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Abstract. A new method is described, allowing to locate and also measure the length and orientation of crack-type damage
features in thin-walled composite beams (TWCB), a capability not previously reported. The method is based on a modal-analysis
technique and is shown to work on a hollow composite beam, going beyond previous work limited to simple beams and plates.
The method is shown to be capable to function down to signal-to-noise ratios (SNR) of about 15, corresponding to far noisier
conditions than in most previous work. This capability is achieved by a combination of wavelet de-noising and the use of a 2D
Continuous Wavelet Transform (CWT), applied to two modal analysis metrics, COMAC and Mode Shape Differences (MSD). The
length and orientation of the crack can be determined accurately using a 2D curve fitting approach. Using either COMAC or MSD
produces reliable results, but MSD is found to be somewhat more noise-tolerant. The new method is believed to be useful for the
measurement of damage features in a variety of thin-walled composite beams such as aircraft wings and wind turbine blades,
among others.

Keywords: Modal analysis; Damage detection; Damage assessment; 2D curve fitting.

1. Introduction

Composite laminates have been extensively applied in many engineering fields [1], due to their high specific stiffness and
strength, low weight, corrosion resistance, and non-conductivity [2]. However, under various working conditions, or after long-
term operation the structural integrity of composites structures could be affected. Therefore, structural health monitoring (SHM)
techniques for damage detection and location are an important aspect of structural integrity assessment, e.g. for modern wind
turbines [3]. In SHM, vibration-based damage detection has been one of the most widely applied non-destructive methods [4].
Vibration-based methods (VBM) are accurate, non-destructive, and inexpensive. If applied to SHM, VBM allow for the evaluation of
the state of health of a structure by analyzing its dynamic response [5]. Structural damage can cause changes in structural
stiffness, and further change the structural modal parameters [1]; [6]. A number of approaches have used Modal Assurance
Criteria (MAC) and Coordinate Modal Assurance Criteria (COMAC) as convenient metrics for mode shape comparison, quantifying
the degree of consistency between mode shapes [7]. Both metrics are therefore natural candidates for identifying damage in a
mechanical structure by detecting deviations from an ideal mode shape. Methods based on the MAC metric have been reported to
be able to detect the presence of damage, whereas COMAC has been shown to also locate damage features [8]. Altunisik et al. [9]
calculated and measured natural frequencies and mode shapes for undamaged and damaged beams with a hollow circular cross-
section. MAC and COMAC factors were obtained from the mode shapes and criteria for damaged location identification were
established. However, damage features in mode shapes can easily be masked by noise, limiting the usefulness of the direct
application of the MAC and COMAC methods to relatively large damage features [10]. For small damages, singularities in mode
shapes arising from damage features can be detected and located more easily using some version of the wavelet transform, since
small singularities in the mode shapes cause substantial variations in the wavelet coefficients [11]. A number of works have
exploited this general idea, though so far mostly on one-dimensional test systems [12]; [13]; [14]; [15]. On the other hand, few
works use the 2D wavelet transform. More recently, a few groups of authors have demonstrated the applicability of this approach
to 2D samples. Abdulkareem et al. [4] used a 2D Continuous Wavelet Transform (CWT) to detect damage in steel plate structures.
Wei Xu et al. [16] used the complex-wavelet 2D modal curvature (MC) method to eliminate noise and characterize non-uniform
cracks under noisy conditions in plate-like structures. A limitation of the method was a rather high signal-to-noise (SNR) ratio of
65 dB required for damage detection. Makki et al. [17] were able to improve upon this SNR limit by using a somewhat different
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approach, based on a 2D Discrete Wavelet Transform (DWT) of the frequency response functions (FRF) of the damaged structure.
The authors used the horizontal detail coefficients to localize damage up to noise levels of 5%, equivalent to a SNR of 26 dB. Yang
and Oyadiji [18] combined Modal Frequency Surfaces (MFS) and 2D-CWT for damage detection in 2D composite laminate plates.
The authors were able to demonstrate that delamination events could be detected with their method. A compilation of the recent
work in the field has been shown in Table 1.

Even though damage detection methods based on the combination of modal analysis with wavelet transform techniques have
attracted considerable attention in recent years, the field still seems to be rather incipient. Firstly, the majority of recent work still
focuses on one-dimensional structures; see Table 2. Secondly, most of the published work on two-dimensional structures is
limited to simple structures such as metal plates; the authors have only located one exception [18]. Thirdly, most published
approaches are not very noise-tolerant, i.e. they require high signal-to-noise ratios to be successful. This is illustrated by the sixth
column of Table 2, where only one exception [4] stands out in this respect. Finally, to the best knowledge of the authors no
technique reported in literature seems to be able to yield information about geometric aspects, such as the length and orientation
of a crack-type damage feature; see the fourth column of Table 2. The present work improves on all four of these shortcomings.

Regarding the test object, the present work uses a hollow (thin-walled) cylinder with an elliptical base area, made from fiber-
reinforced polymer composite material. This test system can be viewed as a simplified version of a wind turbine blade or
composite beam for structural applications, and therefore adds a realistic perspective to the study. As far as noise tolerance is
concerned, it will be shown that the approach described in this work works down to SNR levels of 15 dB, which is comparable to
the current state of the art [4]. And finally, a completely new capability is introduced, the one to measure the length and
orientation of a crack-type damage feature.

The present work is organized as follows: Section 2 provides a brief overview of the methodology, followed by a in description
of the setup of the FE-based computer experiments in section 3. Section 4 walks the reader through the different steps of the
main steps used in this work to detect and locate damage. Section 5 introduces the surface fitting approach used to assess the
length and orientation of crack-type faults and provides a comprehensive assessment. Section 6 provides some discussion of the
results obtained. Section 7 summarizes the findings and points to some future work.

2. Methodology Overview

Fig. 1 presents a graphic summary of the methodology used in this work, which consists of six main stages. In the finite-
element stage, the simulation of the geometry used in this work was carried out, the properties of the materials were loaded, and
the modal information (mode shapes and frequencies) was extracted. The next stage is the detection of damage through COMAC
and mode shape differences (MSD) for noise-free signals. Then the effect of noise was analyzed, for which noise of different SNR
levels was added to the mode shapes. Subsequently, a noise elimination procedure using wavelets with three main stages was
carried out: decomposition, threshold detail coefficients, and reconstruction. In the next stage, a wavelet transform in 2D was
applied to the results of the wavelet de-noising. Different scale levels were analyzed, with the mother wavelet being the derivative
of Gaussian in all cases. In the final step, an evaluation of the size and inclination of the fault is presented using the parameters
resulting from the fitting of a bi-Gaussian surface.

Table 1. Overview of the recent literature.

Reference Ref. # Description

(He et al., 2017) [1] Nondestructive identification method for composite beams (Carbon fiber TR50).

A damage index for the crack identification of FGM beams is introduced. The damage index was

(Zhu etal., 2019) (1] employed to identify the accurate position of the crack and reduce the edge effect.
(Manoach et al., 2017) [5] {)\e;(;i?care map based damage index is presented for damage detection and location in composite
(Zhang et al., 2020) (8] The COMAC apd modal curvature indexes were applied to identify the damage of a ship under different
conditions using numerical experiments.
(Alturusik et al., 2017) 9] Modal parameter identification and vibration-based damage detection of a cantilever beam with hollow

circular section and multiple cracks.

(Shahsavari et al., A principal component analysis was first performed to identify the most important patterns of variation

2017) (1] in the wavelet coefficients and to minimize the effect of noise.
(Swamy et al., 2017) [12] Damage identification in beam structures based on continuous wavelet transform (CWT). The input to
y ” the CWT is the spatial signal of the displacement mode shapes.
Mode shape de-noising by SWT, and the results are the input to a 1D-CWT. Wavelet transform
(Serra and Lopez, 2017) [14] coefficients serve as damage indices, which are standardized according to a statistical hypothesis
approach.
aneliukstis et al., Experimental validation of the applicability of a mode shape based spatial (CWT) technique and the
[13] p 19 y p P q
2017) MSCS method for detection and localization of damage in a beam structure.
(Skov et al., 2013) [19] Non-uniform crack identification in plate-like structures. A complex-wavelet 2D modal curvature
” approach was shown to be capable of simultaneously eliminating noise and characterizing cracks.
Damage detection and localization scheme using frequency response functions (FRFs) of the damaged
Makki et al., 2015 17 structure. A 2-D discrete wavelet transform (DWT) working on measured FRFs of the damaged structure
g &
is used.
‘Abdulkareem et al., The mode shape difference of a square steel plate was subjected to WT decomposition. At high noise
13] p q ' p ) ¢ p n1g
2019) levels, the damage needs to be substantial to be detected; boundary conditions shown to be critical.
(Yang and Oyadiji A vibration-based damage detection method for composite laminate plates using 2D-WT is investigated
g 2017) yadu, [18] through numerical examples with delaminations of various sizes and different thickness (depth)
positions.
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Table 2. Characteristics of recent work in the field. Abbreviations: LR Likelihood ratio; MSCS Mode shape curvature squares; SWT Stationary wavelet
analysis; CW-MC Complex wavelet-modal curvature; AWGN Additive white Gaussian noise; CMD Curvature mode difference; FGM Functionally
Graded Materials; CWT Continuous Wavelet Transform; WN White Noise; MC Modal Curvature; NN Neural Networks; PCA Principal Component

Analysis; UDRN Uniformly Distributed Random Noise; MFS Modal Frequency Surface.

Size Noise Minimum SNR De-

Ref.  Structure Dim. ass. Analysis [dB] noising Method
[1] Composite cantilever beam 1D No No - No CMD
[15] Homogeneous cantilever beam 1D No WN 60, 46, 40 No CWT
[5] Composite beams 1D No No - No Poincare map
[8] Girder of a ship 1D No No - No COMAC, MC, NN
9] Cantllever. beam w/ hollow circ. 1D No No ) No MAC, COMAG
cross-section
[11] Steel beam 1D No No - PCA CWT. LR
[12] Free-free beam 1D No No - No CWT
[14] Cantilever steel beam 1D No WN - SWT CWT, DWT
(13 Aluminium & carbon/epoxy . No UDRN 28 No CWT, MSCS
composite beams
[19]  Aluminum plate 2D No Yes 65 No CW-MC
[17]  Two-fixed-end steel beam 2D No AWGN 34, 26 DWT DWT
[3] Steel plate structures 2D No AWGN 34, 19, 18, 14 No CWT
[18] Composite laminate plates 2D No UDRN - No MFS-CWT

3. Finite-element Modeling and Simulation Set-up

All results shown in this work were obtained with a set of computer experiments based on finite-element simulation. For damage
detection, a hollow elliptical cylinder made from composite material, representing a typical thin-walled structure, was used; see
Fig. 2. Modal analysis was used to extract the natural frequencies and mode shapes of the structure using the academic version of
the commercial finite-element (FE) modeling software ANSYS 19. The elliptical cylinder shown in Fig. 2 has the following
dimensions: a major axis of 100 mm, a minor axis of 60 mm, and a length of 585 mm. The walls of the cylinder have a layer
structure of [0/90]2s, with each layer having a thickness of 2 mm. The material properties employed in the FE analysis are given in
Table 3. A simple meshing was carried out with the smooth transition option of ANSYS, and 6576 elements with 6541 nodes were
obtained. For each node the 3 components of the displacement modes were calculated (x, y, z coordinates), from which their
magnitude was obtained.

Composite beam
FE model

® "IIJE;
o I"

Damage identification metrics
(1) COMAC (x,y)

_>: (2) MSD (x,y) E_,@

Added noise at
—> defined SNR levels

'HW

Output: Mode shapes for
(un)damaged beam

Damage map

EY

2D Continuous
Wavelet Transform Size and orientation assessment
through surface fitting

Fig. 1. Graphical overview of the methodology used in the present work.
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Table 3. Materials properties used in this work.

Property Parameters Value Unit
E11 32.296 Gpa
Elasticity modulus
E22 = E33 13.971 GPa
G12 6.987 GPa
Shear modulus
G13=G23 5.756 GPa
v12 0.262 -
Poisson's ratio
v13=v23 0.312 -

Table 4. Locations of the crack-type faults studied in this work.

Fault type Shortcut Location (6) [°] Location (z) [mm]
Transverse t 71.21 - 108.78 180
Longitudinal L 90 159 - 179
Diagonal 23 79.67 - 100.32 161.67 - 179
Diagonal da 73.2 - 106.79 260 - 270

The surface of the beam shell can be conveniently represented in 6 - z plane, where (r, o, z) are cylindrical coordinates, or
alternatively, in the p - z plane, where p is the arc-length coordinate at the outer edge of the shell:

p(e):fl

where 12 = x? + y?, and X = Gmaj COSO, ¥ = Amin SiNG, and dmej = 100 mm, amin = 60 mm. The representation 6 - z was used for
visualization, since the association with the angle 6 is more intuitive, whereas p - z was used for the length and orientation
assessment. All faults on the test object were designed to be crack-like and were placed on the upper half of the beam. The
dimensions of the damage feature were fixed for all simulations, with a crack of Al = 20 mm, width = 1 mm, and a depth of 2mm.
The positions (Fig. 2) of the different crack-type faults analyzed in this work with respect to the 6 and z coordinates are given in
Table 4. The faults di and d» are diagonal damages with inclinations of 60° and 30° with respect to the z coordinate.

d 2 1/2
d7;] +71*| do )

4. Damage Detection

4.1 Metrics used in this work
Coordinate Modal Assurance Criterion

The Coordinate Modal Assurance Criterion (COMAC) is an extension of the Modal Assurance Criterion (MAC) [7], seeking to
identify which measurement point contributes negatively to a low MAC value. This criterion is calculated based on the healthy
and damaged mode shapes by means of the following formula [8]:

ZN:
r=1

2
A )6 )

T

COMAC(i,j) =

S (6 (1))

r=1 r

(2)

where N is the number of mode shapes and ¢ (i, j) and ¢:@ (i, j) are the values of the nodal displacement at nodes (i, j) in the
rth mode of the undamaged (u) and damaged (d) structure, respectively. By definition, COMAC is a dimensionless quantity
contained in the interval [0,1], where a value of 0 implies no correlation (pointing to damage near the node) while a value of 1
implies full correlation (no damage near the node) [19]. In this paper, COMAC was calculated with the first 10 displacement modes
obtained with the finite-element model built in ANSYS.

Fig. 2. Geometry of the test object and nomenclature of the damage features studied.
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Mode shape differences

The mode shape difference (MSD) is the value obtained when the mode shape of the damaged structure is subtracted from
the undamaged structure's mode shape [3]. To summarize the results for all modes, the average mode shape difference at a given
node is calculated for all modes. As in the case of the COMAC metric, 10 displacement modes obtained with ANSYS were used to
create MSD damage maps:

N o (iY@ (i
MSD— 3% (Lj) - (i,4)

r=1 N

1 1-COMAC %10 111-COMAC <10 d11-COMAC «10* 6 d2 1-COMAC %10
22 16
2 150
25 14
M 200
1.6 12
2
14 250
~ 10
<=
15 2 B a00 5
1
! 0g 360 "
06 400 %
05 04
450
0.2 2
500
50 100 150 50 100 150 50 100 150 50 100 150
angle ¢ angle ¢ angle ¢ angle ¢
t1 1-COMAC x10% 111-COMAC x10° d11-COMAC d2 1-COMAC x10°

angle ¢

0.5

80

90
angle ¢

100

110

angle ¢

angle ¢

Fig. 3. Damage maps in the 6 - z plane of the sample, obtained with the COMAC metric for all four damage features studied in this work for the case
of vanishing noise. Upper row (subplots (a)-(d)): Overview of the upper surface of the sample. Lower row (subplots (e)-(h)): close-ups of the damaged
regions. First column (plots (a) and (e)): transverse fault t.. Second column ((b) and (f)): longitudinal fault .. Third column ((c) and (g)): diagonal fault d.
oriented at 30° with respect to the z-axis. Fourth column ((d) and (h)): diagonal fault d,, oriented at 60° with respect to the z-axis.

t1 MSD

m 100

98 150

0.4

03

02 350

0.1

11 MSD

-
(b)
0

d1 MSD

0.5

0.3

0.1

d2 MSD

50 100 150 5 100 150 100 150 50 100
angle 0 angle ¢ angle ¢ angle 0
1 MSD 11 MSD d1 MSD d2 MSD

0.5

04

03

0.1

angle ¢

90
angle ¢

100

110

80

90
angle ¢

110

80

90
angle ¢

100

150

110

0.5

0.4

03

0.2

0.1

0.5

0.4

0.3

0.2

0.1

Fig. 4. Damage maps in the 6 - z plane of the sample, obtained with the MSD metric for all four damage features studied in this work for the case of
vanishing noise. Upper row (subplots (a)-(d)): Overview of the upper surface of the sample. Lower row (subplots (e)-(h)): close-ups of the damaged
regions. First column (plots (a) and (e)): transverse fault t.. Second column ((b) and (f)): longitudinal fault .. Third column ((c) and (g)): diagonal fault d.

oriented at 30° with respect to the z-axis. Fourth column ((d) and (h)): diagonal fault d,, oriented at 60° with respect to the z-axis.
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4.2 Damage detection in the absence of noise

Damage detection with the COMAC and the MSD metric

As an introduction to the damage assessment, damage maps obtained with the COMAC and MSD methods will be shown for
the case of vanishing noise. Figure 3 shows the damage maps obtained with COMAC for all four faults studied in this work:
transverse (t1), longitudinal (1), and diagonal (di and d»). The damage features can clearly be distinguished as elliptical features in
the (o, z)-plane of the sample, with the orientations and major axes of the ellipses being roughly consistent with the angles and
lengths of the cracks, as confirmed by the close-ups into the damage regions (subplots (e)-(h)).

Similar results have been obtained with the MSD metric, as evidenced by Figure 4. The overall conclusions are the same as for
the COMAC case. The damage signal appears to stand out somewhat more compared to the COMAC case; otherwise, the results
appear to be very similar.

4.3 Damage detection with finite noise levels

Damage maps at different SNR levels

In practice, the presence of noise is inevitable. Therefore, it is important to assess the robustness of the methods in the
presence of noise. For the analysis of the signals with noise, Gaussian white noise was introduced to the information of the mode
shapes, obtained with ANSYS. For this, the MATLAB awgn command was used, for which it is necessary to specify the SNR signal
to noise ratio. The signal-to-noise-ratio (SNR) is expressed as [17]:

P signal

SNR = 10log,, =20log,,

1
noise g] (4)
where P denotes the average power of the signal and e is the noise level. The different damages were analyzed under different
noise levels. Figure 5 shows damage maps at finite noise levels, obtained with the MSD (subplots (a, c)) and the COMAC method
(subplots (b, d)), respectively. In can be seen that neither of the methods MSD method is capable of detecting the location of the
damage by itself for SNR levels smaller than 40 dB.

Wavelet de-noising

Wavelet transform has been extensively used for signal de-noising [20]; [21]; [22]. The basic idea behind the wavelet-based de-
noising is to decompose the original signal into multiple sub-bands of wavelet coefficients at the chosen level [17]. In the present
context, a noisy damage map (obtained with either the MSD or the COMAC method) sn can be represented by:

S, (L)) =5,(1,)) + oe(i,)) (5)

where so (i, j) is @ MSD or COMAC map derived from the two-dimensional modes shapes calculated with the FE model. finite-
element, and e is the noise signal with variance ¢ In this work, the Matlab command s» = awgn(so (i, j), SNR) was used to add
Gaussian noise to the original signal at a given SNR ratio. The de-noising procedure consists of three steps: (1) wavelet
decomposition, (2) specification and application of a threshold to the wavelet detail coefficients, and (3) reconstruction of the
signal by using only detail coefficients above the threshold. In the first step, a wavelet type is chosen and the number of
decomposition levels L is specified according to

L =floor(log, N) (©6)

where N is the number of samples in the data set. The wavelet decomposition of the signal is conducted down to level L. In
the second step, the detail coefficients are subjected to threshold filtering using

Threshold =, l21n(1ength<sn,j)) )

as a threshold. The expression of eq. (7) is also referred to as the universal threshold. snj identify the columns of the matrix sa (i,
j). In the final step, the signal is reconstructed using the estimated wavelet detail coefficients [20]. In this paper, the Matlab
command wdenoise was used for this process, in conjunction with the wavelet Symlet4.

It should be pointed out that the (discrete) wavelet-based de-noising process described above is completely different from the
two-dimensional Continuous Wavelet Transform process and should not be confused with the latter.

Damage location with wavelet de-noising

An example of the usefulness and limitations of the wavelet de-noising process described in the previous subsection will be
discussed below. Fig. 6 shows the results of the de-noised MSD damage maps for different signal-to-noise ratios (SNR = 65, 40, 28,
and 14 dB). The specific values chosen correspond to some of the values reported in literature as the SNR levels required for a
correct detection of a damage feature; see Table 2. As can be seen from Fig. 6, de-noising alone provides good results at generous
SNR levels such as 65 dB or 40 dB, where the original damage signal can be reconstructed very well. At SNR = 25 dB, it is still
possible to discern a signal, but the shape is totally distorted and any prospect of detecting geometric features of the fault
appears to be unlikely. At still lower levels, such as SNR = 14 dB (Fig. 6 (d)), the signal barely stands out of the noise background.

Two-dimensional Continuous Wavelet Transform (2D-CWT)
The continuous wavelet transform (CWT) of a one-dimensional signal f (x) is given by:

Wf(M»S)Z(f,wu,Q:%z<f(><), o5 e @

where Wf(u,s) is the wavelet coefficient for the family of wavelets yus. u and s are the translation and scale parameter,
respectively. The function y is generally referred to as the mother wavelet. The set of functions y ((x-u)/s) is the corresponding
wavelet family, derived from the mother wavelet. The 1-D wavelet transform can be extended to 2D, as described in the following.
Let f(x,y) be a signal belonging to the Hilbert space L%R?). The horizontal wavelet y ®(x, y) and its vertical counterpart v @(x, y) can
then be constructed from separable products of a scaling function ¢ and a wavelet function y:

X—Uu
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W xy)=ex)v(y) ©)
v (xy)=v(x)e(y) (10)
A family of wavelet functions can then be defined as follows:
1/)(0 _lw() X—u y v i=1,2
u,v,s s s

(11)

The 2-D continuous wavelet transform of the function f(x, y) defined with respect to vertical and horizontal wavelets, can then
be defined as [23]:

xuyu

W()f(uus) fwws \/_fff X, Y)Y dxdy

(12)

A sudden peak in the wavelet coefficient analyzed indicates a candidate location for damage in the structure. In this work, the
function f(x, y) represents a given mode shape of the TWCB test sample, obtained with the finite-element model

/-
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Mother wavelet

No fixed rules exist for the selection of a mother wavelet, so the most appropriate mother wavelet generally depends on the
type of problem [24], and trial-and-error approaches are often applied to choose the most appropriate mother wavelet [25].
Different mother wavelets have been used for damage detection with the two-dimensional wavelet transform, such as the Haar
wavelet [17], the Paul wavelet [4], the Derivative of the Gaussian (DoG) wavelet [26], and the Gabor wavelet [19]. In this work, the
Derivative of the Gaussian wavelet was used. The DoG wavelet is given by [26]:

2 2 2
w2 =0
(L (X) =V G(X) - T &Xp|— (13)
o 20
t1 1-COMAC SNR30 B 465 t1 1-COMAC SNR30 + denoising x10 i t1 1-COMAC SNR30 + 2D-CWT %10 15 t1 1-COMAC SNR30 + denoising + 2D-CWT x10
i 12
i 10 2
8 W 15
3 g .
4 4
05
2 2
(a) (c)
70 80 100 11 70 80 90 100 110 80 90 100 110
angle ¢ angle ¢ angle ¢ angle ¢
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Fig. 8. 2D-wavelet transformed COMAC (top row) and MSD (bottom row) damage maps all four cracks (transverse ti, longitudinal I;, diagonal d;,
diagonal d,), with de-noising conducted prior to the 2D-wavelet transform. The signal-to-noise ratio (SNR) was 30 in all cases s = 6.
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Damage location with and de-noising and 2D-CWT

As mentioned before, damage detection and location is achieved through a combination of (wavelet) de-noising and a 2D
Continuous Wavelet Transform (CWT), as shown in Fig. 1. The effect of the different processing steps is illustrated in Fig. 7 for the
case of the COMAC metric. Damage maps pertaining to a given row pertain to a particular type of fault (transverse, longitudinal,
diagonal 30°, diagonal 60°), whereas columns show the effect of a specific combination of processing steps (none, de-noising only,
2D-CWT only, de-noising + 2D-CWT). It can be seen that even at a generous signal-to-noise ratio of SNR = 30 no hint of a damage
feature shows up in the damage mabp (first column). De-noising (second column) evidently reduces the noise level, but only a very
faint hint at the faults appears, which can hardly be distinguished from the background. The direct application of the 2D-CWT
method produces certain structures, but those do not align with the true fault positions, extensions and orientations. The
combined application of de-noising and 2D-CWT, finally, (fourth column) does produce a clear signal in the 6 - z plane (yellow
areas), which can be further analyzed for their usefulness for damage assessment. DoG mother wavelet and a scale of s = 6 were
used for all DWT-processed maps.

A comparison of the COMAC and the MSD method is shown in Fig. 8, where the wavelet coefficients obtained from de-noised
versions of the COMAC and MSD damage maps have been dispalyed again using a DoG mother wavelet and a scale of s = 6. It can
be seen that the intensity of the damage signal is about the same in both methods, with the COMAC method producing a
somewhat narrower signal. Either methods seem to be suitable for damage detection, though it is not clear at this point whether
these approaches are also useful for a quantitative assessment of the damage. As will be shown below, this is indeed the case.

5. Length and Orientation Assessment

While detecting and locating a fault in a structure, possibly in combination with a certain threshold for the damage intensity,
may sometimes be enough to trigger a certain action, e.g. an inspection followed by a corrective maintenance procedure, often it
may be critical to also know the size of the fault. It may be possible to tolerate an incipient crack for a certain amount of time,
especially if the inspection and maintenance procedure is costly (involving, say, a helicopter flight to an off-shore wind farm),
whereas a crack of a certain length might trigger immediate action (say, curtailing or shutting down a wind turbine). Measuring
the length of a crack therefore adds significant value to a Structural Health Monitoring (SHM) approach. The orientation of a crack
also provides additional useful information, as it may provide tale-tell evidence of the nature of the fault.

The general idea used in this work starts with the observation that crack-type faults translate into features in the processed
damage maps which can be well approximated by continuous two-dimensional functions fit (x, y). Ideal damage maps (either
MSD or COMAC), obtained in the absence of noise, and without further processing yield damage features with can almost
perfectly been fitted with bi-normal functions. Though the presence of noise precludes the direct use of MSD or COMAC maps, as
explained above and shown in Fig. 7, the processed maps (after applying a de-noising and a 2D-CWT stage) still produce damage
features which are roughly bi-normal. The key question arising is then evidently: are the scale parameters of the bi-normal fit
consistent with the length and orientation of a given crack? In other words, can the geometrical parameters of the crack be
measured with this method? As it will be shown below, the answer to this question is yes.

5.1 Length measurement of crack-type faults: general approach

For the evaluation of the damage size, a bi-normal function surface fitting procedure is performed on the results on the CWT
surfaces obtained from de-noised MSD or COMAC maps. A bi-normal function has the following structure:

fit — Aexp " gpblEme) Zfe]z] (14)

,[pfb
C

+9 ~d

where A is an overall amplitude, (b, e) is the center location of the fault, and (c, f) are characteristic spreads of the fault in the p
and z direction, respectively. For convenience, the “toggle” parameter g has been introduced, indicating whether the bi-normal bell
curve is oriented along either of the two axes p or z, in which case g = 0, or whether the more general case of an arbitrary
orientation applies (g = 1). The parameter d controls the rotation angle of the function.

5.2 Length measurement at transverse and longitudinal cracks

It is instructive to first study the case of transverse (z = const.) or longitudinal (p = const) cracks. In this case, the toggle
parameter g is equal to zero. A few illustrative results have been plotted in Figure 9, where a section of the de-noised and CWT-
transformed MSD map in the vicinity of the longitudinal crack has been plotted for different signal-to-noise ratios (SNRs = 65, 40,
28, and 14 dB) and a scale value of 12, together with the best bi-normal surface fits. The fit function is shown in intense colors,
whereas the empirical data have been plotted as a mesh plot (light colors). It can be seen that the fit is fairly good in all cases. A
somewhat more conspicuous deviation between the two surfaces arises at the base of the hill, where the empirical data set
shows some oscillations, resulting from the CW transform, which mistakenly interprets some random fluctuations as structural
features; see also Figure 8 and the corresponding interpretation.

The next question arising is how to interpret the scale parameters of the bi-normal surface plot. It can be seen from Fig. 9 that
the fit surface has a finite extension in both the longitudinal (z) and transverse (p) direction, so it is not clear from the outset what
the predominant crack orientation should be. The following three-part hypothesis was established and tested: (1) The width of the
crack cannot be resolved with the method proposed in this work, at least not under realistic noise levels. (2) The dimension
associated with the crack orientation is the one with the larger characteristic scale (c or f, respectively). (3) The characteristic
dimension in the crack direction is a well-defined measure of the crack length. Part 1 of the hypothesis is due to the recognition
that even a very small crack width (1mm, in this case) produces a relatively spread of the damage signal in that direction (albeit
smaller than in the crack direction). Part 2 states the (expected) observation that the signal spread in the crack direction (if
measured in the p-z plane) is larger than the spread in the perpendicular direction, thereby also allowing to determine the
orientation of the crack; see below for a more systematic approach to this subject. Part 3, finally, expresses the expectation that a
systematic relationship should exist between the crack length and the characteristic scale, at least for a given combination of
detection method (MSD or COMAC) and scale factor, and that a method could be devised for inferring the true length from a set of
measurements or processing steps.

Exploring the validity of the above assumptions we will first refer to the case of the longitudinal fault I.. To quantify the results,
the length ratio n= Al/f has been defined, measuring the ratio between the true fault length Al and the characteristic scale f of the
bi-normal fit for the z-direction. Similarly, a length ratio for transverse faults can be defined by r:= Al/c. The general case of
arbitrarily oriented crack will be discussed further below.
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Fig. 9. Example results of the bi-dimensional curve fitting process, shown for the case of the longitudinal crack and the MSD method. (a) SNR = 65dB,
(b) 40dB, (c) 28dB, (d). The scale parameter of the 2D-CWT was s = 12 in all cases.
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Fig. 10. Measurement of the length of the longitudinal fault with the MSD (left) and the COMAC method (right) as a function of the scale
parameter and for different noise levels. Both graphs show the longitudinal length ratio r.

The results for the longitudinal length ratio as a function of both the signal-to-noise ratio and the 2D-CWT scale factor, r (s,
SNR;), are shown in Fig. 10, with the left plot corresponding to MSD and the right plot to the COMAC method. As expected, the use
of larger CWT scale factors s lead to larger characteristic lengths of the damage feature in MSD and COMAC maps; consequently, r
decays monotonically with s The noise level, o equivalently, the SNR level has some influence on the results, but the influence is
minor, with the possible exception of a few data points in the COMAC case. As shown in Fig. 10, the average r curve, (r)(s) = = r (s,
SNR;i) / Nsnr , with Nswr = 5 being the number of SNR levels, can be fitted almost perfectly to an exponential curve of the form

T =T, + Arexp(—s/s,) (15)

This holds true in both cases, i.e. using either the MSD or the COMAC method, though with different fit parameters. In the
case of the transverse length ratio, the rt(s, SNRi) curves for individual signal-to-noise ratios SNRi show a slightly more complex
behavior than in the previous case of longitudinal faults, but the overall variation is smaller. The average r: curves (ri)(s) = £ 1t (s,
SNRi) / Nsnr are much flatter than in the longitudinal case, reaching a near-asymptotical value for scale factors s of the order of 6.
As before, the exponential fit (eq. (13)) represents a very good approximation to the average curve. As shown below, this trend
continues to hold in the more general case of diagonally oriented faults. This case will be described next.
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Fig. 11. Measurement of the length of the transverse fault with the MSD (left) and the COMAC method (right) as a function of the scale parameter
and for different noise levels. Both graphs show the transverse length ratio r:.

5.3 Length measurement at diagonal cracks

Diagonal cracks correspond to the general case of the bi-normal fit, where the toggle parameter g has been set to g = 1. In this
case, the argument of the exponential function in eq. (12) can be written as

1 2

c d||x X

S 4yl vl
d f°

where X =p - b and Y = z — e. A is the symmetric matrix that characterizes the quadratic form. Given its symmetry, A is

orthogonally diagonalizable, i.e. Q'TAQ = Q*AQ = D, where D is a diagonal matrix. The matrix Q is obtained with the normalized
eigenvectors:

arg(fit) =[X Y]
(16)

Q= (‘71:02) (17)
X, X, ' 1AT
[Yu‘:Qlyuv]:}[xu Y“]:[X“ YM]Q (18)
Consequently,
] Cooaly olx,) S &
arg(fit) = X, Y“]lO N ] o= X, Y, ]D{Y“.] (19)

where L1 are the eigenvalues of A. Given that the representation of arg(fit) in eq. (15), for the general case g = 1, is completely
analogous to the special g = 0. the measurement of the crack length can also proceed in a similar way. Now that arg(fit) with g = 1
has been cast into a form analogous to the special case g = 0, the characteristic scale in the direction of the crack can be obtained
from:

1
L = | ———
ek =3 i () (20)

Defining a length ratio as before, now for diagonal (i.e., arbitrarily oriented cracks), by raiag = Al/lerack, Where the true crack
length continues to be Al = 20 mm, we can now study rdig (S, SNR). The results are shown in Figures 12 and 13.

It is conspicuous from both figures that the general observations obtained with the transverse and longitudinal fault,
respectively, still hold in these more general cases. As before, the dependence of raisg (S, SNR) on SNR is minor, with the main trend
being determined by the dependence on the scale factor. A possible exception is the case of the three lowest SNR values (15, 20,
and 25 dB) in the case of the MSD method, which seem to have a systematically lower length ratio as the damage features at
higher signal-to-noise ratios. This result has of course to be taken with a grain of salt, as more in-depth analyses with better
statistics (which are beyond the scope of the present work) might reveal this difference to be a statistical fluctuation. In any case,
in order to err on the safe side, a separate average and fit curve have been calculated for these three low-SNR cases; see Fig. 11. It
is conspicuous that even in these cases the asymptotic length ratio r.. seems to be approximately the same, making r. a candidate
for a robust measure of the crack length.
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Length ratio for diagonal fault D2 | COMAC method
5

Length ratio
ra
Fa on

ey
o

0.5

coodeo No noise
#+  35dB
% 25dB
# - 20dB
Exponential fit
O Average

Length ratio
[ o%]
i8] o (¥

'y
o

8 10 12

Scale parameter s

© No ndze

- 40 dB
35 dB

- 30dB

25dB

20 dB

Exponential fit
O Average

— — — Asymplole

ceaas

14 2 4 5] 8 10 12

Scale parameter s

14

Fig. 13. Measurement of the length of the diagonal fault d> with the MSD (left) and the COMAC method (right) as a function of the scale parameter
and for different noise levels. Both graphs show the diagonal (general) length ratio raig.

Table 5. Predicted crack angles in degrees (°) for the transverse fault, with nominal crack angle of 0°,
using the MSD (left) and COMAC method (right), respectively.

MSD-predicted angle

COMAC-predicted angle

SNR level SNR level
40 35 30 25 20

262 | 255 | 2.38 | 2.88

3.91 1.83 2.49 3.21 5.02
167 | 1.69 | 1.68 | 3.55 | 5.59
3.13 291 2.69 4.58 3.16
6.48 | 6.12 | 557

3
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5.4 Measuring the orientation of diagonal cracks
General approach

The method discussed in the preceding section, based on bi-normal fits, offers a natural option for determining the
orientation of a crack. The key idea it to identify the crack direction with the principal axis of matrix A defined in eq. (14)
associated with the smaller of the two eigenvalues. Assuming , the following expression for the predicted crack angle can be
written:

)

(min
— 2
0. =arctan —
Vi

= Hcrack (C’d’f) ) (21)

where (v, y,™iM) s the eigenvector of A corresponding to the smaller of the two eigenvalues.

Using this formulation, not only can predicted values for the crack direction in the cases of the diagonal faults di: and d» be
calculated, but also can the predicted angles for the cases of the transverse and the longitudinal fault be verified, previously
assumed to be 0° and 90°, respectively, by setting the toggle parameter g to zero. The calculations have been carried out for the
SNR and scale parameter ranges as studied before, i.e. SNR €{15,20,25,30,35,40} dB and s €{6,9,12,15,18} and for both the MSD and
the COMAC method. The results are shown below in Tables 5-8.

From the tables, a few observations can be made: (1) In general, the crack angle is well predicted; using the median of all
measurements for a given angle and method as a quick indicator, it can be seen that the error is generally less than one degree,
with the exception of the 60° case, where both MSD and COMAC err by about two degrees. (2) The MSD method appears to be
providing somewhat more accurate estimates than COMAC, with the exception of the 60° case, where both methods perform
similarly. (3) Neither the SNR level nor the scale factor appear to have a systematic impact on the results, except for the fact that
in some of the cases (i.e. at very low SNR levels and large scale factors) no meaningful conversion of the fit method was obtained.
Most of the variations observed appear to be related to statistical outliers, rather than systematic effects. A more in-depth study
with larger statistics, outside the scope of the present work, should be able to clarify these aspects.

Statistical error assessment

It is fair to ask if the (small) discrepancies observed can be attributed to the statistical error associated with the bi-normal
surface fitting process. From the outset, inspecting the discrepancies shown in Tables 5-8 it appears that the error is mostly
marked by a systematic component, given the fact that is generally unipolar, with the exception of the 30° case, where bipolar
errors have been observed. To assess the statistical error, the error propagating from the fitting process has been calculated by

2 2
Oerack = \/[a%rcack 6c] +[a%f‘;ck 501] +[‘995}“k Jj

2
)

(22)

Table 6. Predicted crack angles in degrees (°) for the transverse fault, with nominal crack angle of 90°,
using the MSD (left) and COMAC method (right), respectively.

MSD-predicted angle COMAC-predicted angle

SNR level SNR level

Scale Inf 40 35 30 25 20 15 40 35 30 25 20

B 884 | 89.7 | 89.7 | 88.6 83.8 | 83.9

6 89.5 | 89.4 | 894 | 89.6 | 89.5 | 874 | 89.1 | 839 | 841 | 834 | 845 | 839

9 89.7 | 89.7 | 89.4 85 89.5 | 8.2 | 89.9 | 827 | 84.1 | 839 | 83.7 83

12 89.8 | 87.7 | 89.7 | 89.4 | 89.8 | 89.8 90 85.4 | 86.4 84 83.9 | 85.2

15 89.9 | 85.8 | 89.7 | 89.5 | 843 | 89.7 | 89.9 | 845 | 845 | 828 | 839 | 86.9

18 89.7 | 85.1 | 89.7 | 89.2 | 82.7 | 89.3 | 89.9

Med. 89.5 83.9

Table 7. Predicted crack angles in degrees (°) for the diagonal fault di, with nominal crack angle of 60°,
using the MSD (left) and COMAC method (right), respectively.

MSD-predicted angle COMAC-predicted angle
SNR level SNR level

Scale Inf 40 35 30 25 20 15 Inf 40 35 30 25 20
3 62.1 62 62 62.2 62.4 62.3 | 62.3 | 62.3 | 62.3
6 62.1 62.1 | 62.1 | 62.3 62.1 62.1 | 62.2 | 61.7 | 624 | 61.7
9 62 62.2 | 62.2 | 62.2 | 646 | 64.2 | 63.4 61.9 61.8 | 619 | 61.6 | 62.7 | 61.4
12 62 62.1 | 62.2 62 64.1 | 643 | 62.7 61.8 61.7 | 61.8 | 61.4 | 629 | 615
15 62 62.1 | 62.1 | 61.9 | 63.5 [ 643 | 62.3 61.4 61.5 | 61.7 | 61.1 | 62.8 | 61.5
18 62.2 62.2 | 623 | 61.9 63 64.3 | 61.9
Med. 62.2 61.8

A\V'A Journal of Applied and Computational Mechanics, Vol. 7, No. 1, (2021), 355-371



368 Josué Pachecho-Chérrez et al., Vol. 7, No. 1, 2021

Table 8. Predicted crack angles in degrees (°) for the diagonal fault d;, with nominal crack angle of 30°,
using the MSD (left) and COMAC method (right), respectively.

MSD-predicted angle COMAC-predicted angle

SNR level SNR level

Scale Inf 40 35 30 25 20 Inf 40 35 30 25 20

3 313 | 283 | 26.1 347 | 285

6 31.2 | 295 | 28.6 29 30.8 | 30.5 | 30.7 | 29.8 | 32.9 29 354 | 295

9 315 30 29.1 | 30.8 | 32.6 31 356 | 357 | 33.7 | 31.1 | 347 | 283

12 346 | 332 | 324 | 346 | 348 35.2 31.3 36 341

Med. 30.9 321

Table 9. Statistical errors (in degrees (°)) in the determination of the crack angle,
propagating from the bi-normal fit, shown for the case of an angle of 30°.

SNR level
Scale Inf 40 35 30 25 20
3 0.058 0.061 0.067 0.065 0.121 0.096
6 0.046 0.04 0.038 0.077 0.072 0.089
9 0.038 0.036 0.032 0.053 0.054 0.073

12 0.036 0.036 0.034 0.039 0.045 0.057

Table 10. Assessment of the systematic error in the determination of the crack angle,
shown for the case of an angle of 30°, as a function of the processing stage

MSD / 30° crack angle Measured [°] Abs. error [°]
No processing 29.96 0.04
De-noising only 29.99 0.01
De-noising + 2D-CWT scale 3 31.52 1.52
De-noising + 2D-CWT scale 6 31.21 1.21
De-noising + 2D-CWT scale 9 31.49 1.49
De-noising + 2D-CWT scale 12 34.61 4.61

As can be seen in Table 9, the statistical errors in the crack angle determination, which can be attributed to the uncertainties
and of the fit parameters, are generally small. Table 9 has the errors for the case of a 30° crack angle only, but the results are very
similar for all other cases (not shown for brevity). Consequently, it can be concluded that the impact of the fitting procedure on
the overall angle error is small.

Systematical error sources

In order to assess the impact of the processing steps on the prediction of the crack angle, the procedure described in this
section has been applied to three types of damage maps: (1) The unprocessed damage, as provided by the MSD or COMAC metric,
respectively. (2) The de-noised version of MSD or COMAC map. (3) The damage map, after being subjected to de-noising and 2D-
CWT processing. In this case, different scale factors were explored as well. Evidently, damage detection through a direct
application of the MSD or COMAC metric is possible only for very low noise levels, or equivalently, high SNR levels. Only in those
cases can a meaningful comparison between unprocessed and processed damage maps be made.

Table 10 shows the results obtained for the case of the 30° crack, the MSD method, and a SNR level of 65 dB. It can be seen that
under these near-ideal conditions the angle inferred with the methodology from the original MSD damage map is identical to the
nominal value, within the statistical bounds given by the bi-normal surface fit; see Table 9. The de-noising step does not generate
a significant change. The application of the 2D-CW transform, does, however, introduce a bias (of the order of 1.5°), which is
roughly independent of the wavelet scale s (see also Table 7 for the case of the 60° crack angle). At the largest scale (s = 12) a
somewhat higher bias is observed, which is not implausible, given that the size of the damage feature in CWT-transformed
damage maps increases with scale, making the accurate determination of the angle potentially more difficult.

Given that the observed bias is larger for the diagonal cracks (~1.5 - 2.0°) compared to the cases where the crack is aligned
with one of the coordinate axes (transverse and longitudinal faults, where the bias is a fraction of a degree), it cannot be ruled out
that the choice of the coordinate system is important for the specific results obtained with the CWT transform. This hypothesis
can of course be tested by using a coordinate system which is not aligned with the finite-element simulation mesh. In order to
minimize the effect of the choice of the frame, CWTs conducted with different coordinates systems could be averaged, in order to
obtain a consolidated result. Such sensitivity analyses are beyond the scope of the present work; the author do plan, however, on
conducting such analyses in follow-up work.
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Table 11. Fit parameters for the length ratio function r(s)

Ar Sc Te

MSD 1.06 1.96 1.31

Transverse
COMAC 0.44 3.99 1.77
Longitudinal MSD 2.05 6.91 0.67
COMAC 3.31 411 0.92
Diagonal 1 MSD 3.95 6.85 0.84
COMAC 3.62 10.20 0.61
Diagonal 2 MSD 3.54 5.07 1.50
COMAC 5.71 3.35 1.83

6. Discussion

From the results presented in section 5 it can be concluded so far that (1) the processing approach, based on a combination of
wavelet de-noising and a two-dimensional Continuous Wavelet Transform, is capable of detecting damage and assessing
geometric parameters down to signal-to-noise levels of 15 dB, (2) crack angles can be determined with high accuracy (to a fraction
of a degree for transverse and longitudinal cracks, and with a bias of 1.5 — 2 degrees for diagonal cracks), (3) one characteristic fit
parameter (the inverse of the square-root of the smaller of the eigenvalues of a quadratic form derived from the fit, see eq. (16))
can be reliably related to the crack length.

Referring to the last point, the measurement of the crack, we observe that crack length can be inferred from the analytical
expression for the length ratio r, as given in eq. (13). The results for all fits have been summarized in Table 11, showing (a) the
asymptotic length ratio r-, (b) the characteristic decay length s, and (c) the amplitude Ar.

It can be seen that the asymptotic length ratio r. is similar for MSD and COMAC, though different results were obtained for
cracks with different orientations. r-is of the order of the unity, but variations by a factor of two between different orientations
can be seen to occur. This angular dependence of may be attributed to the fact that the 2D-CW transform privileges one specific
Cartesian coordinate system, which possibly translates into asymmetries between different orientations. In either case, it is clear
that an order-of magnitude estimate of the crack length can be obtained from fitting 1/luack(s) to an exponentially expression,
where lerack(s) is the characteristic length obtained at scale factor s, and extrapolating to s—e. Then, the estimated value of the
crack length is Alest = T« lerack, = ~ lerack, =, Since 1< ~ 1. A more systematic study will be presented in follow-up work.

Regarding the determination of the crack angle, an illustration of the key results have been plotted in Fig. 14. It can be seen
that the overall prediction of the crack angle is fair, with the MSD method providing somewhat more accurate results. As
illustrated by the comparison between the low-noise case on the left (SNR = 40dB) and the high-noise case on the right (SNR =
20dB), the method is quite insensitive to the noise level, making it potentially suitable for field applications.

Calibration curve for SNR = 40dB Calibration curve for SNR = 20dB
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Fig. 14. Calibration curve for angle measurement with the MSD and the COMAC. The results on the left are for SNR=40dB, the ones on the right for
SNR=20dB. As before, all results have been obtained with the combined de-noising / 2D-CWT method.

‘\V,‘ Journal of Applied and Computational Mechanics, Vol. 7, No. 1, (2021), 355-371



370 Josué Pachecho-Chérrez et al., Vol. 7, No. 1, 2021

7. Summary and Conclusions

A new method has been proposed for the detection and geometrical characterization of crack-type faults in thin-walled
beams made from composite material. The method is based on the analysis of the shapes of the normal modes of vibration of the
beam as determined from modal analysis. Two metrics (Mode Shape Differences, MSD, and COMAC, Coordinate Modal Assurance
Criterion) previously introduced in literature have been used to create spatial maps of damage. MSD and COMAC are able to
detect crack-type faults under ideal conditions, but lose this ability at very low noise levels. In this work, a combined method has
been proposed, which dramatically boots the capability of detecting and assessing damage, by combining a wavelet-based de-
noising process with a two-dimensional Continuous Wavelet Transform (CWT) stage. Not only does this new approach allow
faults to be detected down to signal-to-noise ratios of 15 dB, significantly lower than in most of the related work previously
reported, but also can the geometry of the faults be assessed reliably. This assessment is based on a two-dimensional surface
fitting approach, by which the damage signal is fitted to a bi-normal surface. This fitted surface can be used to assess both the
length and the orientation of the crack; the crack width cannot be resolved. It was shown that an estimate of the crack length can
be obtained by extracting a characteristic length of the larger dimension of the damage signal from the fit, conducting the fit for
different scale factors of the CWT process, and extrapolating the results to infinite scale factors. In addition to the length of the
crack, the angle can also be determined, by calculating the principal axes of the bi-normal fit surface. Both the length and the
orientation are roughly independent of the noise level, as long as the damage signal can still be detected, i.e. down to SNR values
of about 15 dB. Follow-up work will explore the parametric space of the problem more deeply, e.g. by assessing faults at a variety
of locations, creating larger statistical ensembles for more consolidated results, and assessing the effect of using arbitrarily
oriented coordinate systems for the 2D-CWT process used in this work.
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Nomenclature
Amaj Major semi-axis of the elliptical cylinder [m] (r,6,z) Cylindrical coordinates used with the sample surface
Armin Minor semi-axis of the elliptical cylinder [m] p Circumferential coordinate at fixed z [m]
A Matrix representing the quadratic form (surface fit) v A mother wavelet
(b, e) Center position of the crack (surface fit) Ie The length ratio Al/f
COMAC  Coordinate Modal Assurance Criterion n The length ratio Al/c
I A mode shape function ] Tdiag The length ratio Al/lerac
Al Length of any of the cracks studied [m] T The asymptotic value of a length ratio
™ Eigenvalues of the argument of the surface fit [1/m] s The scale factor of the 2D CWT
Lerack 1/ymin(ka,0s) Se A characteristic scale specifyin the decay of Ti1diag
MSD Mode Shape Differences SNR Signal-to-noise ratio

Ocrack Measured crack orientation
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