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Abstract. A three-level time-split MacCormack method has been developed for solving the two-dimensional time-dependent
convection-diffusion equation. The differential operator "splits" the two-dimensional problem into two pieces so that each
subproblem is easy to solve using the original MacCormack procedure. The obtained scheme is temporal second-order convergent
and spatial fourth-order accurate. This considerably reduces the computational cost of the algorithm. Under a suitable time-step
restriction, both stability and convergence of the proposed technique are analyzed in the L(0, T; L?)-norm. A large set of numerical
examples which provide the convergence rate of the new algorithm are presented. Overall, the considered approach is found to lie
in the class of robust numerical schemes for solving general systems of partial differential equations.

Keywords: 2D unsteady convection-diffusion equation, One-dimensional operators (splitting), Explicit MacCormack scheme,
Explicit time-split method, Stability and convergence rate.

1. Introduction and motivation

Bolus dispersion and time-dependence can be more easily implemented using the Eulerian approach. The general concept of
an Eulerian model is to solve a convection-diffusion equation for the aerosol in an idealized version of the lung geometry, using
ideas first developed for modeling gas transport in the lung [1,2]. The aerosol not only is convected through the lung by the air
motion but also diffuses relative to the air due to Brownian motion [3, 4]. As with the Lagrangian models, purely Eulerian deposition
models that simultaneously treat the entire respiratory tract are restricted to one or two spatial dimension due to computational
cost, with depth into the lung being the spatial dimension that is used. The one-dimensional models can be derived by considering
the equation for mass conservation of the aerosol particles. To illustrate this situation, we introduce a coordinate system (x, y, z)
with x representing depth into the lung and y, z, denoting the cross section of the air-filled portions of all parts of the lung at a
depth x. Furthermore, considering a short section of lung from depth x to depth x + dx, integrating the first term on the left-hand
side over the two spatial dimensions y and z and breaking up the other two terms into integrations over two types of surfaces:
airway surfaces Sy. and airway lumen Sx, we obtain the following figure.

In this work, a numerical model for computation of convection-diffusion transport of nonconservative substances in two-
dimensional environment is developed. This equation describes the convection and diffusion of various physical quantities, for
example, heat, mass and energy [5-8]. The applications of transport equation have been given in [9-11]. Specifically, the two-
dimensional transport equation has been used to describe many other physical situations such as heat transfer, dispersion of
pollutants in rivers and streams, flows in porous media, spreads of contaminants in coastal seas, thermal pollution in river systems
and estuaries [12-16]. The method is based on a three-level time-split explicit MacCormack approach, in which the convection and
diffusion terms are calculated separately in one step. Special attention is paid to the convection operator, which introduces some
difficulties in many numerical schemes, which in many cases, has proven to cause instability models. Assuming that the initial
and boundary conditions u, and ¢ , respectively, are regular enough and satisfy the condition ¢(x,y,0) = u,(x,y), forany (x,y) € 99,
we consider the following two-dimensional convection-diffusion equation,

ou du  Ou u  du
— —+—|-a|—+—|=0, (%, Q, te(0,T]; 1
subjects to the initial condition
u(x,,0) =t (xy), (xy)€Q; 2)
and the boundary condition
ux,y,t) = e(x,y,t); (xy)ea, te(0,T]; 3)
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Fig. 1. A portion of a lung airway at depth x in the lung is shown. S is the airway lumen surface at depth x, and Sy. is the airway surface itself.

where 1 and a are two physical parameters, Q=(0,1) x (0,1), 9Q is the boundary of Q.

A major class of transport problems do not have analytical solution due to the complexities involved in their formulation (like
nonlinearity). Numerical simulations to these equations have attracted a lot of attention and which have resulted in various
numerical techniques including finite difference, finite element, boundary element and time-splitting methods. Since very less
works have been carried out to obtain analytical solutions of two-dimensional transport equations therefore a lot of works are
needed to develop efficient numerical schemes for solving the model equation (1) — (3). In literature, several finite difference
schemes which include predictor-corrector, time-splitting and collocation radial basis functions have been used for solving Poisson
equation, time-dependent convection-diffusion and advection-diffusion equation are developed and deeply analyzed (for example,
see [17-28]) (for example, see [17-28]).

In some recent works [29-31], the authors proposed a three-level time-split MacCormack method for solving two-dimensional
reaction-diffusion and heat conduction equations. The method applies to time-dependent equations of the form: u, = A, (u) + A, (u)
where u, denotes du/dt and A ( j= 1,2) are differential operators, so that the subproblems u, = A,(u) and u, = A,(u) are each
solved independently using the explicit MacCormack method. Furthermore, the solution of the original problem is advanced by
alternating between (approximately) solving each of the two subproblems. The great advantage of this approach is the
decomposition of the errors in the resulting numerical approximation into errors obtained by splitting the exact solution operator
and the other one due to numerically solving the subproblems.

The two-step explicit MacCormack scheme has been widely used in numerical solutions of a large class of problems in
computational fluid dynamics [32-33]. In this technique, the first order time derivative is approximated at the predictor and
corrector phases using forward difference representation, with alternate one-side differencing for first-order space derivatives.
This is more convenient in the search of numerical solutions of systems of equations with nonlinear convective jacobian matrices
using second order one-side explicit schemes, such as Lax-Wendroff approach [34-36]. One difficulty observed from this method is
that it is not appropriate for problems with high Reynold numbers, where the viscous regions become very thin. In [37],
MacCormack developed a hybrid version of his scheme, so called the MacCormack rapid solver method for overcoming this
drawback. Most recently, the authors applied the rapid solver method and a two-level explicit approach for solving a certain class
of ordinary/partial differential equations [38-41]. Their results have shown that the hybrid version of MacCormack has a good
stability condition and it is too faster than a wide class of numerical schemes for solving steady and unsteady flows at high to low
Reynolds numbers [37].

With the information gleaned from the two-step MacCormack and MacCormack rapid solver methods, we are ready to analyze
a three-level time-split MacCormack approach applied to the initial-boundary value problem (1)-(3). In [43-46] explicit, implicit and
explicit-implicit methods have been analyzed. In some cases, the approach used the explicit scheme and the implicit difference
scheme for the solution of the convection and diffusion processes, respectively. In the other cases, the time derivative was
approximated using an explicit scheme while the implicit method has been used to approximate the spatial derivatives. The
authors [47-49] applied B-splines techniques and time-split methods in conjunction with trigonometric B-splines approach,
MacCormack, Crank-Nicolson and Runge-Kutta schemes to obtain solutions with good convergence rate (at least second-order).
Unfortunately, almost all the results provided in the above works were obtained by a large set of numerical experiments. The
theoretical analysis has not been considered. The following paragraph provides a detail description of our contribution.

A three-level time-split MacCormack approach we study for the two-dimensional convection-diffusion equation (1) - (3) is new,
a predictor-corrector method, second order accurate in time, fourth order convergent in space and it is motivated by: (a) the form
of the time step restriction max{2ak/h’,|p|k/h} <1.In fact, the considered problem (1) - (3) can model both linear hyperbolic and
parabolic equations. When a =0 and u =0, we obtain a 2D wave equation. A wide set of explicit numerical schemes for solving
the corresponding equation are stable under the time step limitation |x|k/h<1$.For a=0 and u =0, the obtained equation is
a two-dimensional heat conduction equation. It is well known that several explicit schemes for solving this equation is stable under
the time step requirement 4ak/h’ <1. All these requirements are known in literature as Courant-Friedrich-Lewy condition. (b) a
time-split MacCormack approach is more practical (indeed: second order accurate in time and fourth order convergent in space.
Furthermore, the explicit MacCormack algorithm is a widely used scheme for solving problem in computational fluid dynamics).
(c) Both theoretical and numerical results are deeply analyzed. We recall that an explicit time-split MacCormack algorithm "splits"
the original MacCormack scheme into a sequence of one-dimensional operators, thereby achieving a good stability condition. In
other words, the splitting makes it possible to advance the solution in each direction with the maximum allowable time step (for
instance, see [50-52]). For an overview of this technique, we refer the readers to [25, 52] and references therein. Setting At, = At
and At, = At/2p where p is any positive integer, a high order convergent scheme for solving the initial-boundary value problem
(1) - (3) can be constructed in the following manner

[z
2p

where L (At,) and L (At,) are one-dimensional difference operators whose explicit expressions will be defined in the following.
We remind that our study consists to compute approximate solutions of problem (1)-(3) using equation (4) (with p=1). For the
convenient of writing the notations u)j = uj and [u + v[; = uj + vj are used in this paper.

It is important to mentioning that although the proposed model has the same order of accuracy (stable, temporal second-order
and spatial fourth-order convergent) when computing an approximate solution of two-dimensional unsteady convection-diffusion
equation (1) - (3) and the problem studied in [25], the considered technique is at least twice more faster when applied to the initial-
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boundary value problem (1) — (3) than to two-dimensional linear time-dependent convection-diffusion-reaction equation deeply
analyzed in [25]. Indeed, the source/sink terms (so called zero-order reaction rate coefficient and first-order reaction rate,
respectively) slow the convergence speed of the algorithm. Furthermore, the numerical experiments presented in this work are
performed with different values of convective and diffusive coefficients. Also in that case, we observe satisfactory results regarding
the accuracy of the proposed procedure. Finally, compared to the numerical evidences presented in [25], some tables indicating the
decay of energy and physical tests are considered where the computed solution, the analytical ones and the errors can be visualized
by iso-values. This information represents the new contribution of this paper with respect to the analysis developed in [25].
Furthermore, it is worth noticing to recall that the proposed method is fast and requires least computational costs than a broad
range of numerical schemes [10, 11, 17, 19, 21, 22, 26, 47].

The aim of this paper is to analyze the following four items:
1. Detailed description of a three-level time-split MacCormack scheme for solving the initial-boundary value problem (1) - (3),
2. Stability analysis of the numerical scheme,
3. Error estimates of the method,
4. Numerical examples which consider the convergence rate, confirms the theoretical results and shows the efficiency and
effectiveness of the method.

Items 1-4, represent our original contributions since as far as we know, there is no available work in literature which solves the
initial-boundary value problem (1) - (3), using a time-split MacCormack method.

The rest of the paper is organized as follows: Section 2 considers a full description of a three-level time-split MacCormack
method for solving the parabolic equations (1) - (3). In section 3, we study the stability of the scheme under the time-step restriction
given above, while section 4 presents a deep analysis of the error estimates and the convergence of the method. A wide set of
numerical experiments which provide the convergence rate of the new algorithm and confirms the theoretical result (on the
stability) are presented in section 5. We draw the conclusion and present our future investigations in section 6.

2. Notation and full description of a three-level time-split MacCormack method

In this section we set notation and provide a complete description of a three-level time-split MacCormack scheme for solving
the two-dimensional initial-boundary value problem (1) - (3). It is worth mentioning that a time-split MacCormack "splits" the
original MacCormack scheme into a sequence of one-dimensional difference operations, thereby achieving a less restrictive
stability condition. In other words, the splitting makes it possible to advance the solution in each direction with the maximum
allowable time step ([25, 29, 52, 31] and [54] page 231).

Suppose N and M be two positive integers. Let k:=At=T /N, h:= Ax=Ay=1/M, be the time step and grid spacing, respectively.
Setting t" =kn, t : time used at the beginning of the next step in a time-split MacCormack scheme and t" : time used at the last
step of a time-split MacCormack approach, then t e(t"t"*!), t" e(t,t"""), n=0,1,2,.,N-1, x,=ih, y;=jh; 0<ij<M
Furthermore, let Q, ={t",0<n <N}, Q, ={(x,y;),0<i,j <M}, @, =0, NQ and 9Q, =, NIQ.

Let U, :{u{;;n:O,l,...,N; i,j=0,1,2,...,M}, be the space of grid functions defined on Q, x,. Now, following the MacCormack
approach, we can set

n n n n n

. Uiy —Uj Uiprj — Uiy | Uij — Uy Ui — Uiy
R e e L P e e L e e
sut, —ou” ou" , —o,u” ®)
) LT R A ) PANTTE SRS A
(2..n __ 2 2 n__ 2 2
8 e and §ju; = -
Defining the following norms and scalar products
1 1 1
M-1 2> M-1 M-1 > M-1M-1 2> M-1 2>
O pIIETH R W e P ) o i G B AT R e ©
= = = 2’ =0 = ) =
where A =x or y. Furthermore, the scalar products are defined as
M-1 M-1 M-1
@, v") = DU, <sut, vt >, =h? DY sut, 6V,
iz oY =1 0 b i
and
M-1M-1
n n 12 n n
<ou", 8" > =h 2 ;zﬁyui’j%ﬁyuiv}_% . (7)
Finally, we introduce the following discrete norms
N 1
el = 1 g, Malllr [kz o ||;M] ,
and
N
ety = 2 1 ] Forue . (®)

Now, expanding the Taylor series for the function u about (x,y;t") at the predictor and corrector steps with time step k/2
provides

— 2

. T S I : ke R
Uy == M(Xi!YJ’t )= U +§ut)ij +§uzr)ij +0(k%); U; = u(xi:)’j:t )= U +§ut)i)’ +§u2t)ij +0(k%), ©)

Journal of Applied and Computational Mechanics, Vol. 7, No. 2, (2021), 559-577 A\V'A



A Robust Three-Level Time-Split MacCormack Scheme for Solving Two-Dimensional Unsteady Convection-Diffusion Equation 562

where t  is the time used at the predictor step and t is the one used at the corrector step which is also the final time provided at
this stage. In fact, t* is just a notation, it can be considered as t . For the sake of readability and to avoid any confusion, we used
** to indicate the value provided at the corrector step since the approximate solution constructed at the first phase of a time-split
MacCormack scheme should consider the index *. This must indicate the difference between the value provided at the corrector
step and the approximate solution (which is usually called corrected value) obtained at the first stage of the algorithm. Using the
definition of the operator L (k/2), let consider the equation

u, + pu, —au, =0, (10a)
which is equivalent to
U, = —pu, +au,, , (10b)

Since the right side of the convection-diffusion equation (1) equals zero, we assume in the rest of this paper that the function u is
regular enough, has partial derivatives in space up to order fourth. Using equation (10); it is not difficult to see that

Uy, = (auyy - uuy)t = a’u,, —2auuy, + (U, .
This fact together with equation (9) provide

B n k - kz n
Uy = uj +§[auyy — puu I +§[a2bl4y —2ayu, + /‘ZuyY]U +0(k%), (11)

B n k o kz u
u; = uj +§[auyy — puy I + g[a2u4y —2auu,, + uzuyy]ﬁ +0(k%). (12)

Applying the Taylor series for the function u about (x,y;t")with mesh size h using forward and backward difference
representations results in

up ;= (Syu:}_+l +0O(h),uj, ;=67uz+O(h?), u;‘y’i).:é;((syu?’j+1 }+O(h),uj, ;=6;uz+O(h?%), (13a)
2 2

u, = ‘Sy“;,-,l +0(h), u
2

=682u; +0(h?), Uy, ; = 82 (8,u

y\y 1’}-7%

)+ O(h), U, ;=6;u;+O(h?) , (13b)

VY.l

where §,wj and §w} are given by relation (5). Substituting the first four equations of relation (13) into equation (11) and the last
four equations of relation (13) into equation (12) to get

u; = ul +E[a62ui"- —psu" ]+ Kkl +O(k® +kh), (14)
j j Ty Y y Wil j
and
H n k ¥ ¥ ¥
u; =ufl + E[aéyzu1j - /L{Syul,j,%] + kzpij +O(k® 4 kh), (15)
where
n 1 n C C n n
oy = 3 a25y2 ((Syzul.}.) — 2a/1,(‘);((‘)yui’j+l) T /LZ(SYZMU- ,
2
and
¥ 1 ¥ ¥ ¥
Py =g |06 (Euy) — 2aubj(Eu 1)+ ey (16)
2
The term 6y2u; and 6yui . should be expressed as a function of §/uj and 6u" , . It comes from equation (14) that
R R
(2. 2. 1 k n n
S2uy = S2u + E[aﬁyz (83uf) — ps? (5yuf,,<,1 )]+ O(k* 4 kh) , (17)
2
and
- n k n n
6yui,,-,l = 6Yui,,>1 + E[aéyz (6yu1_v}_71) — 16, (6,u)] + O(k* + kh). (18)
2 2 2
Combining equations (14)-(18), direct computations give
g n k n n ~n -
U; = U + 9 aﬁ;uﬁ - uﬁyuivjil +k? (pij + Pij) +O(k* +kh), (19)
2

where
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= %[azé}f(é}fu") 20u62(5u)) + 262 (20)
Taking the average of u; and u; yields
u +ul k n n k2 n ~n =
Tj =ujt+o 2 (a(s;“u‘ - /L‘Sy“ij) + ?(/’u Py + 1y ) +0(k* +kh?), (21)

where &uj =(5u" , +6,
L)

y )/2 , p; and p} are given by relations (16) and (20), respectively. The second order error term O(h?)

1
+- 1}*5
in equation (21) comes from the approximation u,)j = 6"uj + O(h?) .

On the other hand, to define the operator L,(k), we should consider the equation u, + pu, —au,, = 0, which is equivalent to

u, = —pu, +au,,, (22)
It comes from equation (22), that
Uy, = (AU, — ), = AUy, — 200l + 17Uy, - (23)
The application of the Taylor series expansion for the function u about (x,y;,t) (where t €(t",t"""), is the time used at the

beginning of the next step in a time-split MacCormack scheme) with mesh size h using both forward and backward difference
representations gives

Wy =8 1 +O(R) Uy = 8u; +ON), U = 036U 1 ) +O() ;= 65 +O(h%), (242)

’ eyl ’ HE'} ’

ey =85 +O(R), gy = Sty +O(n'),uy = 88 )+ O(h),uyy = 8uy +O(?), (24b)
:

where su' , and 6t are defined by equation (5). Also, expanding the Taylor series for the function u at the predictor and
1:5,)

corrector steps about (x,,y;,t') with time step k using forward difference, it is not difficult to observe that

2 2

W = u k) + kzun) +O(k?), uj = +ku ) + k2 1, ) +0(K°) . (25)

J

Plugging equations (22), (23), (24) and (25), simple calculations provide

u; = uj; + KasZu; — /L(qu;l j] +k%y; +O(k* +kh), (26)
L
and
u; =u; +Kasiu; — uéxu;’j] +Rk*; +0(k? +kh), (27)
2
where
* N N 1 - N -
v = 2 @67 (6uy) — 2apbi (O 4 )+ pP6u ) Y= o[ u;)-2a6%(6, us Wsu |, (28)
2’ 2

In order to obtain a simple expression of terms 62u and su_ , , we should use equation (26). Performing direct computations, it
i1

is easy to see that

82u; = 82, + as2(8u) — sz (s, )]+ O(k* +kh),
I*E,J

x x j

and

s o, =68u 1_+1e[a¢52(5u 1}) p8Zug]+ O(k? +kh) .
2

2

This fact, together with relation (27) yields

w _u +k

J

+R(5; + 75 )+ Ok + kh), (29)

as? uu /Lﬁxuiil .
2

where
2¢2..*
’VU =a 6 ( X 1}) 2a/16 ( )+/1, 6){“1’}‘ . (30)

A combination of equations (26) and (29) results in
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uf-i—u? . . ey R . =
) 5 S =uy + k(a&fuﬁ — b MU) +?<%‘ 7%t ) +0(k* +kh?). (31)
In way similar, starting with the one-dimensional equation: u, + uu, —au,, = 0, applying the Taylor series for the function u about
(xl.,yj,t“) (where t~ is the time used at the last step in a time-split MacCormack approach) at the predictor and corrector stages
with time step k/2 and grid spacing h, using forward and backward difference representations to get

il

upt .k - o R e e e
f =u; + E(a(ﬁyzuu. — pé’uy )* ?(Hu' +0; + HU'H) +O0(k* +kh?), (32)
where
1
O = g |a*8 (Ou)) — 208} ("W’ 1)+ pesju |, 6 = 7[a262 (7uf) — 2au6] (8"uf) + p67uf | (33)
2

where we set p="",n+1 and &uj =(§,u" , +6u" ,)/2.Furthermore, n+1 means the dummy time index at the predictor step
1,}+E 1 }*E

while n+1 indicates the one considered at the corrector step, ur?

provided at the corrector step.

is the value computed at the predictor step and U’ is the one

To construct a three-level explicit time-split MacCormack method for solving the initial-boundary value problem (1)-(3), we must
follow the ideas presented in [29-31, 51]. More specifically, we should neglect the terms of second order together with the

infinitesimal term O(k® + kh?) in equations (21); (31) and (32). In addition, the terms u;;, u; and uj** are defined as the average of

predicted and corrected values, that is,

B B - = il il
= i A Tk YS! _umru (34)
! 2 y 2 i 2
Thus, equations
L(k/2uf, u; =L, (Ru;, uj™ =L, (k/2u; (35)
are by definition equivalent to
u; = ul +B<a62u” - 6yu”)) U =u +k(a62u' - 5"u')) utt =uy + k(aé‘zu" - (Syu")) (36)
= Uy T AUy T pOTU) ) Uy = U Uy = 1O Uy) )y 5 Gty —poTty )]

Since the operator L (k/2)L (R)L,(k/2) is symmetric, this fact together with relations (21), (31) and (32) show that the obtained
method is a three-level approach, an explicit predictor-corrector scheme, second order accurate in time and fourth order
convergent in space. This theoretical analysis is confirmed by a large set of numerical evidences (see section 5). From the definition
of the linear operators 6, ¢”, 6; and 6. given by (5), equation (36) can be rewritten as follows. For n=0,1,..,.N—1;

w=w + X o Wl =25 1)~ Eu —u )| 1= 0L M j =12, M- 1; (37)
uu =u; +k{h2( oy 2u +u;_ ) ﬁ(u;“’fiu;*i)l’ i=12,..,M-1; j=0,1,..,M; (38)
uyt —u{f—k%%( Uiy —2ug + U, )— zh(u;,}ﬂ—u;}fl)l; i=01,..,M; j=12,.,M-1; (38)

with the initial and boundary conditions, for i,j=0,1,...,.M,
U = Up(X,,Y;); Up = @io; Ung = Pias Uoj = Py Uy = Pags Uoj = 90 5 Uy = P 5 o = P 5 (39a)
W = O s Uy = 0575 Ung = s Uip = Jo™s Uy = Pt 5 Uig = Pl Uiy = Pie 5 (39b)
ul =gl ; (40a)

and

= ol (400)

Equations (37)-(40) represent a full description of a three-level explicit time-split MacCormack method applied to convection-
diffusion equation (1)-(3).

In the rest of this paper, we prove the stability, the error estimates and the convergence rate of a three-level time-split MacCormack
approach under the time step restriction
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2ak |p|k
max{—-—,——t<1, 41
X{ W oh | (41)
where a and p are physical parameters given in equation (1). We recall that k is the time step and h is the grid size. We assume

that the exact solution u satisfies

“l u |||LX(0,T;L1(Q)) + ||| u || |H1(0'T;H3(§2)) + ||| u |||HZ(0,T;H1(II)) + ||| u || |H2(0'T;L2(n)) + ||| u |||LZ(0'T;H4(Q))§ w , (42)

where w is a positive constant independent of the time step k and space step h.

3. Stability analysis of a three-level time-split MacCormack scheme

In this section we analyze the stability of a three-level time-split MacCormack scheme (37)-(40) for solving the two-dimensional
parabolic equation (1)-(3). The proof of the main result on the stability given by Theorem 1 requires an intermediate result (namely
Lemma 1).

Theorem 1. (Stability analysis of the time-split MacCormack). Let u be the numerical solution provided by the scheme (37)-(40).
Under the time step restriction (41), it holds

mall <=+ ol L ewo

)

5u°T < ﬁkl
2a 1=

where ;1 and a are two physical parameters and w is given by relation (42). The following result (namely Lemma 1) is too
important in the proof of Theorem 1.

Lemma 1. Setting uj = u(x;,y;,t") be the numerical solution provided by the scheme (37)-(40), uj = u(x;,y;,t") be the exact solution
of the initial-boundary value problem (1)-(3) and let e} = u} —u be the error. We recall that T, = (u; +1;)/2 and u; (u + U )/ 2
satisfy relations (21) and (31), respectively. u; and u; are given by equations (37) and (38), respectively. The followmg equahtles
hold:

M-1
n a
a<éelel >—hZJZ::1W(11J 2" +e11J) n=—allse |, (43)
M-1 a
a<olelel >_hzgiﬁ(” L —2€] ”1) —allse |, (44)
M-1
2 1(ef‘J ) ew.fl)e;} =0, (45)
and
“ (Sxe’l “LZ’ ” (Sye’l “1}S 2h71 “ e" ”LZ N (46)
where the operators 6, and §, are given by relation (5).
Proof (of Theorem 1). Combining equations (21), (34) and (37), direct computations provide
* n k 2 y,on kz n ~n - 3 2
e; =ej + 2(a6 el — b ei}-)—l-?(pi,- + pj +p1-,-)+0(k +kh?), 47)

where pj (a= n,*) and p; are defined by (16) and (20), respectively. Utilizing the definition of the operator 6. equation (47) is
equivalent to

2

k( a L n n k
e;=¢ef +— [hz( i1~ 2ef el ) — Zh(ei,infei,ifl)]Jr*

o (o3 + 25 + oy 100 + k%) (48)

Since the formulas can become quite heavy, for the sake of readability, we should neglect the higher order terms in time step k
and grid spacing h. However, the truncation of the infinitesimal terms does not compromise the result on the stability analysis.
This fact together with equation (48) yields

k a v n n
e, =el +_ hz( T —2e) e 1)_2/*1}1(21',;'“_9@}'71)]- (49)
Performing simple calculations, equation (49) gives
« . kZ . 2
(eij)2 _( ) Jrk hz( i,j+ 1726 +e1) 1) 2h(ei,jA1 el} 1)16 +— [hz( i,j+1 2e +e1) 1) 2‘;1( i,j+1 el,j—l) . (SO)

Now, using inequality (a=+b)* <2(a® +b?) together with equality 2(a—Db)b=a’—b*—(a—b)’ for any abecR, straightforward
computations result in

( i,j+1 2e +e1) 1) <2[( i,j+1 elj)2+(ei’:j—17e"!)2]' (51)
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From estimate (51), it holds

2a’

2
a n n n “ n
o [(61 j+1 el,j)z + (ei,j - ei,j—l)z] [5;1( i1 T ei,j—l)] } . (52)

P( ij+1 2e +el] l) Zh( 1,j+1 el,j—l)} §2

A combination of estimates (50) and (52) gives
2

6 n

1}-—

+10y

1}'71
2

en Lt on n k2 2a
( ) <(e] ) +k{h2( {1 —2¢; +e” 1) i(emﬂrl_ei,j—l)e }+ [hz

Summing this up from i,j=1,2,...,M — 1, and rearranging of terms, we obtain

M-1 M-1 M-1 2 \M-1 2 2
i;(e;jf Si;(e” Z e, —2ej +ef;_)e; — Zi'};(e{fm el ,)ej + kz[hz “—]; [6ye:}_% + 6ye:]_7%] },
which implies
MZﬁl(ei)2 < MZ% ak Z —2¢} +el_,)ep fiMZl(e Jej + 2%k | & ”—]Nf e ]2 (53)
Foy A A | i) (€)1 bt 2niG I €1 n? izl t)’% '

Multiplying both sides of estimate (53) by h? and using equations (44)-(46) of Lemma 1, it is easy to see that

_ 2ak o k2
g+ e I

el <lle Il —aklls,en I +2e|

2
LB n
Pl e e I ~akfs

From the time step restriction (41), i.e.,, —1+2ak/h”> <0, and estimate (46) of Lemma 1, it is not difficult to observe that

2,°Kk?
2

" n 2k2 n n n zk n
e eslle' e+ e o<l I + e+ e | (59
In way similar, using equations (31); (34) and (38), adapting the proof for || ||, and replacing k by k/2, it not hard to show that

. g L 20k
e IE<lle I+~ e IE: - (55)

* *

Finally, combining equations (32), (34) and (39), following the proof for || ||, but replacing n and * by ** and n+ 1, respectively,

it is not difficult to see that
2
o Ry o
e elle” I+ e . (56)

We should find a relationship between ||e"** ||, and ||e" |[%, for any nonnegative integer n > 1. In fact, if n >0, the initial condition

LZ b
e) =0, for 0<i,j<M, can lead to a sequence of vanishing error e" =0, which in practical application is not possible. Plugging
estimates (54), (55) and (56), simple calculations yield

- R (. 26%k) ) , ®
e <12 10 2% e e+ 2% s e

Summing this up from n=1,2,.,p—1, for any nonnegative integer p that satisfies 1<p <N, itis easy to see that

S;L k 2;L k
a

R[5’k 2u KA
e sl I+ s 2% 200 5 e (57
Applying the Gronwall Lemma, estimate (57) gives
2 41,2
Il exp|[ 22 2% 4 20| (58

Since p<N and k=T/N, so y’kp/a = p’Tp/aN < ;°T / a. This fact, together with estimate (58) provide

STy
]g“el i exp{f;lzg i

k 1
a .

e <llet [, exp 22T (% | 59
L= L 2a 1=o| a

But, we have that |[u? ||, — || % ||.<[|w> — @ ||.=]|e? ||. and |[e* [[.<||u" || +||u" || . This fact, together with estimate (59) yields

sy uzk”.

T
ler [e<llet i exp{“

Taking the square root, it is not hard to observe that

5,2 41,2
44 uk+2uzk
a

e e B, 0l 1, N 1) exp{ TS

The proof of Theorem 1 is completed thanks to estimate (42). Indeed, u is the exact solution of the initial-boundary value problem

(1)-(3)-
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4. Convergence of the method

In this section we study the error estimates of a three-level time-split MacCormack method (37)-(40) for solving equations (1)-
(3), under the time step restriction (41). Furthermore, we assume that the exact solution u satisfies relation (42).
Theorem 2 (Convergence of the time-split MacCormack). Consider u be the numerical solution provided by a three-level time-
split MacCormack approach (37)-(40). Under the time step restriction (41), the error e=u—1u , satisfies

el o< =+l 1) (1 + RY\CTu (R, h)exp{ (1+ky }(k +h),
where w is a positive constant independent of the time step k and grid spacing h, = is given by relation (42) and
Y(k,h)=2+k +k +h”> +(1+k)(1+h* +h?).

Some intermediate results (namely Lemmas 1, 2 and 3) play an important role in the proof of Theorem 2.
Lemma 2. [29-31]. Consider v e H*(Q?), be a function satisfying v lx.€ C°[X0Xi 4], for 1=0,1,2,..,M ~1. Then, it holds

1 h?

hT( i+1 2U +U1 l) UZx,i :Euu,i - 720[U6x (3))+U ( (4))] for 1_1 2 M_1 )

where 0% € (x, ,,x), 07 €(x,x,,,) and v, denotes the derivative of order m of v. Furthermore, for i=2,3,...,M -2,

i+1

241
3220

—(V,,, — 4V, +6V,—4v_, +V_,)—V,,, = h’

(1) (2)
4x,i {720 [Uex 9 + st 9 ] +

[Uex(ai(g)) + UGX (91(4))]} ’

Where 91(2) e( i— 2’ l) 9(4) ( i-12 ) 9(3) (X X; ) and 91'(1) e(xi-l’xi+2)'

Lemma 3. The terms pj and j; given by equations (16) and (20), respectively, can be bounded as

i+1

|0 1 logh 1371 < € [1+€;h%+Eh¢) (60)

where Cl, 1=1,2,3, are positive constant independent of the time step k and the mesh size h.

Proof (of Lemma 3). For the proof of inequality | pjj [< él [1 + Czhz + 63]’14] , we refer the readers to [31, 29] for a similar proof. The proof
of the other estimates are similar.
Using Lemmas 1, 2, 3, we are ready to prove Theorem 2.

Proof (of Theorem 2). Firstly, we recall that the error term provided by the numerical scheme (37)-(40) is given by e = uj; — U , where

u represents the exact solution of equations (21), (31) and (32) and u satisfies relations (37)-(40).
It comes from equation (48) that

2

k(a N N k . o -
e 79 +2 h ( ij+ 1726 +el} 1) 2/}1( 1,j+1 el,j—l)]+?(pij+ﬂij+ﬂij)+o(k3+kh2)’
which can be rewritten as
k(a 2

I—e+

n n k n ~an *
hz( i1 29 1} 1)‘%(‘3{,;41 _ei,j—l)]-"_?(pij + Py +pij)+cr(k3 +kn?),

where C, is a parameter which does not depend on the time step k and the grid spacing h, and whose value can change from

place to place, p; and j; are given by equations (16) and (20), respectively. Taking the square, simple calculations give
(e;j)z ( ) +k{h2( i,j+1 29 +e1) 1) :J‘ 2/;( 1,j+1 elnj l) }+k2<p1}+pxj+pu) ij

+2C, (K + kh?)ej + — L

26 +el} 1) . (eiv,lel 1) 1) pu +p1) erl) +
h

h2(1)1 2

(62)

2e) +€f; )~ (el; - 1,1)](k4+k2h2> ’Z(p§+ﬁg+p;)2+cf<k3+kh2>z

a .,
G W(ei,}#l >h

2

2
Z h2( i,j+1 22 +e1} 1) zh(eiytﬁl _egifl)]

+C, (€ + -7 (o + 55 + py ) +

Applying the inequalities: 2ab<a® +b*, (a£b)> <2(a’ +b’) and (a+b=+c) <3(a*>+b* +¢°), for every a,b,c € R, together with the
time step restriction (41) (that is, 2ak <h”, equation (61) yields

* n M n n an
(eij)2 ( ) +k{h2( i,j+1 29 +e1) 1) ij E(ei,ﬁl e!} l) }+k2 |(pu +pu +pu)eu |+
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K | a® 1 > ap
A h4 ( 1,j+1 22 +e1) 1) W(eiyjjvl _eiytj—l) hg ( 1,j+1 22 +e1) 1)(el'ytj+1 _e&q) +
(k3+kh2)|e |+ hz |e1J+1 26 +e1) 1|+ | ij+1 1,j—1 |]|p;‘+ﬁ5+px;|+

n 3k n
C zlel,ﬂ 2e]; + €]} 1|+ Iel,ﬂ I,jfll](k“+k2h2)+7(lpﬁ|2+|pU|2+|p1,|)+Cf(k3+kh)+

C. + ') o5 | +1 75 1 +1 oy 1)

which implies

n L on n n k n n ~n 2%
(e ) < (€] ) +k{h2( g — 28 e l)eij _zlih(ei,jvl _ei,j—l)eij}—"_z(eijy +k3<Pﬁ + 0y +pij)
k* [2a%, , N i L2 ap
7{?[(%,)"1 791-1-) +(e 791} 1) ] ‘ihz (e1) 1 el,j—l) h/3 ( 1,j+1 2e +e1) 1)

n n k3 a n : n ~n *
(€fj.1 —ei; 1)}+E[W lelj,. —2€) +ef; |+ |e” 1€, |] +k3(/’q + 0 +pij)2 +

K [ ’ 2 5 3 2y, 3K 2 2
ol el —2e) el e el |] +CH R+ Tl P A F Loy F)+

21,3 2\2 2E 122 m2 Lo ae R ~n T\ (62)
Cr(k* +kh")" + CI(k? +kh?)” + k(ef)” + 5 CI(k* +kh) +7(|pﬁ|+|pﬁl+|pg )

5k

<( ) +k{h2( i,j+1 29 +el} 1) ij ;l(engliegj—l)eS}+ 4( ) +6k3(|[)u| +|p1) |2+|p1; |2)

a’k® 1°KR? Loz oauk? "
[( Lj+1 eu) + (e - el) 1 ]+ 16h2 ( ij+1 ei,j—l) - 4h (6yei'j_1 - 6yei)j71)
2 2

2h4

2
(5 evn g )+5kk(e 2en+en 1)2+4 ( )2]+
A i) £ B F + 13 F o+, F) #BC2G Wy

It comes from the time step restriction (41), that is, 2ak /h*> <1, together with estimate (62) that

* n a n n n n n n n Sk n
(%‘)2 < (eij)z +k{h7(ei,j+1 —2e; + ei,j—l)eij Zh( i1 el,H)eij} +Z(eij)

2 2
M k n 2 n 2| _ G.[Lk n 2 _ n 2
FRURNCLAY ]+—16a (erya) + (e 2 {(éyei,}.%) <<syei,}.%)]

X Bt e e B 1) a0 b

13C(KE + RPHY) + 3 [2 + ](| P+ 1+ oy F)
Summing this up from i,j=1,2,..M -1, to get
M-1 M-1 M 1
(e < 2(ej) +
ij=1 ij=1

53 e kM o e s 153 "
ZZ 1)2 ghlz 1]+1 1) 1 ] 32 ”2:1[ i,j+ 1 )2+(ei,j—1)2]+

(6yen )2 +(6ye.n. 1)2 +

i '+1 Lj-=
2] 2 2] 2

ak &=
(1J+1 26 +e!J1)§+Zi;

(63)

R (g

16a

Vijes ijo

8" 1) (b€ 1)2]

Sk S apk’ =
]Z[ 1J+1 1] 1)2]_ 4h 1}2;1(

2+3k]2(|pu| AP+l P)+ Csz[Skh4+4k4+3k5+4h4]

+3k*

Now, utilizing the boundary condition (40), e}, =ej, =0, for all i=0,1,...,M, Lemmas 1 and 3, and multiplying both sides of

inequality (63) by h?, straightforward computations provide

= = 65 u*  5u°k =
2 *\2 2 2 n\2
He (e < S0 aklla g [y, + 5 1 [, 5o+ 4 208 3 e

5, M-1
_WR N e Y- (8,€", )|+ C?R(M — 1°h? [3kh* + 4k* + 3k° + 4h*)| +

i=
2
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3k*h2(2 + %)(M —1y [c“:f A+Cn +ChY +C(A+Ch2 +Cnty + 1+ G + é3h4)2]
M-1 /1 5/12k M-1
<h? 22 B L R K2 ny2
h E( G.k " 6 e ”1} 17) ” 6 e ||L7(Q) +k 16 + 8{1 + 16(1 i;(elj)
““k ll6,e" II2,, +C7k[3kN* + 4k* +3K° + 4h*|+ 9k*(2 + 3k)c2(1 +Ch? 4+ Chty .

12(0)

Since h=1/M, kh* <k’ +h?® and (1 + C,h? + C,h*)* <3(1 + C2h* + C2h®), using the time step restriction (41), that is, | k| /h <1, this
becomes

M-1

w5k 3k~

;,1—1 ij= 1 16 8a 16a

n Z( e)) + C?k[3k? + 4K + 3k° + 4h* +30°| + 27k*(2 + )cz 1+ C2h* +C2n®),
i,j=1

which implies
lle IE<ller I +Cl{@+R)le" |l +k*(1+ k)1 +h* +h®)+ K +k* + K +h* +h°}, (64)
where we absorbed all the constants into a positive constant 64 . In way similar, one shows that
lle” [E.<lle [l +Ck{(1+R) [le |2 +k*(1+k)(1+h* + h®)+ K + k* + & +h* + 1}, (65)
where all the constants have been absorbed into a constant 65 >0, and
lle= IE<lle” | +C{@+R) [le” [ +R*(1+k)(1+h* +h®) +k* +k* +k° +h* +h°}, (66)
where all the constants have been absorbed into a constant C > 0. Now, setting

o(kh)=1+k and ,(kh) = k(1 +k)(1+h* +h?)+ kK +k* +k* +h* + 1, (67)

plugging estimates (64)-(67), direct calculations result in

” et ”i’ S” e ”il +k {6"4 + és + aﬁ + k[@és + ée (C, +C)+ kaz;asas% (k,h)]gol(k,h)} X
¢ (k,h) ” e ”iz +k {64 + a5 + ée + k[é4és + CA:ALCA:es + asae + ké4ésés9ﬁl(k»h)] ‘Pl(k’h)}‘l% (k,h),
where “x” denotes the usual multiplication. Absorbing all the constants into a positive constant C,, this yields

e <l e,

+CR{[1+R(1+ ke, (k1)) oy (R, 1)y (R, M) [ € 12 +[1+R[1+ Ry (k. )iy (k. ) o, (R, )}
Summing this up from n=1,2,.,p—1, for any nonnegative integer p such that, 1<p <N, we obtain
lle” [ <Il e [ +é7k[[1 +R(1+ k%(k,h))Wl(k,h)]%(k,h)g lle" B +p[1+k[1+ ke (e h)] (k. 1), (k. )} (68)
Applying the Gronwall Lemma, estimate (68) provides
ller [E<C, [le* |12 pkexp{é7pk[1 +k(1+ kgol(k,h))gpl(k,h)]%(k,h)}[l +R[1+ kg, (k,h)] @, (k1) x ,(k, ). (69)
Since p<N, k=T/N, so Ckp=C,Tp/N<C,T. Combining this and estimate (69) to get
ller [E<CT|le |2 exp{éﬁ[l +R(1+ kg, (k1)) (k1) o, (k,h)}[l +R[1+ ke, (k,h)] e (k1) x o, (k,N)?, (70)

where ¢,(k,h) = ¢,(kh), ¢,(kh) is given by equation (67). Taking the square root, it is easy to see that

ller Il <lle* ]I, \/C T[1+R[1+Rey (R )] (k 1) ]eXp[ [1+R(1+key(k,h)) s (R, 7)1 (R 1) x 0, ( ) (71)

Since ¢,(k,h)’ = p,(k,h), it comes from equation (67) that

o;(R,h)’ =R*(1+R)(L+h* +h®)+k* +k* +k° + h* +h® <(k-+h*)*y(k,h),
where
Y(k,h) =24k + k> +h® +(1+k)(L+h* +h®).

Utilizing relation (67); simple computations gives
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1+Rk[1+ ke, (k,h)] g, (R,h) =1+ R+ 2k* + 2% +k* <(1+k)*,
and

[1+k(1+ ke, (k)¢ (R,h)| oy (R, 1) = 1+ 2k + 3k + 4k + 3k* + & < (1+K)°.

Finally, taking the maximum over p of estimate (70), for 1<p <N (Indeed, || ¢° ||L2: 0 ), the proof of Theorem 2 is completed thanks

to inequality || e" ||.<[|u* ||, +||u" ||, and equation (8).

5. Numerical experiments and convergence rate

In this section we construct an exact solution to the initial-boundary value problem (1)-(3). Furthermore, we present two other
examples described in the literature [18, 20] to demonstrate the efficiency and utility of the proposed numerical scheme in
bidimensional case. In each case we obtain satisfactory results, so our algorithm performances are not worse for multidimensional
problems. The predicted convergence rate from the theoretical analysis is confirmed (see Section 2). This convergence rate is
obtained by listing in Tables 1-9 the errors between the computed solution and the exact ones with different values of mesh size
h and time step k, satisfying k=h” /2. Finally, we look at the error estimates of our proposed method for the parameter T=1,
a=1 and pe{1,0.8,—1}.
Assuming that the exact solution to problem (1)-(3) is of the form u(x,y,t) =[1 + exp(ct + dx + by)]f" where n is an integer. By simple
calculations, it holds

U,(x,y,t) = —ncexp(ct + dx + by)[1 + exp(ct + dx + by)| " ", (71)
T, (x,y,t) = —ndexp(ct + dx + by)[1 + exp(ct + dx + by)| ", (72)
U, (x,y,t) = —hbexp(ct + dx + by)[1 + exp(ct + dx + by)]’"’1 , (73)
and
T (X,Y,t) = —nd® exp(ct + dx + by)[1 — nexp(ct + dx + by)|[1 + exp(ct + dx + by)] " (74)
In similar way
U, (x,y,t) = —nb” exp(ct + dx + by)[1 —nexp(ct + dx + by)|[1+ exp(ct + dx + by)]fn*2 (75)
Combining equations (71)-(75), it is not hard to see that
U, + U, + U, — (U, +1,,) = —nexp(ct + dx + by)(1 + exp(ct + dx + by)) " {c+b+d—(* +d)
[1—nexp(ct + dx + by)|(1+ exp(ct + dx + by))fl} .
Setting c+b+d=d? +b?, this gives
U, + U, + U, — (U, +U,) = —n(d* + b?)exp(ct + dx + by)(1 + exp(ct +dx + by)) "
(76)

{1 —[1—nexp(ct + dx + by)][1 + exp(ct + dx + by)]fl} .

For n=-1, equation (76) becomes
U, + U, + 0, — (U +ﬁyy):0.

Setting d?+b* =1, this gives b? =1—d?. Since b’ must be strictly greater than zero, this implies d* <1. For d=—/2 /2, we can
take b=+/2/2,and then c=1. So the exact solution is given by U(x,y,t)=1+ exp(t —2x/2+-2y/ 2) ,for t€]0,1] and (x,y) €[0,1]
. The initial and boundary conditions are determined by this solution.

To analyze the convergence rate of our numerical scheme, we assume that the mesh size he {1 /2, 1=1,2,.‘.,5} and time step

k=27, 1=3,4,.,11. Under the time step restriction (41), we set k=h?/2 and we compute the error estimates: || E(u) |||L2(0 )

[l E(u)|

) and || E(u ) related to the time-split method to see that the algorithm is stable, second order accurate in time

1°(0,T;L? ) |”L1(0,T;1}
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and fourth order convergent in space. Furthermore, we plot the exact solution, the numerical solution and the errors versus n. It
follows from this analysis that a three-level time-split MaCormack method is efficient and effective than a large class of numerical
methods widely studied in literature [10, 11, 17, 19, 21, 22, 26, 47]. Finally, when h varies in the given range, we observe from Tables
1-9 that the infinitesimal terms (that is, the errors) O(k’) +O(h’) are dominated by the h-terms O(h’) (or k -terms O(k”)). So, the
ratio r", where m=1,2,00 of the approximation errors on two adjacent mesh levels Q,, and Q, is approximately (2h)’ /h’ =2°,
where m refers to the L"(0,T;L*(?)) -error norm. Thus, we can simply use r* to estimate the corresponding convergence rate with
respect to h. Define the norms for the approximate solution u (indicated by "U" in the figures), the exact one u (represented by

u" in the figures) and the errors E(u) (simply denoted by "E" in the figures) as follows
N B
7 |2
O A

1
2
el o.r.)=
1

N
kz ” u" ”fz } ' ||| u |||1}(0,T;L’):
n=0 !

N B N
WE I, 0 7= k; flu @ IIlel NE@) I 0= k; ur —a |l ,
B 7.y = 2% [ " — T[], -

e Test 1. Let O be the unit square (0,1)x(0,1) and T be the final time, T=1. We assume that the parameters a=x =1, insucha

way that the exact solution u is given by

u(x,y,t)=1+exp

V2 2
t——XxX+—Yy]|.

2 XT3y
The initial and boundary conditions are determined by this solution. We take the mesh size and time step: he{2”,1=1,2,...,5} and
k=2"1=23,..,11.
¢ Test 2. Now, let Q be the unitsquare (0,1)x(0,1) and T =1. The diffusive term a is assumed equals 1 and the parameter ;= 0.8

. The analytic solution u is defined in [18, 20] by

2 2
exp 7a(x—ut—0.5) 7a(y—ut—0.5)

u(x,y,t)=
oy =377 144t 144t

)

Tables 1-3. Analyzing of stability and convergence rate O(h’ + At”) for time-split MacCormack by ™, under the time step restriction (41), that is,

max{2kh?,kh™*} <1, with varying time step k= At and mesh grid h= Ax = Ay .

1
Case: k==h’
2
h Il Eu) I, n Il ECu) I, e [l E) I, n
271 0.1170x10° - 0.1653x 10° - 0.1133x10° -
272 0.2870x10* 4.0767 0.4270x10°* 3.8712 0.2750x107* 4.1200
273 0.7700x1072 3.7273 0.1180x10* 3.6186 0.7400x1072 3.7162
24 0.2000x 102 3.8500 0.3100x 102 3.8065 0.1900x 1072 3.8947
27 0.4862 %1073 4.1135 0.7595x 103 4.0816 0.4632x1073 4.1019
Decay of energy
h [l [ [l Il [l [l
271 2.3995 x 10* 2.3654 x 10" 3.8764 x 10" 3.8438 x 10" 2.3995 x 10* 2.3654 x 10"
272 1.42641 x 10" 1.4150x 10" 2.5499 x 10" 2.5330x 10* 1.4264 x 10 1.4150 x 10*
273 1.0938 x 10" 1.0904 x 10* 2.0042 x 10" 1.9981 x 10* 1.0938 x 10" 1.0904 x 10*
274 9.5602 9.5509 1.7605 x 10" 1.7587 x 10 9.5602 9.5509
27 8.9336 8.9312 1.6463 x 10* 1.6458 x 10" 8.9336 8.9312
Case: k=h
h Il Eu) Il n Il Eu) I, e Il Eu) Il n
27t 2.7878 [ 3.6899 - 2.5392 -
22 0.3174 x 10’ 0.8783x10°° 0.6348 x 10’ 0.5813x10°° 0.1591 x 10’ 0.1596x10°°
273 0.5816x10* 0.5457x107Y 1.6451x10* 0.3859x107 0.2057 x 10* 0.7735x107"
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Tables 4-6. Stability and convergence rate O(h’ + At”) for time-split MacCormack by 1", with varying spacing h and time step k, under the time

step restriction (41), thatis, max{2kh?,ukh '} <1.

Case: k=2"'h?
h IEC) I, . I E(w) [l T I E) Il n
21 0.3050x107* . 0.6500x107* ——— 0.2410x107* .
22 0.9600x 1072 3.1771 0.194x10! 3.3163 0.7800x1072 3.0897
273 0.27 x1072 3.5556 0.56x1072 3.4643 0.22x1072 3.5455
24 0.7000x 1072 3.8571 0.1500x 1072 3.7333 0.6000x1072 3.6667
25 0.2000x 1073 3.5000 0.4000x 1073 3.7500 0.1000x 1072 6.0000

Decay of energy

h [ wlf [ea [ [ wllf el [wlE; laif:
27t 3.6560x 10" 3.7550x10°" 1.2244 x 10° 1.2244 % 10° 3.6560x10°" 3.7550x 10"
272 2.2890x10°" 2.3400x 10" 9.8910x 107" 9.8910x 10" 2.2890x 10" 2.3400x10°"
273 1.8580x10" 1.8740x107" 8.6170x 107" 8.6170x 10" 1.8580x10°" 1.8740x10"
27 1.6800x 10" 1.6840x10" 7.9700x 10" 7.9700x10°" 1.6800x107" 1.6840x10"
2°° 1.5970x 10" 1.5980x 10" 7.6450x 10" 7.6450x107" 1.5970x10°" 1.5980x 10"

Case: k=h<u'h

h I E@ I, T Il B .- e Il Ew) . T
21 0.1400 0.1828 0.1295
22 0.1088x10 1.2868x10 .02176x107 . 0.8393x107 54.52 107 0.2375x107
2% 03903x10* 0.2788x10 1.1039x10% 0.1971x107  01380x10  3.9507x10 "

Tables 7-9. Stability analysis and convergence rate O(h’ 4 At”) for time-split MacCormack by r" with varying spacing h and time step At .

Case: k=2"h?
h NE@) Il . NE@)II.- Lo I E) . .
21 0.8640x 107! [ 0.1238x10° [ 0.831x107" R
272 0.2260x 107! 3.8230 0.3380x 107! 3.6627 0.2170x107? 3.8295
273 0.6200x 1072 3.6452 0.9500x 1072 3.5579 0.6000x 1072 3.6167
274 0.16 x102 3.8750 0.2500x 1072 3.800 0.1600x 1072 3.7500
2°° 4.0000 0.6000x 1072 4.1667 0.4000x 1072 4.0000

h [ wlf [a [ wllf- el [wlE; i
27t 1.2126 x 10" 1.1980 x 10" 2.3821x10" 2.3697 x 10" 1.2126 x 10" 1.1980 x 10"
272 6.5672x10° 6.5110x 10" 1.4545x 10" 1.4462 x 10" 6.5672 % 10° 6.5110x10°
273 4.7867 x 10° 4.7691x 10° 1.0952 x 10" 1.0919 x 10" 4.7867 x 10° 4.7691x10°
274 4.0754 x10° 4.0705x 10° 9.4014 x 10° 9.3911x10° 4.0754 x10° 4.0705x 10°
2°° 3.7584 x 10° 3.7571x10° 8.6876 x 10° 8.6847 x 10° 3.7584 x 10° 3.7571x10°

Case: k=h=|p"|h

h Il Eu) I n Il Bl e Il B Il T
21 3.4220 4.4885 3.1490
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The initial and boundary conditions are given by the exact solution u . Similar to Test 1, we take the mesh size and time step:
h=2"1=1,2,..,5 and ke{27,1=2,3,..,11} .

e Test 3. Finally, let Q be the unit square (0,1)x(0,1) be the unit square and T =1. Assuming that the diffusive term a=1 and

u=—1, the exact solution u is given in [53] by

p—5
2

X

u(x,y,t) = exp(t)|exp +exp

=)

The initial and boundary conditions are given by the exact solution u .

Similar to both Tests 1, 2, the time step and grid spacing are chosen such that: ke {2',1=2,3,...,11} and h=2",1=1,2,...,5. We
compute the error estimates: E(u) related to a three-level time-split MacCormack approach to see that the method is second order
convergent in time and fourth order accurate in space. Furthermore, we plot the errors together with the energies versus n to see
the efficiency and effectiveness of the considered algorithm.

5.1. Stability and convergence of a three-level time-split MacCormack method:a=1and p=1

The analysis on the convergence of the numerical scheme presented in Section 4 has suggested that our algorithm is first order
convergent in time and fourth order accurate in space. If the result provided in Section 2, page 11 is to believe, this shows that the
time-split MacCormack scheme is inconsistent. Surprisingly, it comes from Tests 1-3, more precisely Figures 2-4 and Tables 1-9,
that the three-level time-split MacCormack technique is stable, second order accurate in time and fourth order convergent in space
under the time step restriction (41) , which confirms the theoretical result provided in Section 2, page 11. Thus, the considered
method applied to initial-boundary value problem (1)-(3) is: stable, consistent, second order convergent in time and fourth order
convergent in space. Furthermore, it is worth noticing to mention that the proposed method is fast and requires least
computational costs than a broad range of numerical schemes [10,11,17,19,21,22,26,47] for solving equations (1)-(3). Finally,
numerical examples suggest that the new algorithm can be a robust tools for the integration of general systems of
hyperbolic/parabolic PDEs.

exa.soL(H),num.sol.(G),err(E),h:Tl
8

exa.sol.(H),num .sol.(G),err(}E:),h:T2

Num. Sol.(U) after 6 iter,, h=271

Anal. Sol.(u) after 6 iter., h=27!

5

6 /9% " i o id
/x«/'* 4 ¢ P
4 e # : - o
| ek H 1 * H < =
* C g * G | - . -
2 E 0 - . 5 5
E 1\/1
ol B ol R 05 05 03 05
0 05 1 0 05 1 o<y<1t 0 0 0<x<1 0<y<1 00 0<x<1
0<t<1 0<t<1
exa.sul.(H),num.sol.(G),err(E),h:T3 exa.sol.(H),num.sol.(G),err(E:),h:Z4 Error (E) after 6 iter., h=2t Num. Sol.(U) after 28 iter,, h=2"2
6 6
= o
* G g
: 4 E [
4
2] o 2
* G 2
= F 1
- 0 05 05
0 05 1 0 05 1 0<y<1 00 0<x<1
0<t<1 0<t<1

Anal. Sol.(u) after 28 iter., h=2"2

05 Tos
0<x<1

o<y<t 00

Error (E) after 28 iter., h=2"2

~os

o<y<t 0 0 o<xct

Num. Sol.(U) after 120 iter., h=2">  Anal. Sol.(U) after 120 iter., h=2">

Num. sol.(U) after 256 iter., h=2*

S
o<y<t 0 0 ocxct

0<x<1

o<y<t 00
Anal. sol.(u) after 256 iter., h=2" 4 Error(E) after 256 iter., h=2"*

5

=)

05 NS

([0
o<y<l 0 0 p<xei

0<x<1

o<y<t 00

Fig. 2. (Exact sol. (green), Numerical sol. (blue), Error (red)), u =1+ exp(t +~f2x /2 - \/Ey / 2) .
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exa.sol.(H), num.sol.(G), err(E), h=2" exa.sol.(H), num.sol.(G), err(E), h=07? Num. sol.(U) after 5 iter., h=2"" Anal. sol.(u) after 5 iter,, h=2""
15 1 . .
| B g . g 04 04 =
1 E + E -
05 02 02{"
05 e 0 .
s S | et 1 1
0 S SR . ! Qe H ml 05 05 05 05
0 05 1 0 05 1 o<y<1 00 <x< o<y<1 00 <x<
0ot 0 =y= 0<x<1 =y= 0<x<1
exa.sol.(H), num.sol.(G), err(E), h=23 exa.sol.(H), num.sol.(G), err(E), h=2"* Error(E) after 5 iter., h=2"1 Num. sol.(U) after 25 iter., h=2"2
1 .
k. H H
% G * G
+ + E
05 E 05
% 05 1 % 05 1 o \o’ o>
0<y<1 0 <x<
o<t o<t v O=x<1
Anal. sol.(u) after 25 iter,, h=27? Error(E) after 25 iter., h=27? Error(E) after 100 iter., h=2-2
x10°
- <
04 0.01 02 S,
SISCOTITITSISITTX,
SESEESEIIR
LSS
0 ol 01 SIS
i 1 : KIS
: ~ 1 A oo 1
05 05 05 05 oy 05 S o5
0yt 00 pexel o0sy<1 0yt 00 gexel osys1 00 gexar

Num. sol.(U) after 100 iter., h=73 Anal. sol.(u) after 100 iter., h=2" 3 Anal. sol.(u) after 500 iter., h=2"* A}aﬂzer 500 iter., h=2"*
Lo x 10 .

o<yl 00 gexar 0cy<1 00 gexal

Fig.3. a=1, =08 and U = exp(—a(x — ut — 0.5 / (1 +4t) —a(y — ut — 0.5 / (1+4t)) / (1 + 4t)

6. General conclusion and future works

In this paper we have developed a robust three-level explicit time-split MacCormack scheme for solving the two-dimensional
unsteady convection-diffusion equation (1)-(3), and we have analyzed the stability (Theorem 1), error estimates (Theorem 2) and
the convergence rate (Tables 1-9) of the proposed approach. The analysis has suggested that our method is stable, consistent,
second-order accuracy in time and fourth-order convergent in space under the time step restriction (41). This convergence rate is
confirmed by a wide set of numerical examples (Figures 2-4 and Tables 1-9). Numerical evidences also indicate that the new
algorithm is: (a) more efficient and effective than a large class of numerical schemes applied to problem (1)-(3), and (b) robust tools
for the integration of general systems of hyperbolic/parabolic PDEs. For problem with high Reynolds number flows where the
viscous region becomes too thin, MacCormack developed a hybrid version of his scheme, so called MacCormack rapid solver
method [37]. The new hybrid scheme is an explicit-implicit method which can be proved to be from 10 to 100 faster than a time-
split MacCormack algorithm (for example, the readers can consult [54], p. 632). Our future investigations will consider the three-
level time-split MacCormack for solving two-dimensional evolutionary advection-diffusion equations with variable coefficients.
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Fig. 4. a=1, p=-1 and u(x,y,t) = exp(t)[exp((p - \/g)x / 2) + exp((p - \/E)y / 2)]

Nomenclature
I Convective term I’(Q), I’(0, T;1*(Q))  Spaces of square integrable functions
Velocity of the fluid in region [l 1l Usual norm and scalar products defined
(wuw) 0 =(0,1)x(0,1) () (o) (o), on I2(Q)
T Final time a Diffusive coefficient
X,y Space-variables 90 Boundary of Q
7 Boundary condition t Time-variable
ou/ ot Partial derivative of u with respectto t Uy Initial condition
o/ ox, ou/ dy ZETE; derivative of u with respect to x Ax, Ay Space steps
Ai(u) One-dimensional differential operator £ttt Predicted times
At,, At, Time step in the direction of x and y uwouuu Predicted values

L(At,),L,(At,))  One-dimensional difference operators
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