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Abstract: A nonlinear oscillator arising in the microelectromechanical system is complex and it is difficult to obtain a variational
principle. This paper begins with a wrong variational formulation and uses the semi-inverse method to obtain a genuine
variational principle. Additionally, this paper gives simple formula for the fast frequency estimation of the nonlinear oscillator.
Only simple calculation is needed to have a relatively high accuracy results when compared with the other methods.
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1. Introduction

The microelectromechanical system (MEMS) refers to the high technology devices of small sizes and has become a hot topic
in both academic and industrial communities [1-11]. The MEMS are intelligent structures and their systems are of commonly
micron or nanometer. Micro electronic technology is the origin of these tiny devices used in vibrators, sensors, switches and so
on [3-4,6,9-11]. These systems are modeled by means of Galerikin’s method generally and represented by nonlinear mathematical
models. Therefore, the approximate solution of these nonlinear models are very important to predict their dynamic behaviour.

Recently Fu et al. [8] studied the following electrically excited MEMS oscillator by employing energy balance method (EBM)

u"(ag+a,u’ + a,ut) + au + a,u’ + au’ + a,u’=0 (W]

The parameters a, (i=0~7) are constants and can be found in Appendix. A detailed derivation of Eq.(1) and the physical
understanding of each coefficient are available in Ref.[8]. This paper aims at establishing a variational formulation for Eq.(1) by
the semi-inverse method[12-23] and proposed a simple frequency formula based on previous work [24]. The results obtained from

the proposed technology not only shows excellent matching with the results those obtained numerically using the Runge-Kutta
method of order four (RK4) but also yields better accuracy when compared to other established methods.

2. Variational Principle

Fu et al. obtained the following variational principle[8]

1 1 1 1 1
J(u) = f{—al,(’z(aomzu2 +a,u*) +§a1u2 +Za3u“ -|—Ea5u6 +§a7u8}dt )
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This variational principle is valid only for the case when a,=a,=0 . The stationary condition is

oL d 0L
Y Bl QY 3
ou dt (au’ ) ®
where L is the Lagrange function is defined as
1 1 1 1 1
L= - u?(a,+a,u’ 4 a,u*) + E¢11u2 +3 au* + < a;u® + 3 au® (4)
It is obvious that
aL 1 12 3 3 5 7
a:—gu (2a,u + 4a,u’) + a,u+au’ + au’ +a,u (5)
and
oL
v —u'(a,+a,u’ +a,u’) (6)
So we have the following Euler-Lagrange equation
—%u’z (2a,u + 4a,u’) + a,u + au® + au® + a7u7+%[u’(ao+a2u2 + a4u4)] =0 ?)
After simple operation, Eq.(7) becomes
u"(ag+a,u’ + aut) + au + a,u’ + agu’ + a,u’ +u*(a,u + 2a,u’)=0 (8)

It is obvious that Eq.(8) is not equivalent to Eq.(1), so Eq.(2) is not a genuine variational principle.
In order to obtain a genuine one, we write Eq.(1) in the form

3 5 7
au+au +auw +au’

u 0 9
a,+a,u’ +au’ ©)
By the semi-inverse method, its variational formulation is
1 2 d
Jw= [ —uE e (10)

where F is the potential satisfying the following relationship

OF _a,u+au’+au’ +au’

11
du ag+a,u’ +au’ (11)
Calculating F from Eqg.(11) we have
a a,a, a (aya, — aza,+a,d; — a,a,)
F= % ¢ (%% _ Gy G Uy T Us 341nau4+au2+a
4a, (2a§ 2a4) 4a2 (@, 2 o)
N 3a,0,0,a, — 24,020, + 4a,a; — axa, + a2a,d; — a,d,0> 1 arctan( 2a,u° +a, (12)
2a; J4aga, — a2 J4aya, — a2
It is easy to prove that Eq.(10) is a genuine variational principle.
3. Frequency-Amplitude Relationship
Consider the following general nonlinear oscillator
u”+ f(u)=0, u(0)=A4A, u'(0)=0 (13)
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Fig. 1. Comparison of solution and error between FAF and EBM with RK4

Two most simplest frequency-amplitude formulae are listed as follows [24]

In our problem f(u) is defined as

By Eq.(15), we have

L .
w -du(qu/Z)

S, B

A
u 2 )

3 5 7
_ QU+ au +aWw +au
2 4
ay+a,u’° + a,u

f(w)

3 2 9 4 27 6
w2:a1+za3A + 150 A" +2Za,A

3 2 9 4
Ay+3a,A° + 5 a,A

The approximate solution using frequency-amplitude formulation (FAF) reads

u=Acos

t

3 2 9 4 27 6
a, +30,A° +a;A" + 2 a,A
a,+3a,A’ +2a,A*
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4. Results and Discussion

Fig. 1 includes the results obtained from the FAF, numerical results using RK4, and those obtained by EBM [8]. Two sets of
parameters are considered for the study. The left column shows the solution obtained from numerical results using RK4 (blue
line), Fu et. al. [8] (black line), and FAF from Eq. (18) (red line) and this comparison authenticates that the approximate analytical
results from the proposed FAF match exceptionally well with the computational results of RK4. We also map error against time for
the same parameter values in the right column of Fig. 1. Black stars and red square with solid lines indicate the error of EBM
(difference of RK4 solution and EBM solution [8]) and error of the FAF (difference of RK4 solution and FAF solution from Eq. (18))
respectively. Although both errors are small but all right side panels ensure the superiority of the FAF over EBM. It is also noted
that as we increase the amplitude value, the error of EBM also increases but the error of the FAF is negligible.

5. Conclusion

In this short paper, we obtained a genuine variational principle for MEMS oscillator, it can be used to study the frequency-
amplitude relationship in an energy view, and we will discuss it in a forthcoming paper. Moreover, this paper gives a simple
formula for the fast prediction of the frequency of MEMS oscillator and all obtained results are of a relatively high accuracy.
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Nomenclature
A Amplitide of the oscillator L Lagrange function
t Time w Nonlinear frequency of the oscillator
u Approximate solution J Variational formulation
References

[1] Qian, Y.H,, et. al,, The spreading residue harmonic balance method for studying the doubly clamped beam-type N/MEMS
subjected to the van der Waals attraction, Journal of Low Frequency Noise Vibration and Active Control, 38(3-4), 2019, 1261-1271.

[2] Sedighi, H.M., Shirazi, K.H., Vibrations of micro-beams actuated by an electric field via Parameter Expansion Method, Acta
Astronautica, 85, 2013, 19-24.

[3] Shishesaz, M., et. al,, Design and analytical modeling of magneto-electromechanical characteristics of a novel magneto-electro-
elastic vibration-based energy harvesting system, Journal of Sound and Vibration, 425, 2018, 149-169

[4] Shirbani, M.M., et. al., Coupled magneto-electro-mechanical lumped parameter model for a novel vibration-based magneto-
electro-elastic energy harvesting systems, Physica E: Low-dimensional Systems and Nanostructures, 90, 2017, 158-169.

[5] Anjum. N., He, J.H., Homotopy perturbation method for N/MEMS oscillators, Mathematical Methods in the Applied Sciences, 2020,
DOI: 10.1002/mma.6583.

[6] Sedighi, H.M., Daneshmand, F,, Zare, J., The influence of dispersion forces on the dynamic pull-in behavior of vibrating nano-
cantilever based NEMS including fringing field effect, Archives of Civil and Mechanical Engineering, 14, 2014, 766-775.

[7] He, C.H., He, J.H., Sedighi, H.M., Fangzhu(#41#): An ancient Chinese nanotechnology for water collection from air: history,
mathematical insight, promises and challenges, Mathematical Methods in the Applied Sciences, 2020, Article DOI: 10.1002/mma.6384.
[8] Fu, Y., Zhang, J, Wan, L., Application of the energy balance method to a nonlinear oscillator arising in
the microelectromechanical system (MEMS), Current Applied Physics, 11, 2011, 482-485.

[9] Anjum, N., He, J.H., Nonlinear dynamic analysis of vibratory behavior of a graphene nano/microelectromechanical system,
Mathematical Methods in the Applied Sciences, 2020, DOI: 10.1002/mma.6699.

[10] He, J.H., Skrzypacz, P., Wei, D.M., Dynamic pull-in for micro-electromechanical device with a current-carrying conductor,
Journal of Low Frequency Noise Vibration and Active Control, 2019, DOI: 10.1177/1461348419847298.

[11] Anjum, N, He, J.H., Analysis of nonlinear vibration of nano/microelectromechanical system switch induced by
electromagnetic force under zero initial conditions, Alexandria Engineering Journal, 2020, https://doi.org/10.1016/j.a€j.2020.07.039.
[12] He, J.H., Generalized Variational Principles for Buckling Analysis of Circular Cylinders, Acta Mechanica, 2019, DOIL
10.1007/s00707-019-02569-7.

[13] He, J.H., Variational Principle for the Generalized KdV-Burgers Equation with Fractal Derivatives for Shallow Water Waves,
Journal of Applied and Computational Mechanics, 6, 2020, 735-740.

[14] He, ].H., Lagrange Crisis and Generalized Variational Principle for 3D unsteady flow, International Journal of Numerical Methods for
Heat & Fluid Flow, 2019, DOI: 10.1108/HFF-07-2019-0577.

A\V'A Journal of Applied and Computational Mechanics, Vol. 7, No. 1, (2021), 78-83



82 J.H. He et. al.,, Vol. 7, No. 1, 2021

[15] He, J.H., Sun, C., A variational principle for a thin film equation, Journal of Mathematical Chemistry, 57, 2019, 2075-2081.

[16] He, J.H., Ain, Q.T.,, New promises and future challenges of fractal calculus: from two-scale Thermodynamics to fractal
variational principle, Thermal Science, 24(2A), 2020, 659-681.

[17] Anjum, N., He, J.H., Laplace transform: making the variational iteration method easier, Applied Mathematics Letters, 2019, 92,
134-138.

[18] He, J.H., The simpler, the better: Analytical methods for nonlinear oscillators and fractional oscillators, Journal of Low Frequency
Noise Vibration and Active Control, 38, 2019, 1252-1260.

[19] He, J.H., A fractal variational theory for one-dimensional compressible flow in a microgravity space, Fractals, 28(2), 2020,
2050024.

[20] EI-Dib, Y., Stability Analysis of a Strongly Displacement Time-Delayed Duffing Oscillator Using Multiple Scales Homotopy
Perturbation Method, Journal of Applied and Computational Mechanics, 4(4), 2018, 260-274.

[21] Li, XJ., He, J.H., Variational multi-scale finite element method for the two-phase flow of polymer melt filling process,
International Journal of Numerical Methods for Heat & Fluid Flow, 30(3), 2019, 1407-1426.

[22] Anjum N, et. al., Numerical iteration for nonlinear oscillators by Elzaki transform, Journal of Low Frequency Noise Vibration and
Active Control, 2019, DOI: 10.1177/1461348419873470

[23] Shen Y., He, J.H., Variational principle for a generalized KdV equation in a fractal space, Fractals, 2020, DOL
10.1142/50218348X20500693

[24] He, ].H., The simplest approach to nonlinear oscillators, Results in Physics, 15, 2019, 102546.

APPENDIX

The coefficients a;(j=0~7) of Eq. (1) can be determined as follows

%:Zg@ (A)
%:j@W*Mﬁfwﬁﬂn (B)

a, = —2]1"54 dn ©

a; = l —26%¢"" + 2Ng*" — af&”Zé’zdn dn (D)
@:jgm ®

1 1
a _[[656////_N§5£// +2a£3§//[§/2dn dn (F)

1

@—j%&ﬁﬁﬂﬁ ©

[¢]
where ¢(n)=16n°(1—n)* uses as trail function and prime (o/) represents the partial differentiation w.r.t coordinate variable 7.
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