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Abstract. In this study, the buckling problem of shells consisting of functionally graded materials (FGMs) under uniform
compressive lateral pressure is solved at mixed boundary conditions. After creating the FGM models, the basic differential
equations of FGM shells under compressive lateral pressure are derived within the scope of classical shell theory (CST). The basic
differential equations are solved with the help of Galerkin method and the formula for the lateral buckling pressure is obtained.
The minimum values of the lateral buckling pressure are found numerically by minimizing the obtained expression according to
the numbers of transverse and longitudinal waves. The accuracy is confirmed by comparing the numerical values for the lateral
buckling pressure of homogeneous and FGM shells with the results in the literature. The influences of FGM profiles and shell
characteristics on the magnitudes of lateral buckling pressure are investigated in detail by performing specific numerical
analyzes.
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1. Introduction

The shells are used in a variety of engineering applications such as key components of missiles and spacecraft and other civil,
mechanical and aerospace engineering applications. Studies on the buckling behavior of homogeneous isotropic shells under
lateral pressure have been developed over the course of several decades. There are pioneering studies on the buckling of
homogeneous isotropic shells under various boundary conditions and using different approaches [1-3].

The development of materials science has allowed new types of heterogeneous materials to be obtained artificially. This
allows the shells to be formed from modern heterogeneous materials. One of such new generation heterogeneous materials are
functionally graded materials (FGMs). FGMs consist of a mixture of two or more materials and whose properties continuously
change from one surface to another. The properties of FGMs are unique and behave differently from the materials that comprise
them [4]. FGMs are produced using physical or chemical vapor deposition (PVD / CVD), plasma sputtering, self-propagating high
temperature synthesis (SHS), powder metallurgy technique, centrifuge casting method, solid free form technology, and other
methods [5-9]. FGMs have aerospace and mechanical engineering, shipbuilding, automotive, medicine, sports, energy, sensors,
optoelectronics, and various other application areas [10,11]. The advantages of FGMs over traditional composites have led to many
studies in the field of improving their processing, production and processing properties) [12, 13].

Since FGMs constitute the basic structural elements used in spacecraft, aircraft, nuclear power plants and turbine blades, they
are generally exposed to external pressures. In recent years, due to the increased interest in the design of engineering structures
for FGMs with extraordinary properties, many studies have been carried out on the buckling analysis of structural elements with
different shapes. One of the first studies on the buckling behavior of FGM structural plates and shells were proposed by Feldman
and Aboudi [14] and Sofiyev [15], respectively. Following these studies, the natural vibration and stability behaviors of FGM
cylindrical shells were analyzed by considering the effects of transverse shear and normal strains in Matsunaga [16]. A detailed
review of the stability, vibration and buckling behavior of FGM composite members until 2009 can be found in the books of Shen
[17]. Following these studies, extensive studies were conducted on the buckling of FGM shells with different shapes, and these
studies were summarized in Sofiyev [18].

The rapid increase in the application of FGMs in modern technology has significantly increased the interest in investigating
the buckling behavior of FGM shells with various boundary conditions under external pressures. The relevant studies have been
continuing intensively since 2015 and have been investigated using various methods for different boundary conditions and
loading conditions in various environment [19-28].

The number of publications dealing with the stability problem of shells under mixed boundary conditions is very limited due
to the difficulties encountered during modeling and solution. Most of the publications on the solution of the buckling problem of
FGM shells under mixed boundary conditions have been carried out by Sofiyev AH and his colleagues [29-33].
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Fig. 1. FGM shell under external pressure, coordinate system and notations

In this study, the buckling behavior of FGM shells exposed to lateral external pressure under mixed boundary conditions is
investigated. The mixed boundary conditions are as follows: One end of the FGM shells has a sleeve that prevents longitudinal
displacement and rotation and the other end is freely support. The basic equations of FGM shells are derived using Donnell shell
theory. To solve this problem, basic equations are solved by using new approximation functions and applying Galerkin method
under mixed boundary conditions. The results in this study are confirmed by comparing results in the literature. The main
purpose of the study under consideration is to investigate the influences of FGM profiles, volume fractions and geometrical
characteristics on the lateral buckling pressure of cylindrical shells under mixed boundary conditions in detail.

2. Formulation of Problem

The double-curved shell composed of functionally graded material is subjected to uniform external pressure P and
presented in Fig. 1. Suppose that the thickness of shell is h, the length is a, the width is b, and the radii of curvature are R, and
R, , respectively. The curvilinear coordinate system is located on the reference surface of the FGM shell. The x and y axes are
oriented as shown in the Fig.1 and the z axis is in the normal direction to the surface where these two axes are, and it is directed
towards the center of curvature.

The functionally graded material consists of a mixture of two different types of metal and ceramic materials. The general
material properties of FGMs are shown with F, and their effective properties defined by the Voight model are as follows:

F=F,V, +EV. 1)

where V,, and V, are the volume fraction functions of the metal and ceramic phases, respectively, providing the following
equivalence:

vV, =1-V )

m c

The function of the volume fraction of the ceramic phase obeys the simple power rule [6, 15, 17]:
1. Power function

r
VC:[M],IJZO (3)
h
2. Inverse quadratic function:
2
v.-1-[22=2] @

Here p is called the volume fractional index and describes the grading of the material in the direction of thickness.

Considering the relations (1) and (2), namely the mixing rule, the effective properties of FGMs that forming shells are defined
as follows [17]:

Ey(2)=E, +(E ~EIV., vu@=v,+{, —v,)V. ©)

Here, E,, is the modulus of elasticity of metal, v,,is the Poisson ratio of metal, E. is the modulus of elasticity of ceramic and
v, is the Poisson ratio of ceramic.

Detailed information about the formation, design and properties of various functional graded materials are presented by
many researchers (See, [18]).

3. Derivation of Static Stability Equations

The constitutive equations of shells composed of functionally graded materials can be written in the framework of classical
shell theory as follows [15, 17]:
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o*w
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where o,,0,,0,, are stresses of shells made of FGMs, efjx,efjx,fyfy are the strains on the reference surface, w indicates the

deflecting function and tends towards the center of curvature, and Yj(, (i =1,2,6) is FGM properties that continuously change

according to the dimensionless thickness coordinate z=z/h and is defined as follows:

_ Efd(z) — v (Z Efd(z) _ Efd(z)
Y = 1_ Vﬁd(f) y Yipg = fd(z) 1_ ngd(z) v Yoz = 2(1 1 Vfd(,;)) (7)

The force and moment components of circular shells made of functionally graded materials are obtained from the following
integrals [1-3, 35]:

+h/2
(NXX’NYY’NXY): f(UXX'Uyy'UXY)dZ

e ®)
Xx,Myy,MXy): {Z(ZUXX,ZUyy,ZUW)dZ

(M

If the expression (9) is substituted in (10) and then integrated, the following equations are obtained for force and moment
components of shells made of FGMs:

o*w o*w 8w o*w
N, =r,e +r,e —1,——1,— N =1, +1,e° -1, — —,
xx 10 =xx 20 “yy 11 axz 21 ayz 12 Vyy 20 Txx 10 ~yy 21 axz 11 ayz

o*w o*w o*w
ny =Teo ’7>?y =21, Wayr M, =m, egx +71 e;)y —T W_ £33 ayz (9)
o*w o*w o*w
Myy =T, egx +nh e;)y —Ty W —T (97)12’ Mxy =T 'ng —2r, axdy
Here, the following definitions apply:
h/2 h/2 h/2
T = f Y, ;2% dz, 1, = f Y,;2" dz, Ty, = f Y.,z dz,
~h/2 ~h/2 ~h/2
h/2 h/2 h/2 (10)
T = f Y,.Z%dz, 1, = f Y,;z" dz, 1, = f Y,..z" dz, k=0,1,2
~h/2 ~h/2 ~h/2

With the Airy stress function ¥ , the force components can be expressed as follows [1-3, 35]:

o’V v oY
ay*’ ox*’  oxdy

(NXX’Nyy’NXY):h[

(12)

The static stability equation of shallow shells composed of functionally graded materials is derived using the Hamiltonian
principle as follows [2, 3]:

2 o’M,, oM 2 N
OMy 199 00 90 pp dW Nu By _g (12)
ox oxay ay ay R, R,
ey, [Oey Oy 10w 10w (13)
ox>  9y*> o9xdy R, 9x* R, 9y’

Using the Egs. (9) and (11), the strains at the middle surface are expressed as the stress function, and the resulting expressions
are substituted in the basic equations (12) and (13), after some operations they turn into the following form:
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i k4 20 19" 10
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o’w o'w ‘w o'w
—PR o 2(c, +2c =0
L ayZ 3 6X14 ( 4 + 5) ax Zayz 4 ay4
4 i o' 0w
LZ(Y’,w)zhill ay° +(21, +15)6TW+ 1ot | T o o)
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Here, the following definitions apply:
G = r1111 + r21127 ¢ = 1’1112 + rzlll’ C = 7’1113 + r2114 Ty G = rIIIA + r2113 + T,
e =Tl € =Tl + 1, L =Topt, L, = —Toopt, Iy = (rzorn - rnrlo)/‘: (16)
L, = (Toly — Toalio ) 4o 1 -1 1 =% #:71
t o e e r60 T r60 ’ rlOrlo - rZOrZO

The Egs. (14) and (15) are static stability and deformation compatibility equations of shells made of FGMs and can be used in

stability problems.
In a particular case, taking into account R, =R,R, — oo in the Egs. (15) and (16), the following basic equations for FGM

cylindrical shells are obtained:

_ o'y o'y o' 10°%
Ll(l]/,UJ)Eh C, 8X4 +2(C1_CS)W+CZT}I4+§ aXZ (17)
*w o'w o'w 0'w
_PLRF_QW 2(C4 +2C6)3 29y’ ¢ ay" =0
o'y o'y o'y 0*w
Lz (W:w) = h[11 37)74 +(212 + 15)8)(26}72 1 82(4 ] 3 8X4 (18)
~ _1)347‘“_ O'w 10w _
> % axPay?  *ay' R ox?

As R, — x the double curvature shell transforms into the cylindrical shell shown in Figure 2. Here a and R, are denoted

by L and R, and the external pressure P converted the lateral pressure P, (see, Fig2.).
The system of differential equations (17) and (18) can be used in the stability problems of FGM cylindrical shells.

4. Solution of Stability Equations
One end of the functionally graded cylindrical shell uses a clutch that prevents its longitudinal displacement and rotation,

and the other end is simply supported. The mathematical model of mixed boundary conditions is defined as follows [31, 34]:

0w 0*w

w=——5=0 and u=——=0 for x=0 and x=L (19)
ox ox
B
R
R

Fig. 2. FGM cylindrical shell under lateral pressure, coordinate system and notations
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The solution of the stability and deformation compatibility equations of the FGM cylindrical shells, which satisfies the
boundary conditions (17), is sought as the following functions:

m;x

. m,x
w = w, sin 2

) ]cos(nly) (20)

cos(n,y), ¥ =% sin[

where w, and ¥, are amplitudes, m; =mnr/L, m=135,... and n, =n/R , the number of waves in the x direction is m
and the number of waves in the y directionis n.
Let's apply the Galerkin method to the basic equations (14) and (15):

27R L

f ffl (Y’,w)sin[mzlx]cos(nly)dxdy =0 (21)
0 0

2zR L _ mx

f sz (W,w)sin[ 1= \cos(n,y)dxdy = 0 (22)
0 0

As the Eqg. (20) are substituted into Egs. (21) and (22) and after integrating, the parameter ¥, is eliminated from the two
resulting algebraic equations, the following equation is obtained for the lateral buckling pressure (LBP) of FGM shells:

[4m,’R +1,m,* +8(1, —I;)m,’n” + 16,n" |

buc __ 1 4 2.2 4 2 4 2..2 4
PP = ®on? em,* +4egm,’n’ +16¢n* + [4m,"R —c,;m,* —8(c, —c;)m,’n’ —16¢,n*| x T T alm i £ 160 (23)
where
mnR
=— 24
2= (24)

To find the minimum value of the lateral buckling pressure, the expression (23) is minimized with respect to wave numbers
(m, n).

5. Results and Discussion

5.1. Comparisons

Under this heading, the numerical calculations have been made by using the expression (23) obtaining for lateral buckling
pressure of FGM cylindrical shells under mixed boundary conditions and the results are compared with the results in the
literature. In this comparison, the values of the lateral buckling pressure of the pure metal cylindrical shell under mixed
boundary conditions are compared with the results of Refs. [31] and [34]. In the study [31] shear deformation theory is used. Ref.
[34] used the following expression for the lateral buckling pressure:

Eh n? m +8m’n’ +16(n’ - 1)2 m,*
(" —DR|12(1—17) 16R * (my? + 4

buc __
PLAS -

(25)

The material properties and geometric characteristics that make up the cylindrical shell are as follows: E, =1.93x10" Pa,
v,=0.3 and h=0.0lm, L/R=3, respectively. Where E, and v, are Young's modulus and Poisson ratio of the
homogeneous isotropic material, respectively. The minimum values of the lateral buckling pressure correspond to the case
where the number of longitudinal waves is equal to one, i.e.,, m = 1.

Numerical calculations were carried out for different radius-thickness ratios (R/h) of the lateral buckling pressure for the
cylindrical shell formed from nickel and presented in Table 1. From Table 1, it can be seen that our results for the lateral buckling
pressure and the corresponding n, wave number for the homogeneous cylindrical shell are in good agreement with the results

of Refs. [31] and [34].

5.2. Modeling of FGM Features
The shell is formed from FGMs and its effective properties are determined using the following equation [36]:

Table 1. Comparison of the results of this study of the lateral buckling compressive load with other results.

B (Pa) , (n,)

o

R/h Ref. [34] Ref. [31] Present study
100  2.9526(11)  2.9633(11) 2.9634(11)
125  1.6890(12)  1.6945(12) 1.6952(12)
150  1.0836(13) 1.0873(13)  1.0876 (13)
200  0.5260(14) 0.5308(14) 0.5303(14)
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Fy=FET"' +1+EET +FET’ +FET (26)

Here, F,i=-1,0,1,2,3, are sub-index changes from -1 to 3 in steps, and T (K) are the specific temperature coefficients for the

components.

In the numerical analysis part, two different material types such as FGM: and FGM: are discussed. Silicon nitrate (SisNs) and
zirconium oxide (ZrO,) ceramic types are mixed with nickel (Ni) and stainless steel (SUS304) metal types, respectively, to form
FGMs. FGM:1 type cylindrical shell is mixture SisN+/Ni and FGM: cylindrical shell is mixture ZrO»/SUS304. FGMs constants are taken
from book of the Shen [17]. The Young's modulus and Poisson's ratios of FGM: and FGM, are expressed as a function of
temperature as follows:

FGM, :
En, =3.4843x 10"(1—3.07 x10™*T +2.16 x 107 T? — 8.946 x 10™"'T?)
=3.22271x 10" (Pa) (27)
E,, = 2.2395x 10"(1 — 2.794 x 10T — 3.998 x 10°T?) = 2.05098 x 10"*(Pa)
Vsin, = 0.24, vy = 0.31

FGM, :
E; o, = 24427 x10"(1 - 1.371x10°T + 1.214 x 10°T? - 3.681 x 107°T?)
=1.68063 x 10" (Pa)
Egues0s = 2.0104 x 10 (1 + 3.079x 10*T — 6.534 x 107T?) = 2.07788 x 10" (Pa) (28)
Vo, = 0.2882(1 4 1.133x10™T) = 0.297996
Vguszos = 0.3262(1 —2.002 x 107T +3.797 x 107T?) = 0.317756

In Figs. 3-5, three dimensional changes of dimensionless Young's modulus E,(z) according to dimensionless thickness
coordinate z are presented for different volume fractions of shells composed of a) FGM: or SisNa4 / Ni and b) FGM or ZrO»/SUS304.
In Figs. 3-5, the symbolsE, ,(z) = E,4(2)/E,,, Z=z/h and X=x/L are used on the axes.

As the volume fraction of shells with type a) FGM: and b) FGM2 changes linearly, by writing p=1 and p=2 in the
expression E,, =1+((z+h/2)/h)(E /E, —1), three dimensional distributions of the dimensionless Young's modulus depending
on the z are presented in Figs. 3 and 4.
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Fig. 4. Distribution of Young's modulus of (a) FGM: and (b) FGM: types of shells depending onthe z for p=2.
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Fig. 5. Distribution of Young's modulus of (a) FGM: and (b) FGM. types of shells depending on the z for inverse quadratic case.

As the volume fraction of shells with types a) FGM: and b) FGM: changes inverse quadratic, i.e,
Ey=1+(E /E,—1)((h/2—2z)/h), three dimensional distributions of the dimensionless Young's modulus depending on the Z

are presented in Fig. 5.

5.3. Specific Analysis for Lateral Buckling Pressure of FGM Cylindrical Shells Under Mixed Boundary Conditions

The variation of the lateral buckling pressure of FGM: and FGM: types of cylindrical shells is presented in Table 2, Figs. 6 and 7
with L/R=2. As can be seen from Table 2, Figs. 6 and 7, the values of lateral buckling pressure of pure metal (Ni and SUS304),
pure ceramic (SisNz and ZrO,) and FGM; (i=1,2) shells decrease, while wave numbers remain constant for R/ h > 125 and increases
for other cases.

As the FGM,; (i = 1,2) shells are compared with the pure metal (Ni or SUS304) shells, the influences of FGM; (i = 1,2) profiles on
the LBP decrease weakly due to the increase of the R/h . In addition, the largest influence of FGM; occurs in the inverse quadratic
case, while the little effect occurs in the cubic case.

For instance, the effects of FGM: on the P™ decrease from (+34.79%) to (+33.72%) at the inverse quadratic case and from
(+17.89%) to (+17.44%) at the case of p =3, respectively, due to R/h increases from 100 to 200. When the volume fraction of FGM1
change as a power function are compared among themselves, the largest effect of FGM; profile on the P™ occurs in the case of
p =1, while the smallest influence of FGM: on the lateral buckling pressure occurs in the case of p =3 . For example, the effects
of FGM1 on the LBP are (+26.74%), (+20.93%) and (+17.44%) at linear, quadratic and cubic cases, respectively for R/h =200 .

The effect of FGM: on the P™ decreases from (-%12.13) to (-%11.49) at the inverse quadratic case and from (-%5.87) to (-
%5.75) at the case of p=3, respectively, due to R/h increases from 100 to 200. When the volume fraction of FGM, change as a
power function are compared among themselves, the largest FGM» effect occurs in the case of p =1, while the smallest influence
of FGM: on the lateral buckling pressure occurs in the case of p=3. For example, the effects of FGM2 profiles on the LBP are (-
%9.59), (-%7.24) and (-%5.87) for p=1,2 and p=3,respectively with R/h=200.

As the FGMi (i = 1,2) shells are compared with the pure ceramic (SisNs or ZrO,) shells, respectively, the influences of FGM; (i =
1,2) profiles on the LBP decrease weakly with the increasing of R/h and the largest influence of FGMi occurs at the cubic profile,
while the little effect occurs in the inverse quadratic case.

For example, the influences of FGM;: on the P decrease from (-11.83%) to (-12.21%) for the inverse quadratic case and from
(-22.89%) to (-22.9%) for p =3, respectively, as the R/h increases from 100 to 200. When the volume fraction of FGM: profile
change as a power function and are compared among themselves, the largest influences of FGM1 occurs at p =3, while the
smallest influence of FGM; on the on the P’ occurs at p=1. For example, the effects of FGM; on the LBP are (-%16.25), (-
%20.68) and (-%22.89) for linear, quadratic and cubic profiles, respectively for R/h=200.

The influence of FGM; profile on the LBP increases from (+9.51%) to (+10%) at the inverse quadratic case and decreases from
(+%17.32) to (+%17.14) for p = 3, respectively, as the R/h increases from 100 to 200. When the volume fraction of FGM2 change as
a power function are compared among themselves, the largest influence of FGM: profiles occurs for p=3, while the smallest
influence of FGM2 on the LBP occurs for p=1.

Table 2. Distribution of P™(MPa) and (n,) for FGM; and FGM,cylindrical shells depending on R / hratio (L /R = 2)

or

B (MPa), (n,)

, FGM, .
R7h Ni Liner Quad. Cubic Inv. quad. St
100  0.503(4) 0.644(4) 0.610(4) 0.593(4) 0.678(4)  0.769(4)
125  0.292(5) 0.369(5) 0.352(5) 0.344(5) 0.386(5)  0.443(5)
150  0.179(5) 0.226(5) 0216(5 0210(5)  0237(5  0.271(5)
175  0.120(5) 0.152(5) 0.145(5) 0.141(5)  0.160(5)  0.182(5)
200  0.086(5 0.109(5) 0.104(5 0.101(5) 0.115(5)  0.131(5)
FGM.
R/7h sUS304 Liner Quad. Cubic Inv. quad. 210

100  0.511(4) (4) (4) ) 0.449(4) (4)
125 0.297(5) () ) ) ) (5)
150  0.182(5) 0.164(5) 0.168(5) 0.170(5)  0.160(5)  0.146(5)
175 0.122(5) (5) ) ) ) (5)

(5) ©) ©) ) ) (5)

200 0.087(5
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Fig. 8. Distribution of P"“(MPa) for FGM:and FGM; cylindrical shells depending on the L / R ratio (L /R = 2)
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The variation of the P™ for cylindrical shells that formed from FGM; and FGM: profiles versus the L/R ratio is presented
in Fig. 7 with R/h =100 . As can be seen from Fig. 7, the magnitudes of the lateral buckling pressure decrease due to the increase
of L/R ratio at pure metal (Ni and SUS304), pure ceramic (SisNs and ZrO2), FGM:1 and FGM: shells. It is determined that the
lateral buckling pressure values for the SUS304 shell are greater than the values for the nickel shells, whereas the values of LBP
for ZrO» shells is smaller than the values for SisNa shells at L/R=1. However, the magnitudes of the LBP of FGM: cylindrical
shells are higher than the values of the FGM: cylindrical shells.

When the magnitudes of LBP for FGM: and FGM: cylindrical shells are compared with the pure metal cylindrical shells, the
largest effect of FGMi1 occurs at the inverse quadratic case (+33.30%), whereas the smallest FGM, effect occurs at p=2 profile (-
7.48%), as the L/R=1. As the values of on the P™ for FGM; and FGM, shells are compared with pure ceramic shells, the
greatest FGM effect occurs for the quadratic profile of the cylindrical shell (-20.60%) at L/R =3, while the smallest FGM2 effect
occurs in the inverse quadratic profile of cylindrical shell (+9.71%) at L/R=1.

6. Conclusion

In this study, the buckling problem of cylindrical shells composed of FGMs under uniform lateral pressure is solved under
mixed boundary conditions. After the FGM models are created, the basic differential equations of the FGM cylindrical shells under
the uniform lateral pressure in the framework of CST are obtained. The basic differential equations are solved with the help of
Galerkin method and the formula for lateral buckling pressure is found. The minimum values of the lateral buckling pressure are
found numerically by minimizing the obtained expression according to the number of transverse and longitudinal waves. The
numerical values obtained for the lateral buckling pressure for homogeneous and FGM shells are compared with other results in
the literature to confirm their accuracy. In the analysis section, the effects of FGMs on the magnitudes of the lateral buckling
pressure are tested with new and unique numerical samples for FGM: and FGM2 profiles.

The generalizations of numerical results in the thesis are presented below:

a.) The magnitudes of lateral buckling pressure for FGM shells are greater than the values for FGM, type shells.

b.) The magnitudes of lateral buckling pressure of FGM: and FGM: shells decrease due to the increase of the L/R ratio, while
the wave numbers remain constant for L/R > 2, and decrease for other cases.

c.) The LBP of the FGM: and FGM: shells decrease due to the increases of the R/h ratio, while the wave numbers remain
constant for R/h > 125 and increase for other cases.

d.) As the magnitudes of LBP for FGM: and FGM> cylindrical shells are compared with metal cylindrical shells, the largest effect
of FGM; profile is obtained in the inverse quadratic case, while the smallest effect of FGM:is obtained at the quadratic profile
of theshell,as L/R=1.

e.) When the values of the LBP for FGM: and FGM: shells are compared with ceramic shells, the largest effect of FGM:is occur at
L /R = 3 for the quadratic profile, while the smallest effect of FGM2 occurs for the inverse quadratic profile,as L/R=1.

f) When the values LBP of the FGM: and FGM: cylindrical shells are compared with those of the metal cylindrical shells, the
largest effect of FGM: occurs for the inverse quadratic profile at R/h = 100, and the smallest effect of FGM2on the LBP is
occur for the quadratic profile at R/h = 200.
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