subproblems. The great advantage of this approach is the 
decomposition of the errors in the resulting numerical approximation into errors obtained by splitting the exact solution operator 
and the other one due to numerically solving the subproblems. 

The two-step explicit MacCormack scheme has been widely used in numerical solutions of a large class of problems in 
computational fluid dynamics [32-33]. In this technique, the first order time derivative is approximated at the predictor and 
corrector phases using forward difference representation, with alternate one-side differencing for first-order space derivatives. 
This is more convenient in the search of numerical solutions of systems of equations with nonlinear convective jacobian matrices 
using second order one-side explicit schemes, such as Lax-Wendroff approach [34-36]. One difficulty observed from this method is 
that it is not appropriate for problems with high Reynold numbers, where the viscous regions become very thin. In [37], 
MacCormack developed a hybrid version of his scheme, so called the MacCormack rapid solver method for overcoming this 
drawback. Most recently, the authors applied the rapid solver method and a two-level explicit approach for solving a certain class 
of ordinary/partial differential equations [38-41]. Their results have shown that the hybrid version of MacCormack has a good 
stability condition and it is too faster than a wide class of numerical schemes for solving steady and unsteady flows at high to low 
Reynolds numbers [37]. 

With the information gleaned from the two-step MacCormack and MacCormack rapid solver methods, we are ready to analyze 
a three-level time-split MacCormack approach applied to the initial-boundary value problem (1)-(3). In [43-46] explicit, implicit and 
explicit-implicit methods have been analyzed. In some cases, the approach used the explicit scheme and the implicit difference 
scheme for the solution of the convection and diffusion processes, respectively. In the other cases, the time derivative was 
approximated using an explicit scheme while the implicit method has been used to approximate the spatial derivatives. The 
authors [47-49] applied B-splines techniques and time-split methods in conjunction with trigonometric B-splines approach, 
MacCormack, Crank-Nicolson and Runge-Kutta schemes to obtain solutions with good convergence rate (at least second-order). 
Unfortunately, almost all the results provided in the above works were obtained by a large set of numerical experiments. The 
theoretical analysis has not been considered. The following paragraph provides a detail description of our contribution. 

A three-level time-split MacCormack approach we study for the two-dimensional convection-diffusion equation (1) – (3) is new, 
a predictor-corrector method, second order accurate in time, fourth order convergent in space and it is motivated by: (a) the form 
of the time step restriction µ ≤2max{2 / ,| | / } 1ak h k h . In fact, the considered problem (1) – (3) can model both linear hyperbolic and 
parabolic equations. When a = 0 and µ ≠ 0 , we obtain a 2D  wave equation. A wide set of explicit numerical schemes for solving 
the corresponding equation are stable under the time step limitation µ ≤| | / 1$k h . For ≠ 0a  and µ = 0 , the obtained equation is 
a two-dimensional heat conduction equation. It is well known that several explicit schemes for solving this equation is stable under 
the time step requirement ≤24 / 1ak h . All these requirements are known in literature as Courant-Friedrich-Lewy condition. (b) a 
time-split MacCormack approach is more practical (indeed: second order accurate in time and fourth order convergent in space. 
Furthermore, the explicit MacCormack algorithm is a widely used scheme for solving problem in computational fluid dynamics). 
(c) Both theoretical and numerical results are deeply analyzed. We recall that an explicit time-split MacCormack algorithm "splits" 
the original MacCormack scheme into a sequence of one-dimensional operators, thereby achieving a good stability condition. In 
other words, the splitting makes it possible to advance the solution in each direction with the maximum allowable time step (for 
instance, see [50-52]). For an overview of this technique, we refer the readers to [25, 52] and references therein. Setting ∆ =∆xt t  
and ∆ =∆ / 2yt t p  where p is any positive integer, a high order convergent scheme for solving the initial-boundary value problem 
(1) – (3) can be constructed in the following manner 

  +
      ∆ ∆      = ∆                 

1 ( )
2 2

p p

n n
y x yij ij

t t
u L L t L u

p p
, (4) 

where ∆( )x xL t  and ∆( )y yL t  are one-dimensional difference operators whose explicit expressions will be defined in the following. 
We remind that our study consists to compute approximate solutions of problem (1)-(3) using equation (4) (with = 1p ). For the 
convenient of writing the notations =)n n

ij iju u and + = +[ ]n n n
ij ij iju v u v  are used in this paper. 

It is important to mentioning that although the proposed model has the same order of accuracy (stable, temporal second-order 
and spatial fourth-order convergent) when computing an approximate solution of two-dimensional unsteady convection-diffusion 
equation (1) – (3) and the problem studied in [25], the considered technique is at least twice more faster when applied to the initial-
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boundary value problem (1) – (3) than to two-dimensional linear time-dependent convection-diffusion-reaction equation deeply 
analyzed in [25]. Indeed, the source/sink terms (so called zero-order reaction rate coefficient and first-order reaction rate, 
respectively) slow the convergence speed of the algorithm. Furthermore, the numerical experiments presented in this work are 
performed with different values of convective and diffusive coefficients. Also in that case, we observe satisfactory results regarding 
the accuracy of the proposed procedure. Finally, compared to the numerical evidences presented in [25], some tables indicating the 
decay of energy and physical tests are considered where the computed solution, the analytical ones and the errors can be visualized 
by iso-values. This information represents the new contribution of this paper with respect to the analysis developed in [25]. 
Furthermore, it is worth noticing to recall that the proposed method is fast and requires least computational costs than a broad 
range of numerical schemes [10, 11, 17, 19, 21, 22, 26, 47]. 

The aim of this paper is to analyze the following four items: 
1. Detailed description of a three-level time-split MacCormack scheme for solving the initial-boundary value problem (1) – (3), 
2. Stability analysis of the numerical scheme, 
3. Error estimates of the method, 
4. Numerical examples which consider the convergence rate, confirms the theoretical results and shows the efficiency and 
effectiveness of the method. 

Items 1-4, represent our original contributions since as far as we know, there is no available work in literature which solves the 
initial-boundary value problem (1) – (3), using a time-split MacCormack method. 

The rest of the paper is organized as follows: Section 2 considers a full description of a three-level time-split MacCormack 
method for solving the parabolic equations (1) – (3). In section 3, we study the stability of the scheme under the time-step restriction 
given above, while section 4 presents a deep analysis of the error estimates and the convergence of the method. A wide set of 
numerical experiments which provide the convergence rate of the new algorithm and confirms the theoretical result (on the 
stability) are presented in section 5. We draw the conclusion and present our future investigations in section 6. 

2. Notation and full description of a three-level time-split MacCormack method  

In this section we set notation and provide a complete description of a three-level time-split MacCormack scheme for solving 
the two-dimensional initial-boundary value problem (1) – (3). It is worth mentioning that a time-split MacCormack "splits" the 
original MacCormack scheme into a sequence of one-dimensional difference operations, thereby achieving a less restrictive 
stability condition. In other words, the splitting makes it possible to advance the solution in each direction with the maximum 
allowable time step ([25, 29, 52, 31] and [54] page 231). 
Suppose N and M be two positive integers. Let =∆ =: /k t T N , =∆ =∆ =: 1 /h x y M , be the time step and grid spacing, respectively. 
Setting =nt kn , *t : time used at the beginning of the next step in a time-split MacCormack scheme and * *t : time used at the last 
step of a time-split MacCormack approach, then +∈* 1( , )n nt t t , +∈** * 1( , )nt t t , = −0,1,2,..., 1n N , =ix ih , =jy jh ; ≤ ≤0 ,i j M

Furthermore, let Ω = ≤ ≤{ ,0 }n
k t n N , Ω = ≤ ≤{( , ), 0 , }h i jx y i j M , Ω =Ω ∩Ωh h  and ∂Ω = Ω ∩∂Ωh h . 

Let = ={ 0,1,..., ; i, j=0,1,2,...,M};n
h iju n NU , be the space of grid functions defined on Ω ×Ωh k . Now, following the MacCormack 

approach, we can set 

  δ +

+

−
=

1,
1

,
2

n n
i j ijn

x
i j

u u
u

h
;  δ + −−

=
1, 1,

2

n n
i j

i
x i jn

j

u u
u

h
;  δ +

+

−
=

, 1
1

,
2

n n
i j ijn

y
i j

u u
u

h
;  δ + −−

=
, 1 , 1

2

n n
i j i jy n

ij

u u
u

h
; 

δ δ

δ
+ −

−

=
1 1

, ,
2 2 2

n n
x x

i j i j
n

x ij

u u

u
h

  and  

δ δ

δ
+ −

−

=
1 1

, ,
2 2 2

n n
y y

i j i j
n

y ij

u u

u
h

.  

(5) 

Defining the following norms and scalar products 

δ δ

−

=

       =          
∑ ∑∑2 2

1 1
1 M-1 M-12 2

2 n n 2
x x 1L i+ , j, 1 j=1 i=0

2

| | ; u =h | u |
M

n n
ijL

i j
u h u‖ ‖ ‖ ‖ , δ δ

− −

+= =

  =    
∑∑2

1
1 1 2

2
1

,0 1
2

| |
M M

n n
y yL i jj i
u h u‖ ‖ ,  λ λδ δ

−

=

  =    
∑2

1
1 2

2 2 2

, 1
| |

M

n n
ijL

i j
u h u‖ ‖ , (6) 

where λ = x  or y . Furthermore, the scalar products are defined as 

  δ δ δ δ

−

=

= < >∑ ∑∑
1 M-1 M-1

2 n n 2 n n
x x x x 1 x 1

i+ , j i+ , j, 1 j=1 i=0
2 2

( , ) u , v =h u v,
M

n n n n
ij ij

i j
u v h u v ,  

and 

  δ δ δ δ

− −

+ += =

< > = ∑∑
1 1

2
1 1

, ,0 1
2 2

,
M M

n n n n
y y y y y

i j i jj i
u v h u v . (7) 

Finally, we introduce the following discrete norms 

  ∞ Ω Ω Ω Ω≤ ≤

  =    
∑2 2 2 2 2

1
N 2

n 2

(0, ; ( )) ( ) L (0,T;L ( )) L ( )0 n=0
| | max |u| =, k un

L T L Ln N
u u‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ,  

and 

  
Ω Ω

=

= ∈∑1 2 2 h(0, ; ( )) ( )
0

| | ; for u
N

n

L T L L
n

u k u U‖ ‖ ‖ ‖ . (8) 

Now, expanding the Taylor series for the function u  about ( , , )n
i jx y t  at the predictor and corrector steps with time step / 2k  

provides 

  = = + + + = = + + +
2 2

* * 3 * * * * 3
2 2: ( , , ) ) ) ( ); : ( , , ) ) ) ( ),

2 8 2 8
n n n n

t t t tij i j ij ij ij ij i j ij ij ij

k k k k
u u x y t u u u O k u u x y t u u u O k  (9) 
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where *t  is the time used at the predictor step and *t  is the one used at the corrector step which is also the final time provided at 
this stage. In fact, *t  is just a notation, it can be considered as  *t .  For the sake of readability and to avoid any confusion, we used 
* *  to indicate the value provided at the corrector step since the approximate solution constructed at the first phase of a time-split 
MacCormack scheme should consider the index * . This must indicate the difference between the value provided at the corrector 
step and the approximate solution (which is usually called corrected value) obtained at the first stage of the algorithm. Using the 
definition of the operator ( / 2)yL k , let consider the equation 

  µ+ − = 0t y yyu u au , (10a) 

which is equivalent to 

  µ=− +t y yyu u au , (10b) 

Since the right side of the convection-diffusion equation (1) equals zero, we assume in the rest of this paper that the function u  is 
regular enough, has partial derivatives in space up to order fourth. Using equation (10); it is not difficult to see that 

  ( )µ µ µ= − = − +2 2
2 4 3 22t yy y y y yt

u au u a u a u u .  

This fact together with equation (9) provide 

  µ µ µ = + − + − + +  

2
* 2 2 3

4 3[ ] 2 ( )
2 8

nn n
yy y y y yyij ij ij ij

k k
u u au u a u a u u O k , (11) 

  µ µ µ = + − + − + +  

2
** * 2 2 3

4 3[ ] 2 ( )
2 8

n
yy y y y yyij ij ij ij

k k
u u au u a u a u u O k . (12) 

Applying the Taylor series for the function u  about ( , , )n
i jx y t with mesh size h  using forward and backward difference 

representations results in 

  δ δ δ δ δ
+

= + n 2 n 2 n 2 n n 4 n 2
1 y y y 1 y, yy,ij ij 3y,ij 4y,ij ij

, i, j+
2 2

( ),u = u +O(h ), u = ( u )+O(h),u = u +O(h )n n
yy ij

i j
u u O h , (13a) 

  δ δ δ δ δ
− −

= + = + = +* * * 2 * 2 * 2 * * 4 * 2
1 1 y, , 3 , 4y,ij ij

, ,
2 2

( ), ( ), ( ) ( ), u = u +O(h )y y y yy ij yy ij ij y ij
i j i j

u u O h u u O h u u O h , (13b) 

where δ l
y ijw  and δ2 l

y ijw  are given by relation (5). Substituting the first four equations of relation (13) into equation (11) and the last 

four equations of relation (13) into equation (12) to get 

  δ µδ ρ
+

= + − + + +* 2 2 3
1

,
2

[ ] ( )
2

n n n n
y yij ij ij ij

i j

k
u u a u u k O k kh , (14) 

and 

  δ µδ ρ
−

= + − + + +* 2 * * 2 * 3
1

,
2

[ ] ( )
2

n
y yij ij ij ij

i j

k
u u a u u k O k kh , (15) 

where 

  ρ δ δ µδ δ µ δ
+

 
 = − + 
 

2 2 2 2 2 2
1

,
2

1
( ) 2 ( )

8
n n n n

y y y y yij ij ij
i j

a u a u u ,  

and 

  ρ δ δ µδ δ µ δ
−

 
 = − + 
 

* 2 2 2 * 2 * 2 2 *
1

,
2

1
( ) 2 ( )

8 y y y y yij ij ij
i j

a u a u u . (16) 

The term δ2 *
y iju  and δ

−

*
1

,
2

y
i j

u  should be expressed as a function of δ2 n
y iju  and δ

−
1

,
2

n
y

i j
u . It comes from equation (14) that 

  δ δ δ δ µδ δ
+

= + − + +2 * 2 2 2 2 2
1

,
2

[ ( ) ( )] ( )
2

n n n
y y y y y yij ij ij

i j

k
u u a u u O k kh , (17) 

and 

  δ δ δ δ µδ δ
− − −

= + − + +* 2 2
1 1 1

, , ,
2 2 2

[ ( ) ( )] ( )
2

n n n
y y y y y y ij

i j i j i j

k
u u a u u O k kh . (18) 

Combining equations (14)-(18), direct computations give 

  ( )δ µδ ρ ρ
−

  = + − + + + +  

* 2 2 * 3
1

,
2

( )ˆ
2

n n n n
y yij ij ij ij ij

i j

k
u u a u u k O k kh , (19) 

where 



563 E. Ngondiep, Vol. 7, No. 2, 2021 

 

Journal of Applied and Computational Mechanics, Vol. 7, No. 2, (2021), 559-577   

  ρ δ δ µδ δ µ δ = − +  
2 2 2 2 2 21

( ) 2 ( )ˆ
4

yn n n n
y y y yij ij ij ija u a u u . (20) 

Taking the average of *
iju  and *

iju  yields 

  ( ) ( )δ µδ ρ ρ ρ
+

= + − + + + + +
* * 2

2 * 3 2( )ˆ
2 2 2

ij ij yn n n n n
yij ij ij ij ij ij

u u k k
u a u u O k kh , (21) 

where δ δ δ
+ −

= +1 1
, ,

2 2

) / 2(y n n n
y yij

i j i j
u u u  , αρij  and ρ̂n

ij  are given by relations (16) and (20), respectively. The second order error term 2( )O h  

in equation (21) comes from the approximation δ= + 2) ( )yn n
y ij iju u O h . 

On the other hand, to define the operator ( )xL k , we should consider the equation µ+ − = 0t x xxu u au , which is equivalent to 

  µ=− +t x xxu u au , (22) 

It comes from equation (22), that 

  ( )µ µ µ= − = − +2 2
2 4 3 22t xx x x x xt

u au u a u a u u . (23) 

The application of the Taylor series expansion for the function u  about *( , , )i ix y t  (where +∈* 1( , )n nt t t , is the time used at the 
beginning of the next step in a time-split MacCormack scheme) with mesh size h  using both forward and backward difference 
representations gives 

  δ δ δ δ δ
+ +

= + = + = + = +* * * 2 * 2 * 2 * * 4 * 2
1 1, , 3 , 4 ,

, ,
2 2

( ), ( ), ( ) ( ), ( )x x x x xx ij xx ij ij x ij x ij ij
i j i j

u u O h u u O h u u O h u u O h , (24a) 

  δ δ δ δ δ
− −

= + = + = + = +* * * * * * 2 * * 2 * * 2 * * * * 4 * * 2
1 1, , 3 , 4 ,

, ,
2 2

( ), ( ), ( ) ( ), ( )x x x x xx ij xx ij ij x ij x ij ij
i j i j

u u O h u u O h u u O h u u O h , (24b) 

where δ
±

1
,

2

l
x

i j
u  and δ2 l

x iju  are defined by equation (5). Also, expanding the Taylor series for the function u  at the predictor and 

corrector steps about *( , , )i jx y t  with time step k  using forward difference, it is not difficult to observe that  

  = + + +
2 2

** * * * 3 ** * ** ** 3
2 t 2tij ij ij ij

k
) ) ( ), u =u +ku ) + u ) +O(k )

2 2t tij ij ij ij

k
u u ku u O k . (25) 

Plugging equations (22), (23), (24) and (25), simple calculations provide 

  δ µδ γ
+

= + − + + +* * * 2 * * 2 * 3
1

,
2

[ ] ( )x xij ij ij ij
i j

u u k a u u k O k kh , (26) 

and 

  δ µδ γ
−

= + − + + +* * * 2 * * * * 2 ** 3
1

,
2

[ ] ( )x xij ij ij ij
i j

u u k a u u k O k kh , (27) 

where 

  γ δ δ µδ δ µ δ
+

 
 = − + 
 

* 2 2 2 * 2 * 2 2 *
1

,
2

1
( ) 2 ( )

2 x x x x xij ij ij
i j

a u a u u ,  γ δ δ µδ δ µ δ
 
 
 
 

** 2 2 2 ** 2 ** 2 2 **
x x x x 1 xij ij ij

i- , j
2

1
= a ( u )-2a ( u )+ u

2
, (28) 

In order to obtain a simple expression of terms δ2 **
x iju  and δ

−

**
1

,
2

x
i j

u , we should use equation (26). Performing direct computations, it 

is easy to see that 

  δ δ δ δ µδ δ
+

= + − + +2 ** 2 * 2 2 * 2 * 2
1

,
2

[ ( ) ( )] ( )x x x x x xij ij ij
i j

u u k a u u O k kh ,  

and 

  δ δ δ δ µδ
− − −

= + − + +* * * 2 * 2 * 2
1 1 1

, , ,
2 2 2

[ ( ) ] ( )x x x x x ij
i j i j i j

u u k a u u O k kh .  

This fact, together with relation (27) yields 

  ( )δ µδ γ γ
−

  = + − + + + +  

* * * 2 * * 2 * ** 3
1

,
2

( )ˆx xij ij ij ij ij
i j

u u k a u u k O k kh , (29) 

where 

  γ δ δ µδ δ µ δ= − +* 2 2 2 * 2 * 2 2 *( ) 2 ( )ˆ x
x x x xij ij ij ija u a u u . (30) 

A combination of equations (26) and (29) results in 



A Robust Three-Level Time-Split MacCormack Scheme for Solving Two-Dimensional Unsteady Convection-Diffusion Equation 564 

 

Journal of Applied and Computational Mechanics, Vol. 7, No. 2, (2021), 559-577 

  ( ) ( )δ µδ γ γ γ
+

= + − + + + + +
* * * * 2

* 2 * * * * * * 3 2( )ˆ
2 2

ij ij x
xij ij ij ij ij ij

u u k
u k a u u O k kh . (31) 

In way similar, starting with the one-dimensional equation: µ+ − = 0t y yyu u au , applying the Taylor series for the function u  about 
* *( , , )i jx y t   (where * *t  is the time used at the last step in a time-split MacCormack approach) at the predictor and corrector stages 

with time step / 2k  and grid spacing h , using forward and backward difference representations to get 

  ( ) ( )δ µδ θ θ θ

+ +

+
+

= + − + + + + +
1 1 2

** 2 * * ** * * * * 1 3 2ˆ ( )
2 2 2

n n
ij ij y n

yij ij ij ij ij ij

u u k k
u a u u O k kh , (32) 

where 

  µ µ µ µ µ µ µθ δ δ µδ δ µ δ θ δ δ µδ δ µ δ
±

 
  = − + = − +    

 

2 2 2 2 2 2 ** 2 2 2 2 2 2
1

,
2

1 1ˆ( ) 2 ( ) , ( ) 2 ( )
8 4

y y
y y y y y y y yij ij ij ij ij ij ij

i j
a u a u u a u a u u  (33) 

where we set µ = +**, 1n  and µ µ µδ δ δ
+ −

= +1 1
, ,

2 2

) / 2(y
y yij

i j i j
u u u . Furthermore, +1n  means the dummy time index at the predictor step 

while + 1n  indicates the one considered at the corrector step, +1nu  is the value computed at the predictor step and *u  is the one 
provided at the corrector step. 

To construct a three-level explicit time-split MacCormack method for solving the initial-boundary value problem (1)-(3), we must 
follow the ideas presented in [29-31, 51]. More specifically, we should neglect the terms of second order together with the 

infinitesimal term +3 2( )O k kh  in equations (21); (31) and (32). In addition, the terms *
iju , **

iju  and +1n
iju  are defined as the average of 

predicted and corrected values, that is, 

  
+ +

+
+ + +

= = =
* * * * * * 1 1

* * * 1, ,
2 2 2

n n
ij ij ij ij ij ijn

ij ij ij

u u u u u u
u u u . (34) 

Thus, equations 

  += = =* * * * 1 * *( / 2) , ( ) , ( / 2)n n
y x yij ij ij ij ij iju L k u u L k u u L k u , (35) 

are by definition equivalent to 

  ( ) ( ) ( )δ µδ δ µδ δ µδ+= + − = + − = + −* 2 * * * 2 * * 1 * * 2 * * * *) , ) , )
2 2

y yn n n x n
y x yij ij ij ij ij ij ij ij ij ij ij ij

k k
u u a u u u u k a u u u u a u u . (36) 

Since the operator ( / 2) ( ) ( / 2)y x yL k L k L k  is symmetric, this fact together with relations (21), (31) and (32) show that the obtained 

method is a three-level approach, an explicit predictor-corrector scheme, second order accurate in time and fourth order 

convergent in space. This theoretical analysis is confirmed by a large set of numerical evidences (see section 5). From the definition 

of the linear operators δx , δy , δ2
x  and δ2

y  given by (5), equation (36) can be rewritten as follows. For = −0,1,..., 1n N ; 

  
µ

+ − + −

 
 = + − + − −
  

*
, 1 , 1 , 1 , 12

( 2 ) ( )
2 2

n n n n n n
ij ij i j ij i j i j i j

k a
u u u u u u u

h h
, = 0,1,...,i M ; = −1,2,..., 1j M ; (37) 

  
µ

+ − + −

 
 = + − + − −
  

* * * * * * * *
1, 1, 1, 1,2

( 2 ) ( )
2ij ij i j ij i j i j i j

a
u u k u u u u u

h h
, = −1,2,..., 1i M ; = 0,1,...,j M ; (38) 

    
µ+

+ − + −

 
 = + − + − −
  

1 ** * * ** * * * * **
, 1 , 1 , 1 , 12

( 2 ) ( )
2 2

n
ij ij i j ij i j i j i j

k a
u u u u u u u

h h
; = 0,1,...,i M ; = −1,2,..., 1j M ; (38) 

with the initial and boundary conditions, for =, 0,1,...,i j M , 

  ϕ ϕ ϕ ϕ ϕ ϕ ϕ+ + += = = = = = = =0 * 1 * 1 * 1
0 0 0 0 0 0 0 0 0( , ); ; ; ; ; ; ;n n n n n n n n n n n

ij i j i i iM iM j j Mj Mj j j Mj Mj j ju u x y u u u u u u u ; (39a) 

  ϕ ϕ ϕ ϕ ϕ ϕ ϕ+ + + + += = = = = = =* 1 * * 1 * * 1 * * 1 * * 1
0 0 0 0 0 0; ; ; ; ; ;n n n n n N N N N

jM jM j j Mj Mj j j jM jM i i iM iMu u u u u u u ; (39b) 

  ϕ=0 0
N N

j ju ; (40a) 

  
and  

  ϕ=N N
Mj Mju . (40b) 

Equations (37)-(40) represent a full description of a three-level explicit time-split MacCormack method applied to convection-
diffusion equation (1)-(3). 
In the rest of this paper, we prove the stability, the error estimates and the convergence rate of a three-level time-split MacCormack 
approach under the time step restriction 



565 E. Ngondiep, Vol. 7, No. 2, 2021 

 

Journal of Applied and Computational Mechanics, Vol. 7, No. 2, (2021), 559-577   

  
µ   ≤ 

   
2

2 | |
max , 1

ak k

h h
, (41) 

where a  and µ  are physical parameters given in equation (1). We recall that k  is the time step and h  is the grid size. We assume 

that the exact solution u  satisfies 

  ∞ Ω Ω Ω Ω Ω
+ + + + ≤2 1 3 2 1 2 2 2 4(0, ; ( )) (0, ; ( )) (0, ; ( )) (0, ; ( )) (0, ; ( ))

| | | | | | | | | |
L T L H T H H T H H T L L T H

u u u u u‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ϖ , (42) 

where ϖ  is a positive constant independent of the time step k  and space step h . 

3. Stability analysis of a three-level time-split MacCormack scheme 

      In this section we analyze the stability of a three-level time-split MacCormack scheme (37)-(40) for solving the two-dimensional 
parabolic equation (1)-(3). The proof of the main result on the stability given by Theorem 1 requires an intermediate result (namely 
Lemma 1). 

Theorem 1. (Stability analysis of the time-split MacCormack). Let u  be the numerical solution provided by the scheme (37)-(40). 
Under the time step restriction (41), it holds 

  
µ µ

ϖ ϖ
≤ ≤ =

      ≤ + +        
∑2 2

22 2
1

0 0

5
max ( )exp

2

l

n

L Ln N l

T
u u k

a a
‖ ‖ ‖ ‖ ,  

where µ  and a  are two physical parameters and ϖ  is given by relation (42). The following result (namely Lemma 1) is too 

important in the proof of Theorem 1. 

Lemma 1. Setting = ( , , )n n
ij i ju u x y t  be the numerical solution provided by the scheme (37)-(40), = ( , , )n n

ij i ju u x y t  be the exact solution 

of the initial-boundary value problem (1)-(3) and let = −n n n
ij ij ije u u  be the error. We recall that = +* * * ) / 2(ij ij iju u u  and = +* * ** * * ) / 2(ij ij iju u u  

satisfy relations (21) and (31), respectively. *
iju  and **

iju  are given by equations (37) and (38), respectively. The following equalities 

hold: 

  ( )δ δ

−

+ −
=

< > = − + =−∑ 2

1

2 2 2
1, 1,2

, 1
, 2

M

n n n n n n n
x x xij ij i j ij i j ij L

j i

a
a e e h e e e e a e

h
‖ ‖ , (43) 

  ( )δ δ

−

+ −
=

< > = − + =−∑ 2

1

2 2 2
, 1 , 12

, 1
, 2

M

n n n n n n n
y y yij ij i j ij i j ij L

j i

a
a e e h e e e e a e

h
‖ ‖ , (44) 

  ( )
−

+ −
=

− =∑
1

, 1 , 1
, 1

0
M

n n n
i j i j ij

j i

e e e , (45) 

and 

  δ δ −≤2 2 2
1, 2n n n

x yL L L
e e h e‖ ‖ ‖ ‖ ‖ ‖ . (46) 

where the operators δx  and δy  are given by relation (5). 

Proof  (of Theorem 1). Combining equations (21), (34) and (37), direct computations provide 

  ( ) ( )δ µδ ρ ρ ρ= + − + + + + +
2

* 2 * 3 2( )ˆ
2 2

yn n n n n
yij ij ij ij ij ij ij

k k
e e a e e O k kh , (47) 

where αρij  ( α = , *n ) and ρ̂n
ij  are defined by (16) and (20), respectively. Utilizing the definition of the operator δ2

y  equation (47) is 

equivalent to 

  ( )µ
ρ ρ ρ+ − + −

 = + − + − − + + + + +  

2
* * 3 2

, 1 , 1 , 1 , 12 ( 2 ) ( ) ( )ˆ
2 2 2

n n n n n n n n
ij ij i j ij i j i j i j ij ij ij

k a k
e e e e e e e O k kh

h h
. (48) 

Since the formulas can become quite heavy, for the sake of readability, we should neglect the higher order terms in time step k  
and grid spacing h . However, the truncation of the infinitesimal terms does not compromise the result on the stability analysis. 
This fact together with equation (48) yields 

  
µ

+ − + −

 = + − + − −   
*

, 1 , 1 , 1 , 12
( 2 ) ( )

2 2
n n n n n n

ij ij i j ij i j i j i j

k a
e e e e e e e

h h
. (49) 

Performing simple calculations, equation (49) gives 

  
µ

+ − + −

 
 = + − + − −
  

* 2 2
, 1 , 1 , 1 , 12

( ) ( ) ( 2 ) ( )
2

n n n n n n n
ij ij i j ij i j i j i j ij

a
e e k e e e e e e

h h

µ
+ − + −

 + − + − −   

22

, 1 , 1 , 1 , 12
( 2 ) ( )

4 2
n n n n n
i j ij i j i j i j

k a
e e e e e

h h
. (50) 

Now, using inequality ± ≤ +2 2 2( ) 2( )a b a b  together with equality − = − − −2 2 22( ) ( )a b b a b a b for any ∈ ℝ,a b , straightforward 
computations result in 

  + − + −
 − + ≤ − + −  

2 2 2
, 1 , 1 , 1 , 1( 2 ) 2 ( ) ( )n n n n n n n

i j ij i j i j ij i j ije e e e e e e . (51) 
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From estimate (51), it holds 

  
µ

+ − + − + −

    − + − − ≤ − + − +     

2 2
2 2

, 1 , 1 , 1 , 1 , 1 , , , 12 4

2
( 2 ) ( ) 2 ( ) ( )

2
n n n n n n n n n
i j ij i j i j i j i j i j i j i j

a a
e e e e e e e e e

h h h

µ
+ −

   −    

2

, 1 , 1( )
2

n n
i j i je e

h
. (52) 

A combination of estimates (50) and (52) gives 

  { }µ
+ − + −≤ + − + − − +* 2 2

, 1 , 1 , 1 , 12
( ) ( ) ( 2 ) ( )

2
n n n n n n n n

ij ij i j ij i j ij i j i j ij

a
e e k e e e e e e e

h h

µ
δ δ δ δ

+ − + −

                             + + +                                    

2 2 2 2
2 2 2

1 1 1 12 , , , ,
2 2 2 2

2

2 2
n n n n

y y y y
i j i j i j i j

k a
e e e e

h
.  

Summing this up from = −, 1,2,..., 1i j M , and rearranging of terms, we obtain 

  
µ

− − − −

+ − + −
= = = =

≤ + − + − − +∑ ∑ ∑ ∑
1 1 1 1

* 2 2
, 1 , 1 , 1 , 12

, 1 , 1 , 1 , 1
( ) ( ) ( 2 ) ( )

2

M M M M

n n n n n n n n
ij ij i j ij i j ij i j i j ij

i j i j i j i j

ak
e e e e e e e e e

h h

µ
δ δ

−

+ −=

              + +                
 

∑
2 212 2

2
1 12 , ,, 1
2 24

M

n n
y y

i j i ji j

a
k e e

h
,  

which implies 

  
µ

− − − −

+ − + −
= = = =

≤ + − + − − +∑ ∑ ∑ ∑
1 1 1 1

* 2 2
, 1 , 1 , 1 , 12

, 1 , 1 , 1 , 1
( ) ( ) ( 2 ) ( )

2

M M M M

n n n n n n n n
ij ij i j ij i j ij i j i j ij

i j i j i j i j

ak
e e e e e e e e e

h h

µ
δ

−

+=

      +       
∑

212 2
2

12 ,, 1
2

2
4

M

n
y

i ji j

a
k e

h
. (53) 

Multiplying both sides of estimate (53) by 2h  and using equations (44)-(46) of  Lemma 1, it is easy to see that 

  
µ

δ δ
  ≤ − + + =   

2 2 2 2

2 2
* 2 2 2 2 2

2
2

4
n n n

y yL L L L

a
e e ak e k e

h
‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖

µ
δ δ

 − − +  
2 2 2

2 2
2 2 2

2

2
1

2
n n n

y yL L L

ak k
e ak e e

h
‖ ‖ ‖ ‖ ‖ ‖ .  

From the time step restriction (41), i.e., − + ≤21 2 / 0ak h , and estimate (46) of Lemma 1, it is not difficult to observe that 

  
µ µ µ

δ≤ + ≤ + ≤ +2 2 2 2 2 2 2

2 2 2 2 2
* 2 2 2 2 2 2 2

2

2

2
n n n n n n

yL L L L L L L

k k k
e e e e e e e

h a
‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ . (54) 

In way similar, using equations (31); (34) and (38), adapting the proof for 2
* 2

L
e‖ ‖  and replacing k  by / 2k , it not hard to show that 

  
µ

≤ +2 2 2

2
** 2 * 2 * 22

L L L

k
e e e

a
‖ ‖ ‖ ‖ ‖ ‖ . (55) 

Finally, combining equations (32), (34) and (39), following the proof for 2
* 2

L
e‖ ‖ but replacing n  and *  by * *  and +1n , respectively, 

it is not difficult to see that 

  
µ+ ≤ +2 2 2

2
1 2 ** 2 ** 2n

L L L

k
e e e

a
‖ ‖ ‖ ‖ ‖ ‖ . (56) 

We should find a relationship between +
2

1 2n

L
e‖ ‖  and 2

2n

L
e‖ ‖ , for any nonnegative integer ≥ 1n . In fact, if ≥ 0n , the initial condition 

=0 0ije , for ≤ ≤0 ,i j M , can lead to a sequence of vanishing error = 0ne , which in practical application is not possible. Plugging 

estimates (54), (55) and (56), simple calculations yield 

  
µ µ µ µ µ+

          ≤ + + = + + +            
2 2 2 2

22 2 2 2 4 2
1 2 2 2 2

2

2 5 2
1 1 4n n n n

L L L L

k k k k k
e e e e

a a a a a
‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ .  

Summing this up from = −1,2,.., 1n p , for any nonnegative integer p  that satisfies ≤ ≤1 p N , it is easy to see that 

  
µ µ µ

−

=

 
 ≤ + + +
 
 

∑2 2 2

12 2 4 2
2 1 2 2

2
1

5 2
4

p

p n

L L L
n

k k k
e e e

a a a
‖ ‖ ‖ ‖ ‖ ‖ . (57) 

Applying the Gronwall Lemma, estimate (57) gives 

  
µ µ µ     ≤ + +      

2 2

2 2 4 2
2 1 2

2

5 2
exp 4p

L L

kp k k
e e

a a a
‖ ‖ ‖ ‖ . (58) 

Since ≤p N  and = /k T N , so µ µ µ= ≤2 2 2/ //kp a aN T aTp . This fact, together with estimate (58) provide 

  
µ µ µ µ µ

=

               ≤ + + ≤                     

∑2 2 2

22 2 4 2 2 2
2 1 2 1 2

2
0

5 2 5
exp 4 exp

l

p

L L L
l

T k k T k
e e e

a a a a a
‖ ‖ ‖ ‖ ‖ ‖ .  

Taking the square root, it is not hard to observe that 

  
µ µ

=

      ≤        

∑2 2

22 2
1

0

5
exp

2

l

p

L L
l

T k
e e

a a
‖ ‖ ‖ ‖ . (59) 

But, we have that − ≤ − =2 2 2 2
p p p p p

L L L L
u u u u e‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖  and ≤ +2 2 2

1 1 1

L L L
e u u‖ ‖ ‖ ‖ ‖ ‖ . This fact, together with estimate (59) yields 

  
µ µ

=

      ≤ + +        

∑2 2 2 2

22 2
1 1

0

5
( )exp

2

l

p p

L L L L
l

T k
u u u u

a a
‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ .  

The proof of Theorem 1 is completed thanks to estimate (42). Indeed, u  is the exact solution of the initial-boundary value problem 
(1)-(3). 
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4. Convergence of the method 

In this section we study the error estimates of a three-level time-split MacCormack method (37)-(40) for solving equations (1)-

(3), under the time step restriction (41). Furthermore, we assume that the exact solution u  satisfies relation (42). 

Theorem 2  (Convergence of the time-split MacCormack). Consider u  be the numerical solution provided by a three-level time-

split MacCormack approach (37)-(40). Under the time step restriction (41), the error = −e u u , satisfies 

  { }ϖ ψ∞ ≤ + + + +2 2

1 2 5 4

(0, ; )
| | )(1 ) ( , ) exp (1 ) ( )

2L T L L

CT
e u k CT k h k k h‖ ‖ ‖ ‖ ,  

where ϖ  is a positive constant independent of the time step k  and grid spacing h , ϖ  is given by relation (42) and  

  ψ = + + + + + + +2 3 2 4 8( , ) 2 (1 )(1 )k h k k h k h h .  

Some intermediate results (namely Lemmas 1, 2 and 3) play an important role in the proof of Theorem 2. 

Lemma 2. [29-31]. Consider ∈ Ω4( )v H , be a function satisfying 
+ +∈

1

6
[ , ] 1| [ , ]

i ix x i iv x xC , for = −0,1,2,..., 1i M . Then, it holds 

  θ θ+ −
 − + − = − +  

2 4
(3) (4)

6 61 1 2 , 4 ,2

1
( 2 ) ( ) ( )

12 720 x xi i i x i x i i i

h h
v v v v v v v

h
, for = −1,2,..., 1i M ,  

where θ −∈(4)
1( , )i i ix x , θ +∈(3)

1( , )i i ix x  and mxv  denotes the derivative of order m of v . Furthermore, for = −2,3,..., 2i M , 

  { }θ θ θ θ+ + − −
   − + − + − = + + +      

(1) (2) (3) (4)2
6 6 6 62 1 1 2 4 ,4

1 1 241
( 4 6 4 ) ( ) ( ) ( ) ( )

720 3220x x x xi i i i i x i i i i iv v v v v v h v v v v
h

,  

 

 where θ − −∈(2)
2 1( , )i i ix x , θ −∈(4)

1( , )i i ix x , θ +∈(3)
1( , )i i ix x  and θ + +∈(1)

1 2( , )i i ix x . 

Lemma 3. The terms αρij  and ρ̂n
ij  given by equations (16) and (20), respectively, can be bounded as 

  ρ ρ ρ  ≤   
* n 2 4

1 2 3ij ij
ˆ ˆ ˆ| |, | |, | | C 1+C h +C hˆn

ij , (60) 

where =ˆ , 1,2,3lC l , are positive constant independent of the time step k  and the mesh size h . 

Proof (of Lemma 3). For the proof of inequality ρ  ≤ + +  
2 4

1 2 3
ˆ ˆ ˆ| | 1n

ij C C h C h , we refer the readers to [31, 29] for a similar proof. The proof 

of the other estimates are similar. 
Using Lemmas 1, 2, 3, we are ready to prove Theorem 2. 

Proof (of Theorem 2). Firstly, we recall that the error term provided by the numerical scheme (37)-(40) is given by = −n n n
ij ij ije u u , where 

u  represents the exact solution of equations (21), (31) and (32) and u  satisfies relations (37)-(40).  
      It comes from equation (48) that 

  ( )µ
ρ ρ ρ+ − + −

 = + − + − − + + + + +  

2
* * 3 2

, 1 , 1 , 1 , 12 ( 2 ) ( ) ( )ˆ
2 2 2

n n n n n n n n
ij ij i j ij i j i j i j ij ij ij

k a k
e e e e e e e O k kh

h h
,  

which can be rewritten as 

  ( )µ
ρ ρ ρ+ − + −

 = + − + − − + + + + +  

2
* * 3 2

, 1 , 1 , 1 , 12 ( 2 ) ( ) ( )ˆ
2 2 2

n n n n n n n n
rij ij i j ij i j i j i j ij ij ij

k a k
e e e e e e e C k kh

h h
,  

where rC  is a parameter which does not depend on the time step k  and the grid spacing h , and whose value can change from 

place to place, αρij  and ρ̂n
ij  are given by equations (16) and (20), respectively. Taking the square, simple calculations give 

  ( ){ } ( )µ
ρ ρ ρ+ − + −= + − + − − + + +* 2 2 2 *

, 1 , 1 , 1 , 12
( ) ( ) 2 ( ) ˆ

2
n n n n n n n n n n n

ij ij i j ij i j ij i j i j ij ij ij ij ij

a
e e k e e e e e e e k e

h h
 

( )µ
ρ ρ ρ+ − + −

 + + + − + − − + + +  

3
3 2 *

, 1 , 1 , 1 , 122 ( ) ( 2 ) ( ) ˆ
2 2

n n n n n n n n
r ij i j ij i j i j i j ij ij ij

k a
C k kh e e e e e e

h h
 

( )µ
ρ ρ ρ+ − + −

  − + − − + + + + + +  

4 2
4 2 2 * 2 3 2 2

, 1 , 1 , 1 , 12 ( 2 ) ( ) ( ) ( )ˆ
2 4

n n n n n n n
r ri j ij i j i j i j ij ij ij

a k
C e e e e e k k h C k kh

h h
 

( ) µ
ρ ρ ρ + − + −

 + + + + + − + − −   

22
5 3 2 *

, 1 , 1 , 1 , 12
( ) ( 2 ) ( )ˆ

4 2
n n n n n n n

r ij ij ij i j ij i j i j i j

k a
C k k h e e e e e

h h
 

(61) 

Applying the inequalities: ≤ +2 22ab a b , ± ≤ +2 2 2( ) 2( )a b a b  and ± ± ≤ + +2 2 2 2( ) 3( )a b c a b c , for every ∈ ℝ, ,a b c , together with the 

time step restriction (41) (that is, ≤ 22ak h , equation (61) yields 

  ( ){ } ( )µ
ρ ρ ρ+ − + −≤ + − + − − + + + +* 2 2 2 *

, 1 , 1 , 1 , 12
( ) ( ) 2 ( ) | |ˆ

2
n n n n n n n n n n n

ij ij i j ij i j ij i j i j ij ij ij ij ij

a
e e k e e e e e e e k e

h h
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( ) ( )µ µ
+ − + − + − + −

   − + + − − − + − + 
   

2 2 2 22
, 1 , 1 , 1 , 1 , 1 , 1 , 1 , 14 2 3

( 2 ) ( 2 )
4 4

n n n n n n n n n n
i j ij i j i j i j i j ij i j i j i j

k a a
e e e e e e e e e e

h h h
 

µ
ρ ρ ρ+ − + −

 + + − + + − + + +  

3
3 2 *

, 1 , 1 , 1 , 122 ( ) | | | 2 | | | | |ˆ
2 2

n n n n n n n n
r ij i j ij i j i j i j ij ij ij

k a
C k kh e e e e e e

h h
 

( )µ
ρ ρ ρ+ − + −

  − + + − + + + + + + +  

4
4 2 2 2 2 * 2 2 3 2 2

, 1 , 1 , 1 , 12

3
| 2 | | | ( ) | | | | | | ( )ˆ

2 4
n n n n n n n

r ri j ij i j i j i j ij ij ij

a k
C e e e e e k k h C k kh

h h
 

( )ρ ρ ρ+ + +5 3 2 *( ) | | | | | |ˆn n
r ij ij ijC k k h , 

 
which implies 

  ( ){ } ( )µ
ρ ρ ρ+ − + −≤ + − + − − + + + +

2
* 2 2 2 3 *

, 1 , 1 , 1 , 12
( ) ( ) 2 ( ) ( ) ˆ

2 4
n n n n n n n n n n n

ij ij i j ij i j ij i j i j ij ij ij ij ij

a k
e e k e e e e e e e e k

h h
 

( )µ µ
+ − + − + −

  + − + − + − − − +   

2 2 2 22 2
, 1 , 1 , 1 , 1 , 1 , 14 2 3

2
( ) ( ) ( 2 )

4 4
n n n n n n n n n
i j ij ij i j i j i j i j ij i j

k a a
e e e e e e e e e

h h h
 

} µ
ρ ρ ρ+ − + − + −

 − + − + + − + + + +  

23
3 * 2

, 1 , 1 , 1 , 1 , 1 , 12
( ) | 2 | | | ( )ˆ

16 2
n n n n n n n n n
i j i j i j ij i j i j i j ij ij ij

k a
e e e e e e e k

h h
 

( )µ
ρ ρ ρ+ − + −

  − + + − + + + + + +  

2 5 13 4
2 2 2 2 2 * 22 2

, 1 , 1 , 1 , 12

3
| 2 | | | ( ) | | | | | |ˆ

4 2 4
n n n n n n n

ri j ij i j i j i j ij ij ij

k a k
e e e e e C k k h

h h
 

( )ρ ρ ρ+ + + + + + + + +
5 1 4 2

2 3 2 2 2 2 2 2 2 3 2 2 *2 2 1
( ) ( ) ( ) ( ) | | | | | |ˆ

2 2
n n n

r r rij ij ij ij

k
C k kh C k k h k e C k kh  

( ){ } ( )µ
ρ ρ ρ+ − + −≤ + − + − − + + + +2 2 3 2 2 * 2

, 1 , 1 , 1 , 12

5
( ) 2 ( ) ( ) 6 | | | | | |ˆ

2 4
n n n n n n n n n n n
ij i j ij i j ij i j i j ij ij ij ij ij

a k
e k e e e e e e e e k

h h
 

( )µ µ
δ δ+ − + −

+ −

 + − + − + − − −  

2 2 2 2 222 2
1 1, 1 , 1 , 1 , 14 2 , ,
2 2

( ) ( ) ( )
2 16 4

n n n n n n n n
y yi j ij ij i j i j i j

i j i j

a k k a k
e e e e e e e e

h h h
 

µ
δ δ + − + −

+ −

  + + − + + − +   

3 2 2
2 2

1 1 , 1 , 1 , 1 , 14 2, ,
2 2

5
( ) ( 2 ) ( )

8 4
n n n n n n n

y y i j ij i j i j i j
i j i j

k a
e e e e e e e

h h( )ρ ρ ρ+ + + + + +
4

2 5 2 4 2 2 * 2 2 6 2 49
4 ( ) | | | | | | 3 ( )ˆ

4
n n

r rij ij ij

k
C k k h C k k h  

(62) 

It comes from the time step restriction (41), that is, ≤22 / 1ak h , together with estimate (62) that 

  ( ){ }µ
+ − + −≤ + − + − − +* 2 2 2

, 1 , 1 , 1 , 12

5
( ) ( ) 2 ( ) ( )

2 4
n n n n n n n n n

ij ij i j ij i j ij i j i j ij ij

a k
e e k e e e e e e e e

h h
 

µ µ
δ δ δ δ+ −

+ − + −

   
    + + + + − −     

   

2 2
2 2 2 2 2 2

1 1 1 1, 1 , 1
, , , ,

2 2 2 2

( ) ( ) ( ) ( ) ( ) ( )
4 16 4

n n n n n n
y y y yi j i j

i j i j i j i j

ak k a k
e e e e e e

a h
 

µ
+ − + −

  + + + + + + +   

2
2 2 2 2 2 2 5 4

, 1 , 1 , 1 , 1

5 3
[( ) 4( ) ( ) ] [( ) ( ) ] 4 ( )

8 4 4
n n n n n

ri j ij i j i j i j

k k
e e e e e C k kh

a
 

( )ρ ρ ρ
 + + + + + +  

2 6 2 4 3 2 2 * 23
3 ( ) 3 2 | | | | | |ˆ

4
n n

r ij ij ij

k
C k k h k  

 

Summing this up from = −, 1,2,... 1i j M , to get 

  ( ) δ δ

− − − −

+ −
+ −= = = =

 
 ≤ + − + + + + 
 

∑ ∑ ∑ ∑
1 1 1 1

* 2 2 2 2
1 1, 1 , 12 , ,, 1 , 1 , 1 , 1
2 2

( ) ( ) 2 ( ) ( )
4

M M M M

n n n n n n n
y yij ij i j ij i j ij

i j i ji j i j i j i j

ak ak
e e e e e e e e

h
 

µ
− − −

+ − + −
= = =

 − − + + + +  ∑ ∑ ∑
1 1 1

2 2 2 2
, 1 , 1 , 1 , 1

, 1 , 1 , 1

5 15
( ) ( ) ( ) 4( ) ( )

4 2 32

M M M

n n n n n n n
ij i j i j ij i j ij i j

i j i j i j

k k k
e e e e e e e

h
 

µ µ
δ δ

− −

+ −
+ −= =

      + + − −         
∑ ∑

1 12 2
2 2 2 2

1 1, 1 , 1
, ,, 1 , 1

2 2

5
1 ( ) ( ) ( ) ( )

16 2 4

M M

n n n n
y yi j i j

i j i ji j i j

k k a k
e e e e

a h
 

( )ρ ρ ρ

− −

= =

   + + + + + + + +     
∑ ∑

1 1

3 2 2 * 2 2 4 4 5 4

, 1 , 1

3
3 2 | | | | | | 3 4 3 4ˆ

4

M M

n n
rij ij ij

i j i j

k
k C k kh k k h  

(63) 

Now, utilizing the boundary condition (40), = =0 0n n
iM ie e , for all = 0,1,...,i M , Lemmas 1 and 3, and multiplying both sides of 

inequality (63) by 2h , straightforward computations provide 

  
µ µ

δ δ

− − −

Ω Ω
= = =

 
 ≤ − + + + +
 
 

∑ ∑ ∑2 2

1 1 12 2
2 * 2 2 2 2 2 2 2

( ) ( )
, 1 , 1 , 1

65 5
( ) ( ) ( )

2 16 8 16

M M M

n n n n
y yij ij ijL L

i j i j i j

ak k
h e h e ak e e k h e

a a
‖ ‖ ‖ ‖  

µ
δ δ

−

−=

 
   − − + − + + + +   
 

∑
12

2 2 2 2 2 2 4 4 5 4
1 1

, ,1
2 2

( ) ( ) ( 1) 3 4 3 4 )
4

M

n n
y y r

i M ii

a k
h e e C k M h kh k k h

h
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 + − + + + + + + + +  
3 2 2 2 2 4 2 2 2 4 2 2 2 4 2

1 2 3 1 2 3 1 2 3

3 ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ3 (2 )( 1) (1 ) (1 ) (1 )
4

k
k h M C C h C h C C h C h C C h C h  

µ µ
δ δ

− −

Ω Ω
= =

 
 ≤ − + + + +
 
 

∑ ∑2 2

1 12 2
2 2 2 2 2 2

( ) ( )
, 1 , 1

65 5
( ) ( )

2 16 8 16

M M

n n n n
y yij ijL L

i j i j

ak k
h e ak e e k h e

a a
‖ ‖ ‖ ‖  

µ
δ

Ω
 + + + + + + + + +  2

2
2 2 4 4 5 4 3 2 2 4 2

1 2 3( )

3 ˆ ˆ ˆ3 4 3 4 9 (2 ) (1 )
2 4

n
y rL

a k k
e C k kh k k h k C C h C h

h
‖ ‖ . 

Since = 1 /h M , ≤ +4 2 8kh k h  and + + ≤ + +2 4 2 2 4 2 8
2 3 2 3

ˆ ˆ ˆ ˆ(1 ) 3(1 )C h C h C h C h , using the time step restriction (41), that is, µ ≤| | / 1k h , this 

becomes 

  
µ µ

− − −

= = =

 
  ≤ + + + + + + + + +   

 
∑ ∑ ∑

1 1 12 2
2 * 2 2 2 2 2 2 2 4 5 4 8

, 1 , 1 , 1

65 5
( ) ( ) ( ) 3 4 3 4 3

16 8 16

M M M

n n
rij ij ij

j i i j i j

k
h e h e k h e C k k k k h h

a a
+ + +3 2 2 4 2 8

1 2 3

3 ˆ ˆ ˆ27 (2 ) (1 )
4

k
k C C h C h ,  

which implies 

  { }≤ + + + + + + + + + + +2 2 2

* 2 2 2 2 4 8 2 4 5 4 8
4

ˆ (1 ) (1 )(1 )n n

L L L
e e C k k e k k h h k k k h h‖ ‖ ‖ ‖ ‖ ‖ , (64) 

where we absorbed all the constants into a positive constant 4Ĉ . In way similar, one shows that 

  { }≤ + + + + + + + + + + +2 2 2

** 2 * 2 * 2 2 4 8 2 4 5 4 8
5

ˆ (1 ) (1 )(1 )
L L L

e e C k k e k k h h k k k h h‖ ‖ ‖ ‖ ‖ ‖ , (65) 

where all the constants have been absorbed into a constant >5
ˆ 0C , and 

  { }+ ≤ + + + + + + + + + + +2 2 2

1 2 ** 2 * * 2 2 4 8 2 4 5 4 8
6

ˆ (1 ) (1 )(1 )n

L L L
e e C k k e k k h h k k k h h‖ ‖ ‖ ‖ ‖ ‖ , (66) 

where all the constants have been absorbed into a constant >6
ˆ 0C . Now, setting 

  ϕ = +1( , ) 1k h k  and ϕ = + + + + + + + +2 4 8 2 4 5 4 8
2( , ) (1 )(1 )k h k k h h k k k h h , (67) 

plugging estimates (64)-(67), direct calculations result in 

  { }ϕ ϕ+  ≤ + + + + + + +  2 2
1 2 2

4 5 6 4 5 6 4 5 4 5 6 1 1
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( , ) ( , )n n

L L
e e k C C C k C C C C C kC C C k h k h‖ ‖ ‖ ‖ ×  

{ }ϕ ϕ ϕ ϕ + + + + + + +  2
2

1 4 5 6 4 5 4 6 5 6 4 5 6 1 1 2
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( , ) ( , ) ( , ) ( , )n

L
k h e k C C C k C C C C C C kC C C k h k h k h‖ ‖ , 

 

where “×” denotes the usual multiplication. Absorbing all the constants into a positive constant 7Ĉ , this yields 

  ( ){ ϕ ϕ ϕ+

Ω
 ≤ + + +  2 2 2

1 2 2 2
7 1 1 1( )

ˆ 1 1 ( , ) ( , ) ( , )n n n

L L L
e e C k k k k h k h k h e‖ ‖ ‖ ‖ ‖ ‖ [ ] }ϕ ϕ ϕ + + +  1 1 21 1 ( , ) ( , ) ( , )k k k h k h k h .  

Summing this up from = −1,2,.., 1n p , for any nonnegative integer p  such that, ≤ ≤1 p N , we obtain 

  ( )ϕ ϕ ϕ

−

=

 ≤ + + +  

∑2 2 2

1

2 1 2 2
7 1 1 1

1

ˆ 1 1 ( , ) ( , ) ( , )
p

p n

L L L
n

e e C k k k k h k h k h e‖ ‖ ‖ ‖ ‖ ‖ [ ] }ϕ ϕ ϕ + + +  1 1 21 1 ( , ) ( , ) ( , )p k k k h k h k h . (68) 

Applying the Gronwall Lemma, estimate (68) provides 

  ( ){ } [ ]ϕ ϕ ϕ ϕ ϕ   ≤ + + + + ×      2 2
2 1 2

7 7 1 1 1 1 1
ˆ ˆexp 1 1 ( , ) ( , ) ( , ) 1 1 ( , ) ( , )p

L L
e C e pk C pk k k k h k h k h k k k h k h‖ ‖ ‖ ‖ ϕ2( , )k h . (69) 

Since ≤p N , = /k T N , so = ≤7 7 7
ˆ ˆ ˆ/C kp C Tp N C T . Combining this and estimate (69) to get 

  ( ){ } [ ]ϕ ϕ ϕ ϕ ϕ   ≤ + + + + ×      2 2
2 1 2

7 7 1 1 1 1 1
ˆ ˆexp 1 1 ( , ) ( , ) ( , ) 1 1 ( , ) ( , )p

L L
e C T e C T k k k h k h k h k k k h k h‖ ‖ ‖ ‖ ϕ 2

3( , )k h , (70) 

where ϕ ϕ=2
3 2( , ) ( , )k h k h , ϕ2( , )k h  is given by equation (67). Taking the square root, it is easy to see that 

  [ ] ( )ϕ ϕ ϕ ϕ ϕ
      ≤ + + + + ×          

2 2
1 7

7 1 1 1 1 1

ˆ
ˆ 1 1 ( , ) ( , ) exp 1 1 ( , ) ( , ) ( , )

2
p

L L

C T
e e C T k k k h k h k k k h k h k h‖ ‖ ‖ ‖ ϕ3( , )k h . (71) 

Since ϕ ϕ=2
3 2( , ) ( , )k h k h , it comes from equation (67) that 

  ϕ ψ= + + + + + + + + ≤ +2 2 4 8 2 4 5 4 8 4 2
3( , ) (1 )(1 ) ( ) ( , )k h k k h h k k k h h k h k h ,  

where 

  ψ = + + + + + + +2 3 2 4 8( , ) 2 (1 )(1 )k h k k h k h h .  

Utilizing relation (67); simple computations gives 
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  [ ]ϕ ϕ+ + = + + + + ≤ +2 3 4 4
1 11 1 ( , ) ( , ) 1 2 2 (1 )k k k h k h k k k k k ,  

and 

  ( )ϕ ϕ ϕ + + = + + + + + ≤ +  
2 3 4 5 5

1 1 11 1 ( , ) ( , ) ( , ) 1 2 3 4 3 (1 )k k k h k h k h k k k k k k .  

 

Finally, taking the maximum over p  of estimate (70), for ≤ ≤1 p N  (Indeed, =2
0 0

L
e‖ ‖ ), the proof of Theorem 2 is completed thanks 

to inequality ≤ +2 2 2
1 1 1

L L L
e u u‖ ‖ ‖ ‖ ‖ ‖  and equation (8). 

5. Numerical experiments and convergence rate 

In this section we construct an exact solution to the initial-boundary value problem (1)-(3). Furthermore, we present two other 
examples described in the literature [18, 20] to demonstrate the efficiency and utility of the proposed numerical scheme in 
bidimensional case. In each case we obtain satisfactory results, so our algorithm performances are not worse for multidimensional 
problems. The predicted convergence rate from the theoretical analysis is confirmed (see Section 2). This convergence rate is 
obtained by listing in Tables 1-9 the errors between the computed solution and the exact ones with different values of mesh size 
h  and time step k , satisfying = 2 / 2k h . Finally, we look at the error estimates of our proposed method for the parameter = 1T , 
= 1a  and µ ∈ −{1,0.8, 1} . 

Assuming that the exact solution to problem (1)-(3) is of the form [ ]
−

= + + +( , , ) 1 exp( )
n

u x y t ct dx by  where n  is an integer. By simple 

calculations, it holds 

  [ ]
− −

=− + + + + +
1

( , , ) exp( ) 1 exp( )
n

tu x y t nc ct dx by ct dx by , (71) 

  [ ]
− −

=− + + + + +
1

( , , ) exp( ) 1 exp( )
n

xu x y t nd ct dx by ct dx by , (72) 

  [ ]
− −

=− + + + + +
1

( , , ) exp( ) 1 exp( )
n

yu x y t nb ct dx by ct dx by , (73) 

and 

  [ ][ ]
− −

=− + + − + + + + +
22( , , ) exp( ) 1 exp( ) 1 exp( )

n

xxu x y t nd ct dx by n ct dx by ct dx by . (74) 

In similar way 

  [ ][ ]
− −

=− + + − + + + + +
22( , , ) exp( ) 1 exp( ) 1 exp( )

n

yyu x y t nb ct dx by n ct dx by ct dx by . (75) 

Combining equations (71)-(75), it is not hard to see that 

  ( ) {
− −

+ + − + =− + + + + + + + − +
1 2 2( ) exp( ) 1 exp( ) ( )

n

t x y xx yyu u u u u n ct dx by ct dx by c b d b d  

[ ]( ) }−
− + + + + +

1
1 exp( ) 1 exp( )n ct dx by ct dx by . 

 

Setting + + = +2 2c b d d b , this gives 

  ( )
− −

+ + − + =− + + + + + +
12 2( ) ( )exp( ) 1 exp( )

n

t x y xx yyu u u u u n d b ct dx by ct dx by  

[ ][ ]{ }−
− − + + + + +

1
1 1 exp( ) 1 exp( )n ct dx by ct dx by . 

(76) 

For =−1n , equation (76) becomes 

  + + − + =( ) 0t x y xx yyu u u u u .  

Setting + =2 2 1d b , this gives = −2 21b d . Since 2b  must be strictly greater than zero, this implies <2 1d . For =− 2 / 2d , we can 
take = 2 / 2b , and then = 1c . So the exact solution is given by ( )= + − +( , , ) 1 exp 2 / 2 2 / 2u x y t t x y , for ∈ [0,1]t  and ∈ 2( , ) [0,1]x y

. The initial and boundary conditions are determined by this solution. 

   To analyze the convergence rate of our numerical scheme, we assume that the mesh size { }∈ …1 / 2 , l=1,2, ,5lh  and time step 

−= ,2 lk  = …3,4, ,11l . Under the time step restriction (41), we set = 2 / 2k h  and we compute the error estimates: 2 2(0, ; )
| ( ) |

L T L
E u‖ ‖ , 

∞ 2(0, ; )
| ( ) |

L T L
E u‖ ‖  and 1 2(0, ; )

| ( ) |
L T L

E u‖ ‖  related to the time-split method to see that the algorithm is stable, second order accurate in time 
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and fourth order convergent in space. Furthermore, we plot the exact solution, the numerical solution and the errors versus n . It 

follows from this analysis that a three-level time-split MaCormack method is efficient and effective than a large class of numerical 

methods widely studied in literature [10, 11, 17, 19, 21, 22, 26, 47]. Finally, when h  varies in the given range, we observe from Tables 

1-9 that the infinitesimal terms (that is, the errors) β θ+( ) ( )O k O h  are dominated by the h-terms θ( )O h  (or k -terms β( )O k ). So, the 

ratio m
ur , where = ∞1,2,m  of the approximation errors on two adjacent mesh levels Ω2h  and Ωh  is approximately θ θ θ=(2 ) / 2h h , 

where m  refers to the Ω2(0, ; ( ))mL T L -error norm. Thus, we can simply use m
ur  to estimate the corresponding convergence rate with 

respect to h . Define the norms for the approximate solution u  (indicated by " "U  in the figures), the exact one u  (represented by 

" "u  in the figures) and the errors ( )E u   (simply denoted by " "E  in the figures) as follows 

  
= =

   
   = =   
      

∑ ∑2 2 2 2 2 2

1 1

2 2
2 2

(0, ; ) (0, ; )
0 0

| | | |
f f

N N

n n

L T L L L T L L
n n

u k u u k u,‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ , 

= =

 
 = − = − 
  

∑ ∑2 2 2 1 2 2

1

2
2

(0, ; ) (0, ; )
0 0

| ( ) | | ( ) |
f f

N N

n n n n

L T L L L T L L
n n

E u k u u E u k u u‖ ‖ ‖ ‖ ‖ ‖ ‖,‖ , 

∞
≤ ≤

= −2 2(0, ; ) 0
| ( ) | max

f

n n

L T L Ln N
E u u u‖ ‖ ‖ ‖ . 

 

• Test 1. Let Ω  be the unit square ×(0,1) (0,1)  and T  be the final time, = 1T . We assume that the parameters µ= = 1a , in such a 

way that the exact solution u  is given by 

  
  = + − +   

2 2
( , , ) 1 exp

2 2
u x y t t x y .  

The initial and boundary conditions are determined by this solution. We take the mesh size and time step: −∈ ={2 , 1,2,...,5}lh l  and 

−= =2 , 2,3,...,11lk l . 

• Test 2. Now, let Ω  be the unit square ×(0,1) (0,1)  and = 1T . The diffusive term a  is assumed equals 1  and the parameter µ = 0.8

. The analytic solution u  is defined in [18, 20] by 

  
µ µ − − − −  = − −  + + + 

2 2( 0.5) ( 0.5)1
( , , ) exp

1 4 1 4 1 4

x t y t
u x y t a a

t t t
,  

Tables 1-3.  Analyzing of stability and convergence rate θ β+∆( )O h t  for time-split MacCormack by m
ur , under the time step restriction (41), that is, 

− − ≤2 1max{2 , } 1kh kh , with varying time step =∆k t  and mesh grid =∆ =∆h x y . 

Case: = 21
2

k h  

h  2| ( ) |
L

E u‖ ‖  2
ur  ∞| ( ) |

L
E u‖ ‖  ∞

ur  1| ( ) |
L

E u‖ ‖  1
ur  

−12  × 00.1170 10  −−−−    × 00.1653 10  −−−−   × 00.1133 10  −−−−  
−22  

−× 10.2870 10  4.0767  −× 10.4270 10  3.8712  −× 10.2750 10  4.1200  
−32  

−× 20.7700 10  3.7273  −× 10.1180 10  3.6186  −× 20.7400 10  3.7162  
−42  

−× 20.2000 10  3.8500  −× 20.3100 10  3.8065  −× 20.1900 10  3.8947  
−52  

−× 30.4862 10  4.1135  −× 30.7595 10  4.0816  −× 30.4632 10  4.1019  

Decay of energy 

h  2
2| |
L

u‖ ‖  2
2| |
L

u‖ ‖  ∞

2| |
L

u‖ ‖  ∞

2| |
L

u‖ ‖  1
2| |
L

u‖ ‖  1
2| |
L

u‖ ‖  

−12  × 12.3995 10  × 12.3654 10  × 13.8764 10  × 13.8438 10  × 12.3995 10  × 12.3654 10  
−22  × 11.42641 10  × 11.4150 10  × 12.5499 10  × 12.5330 10  × 11.4264 10  × 11.4150 10  
−32  × 11.0938 10  × 11.0904 10  × 12.0042 10  × 11.9981 10  × 11.0938 10  × 11.0904 10  
−42  9.5602  9.5509  × 11.7605 10  × 11.7587 10  9.5602  9.5509  
−52  8.9336  8.9312  × 11.6463 10  × 11.6458 10  8.9336  8.9312  

Case: =k h  

h  2| ( ) |
L

E u‖ ‖  2
ur  ∞| ( ) |

L
E u‖ ‖  ∞

ur  1| ( ) |
L

E u‖ ‖  1
ur  

−12  2.7878   ----  3.6899  ----  2.5392   ----  

−22  × 70.3174 10  −× 60.8783 10  × 70.6348 10  −× 60.5813 10  × 70.1591 10  −× 50.1596 10  

−32  × 240.5816 10  −× 170.5457 10  × 241.6451 10  −× 170.3859 10  × 240.2057 10  −× 170.7735 10  
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Tables 4-6. Stability and convergence rate θ β+∆( )O h t  for time-split MacCormack by m
ur , with varying spacing h  and time step k , under the time 

step restriction (41), that is, µ− − ≤2 1max{2 , } 1kh kh . 

Case: −= 1 22k h  

h  2| ( ) |
L

E u‖ ‖  2
ur  ∞| ( ) |

L
E u‖ ‖  ∞

ur  1| ( ) |
L

E u‖ ‖  1
ur  

−12  
−× 10.3050 10  −−−  

−× 10.6500 10  −−−  
−× 10.2410 10  −−−  

−22  
−× 20.9600 10  3.1771  −× 10.194 10  3.3163  −× 20.7800 10  3.0897  

−32  
−× 20.27 10  3.5556  −× 20.56 10  3.4643  −× 20.22 10  3.5455  

−42  
−× 30.7000 10  3.8571  −× 20.1500 10  3.7333  −× 30.6000 10  3.6667  

−52  
−× 30.2000 10  3.5000  −× 30.4000 10  3.7500  −× 30.1000 10  6.0000  

Decay of energy 

h  2
2| |
L

u‖ ‖  2
2| |
L

u‖ ‖  ∞

2| |
L

u‖ ‖  ∞

2| |
L

u‖ ‖  1
2| |
L

u‖ ‖  1
2| |
L

u‖ ‖  

−12  
−× 13.6560 10  −× 13.7550 10  × 01.2244 10  × 01.2244 10  −× 13.6560 10  −× 13.7550 10  

−22  
−× 12.2890 10  −× 12.3400 10  −× 19.8910 10  −× 19.8910 10  −× 12.2890 10  −× 12.3400 10  

−32  
−× 11.8580 10  −× 11.8740 10  −× 18.6170 10  −× 18.6170 10  −× 11.8580 10  −× 11.8740 10  

−42  
−× 11.6800 10  −× 11.6840 10  −× 17.9700 10  −× 17.9700 10  −× 11.6800 10  −× 11.6840 10  

−52  
−× 11.5970 10  −× 11.5980 10  −× 17.6450 10  −× 17.6450 10  −× 11.5970 10  −× 11.5980 10  

Case: µ−= ≤ 1k h h  

h  2| ( ) |
L

E u‖ ‖  2
ur  ∞| ( ) |

L
E u‖ ‖  ∞

ur  1| ( ) |
L

E u‖ ‖  1
ur  

−12  0.1400   ---  0.1828    ---  0.1295  ---  
−22  × 70.1088 10  −× 171.2868 10  . × 70.2176 10 . −× 70.8393 10  × 754.52 10  −× 70.2375 10  
−32  × 240.3903 10  −× 170.2788 10  × 241.1039 10  −× 170.1971 10  ×0.1380 10  −× 173.9507 10  

 

 

Tables 7-9. Stability analysis and convergence rate θ β+∆( )O h t  for time-split MacCormack by m
ur  with varying spacing h  and time step ∆t . 

Case: −= 1 22k h  

h  2| ( ) |
L

E u‖ ‖  2
ur  ∞| ( ) |

L
E u‖ ‖  ∞

ur  1| ( ) |
L

E u‖ ‖  1
ur  

−12  
−× 10.8640 10  −−−  × 00.1238 10  −−−  

−× 10.831 10  −−−  
−22  

−× 10.2260 10  3.8230  −× 10.3380 10  3.6627  −× 10.2170 10  3.8295  
−32  

−× 20.6200 10  3.6452  −× 20.9500 10  3.5579  −× 20.6000 10  3.6167  
−42  

−× 20.16 10  3.8750  −× 20.2500 10  3.800  −× 20.1600 10  3.7500  
−52   4.0000  −× 30.6000 10  4.1667  −× 30.4000 10  4.0000  

Decay of energy 

h  2
2| |
L

u‖ ‖  2
2| |
L

u‖ ‖  ∞

2| |
L

u‖ ‖  ∞

2| |
L

u‖ ‖  1
2| |
L

u‖ ‖  1
2| |
L

u‖ ‖  

−12  × 11.2126 10  × 11.1980 10  × 12.3821 10  × 12.3697 10  × 11.2126 10  × 11.1980 10  
−22  × 06.5672 10  × 16.5110 10  × 11.4545 10  × 11.4462 10  × 06.5672 10  × 06.5110 10  
−32  × 04.7867 10  × 04.7691 10  × 11.0952 10  × 11.0919 10  × 04.7867 10  × 04.7691 10  
−42  × 04.0754 10  × 04.0705 10  × 09.4014 10  × 09.3911 10  × 04.0754 10  × 04.0705 10  
−52  × 03.7584 10  × 03.7571 10  × 08.6876 10  × 08.6847 10  × 03.7584 10  × 03.7571 10  

Case: µ−= = 1| |k h h  

        h  2| ( ) |
L

E u‖ ‖  2
ur  ∞| ( ) |

L
E u‖ ‖  ∞

ur  1| ( ) |
L

E u‖ ‖  1
ur  

−12  3.4220  ---  4.4885  ---  3.1490  ---  
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The initial and boundary conditions are given by the exact solution u . Similar to Test 1, we take the mesh size and time step: 
−= =2 , 1,2,...,5lh l  and −∈ ={2 , 2,3,...,11}lk l . 

• Test 3.  Finally, let Ω  be the unit square ×(0,1) (0,1)  be the unit square and = 1T . Assuming that the diffusive term = 1a  and 

µ =−1,  the exact solution u  is given in [53] by 

  
µ µ    − −     = +           

5 5
( , , ) exp( ) exp exp

2 2
u x y t t x y .  

The initial and boundary conditions are given by the exact solution u . 
Similar to both Tests 1, 2, the time step and grid spacing are chosen such that: −∈ ={2 , 2,3,...,11}lk l  and −= =2 , 1,2,...,5lh l . We 
compute the error estimates: ( )E u  related to a three-level time-split MacCormack approach to see that the method is second order 
convergent in time and fourth order accurate in space. Furthermore, we plot the errors together with the energies versus n  to see 
the efficiency and effectiveness of the considered algorithm. 

5.1. Stability and convergence of a three-level time-split MacCormack method: a = 1 and µ = 1  

The analysis on the convergence of the numerical scheme presented in Section 4 has suggested that our algorithm is first order 
convergent in time and fourth order accurate in space. If the result provided in Section 2, page 11 is to believe, this shows that the 
time-split MacCormack scheme is inconsistent. Surprisingly, it comes from Tests 1-3, more precisely Figures 2-4 and Tables 1-9, 
that the three-level time-split MacCormack technique is stable, second order accurate in time and fourth order convergent in space 
under the time step restriction (41) , which confirms the theoretical result provided in Section 2, page 11. Thus, the considered 
method applied to initial-boundary value problem (1)-(3) is: stable, consistent, second order convergent in time and fourth order 
convergent in space. Furthermore, it is worth noticing to mention that the proposed method is fast and requires least 
computational costs than a broad range of numerical schemes [10,11,17,19,21,22,26,47] for solving equations (1)-(3). Finally, 
numerical examples suggest that the new algorithm can be a robust tools for the integration of general systems of 
hyperbolic/parabolic PDEs. 

 
 

 

  

  
 

Fig. 2. (Exact sol. (green), Numerical sol. (blue), Error (red)), ( )= + + −1 exp 2 / 2 2 / 2u t x y . 
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Fig. 3. = 1a , µ = 0.8  and ( )µ µ= − − − + − − − + +
2 2exp ( 0.5) 1 4 ( 0.5) 1 4 )/ ( ) / ( ) / (1 4u a x t t a y t t t  

6. General conclusion and future works 

In this paper we have developed a robust three-level explicit time-split MacCormack scheme for solving the two-dimensional 
unsteady convection-diffusion equation (1)-(3), and we have analyzed the stability (Theorem 1), error estimates (Theorem 2) and 
the convergence rate (Tables 1-9) of the proposed approach. The analysis has suggested that our method is stable, consistent, 
second-order accuracy in time and fourth-order convergent in space under the time step restriction (41). This convergence rate is 
confirmed by a wide set of numerical examples (Figures 2-4 and Tables 1-9). Numerical evidences also indicate that the new 
algorithm is: (a) more efficient and effective than a large class of numerical schemes applied to problem (1)-(3), and (b) robust tools 
for the integration of general systems of hyperbolic/parabolic PDEs. For problem with high Reynolds number flows where the 
viscous region becomes too thin, MacCormack developed a hybrid version of his scheme, so called MacCormack rapid solver 
method [37]. The new hybrid scheme is an explicit-implicit method which can be proved to be from 10 to 100 faster than a time-
split MacCormack algorithm (for example, the readers can consult [54], p. 632). Our future investigations will consider the three-
level time-split MacCormack for solving two-dimensional evolutionary advection-diffusion equations with variable coefficients.  
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Fig. 4. = 1a , µ = −1  and ( ) ( )µ µ= − + − 
  ( , , ) exp( ) exp ( 5 / 2 exp ( 5 / 2) )u x y t t x y  

Nomenclature 

µ  Convective term Ω Ω2 2 2( ), (0, ; ( ))L L T L  Spaces of square integrable functions 

( , )u u  
Velocity of the fluid in region 

Ω= ×(0,1) (0,1)  

⋅� � 2L
 

⋅ ⋅ 〈⋅ ⋅〉 〈⋅ ⋅〉( , ), , , ,x y  

Usual norm and scalar products defined 

on Ω2( )L  

T  Final time a  Diffusive coefficient 

,x y  Space-variables ∂Ω  Boundary of Ω  

ϕ  Boundary condition t  Time-variable 

∂ ∂/u t  Partial derivative of u  with respect to t  0u  Initial condition 

∂ ∂ ∂ ∂/ , /u x u y  
Partial derivative of u  with respect to x  

and y  
∆ ∆,x y  Space steps 

( )jA u  One-dimensional differential operator * * * * *, , ,t t t t  Predicted times 

∆ xt , ∆ yt  Time step in the direction of x  and y  * * * * *, , ,u u u u  Predicted values 

∆ ∆( ), ( )x x y yL t L t  One-dimensional difference operators   
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