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Abstract. This investigation is the first contribution of a two-part research work concerning the theoretical development of a multibody approach to analyze the constrained dynamics of articulated mechanical systems. In this paper,
a method for investigating the linear and nonlinear stability of the dynamic behavior of mechanical systems modeled
as multibody systems subjected to holonomic and nonholonomic constraints is presented. To this end, the nonlinear
equations of motions that assume a complex index-three differential-algebraic form are systematically formulated
and directly linearized by using an automatic procedure based on a hybrid symbolic-numeric approach devised in
this work. The proposed stability analysis method, therefore, is based on the formulation of a generalized eigenvalue
problem and represents a viable computer-aided approach suitable for analyzing multibody mechanical systems having different degrees of complexity. Furthermore, an extension of the generalized coordinate partitioning algorithm
is introduced in this paper for handling nonholonomic multibody systems leading to a robust and general multibody
computational procedure referred to as the Robust Generalized Coordinate Partitioning Algorithm (RGCPA). Since the
methodologies employed in this paper to study the stability of multibody mechanical systems are general and versatile, they can be easily implemented in general-purpose multibody computer programs and readily used to analyze
several mechanical applications having engineering interest.
Keywords: Multibody System Dynamics, Holonomic and Nonholonomic Constraints, Robust Generalized Coordinate Partitioning
Algorithm, Stability Analysis.

1. Introduction
In this section, an introduction to the issues addressed in this paper is reported. For this purpose, some background material
is provided first to explain the significance of the present research work. Subsequently, the specific problems addressed in this
investigation are formulated. Afterward, a concise literature survey on the topics of particular interest for the paper, such as the
computer algorithms for simulating the dynamic behavior of multibody systems, is reported. Finally, the organization employed to
structure the entire manuscript is given.
1.1 Background and Significance of the Present Research Work
The multibody approach to carry out a systematic dynamic analysis of articulated systems constrained by kinematic joints is a
powerful tool that can be successfully used to model a large variety of mechanical systems, and it is also well suited for the computer implementation of the mathematical models of these complex systems [1,2]. The dynamics of multibody systems is described
by differential-algebraic equations, which are characterized by highly nonlinearities that arise to describe the large rotational motion of the rigid bodies, the presence of force elements modeling the action of mechanical components, as well as the influence of
nonlinear force fields that represent the interactions of the bodies with the external environment [3, 4]. Apart from vehicle dynamics and robotics [5–9], the systematic approach for the analytical generation of the differential-algebraic equations of motion and
their subsequent numerical implementation, typically employed for modeling articulated mechanical systems within the multibody
framework [10, 11], is widely used also in several biomechanical applications [12–14]. Thus, appropriate analytical approaches and
effective computational procedures become necessary for properly describing the dynamic behavior of such complex systems [15].
The design and development of complex mechanical systems in general, and in particular of two-wheeled vehicles, is a challenging engineering task [16, 17]. For this purpose, the use of a mathematical model of the physical system of interest based on the
multibody approach to the system dynamics can simplify the design process and significantly reduce the production cost and the
entire duration and effort of the engineering endeavor. For these reasons, a good model that can describe the fundamental aspects
of the mechanical system of interest can be really useful for engineering applications. Besides, an appropriate model can also facilitate the designer to control the fundamental parameters of the mechanical system under study so that the virtual prototype can be

Published online December 03 2020

656

Carmine Maria Pappalardo et. al., Vol. 7, No. 2, 2021

easily modified to analyze the desired aspects and reach the prescribed performance. Therefore, for its generality and the relative
ease of numerical implementation of the resulting dynamic model, the multibody approach for the dynamic analysis of mechanical
systems constrained by kinematic joints suits well these objectives in general [18–23].
1.2 Formulation of the Problem of Interest for this Investigation
From a broad perspective, the stability analysis of mechanical systems can be accomplished by using two general methods,
namely, a direct approach, that is based on the dynamic analysis through analytical solutions/computer simulations of the mathematical model of the system of interest in different scenarios of engineering relevance, or, on the other hand, by employing an
indirect approach, that is based on the modal analysis of a linearized version of the system equations of motion, as well as considering the general Lyapunov stability methods. In the latter case, the linearization and the consequent stability analysis can
be challenging for complex multibody systems, which may present both holonomic and nonholonomic algebraic constraints acting simultaneously, and special analytical approaches and computational algorithms are required to address this important issue
properly. However, in general, the analytical approaches found in the literature for the solution of this fundamental problem are
based on direct methods that are computationally expensive, or on the use of indirect methods based on a minimal constraint-free
analytical description of the equations of motion, which becomes too involved or inapplicable when large multibody mechanical
systems, such as vehicles or complex machines and mechanisms, are analyzed. Thus, in this paper, an effective analytical method
is proposed to overcome these difficulties using an indirect approach. A robust numerical procedure for performing the dynamic
analysis is also introduced to verify the numerical results found from the stability analysis through a direct simulation approach.
The basic mechanical model of a bicycle is an example of a simple mechanical system that posses well-known and interesting complex dynamical characteristics. In particular, many authors studied the dynamic behavior of the Whipple-Carvallo bicycle
system, which is considered as a common reference, representing one of the most fundamental bicycle models [24, 25]. For instance, Meijaard et al. proposed an interesting benchmark model for this system that became a reference model for the analysis
of two-wheeled vehicles in general [16]. This benchmark bicycle model has all the features necessary to show the effectiveness of
the approach presented in this paper for the dynamic analysis of multibody mechanical systems. The analytical method and the
computational procedure presented in this investigation well suits general systems with both holonomic and nonholonomic constraints and, therefore, can be readily used to study different complex systems such as the Whipple-Carvallo model of the bicycle
system considered in this investigation. Moreover, as shown in this paper, the mechanics of bicycle systems, and, more in general,
the behavior of two-wheeled vehicles, is heavily influenced by their geometric and inertial parameters. As well-known, the resulting
peculiarities in the dynamical behavior of two-wheeled systems mainly originate from gyroscopic effects. An appropriate geometric
parametrization of the system of interest based on a virtual prototype, as well as the multibody formulation approach to the system dynamics, can address the increasing necessity of having accurate models and the need to simulate and define in advance the
characteristics of a given mechanical system before its actual construction. To demonstrate this fact, in this two-part investigation,
a parametric analysis of the Whipple-Carvallo bicycle system is made to understand if the multibody approach devised in this work
can correctly capture some of the well-known dynamical behaviors of two-wheeled systems, which have already been investigated
for motorcycles and bicycles in the literature [26–29].
The fundamental problem of interest for this investigation and the main contributions of the paper can be summarized as
reported below.
(1) This investigation deals with the kinematic and dynamic analysis of multibody mechanical systems whose motion is limited
by holonomic and/or nonholonomic constraints. To address this fundamental problem, a Lagrangian approach based on a
redundant set of generalized coordinates, which is referred to as the Redundant Coordinate Formulation (RCF), is employed
in this work. In the paper, considering as the starting point this sound and well-known formulation approach, the analytical
derivation of the differential-algebraic set of equations of motion, together with its subsequent computer implementation,
is performed for a general nonholonomic multibody system to lay the foundations for developing the case study analyzed in
this two-part manuscript.
(2) More specifically, this work is concerned with the stability analysis of multibody mechanical systems. For this purpose, an
effective analytical methodology is proposed in the paper to systematically obtain an appropriate generalized eigenvalue
problem associated with a linearized version of the differential-algebraic equations of motion of the multibody system of
interest. The linearization process is based on the index-three form of the multibody equations of motion obtained using the
RCP and is carried out around a given configuration whose stability characteristics are of interest for the dynamic analysis.
(3) As far as the nonlinear dynamic analysis of multibody mechanical systems is concerned, the paper makes a contribution
to this field by introducing an extension of the Robust Generalized Coordinate Partitioning Algorithm (RGCPA), an effective
constraint stabilization method which is capable of handling complex sets of holonomic and nonholonomic algebraic constraints at the same time. The proposed computational procedure allows for executing accurate numerical simulations of the
differential-algebraic equations of motion of multibody systems by enforcing the constraint equations at the position, velocity, and acceleration levels. It can be easily implemented through the development of a general-purpose multibody numerical
algorithm. The RGCPA is massively used in the paper for the dynamical simulations of nonlinear nonholonomic multibody
models.
As discussed above, the first part of this two-part research paper provides the analytical and computational background for the
subsequent numerical analysis of the case study of interest.
1.3 Literature Review on Multibody Algorithms
The stability analysis of dynamical systems is an effective approach that can considerably simplify the study of a mechanical
system since its dynamical behavior can be explored without the necessity of solving the differential equations of the associated
mathematical model [30]. In this respect, the stability analysis of a set of Differential-Algebraic Equations (DAEs) can be particularly
challenging. Besides, the models obtained with the multibody approach are typically nonlinear. For these reasons, the stability
analysis of a multibody mechanical system cannot ignore the implementation of a proper linearization procedure. A typical approach is to perform the analysis on an equivalent model linearized around a predetermined configuration of equilibrium to study
the stability of a nonlinear system. Several methods can be employed to accomplish this task [31]. For mechanical systems whose
motion is restricted by kinematic pairs, a typical analysis method is focused on a priori mathematical manipulation devoted to the
reformulation and subsequent elimination of the algebraic equations to obtain a set of Ordinary Differential Equations (ODEs), which
is uniquely a function of the independent coordinates [32, 33]. However, for complex multibody mechanical systems composed of
many rigid bodies and kinematic joints, a more practical choice to solve the problem can be using a properly simplified dynamical
model. In this respect, the work of Ripepi and Masarati specified a method to derive an appropriate reduced-order model, which can
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be effectively used to perform an eigenanalysis of the dynamical system under investigation [34]. Other authors proposed several
interesting reduction techniques suitable for computer-aided analysis, as in the work of Lehner and Eberhard [35], and the paper of
Koutsovasilis and Beitelschmidt [36].
There are substantially two diverse methodologies that can be followed to analyze the stability of constrained multibody mechanical systems. For simplicity, these two opposite strategies are called in this paper the direct analysis and the indirect analysis.
The first approach (direct method) is based on the numerical simulation of the system dynamics, which is perturbed around the
configuration of interest for the stability analysis, and on the consequent study of its resulting dynamical behavior [37]. Conversely,
the second strategy (indirect method) is based on the numerical resolution of a particular eigenproblem related to the original system of differential equations or, in the alternative, leverages the use of one of the more general Lyapunov stability methods [31].
There is no need to perform any dynamical simulation in this second case, leading to a more compact and efficient solution algorithm. Examples that belong to the first type of approach can be found in a wide range of studies. For example, Nikravesh and
Gim studied in [38] the dynamical performance of a race car by using appropriate numerical simulations carried out employing the
multibody model developed in their work. In [39], Kim et al. explored the stability characteristics of a flying insect using the direct
approach and compared the numerical results obtained from their dynamical model with those found by Sun et al. in [40], where an
indirect technique was applied. Furthermore, other interesting demonstrations of the direct analysis using multibody models can
be found in [41, 42]. Regarding the indirect analysis, several authors have developed different interesting ideas and viable methods.
In [43], Escalona and Chamorro devised a formulation to study the stability of a vehicle along a given trajectory as an alternative
approach to the established Floquet theory. The work of Masarati et al. focuses on alternative methods to identify the eigenvalues
which characterize the dynamical behavior of a mechanical system [44, 45]. In [46, 47], Negrut, and Ortiz developed a computational
technique that is analytically equivalent to a state-space formulation and is founded on the index-three form of the DAEs representing the multibody system to be analyzed. Another indirect method elaborated for the investigation of the coupled dynamics of
a vehicle with the sloshing inertial incidence can be found in the paper of Nichkawde et al. [48], while in [49] Bencsik et al. present
a procedure to define the parameters of a controller for a mechanical system starting from its stability analysis.
The achievement of an accurate numerical solution for the dynamics of complex multibody systems is still a challenging task
in the field of computer-aided analysis and engineering. Several researchers have explored different approaches for solving this
issue during the years, starting from the pioneering work of Haug and his coworkers [4, 50]. In particular, a revisited version of
the generalized coordinate partitioning method, proposed by the authors in previous investigations and extended in this paper for
the first time to the case of nonholonomic multibody mechanical systems [51], is developed in this work starting from the original
generalized partitioning method devised by Wehage and Haug in [52], and subsequently studied by Nikravesh and Haug in [53, 54],
who also considered nonholonomic constraints and recognized the difficulty encountered in addressing this challenging problem.
To address this issue, Wehage et al. proposed in [55] a strategy based on kinematic substructuring for a complex mechanism. Nada
and Bashiri discussed in [56] a method based on the selection of generalized coordinates. Marques et al. analyzed in [57] different
strategies to face the problem of constraints violation, including the partitioning method. In this respect, Masarati discussed in [58]
a method to add kinematic constraints to a defined mechanical system, assuring that they are also satisfied up to the second-order.
Terze and Naudet proposed in [59] an optimization procedure that can be applied to both holonomic and nonholonomic systems.
Several other interesting research work on nonholonomic mechanical systems can also be found in the literature [60–62].
1.4 Organization of the Manuscript
The subsequent sections of this manuscript are organized as follows. In Section 2., the equations of motion of multibody
mechanical systems are briefly recalled and the analytical techniques employed to systematically linearize a nonlinear set of
differential-algebraic equations of motion expressed in the index-three form are described. In Section 3., the computational strategy
adopted in this work for obtaining an accurate numerical solution for the differential-algebraic motion equations that consider both
holonomic and nonholonomic constraints is presented. In Section 4., a summary of the work done, the conclusions of this paper,
and some possible directions for future research are provided.

2. Analytical Methodology
In this section, the analytical methods and the multibody algorithms that allowed for developing the linear and nonlinear
differential-algebraic equations of motion considered in this paper are reported.
2.1 Equations of Motion of Multibody Mechanical Systems
In this subsection, the equations of motion governing the dynamic behavior of multibody mechanical systems subjected to
special motion restrictions described by holonomic and nonholonomic algebraic constraints are formulated. Multibody mechanical
systems are formed by rigid bodies, kinematic joints, actuation elements, and force fields. To this end, consider a general multibody
system in a three-dimensional space composed of Nb rigid bodies whose mechanical configuration is described by nq = Nb nr
geometric parameters, where nr represents the number of reference generalized coordinates associated with each rigid body. Thus,
the configuration of the entire multibody system under consideration is identified by a set of geometric parameters that forms a
vector of generalized coordinates denoted with q ≡ q(t) ∈ ℜnq , where t indicates the independent time variable. Two general
approaches can be followed in the formulation of the equations of motion of a given multibody system. Namely, one can employ
a Minimal Coordinate Formulation (MCF) or a Redundant Coordinate Formulation (RCF). As the semantic definition suggests, in the
former case, the number of generalized coordinates nq used in the kinematic description is equal to the number of the system
degrees of freedom denoted with nf . In contrast, in the latter case, the formulation of the problem is based on a set of geometric
parameters whose dimensions exceed the number of parameters strictly necessary for the description of the motion. While, in the
case of the MCF, the resulting set of equations of motion is a compact set of nonlinear Ordinary Differential Equations (ODEs), the
RCF leads to a larger set of nonlinear Differential-Algebraic Equations (DAEs) for the description of the dynamical model of the same
multibody system. However, the MCF is challenging to be applied when dealing with large systems composed of several closed
chains. Conversely, the RCF can be systematically formulated also in the case of complex multibody mechanical systems featuring
open-loop and/or closed-loop topologies.
Adopting the MCF and considering the basic principle of classical mechanics, one obtains the following minimal set of dynamic
equations:
M q̈ = Qv + Qe
(1)
where M ≡ M (q, t) ∈ ℜnq ×nq represents the mass matrix of the multibody system, Qv ≡ Qv (q, q̇, t) ∈ ℜnq is the system inertia
quadratic velocity vector that absorbs the generalized inertial forces that are quadratic in the generalized velocities, such as the
centrifugal and Coriolis inertial terms, and Qe ≡ Qe (q, q̇, t) ∈ ℜnq denotes the generalized external force vector that includes the
action of the external forces and torques applied on the multibody system, as well as the dynamical effects induced by the force
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fields acting on the multibody system.
On the other hand, the formulation of the equations of motion of a multibody system based on the RCF exploits the systematic definition of the algebraic equations modeling the motion restrictions imposed on the system. For this purpose, two families
of algebraic constraints can be distinguished, namely the holonomic algebraic constraints and the nonholonomic algebraic constraints. The holonomic constraints form a nonlinear set of nc,h algebraic equations defined at the position level involving the
system generalized coordinate vector, which can be grouped in an holonomic constraint vector denoted with C ≡ C(q, t) ∈ ℜnc,h .
Conversely, the nonholonomic constraints form a nonlinear set of nc,nh algebraic equations defined at the velocity level involving the system generalized coordinate and velocity vectors, which can be grouped in a nonholonomic constraint vector denoted
with D ≡ D(q, q̇, t) ∈ ℜnc,nh . Therefore, for a general multibody mechanical system described by using the RCF, the two sets of
holonomic and nonholonomic constraint equations lead to the formulation of the following separate sets of algebraic equations:
C = 0,

(2)

D=0

In order to adjoin the algebraic constraints to the equations of motion, the method of Lagrange multipliers can be readily employed. To this end, the first step consists of defining an additional vector of unknown variables for each set of algebraic constraints. Let λ ≡ λ(t) ∈ ℜnc,h be a vector of Lagrange multipliers associated with the set of holonomic constraints. Similarly, let
µ ≡ µ(t) ∈ ℜnc,nh be a vector of Lagrange multipliers associated with the set of nonholonomic constraints. Subsequently, define the
holonomic constraint Jacobian matrix as the Jacobian matrix of the vector of holonomic constraints computed with respect to the
vector of generalized coordinates indicated as C q = ∂C/∂q ≡ C q (q, t) ∈ ℜnc,h ×nq . In analogy with the case of holonomic algebraic
constraints, define the nonholonomic constraint Jacobian matrix as the Jecobian matrix of the vector of nonholonomic constraints
computed with respect to the vector of generalized velocities indicated as D q̇ = ∂D/∂ q̇ ≡ D q̇ (q, q̇, t) ∈ ℜnc,nh ×nq .
It can be easily demonstrated that the application of the classical principles of analytical dynamics based on the RCF, namely
the D’Alembert-Lagrange principle of virtual work employed in conjunction with the use of the technique of Lagrange multipliers,
yields the following redundant set of differential-algebraic equations of motion:

T
T

 M q̈ = Qv + Qe − C q λ − D q̇ µ
C=0


D=0

(3)

where again, considering an appropriate change in the system dimensions and in the definition of the matrix and vector terms that
appear in the multibody model, M ≡ M (q, t) ∈ ℜnq ×nq identifies the system mass matrix, Qv ≡ Qv (q, q̇, t) ∈ ℜnq represents the
system inertia quadratic velocity vector, and Qe ≡ Qe (q, q̇, t) ∈ ℜnq is the system generalized external force vector. The system
of dynamic equations resulting from the use of the RCF forms an index-three set of differential-algebraic equations in which the
generalized constraint force vectors associated with the sets of holonomic and nonholonomic constraints are respectively denoted
with Qc,h ≡ Qc,h (q, t) ∈ ℜnq and Qc,nh ≡ Qc,nh (q, q̇, t) ∈ ℜnq . The analytical form of these two vectors is given by:
Qc,h = −C T
q λ,

Qc,nh = −D T
q̇ µ

(4)

Furthermore, the index-three form of the differential-algebraic set of equations of motion describing the nonlinear dynamics
of a multibody mechanical system subjected to both holonomic and nonholonomic constraints can be properly transformed into
its index-one counterpart by substituting the set of holonomic constraints with its second derivative with respect to time and by
substituting the set of nonholonomic constraints with its first derivative with respect to time. To achieve this goal for the two sets
of holonomic and nonholonomic algebraic constraints, one can respectively write:
⇒

C=0

C̈ = 0

⇔

C q q̈ = Qd,h

(5)

Ḋ = 0

⇔

D q̇ q̈ = Qd,nh

(6)

and
D=0
where:
Qd,h = −

∂2C
−
∂t2



⇒



∂ (C q q̇)
∂q

q̇ − 2

and
Qd,nh = −

∂2C
q̇ = −C t,t − (C q q̇)q q̇ − 2C q,t q̇
∂q∂t

∂D
∂D
−
q̇ = −D t − D q q̇
∂t
∂q

(7)

(8)

where Qd,h ≡ Qd,h (q, q̇, t) ∈ ℜnc,h is the holonomic constraint quadratic velocity vector and Qd,nh ≡ Qd,nh (q, q̇, t) ∈ ℜnc,nh is the
nonholonomic constraint quadratic velocity vector. By following this approach, the index-one set of differential-algebraic equations
that governs the nonlinear motion of a general multibody mechanical system can be written as:

T
T

 M q̈ = Qv + Qe − C q λ − D q̇ µ
C q q̈ = Qd,h


D q̇ q̈ = Qd,nh

(9)

By properly manipulating the index-one form of the multibody equations of motion, one obtains the following compact set of
dynamic equations written in matrix form as follows:
(

where:

"
Qb = Qv + Qe ,

v=

M q̈ = Qb − J T v
J q̈ = Qd

λ
µ

#

"
,

J=
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#

"
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Qd =

Qd,h
Qd,nh

#
(11)
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where nc = nc,h + nc,nh indicates the total number of algebraic constraints, Qb ≡ Qb (q, q̇, t) ∈ ℜnq denotes the total vector of
inertial and external generalized forces acting on the multibody system, v ≡ v(t) ∈ ℜnc is the total vector of Lagrange multipliers,
J ≡ J(q, q̇, t) ∈ ℜnc ×nq represents the total Jacobian matrix of the algebraic constraints, and Qd ≡ Qd (q, q̇, t) ∈ ℜnc identifies the
total constraint quadratic velocity vector associated with the entire set of holonomic and nonholonomic algebraic constraints.
As discussed below in the manuscript, the index-three form of the equations of motion derived adopting a systematic approach
based on the RCF, as well as being much easier to obtain in a compact matrix form even for complex closed-chain mechanical
systems, can be directly linearized employing an effective analytical method considered in this investigation. By doing so, one can
readily perform the modal analysis of a multibody system considering its linearized dynamical model and obtain the system natural
frequencies and modes of vibration. Besides, the index-one set of differential-algebraic equations of motion, analytically derived
herein considering the RCF, can be readily implemented in a general-purpose multibody computational algorithm for the dynamic
analysis of nonlinear multibody mechanical systems. Thus, the marching on the time grid of the numerical solution of the motion
equations can be effectively carried out using an appropriate numerical integration scheme.
2.2 Linearization of the Equations of Motion
In this subsection, an effective linearization method is introduced and used to obtain a linear version of the index-three equations of motion of a general multibody system considering small perturbations around a given configuration of interest. By employing the proposed approach, one can readily define and solve the stability problem of a general multibody mechanical system
by analyzing its dynamic behavior considering the linearized equations of motion. To this end, the nonlinear differential equations
and the nonlinear algebraic equations that form the dynamical model of a general multibody mechanical system are considered at
the same time in the linearization process.
Define the integer number nx = nq + nc and let x ≡ x(t) ∈ ℜnx be a composite vector containing the generalized coordinates
and the Lagrange multipliers associated with the multibody system. Thus, for definition, the composite coordinate vector is formed
by the vector of generalized coordinates together with the complete vector of Lagrange multipliers and is simply defined as:
"

q
v

x=

#
(12)

To apply the linearization method described herein, the equations of motion of a generic multibody system must be properly
reformulated using a similar partition process. Following this strategy, the proposed approach is based on the index-three form of
the differential-algebraic dynamic equations, which can be rewritten as follows:
(

F =0
E=0

(13)

where:

"
F = M q̈ − Qb + J v,
T

E=

C
D

#
(14)

where F ≡ F (q, q̇, q̈, v, t) ∈ ℜnq denotes a nonlinear vector function containing the differential part of the equations of motion,
while E ≡ E(q, q̇, t) ∈ ℜnc represents a nonlinear vector function that contains the algebraic part of the equations of motion. By
doing so, the equations of motion can be rewritten in an implicit matrix form and can be further rearranged in a more compact
formulation given by:
"
#
F
f = 0, f =
(15)
E
where f ≡ f (x, ẋ, ẍ, t) ∈ ℜnx identifies a nonlinear vector function in which the complete set of differential-algebraic equations of
motion is implicitly embedded.
The introduction of the nonlinear vector function f allows for performing a direct formulation of the stability problem, which
is, in turn, expressed employing a generalized eigenvalue problem associated with the linearized equations of motion. For this
purpose, consider the composite vector x0 representing the reference configuration to be used in the stability analysis. The reference
composite vector x0 is made of the generalized coordinate vector q 0 , that identifies the reference configuration around which the
stability analysis is performed, and contains the Lagrange multiplier vector v 0 , which embeds the reference Lagrangian multipliers
that can be readily determined in correspondence to the preassigned reference configuration. In order to derive the linearized
version of the equations of motion, consider a perturbation of the composite coordinate vector denoted with x̄ ≡ x̄(t) ∈ ℜnx that is
defined as follows:
x̄ = x − x0
(16)
The Taylor expansion truncated at the first order of the implicit form of the equations of motion associated with the perturbation
of the composite coordinate vector around an assigned reference configuration results in the following vector equation:
¨=0
f ≃ f |0 + f x |0 x̄ + f ẋ |0 x̄˙ + f ẍ |0 x̄
where:

f |0 = f (x0 , ẋ0 , ẍ0 , t0 ),


f x |0 =









f ẋ |0 =








 f | =
ẍ 0

(17)

∂f
∂x x ,ẋ ,ẍ ,t
0
0
0 0
∂f
∂ ẋ x ,ẋ ,ẍ ,t
0
0
0 0

(18)

∂f
∂ ẍ x ,ẋ ,ẍ ,t
0
0
0 0

and
x̄ = x − x0 ,

x̄˙ = ẋ − ẋ0 ,

¨ = ẍ − ẍ0
x̄

(19)

In particular, it is assumed that the reference configuration can equally represent a preassigned configuration point or a given
trajectory. In either case, since the composite reference vector, which represents the configuration around which the linearization
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of the equations of motion is performed, is indeed a solution of the nonlinear set of differential-algebraic motion equations, the
following relation stands:
f (x0 , ẋ0 , ẍ0 , t0 ) = 0
(20)
In light of this simplification, the truncation of the Taylor series expansion can be manipulated to obtain the following mathematical expression:
¨ + R̄0 x̄˙ + K̄ 0 x̄ = 0
M̄ 0 x̄
(21)
where M̄ 0 ≡ M̄ 0 (x0 , t0 ) ∈ ℜnx ×nx , R̄0 ≡ R̄0 (x0 , ẋ0 , t0 ) ∈ ℜnx ×nx , and K̄ 0 ≡ K̄ 0 (x0 , ẋ0 , ẍ0 , t0 ) ∈ ℜnx ×nx respectively represent the
composite mass, damping, and stiffness matrices of the multibody system linearized around the reference configuration of interest.
The generic symbolic forms of the composite mass, damping, and stiffness matrices can be obtained as follows:
M̄ 0 = f ẍ |0 ,

R̄0 = f ẋ |0 ,

K̄ 0 = f x |0

(22)

From a mathematical perspective, the composite mass, damping, and stiffness matrices can be assembled in block matrix forms.
To this end, four distinct matrix blocks can be identified and used in the definition of these composite matrices. The separation into
four independent matrix blocks is also advantageous in implementing the proposed method in a general-purpose multibody code.
The composite mass matrix can be calculated using the following block formulation:
"

F q̈
E q̈

M̄ 0 = f ẍ |0 =
where:

(

F v̈ |0
E v̈ |0

0
0

#

"
=

0

0

#

0

M̄ 1,1
0
M̄ 2,1

M̄ 1,2
0
M̄ 2,2

(23)

0

M̄ 1,1 = M |0 , M̄ 1,2 = O
0
0
M̄ 2,1 = O, M̄ 2,2 = O

(24)

The composite damping matrix can be calculated using the following block formulation:
"
R̄0 = f ẋ |0 =
where:

F q̇
E q̇



 R̄01,1 = − ∂Qb
∂ q̇

 R̄02,1 =

F v̇ |0
E v̇ |0

0
0

0

#

∂ (J T v )
∂ q̇

+
0

∂E
,
∂ q̇ 0

"
=

,

0

0

R̄1,1
0
R̄2,1

R̄1,2
0
R̄2,2

#
(25)

0

R̄1,2 = O

(26)

0

R̄2,2 = O

The composite stiffness matrix can be calculated using the following block formulation:
"
K̄ 0 = f x |0 =
where:



 K̄ 01,1 =

 K̄ 02,1 =

F q |0
E q |0

F v |0
E v |0

#

"
=

0

0

K̄ 1,1
0
K̄ 2,1

∂ (J T v )
∂Q
∂(M q̈)
− ∂qb +
,
∂q
∂q
0
0
0
0
∂E
, K̄ 2,2 = O
∂q 0

K̄ 1,2
0
K̄ 2,2

#
(27)

0

K̄ 1,2 = J T

0

(28)

Using the previous definitions of the composite mass, damping, and stiffness matrices based on block matrix forms, the generalized eigenvalues problem associated with the study of the stability of the linearized system of equations of motion can be easily
implemented. To achieve this goal, the stability analysis based on the proposed linearization method can be carried out immediately
after a state-space reformulation of the linear form of the system equations of motion is performed. To this end, consider a state
vector denoted with z̄ ≡ z̄(t) ∈ ℜnz , where nz = 2nx represents the dimension of the state-space, that is formulated as follows:
"
z̄ =

x̄
x̄˙

#
(29)

By introducing the previous definition of the state vector, the generalized state-space formulation of the linearized equations of
motion of a general multibody system is given by:
Ū 0 z̄˙ = V̄ 0 z̄
(30)
where z̄ 0 identifies the reference point of the state-space, while Ū 0 ≡ Ū 0 (z̄ 0 , t0 ) ∈ ℜnz ×nz and V̄ 0 ≡ V̄ 0 (z̄ 0 , t0 ) ∈ ℜnz ×nz represent
the two transition matrices of the generalized state-space dynamic model that are respectively based on the following block matrix
forms:
"
#
"
#
R̄0
M̄ 0
−K̄ 0
O
Ū 0 =
, V̄ 0 =
(31)
M̄ 0
O
O
M̄ 0
For the same multibody mechanical system, the eigenvalues calculated with the proposed approach based on the definition of an
appropriate generalized state-space dynamical model exactly coincide with those of the equivalent standard state-space dynamical
model. The only important difference in the two eigenvalue problems, namely the standard eigenvalue problem associated with
the MCF and the generalized eigenvalue problem associated with the RCF, is the presence in the generalized eigenvalue problem
of additional eigenvalues equal to the infinite correlated to the Lagrange multipliers embedded in the composite coordinate vector.
Conversely, the eigenvectors cannot be the same for the two formulations of the eigenproblems since they are associated with two
different state vectors.
To solve the generalized eigenvalue problem derived above, consider the following trial solution labeled with the integer number
k:
z̄ = ψ k esk , k = 1, 2, . . . , nz
(32)
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where sk is a complex scalar denoting the generic eigenvalue labeled with the integer number k and ψ k represents the corresponding
eigenvector. The substitution of the trial analytical solution into the generalized state-space model leads to the mathematical
expressions reported below:

V̄ 0 ψ k = sk Ū 0 ψ k ⇔
V̄ 0 − sk Ū 0 ψ k = 0
(33)
and
det(V̄ 0 − sk Ū 0 ) = 0

(34)

This set of algebraic equations identifies the basic equations representing the generalized eigenvalue problem associated with
the stability of a general multibody mechanical system modeled by using the RCF. As for the standard eigenvalue problem, the last
condition in the previous set of equations was imposed to obtain nontrivial solutions. As already said, the eigenvalues associated
with the Lagrange multipliers found with the use of this method give no significant information about the stability of the system.
Thus, only the remaining eigenvalues must be considered to study and investigate the stability of the multibody system under
consideration.
As mentioned in the paper, taking the opportune cautions, the stability of a nonlinear system can be analyzed through the
stability of its linearized counterpart obtained by performing a Taylor series expansion around the state or the trajectory of interest.
In particular, if the equilibrium state of the linearized system is of the type referred to as center, namely, the linearized system
oscillates with a constant amplitude, the behavior of the trajectory of the original nonlinear system is determined by the remaining
terms of the Taylor series that were neglected during the linearization process. Only in this case, the linearized system analysis gives
no definitive information about the dynamical behavior of the nonlinear system, and, therefore, a more sophisticated nonlinear
stability analysis becomes necessary. From a more general perspective, consider a dynamical system described by the following
nonlinear state-space equations:
H ż = h
(35)
where z ≡ z(t) ∈ ℜnz denotes the time-dependent state vector, H ≡ H(z, t) ∈ ℜnz ×nz is the so-called state mass matrix, and
h ≡ h(z, t) ∈ ℜnz represents the general nonlinear state function. The state z 0 of a nonlinear dynamical system is a stable
equilibrium point at the time instant t0 if, for any given strictly positive scalar ε > 0, there exists another strictly positive scalar
δ ≡ δ(ε, t0 ) > 0 such that if ∥z(t0 ) − z 0 ∥ < δ then ∥z(t) − z 0 ∥ < ε for all t ≥ t0 . A nonlinear dynamical system that is stable according to this definition is also called stable in the sense of Lyapunov. In particular, if δ is independent of t0 , the system is said to
be uniformly stable in the sense of Lyapunov. Moreover, the state z 0 of a nonlinear dynamical system is an asymptotically stable
equilibrium point at the time instant t0 if it is stable in the sense of Lyapunov and if there exists a strictly positive scalar χ ≡ χ(t0 ) > 0
such that if ∥z(t0 ) − z 0 ∥ < χ then lim ∥z(t) − z 0 ∥ = 0. If χ is independent of the initial time instant t0 as well, the system is said to
t→∞

be uniformly asymptotically stable in the sense of Lyapunov.
In any other case, however, the stability analysis of the linearized system provides insights into the stability features of the original nonlinear dynamical system. Therefore, the linearization approach described in this section that leads to the formulation of a
generalized eigenvalue problem plays a central role in the stability analysis of mechanical systems constrained by kinematic pairs.
Finally, since it is based on relatively simple symbolic manipulations and on standard numeric calculations that can be efficiently
handled with the computational tools readily available today, the proposed linearization approach based on the generalized eigenvalue problem can be easily implemented in general-purpose multibody computer codes and applied to the analysis of complex
mechanical systems.

3. Computational Algorithm
In this section, the fundamental computational tools necessary to efficiently and effectively obtain an accurate numerical solution of the differential-algebraic equations of motion of multibody mechanical systems subjected to holonomic and/or nonholonomic constraints are presented.
3.1 Multibody Solution Procedure
In this subsection, the complete computational algorithm used for the numerical solutions of the equations of motion is presented. In general, since the complex dynamic behavior of a given multibody mechanical system is governed by a nonlinear set of
differential-algebraic equations of motion, a robust and reliable computational algorithm is required for achieving an effective and
efficient numerical solution. In Figure 1, the flowchart of the multibody algorithm used in this paper for formulating and solving
the differential-algebraic equations of motion is illustrated.
The general flowchart of the multibody solution procedure employed in this investigation, shown in Figure 1, can be summarized
in the following five essential steps. The first step is the analytical formulation of the differential-algebraic equations of motion of
the multibody system of interest, which is performed in advance at the preprocessing stage before entering the numerical solution loop. In this paper, an analytical approach based on the Redundant Coordinate Formulation (RCF) is employed to derive the
differential-algebraic motion equations. The second step aims to define a set of initial conditions for the multibody system that
must be consistent with the algebraic constraints modeling the kinematic joints associated with position-level algebraic equations
and complying with the particular limitations of the dynamical behavior imposed at the velocity level. Like the first phase of the
computational procedure, the second step is carried out only once at a preprocessing stage, before the actual beginning of the numerical solution process necessary for performing the dynamical simulation. The third step of the computational algorithm focuses
on stabilizing the drift of the holonomic and/or nonholonomic constraint equations. This crucial step represents the real starting
point of the iterative procedure devoted to forwarding the numerical solution of the equations of motion on the time grid. As discussed below in this section, the computational technique considered in this research work for stabilizing the constraint equations
is the Robust Generalized Coordinate Partitioning Algorithm (RGCPA) and its variant specifically devised in this paper for handling
both holonomic and nonholonomic algebraic constraints at the same time. The fourth step of the computational procedure is devoted to calculating the vector of generalized accelerations of the multibody mechanical system necessary to define the system state
function. To this end, a simple but effective matrix method based on the Augmented Formulation (AF) is employed considering the
index-one form of the differential-algebraic equations of motion. Finally, in the fifth and last step of the computational procedure,
the actual numerical integration of the motion equations is carried out to compute the system state vector corresponding to the
next point of the discretized time axis. In particular, a numerical integration scheme based on the Adams-Bashforth Method (ABM)
is used to achieve this goal, considering a standard state-space representation of the dynamical equations. By doing so, one obtains
an array of real numbers containing an approximation of the numerical solution of the equations of motion corresponding to a given
point on the time grid. The last three steps of the solution procedure are consecutively repeated until the entire time span of the
dynamical simulation is covered. Since they represent the core part of the entire computational procedure employed to derive the
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Figure 1. Multibody solution procedure.

numerical solution of the nonlinear set of differential-algebraic equations of motion, the last three steps of the multibody flowchart
shown in Figure 1 are discussed in detail below.
3.2 Numerical Integration of the Equations of Motion
In this subsection, the numerical integration scheme employed in this paper for solving the equations of motion of index-one
multibody systems is concisely described. To this end, the index-one nonlinear set of DAEs representing the multibody equations
of motion can be readily rewritten in the following matrix form that is referred to as the Augmented Formulation (AF):
(

"

M q̈ + J T v = Qb
J q̈ = Qd

⇔

JT
O

M
J

#"

q̈
v

#

"
=

Qb
Qd

#
(36)

or
(37)

M a q a = Qa
ℜna ×na

where the integer na = nq + nc represents the characteristic dimension of the AF, M a ≡ M a (q, t) ∈
is the augmented mass
matrix, q a ≡ q a (t) ∈ ℜna denotes the augmented generalized coordinate vector, and Qa ≡ Qa (q, q̇, t) ∈ ℜna identifies an augmented
vector of generalized forces. The vector and matrix quantities employed in the AF are respectively given by:
"
Ma =

M
J

JT
O

#

"
,

qa =

q̈
v

#

"
,

Qa =

Qb
Qd

#
(38)

By solving the equations of motion rewritten according to the AF, which represents a system of linear equations defined at each
time step of the dynamical simulation, one obtains the augmented generalized coordinate vector q a associated with the multibody
system equations of motion containing the vector of generalized accelerations q̈ and the vector of Lagrange multipliers v. While
the physical information contained in the Lagrange multiplier vector can be used for calculating the generalized constraint forces
relative to the kinematic joints acting on the multibody system, one can use the computation of the generalized acceleration vector
of the mechanical system for the definition of the state function necessary for the progressive marching of the numerical simulation
on the time grid considering a standard numerical integration algorithm. For this purpose, let y ≡ y(t) ∈ ℜny be the state vector
associated with the state-space form of the index-one set of DAEs representing the multibody equations of motion given by:
"
y=

q
q̇

#
(39)

where ny = 2nq is the dimension of the state vector. The previous straightforward introduction of the state vector denoted with y
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allows for obtaining the following mathematical formulation of the dynamical problem associated with the equations of motion:


 ẏ = g(y, t)



(40)
y(0) = y 0

where y 0 represents the vector of initial conditions that identify the initial configuration of the multibody system and its initial set
of generalized velocities, while the nonlinear vector function denoted with g ≡ g(y, t) ∈ ℜny is the state function of the multibody
system. These vectors are respectively defined as follows:
"

q0
q̇ 0

y0 =

#

"
,

q̇
q̈

g=

#
(41)

where q 0 and q̇ 0 respectively represent the vectors containing the initial generalized coordinates and velocities of the multibody
system, while the system generalized acceleration vector can be readily determined by using the computational method based on
the AF mentioned before.
Considering the state-space representation of the equations of motion of a general multibody mechanical system, provided that
an appropriate constraint stabilization algorithm is implemented in the iterative loop representing the multibody solution procedure,
to obtain an approximate solution of the index-one set of DAEs that governs the dynamics of the multibody system under study,
one can directly use a proper integration method that is selected between the robust numerical integration schemes developed for
solving a system of ODEs. To this end, a fourth-order explicit multistep scheme based on the Adams-Bashforth Method (ABM) is
employed in this paper, which can be summarized by considering the following integration formula:
Y n+4 = Y n+3 +

∆t
24

(55g(Y n+3 , tn+3 ) − 59g(Y n+2 , tn+2 ))
(42)

+ ∆t
(37g(Y n+1 , tn+1 ) − 9g(Y n , tn ))
24
where n is an integer number associated with the time discretization, the scalar quantity denoted with ∆t represents the discretized
time interval employed in the numerical integration scheme based on the ABM, while the discrete vector denoted with Y n+i identifies the numerical approximation of the exact solution for the exact state vector y n = y(tn ) defined at the discretized time instant
tn+i = (n + i) ∆t, and i is a positive integer number. As discussed below, since the AF is a computational method for the determination of the system generalized acceleration vector based on an index-one form of the differential-algebraic equations of motion
necessary for the computer implementation of the ABM, it is important to emphasize that an effective constraint stabilization algorithm is also required to complete the multibody solution procedure correctly. While the enforcement of the constraint equations
at the acceleration level is ensured through the use of the AF, the chosen constraint stabilization algorithm must be implemented
in conjunction with the numerical integration scheme employed for the step-by-step computation of the numerical solution on
the discretized time axis to eliminate the detrimental drift of the holonomic and nonholonomic algebraic constraints at both the
position and velocity levels.
3.3 Robust Generalized Coordinate Partitioning Algorithm for Holonomic Multibody Systems
In this subsection, the fundamental aspects of the Robust Generalized Coordinate Partitioning Algorithm (RGCPA) [51, 63], developed as a constraint stabilization method for holonomic multibody systems starting from the original version of the generalized
coordinate partitioning method [52], are recalled to clarify the subsequent derivation of the same computational technique in the
case of nonholonomic multibody systems. To this end, consider a multibody mechanical system described by nq generalized coordinates embedded in the generalized coordinate vector q and subjected only to a nonlinear set of nc,h holonomic constraints
grouped in the holonomic constraint vector C associated with a vector of Lagrange multipliers denoted as λ. In this case, the set
of differential-algebraic equations of motion can be formulated in the index-three form and can be subsequently rewritten in the
index-one form as follows:
(
(
M q̈ = Qb − C T
M q̈ = Qb − C T
qλ
qλ
⇒
(43)
C=0
C q q̈ = Qd,h
As mentioned before, while the index-three form of the equations of motion is well suited for the linearization procedure previously described in the paper, the corresponding index-one form of the dynamic equations is more advantageous for the computer
implementation of the AF necessary for performing dynamical simulations. For this purpose, Equation (43) can be rewritten according to the matrix structure of Equation (37). In particular, in the case of holonomic multibody mechanical systems, one obtains:
"
Ma =

M
Cq

CT
q
O

#

"
,

qa =

q̈
λ

#

"
,

Qa =

Qb
Qd,h

#
(44)

where, in this case of holonomic systems, the characteristic dimension of the AF is defined by the integer number na = nq + nc,h .
The RGCPA applied to holonomic multibody systems is structured following four consecutive computational steps: the degrees
of freedom analysis, the position analysis, the velocity analysis, and the acceleration analysis. The flowchart of the RGCPA for
holonomic multibody systems is shown in Figure 2a.
As shown in Figure 2a, the computational step devoted to the determination of the generalized acceleration vector is not included
in the algorithm flowchart since, in principle, one can also employ an analytical method that differs from the AF for carrying out
the acceleration analysis. To this end, several well-known methods can be found in the literature, and the general computational
algorithm developed in this work can equally include each one of these techniques [64]. As discussed below, the AF is based on the
index-one form of the motion equations and is employed only in the acceleration analysis.
The first step of the RGCPA is the degrees of freedom analysis. In this phase, the generalized coordinate vector of the holonomic
multibody system q is partitioned into independent and dependent coordinates. Thus, the generalized coordinate vector q can be
rearranged as follows:
"
#
qi
q=
(45)
qd
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Figure 2. Flowcharts of the RGCPA for holonomic and nonholonomic multibody systems.

where nq,i is the number of independent coordinates, nq,d is the number of dependent coordinates, q i ≡ q i (t) ∈ ℜnq,i represents the
independent generalized coordinates vector, and q d ≡ q d (t) ∈ ℜnq,d represents the dependent generalized coordinates vector. The
partitioning into dependent and independent generalized coordinates can be readily accomplished through the numerical analysis
of the structure of the constraint Jacobian matrix Cq . Therefore, different computational methods are available to identify the vectors of independent and dependent coordinates q i and q d . For example, a Gaussian elimination or a LU factorization with partial of
full pivoting of the constraint Jacobian matrix Cq can be applied at each time step of the numerical simulation to accomplish this
task [4, 50]. By doing so, the set of independent coordinates q i is identified by the column of the upper triangular matrix in which
the pivots are not found. Conversely, the set of dependent coordinates q d is associated with the column of the upper triangular
matrix in which the pivots are found.
It is important to note that there are several cases quite common in engineering applications in which the set of constraint
equations is redundant, resulting in a scenario in which the constraint Jacobian matrix Cq does not have a full row rank. To handle
this situation, a preliminary Gaussian elimination procedure can be used to find and remove the redundant constraint equations
in the vector of holonomic constraints denoted with C. In this case, one can define a set of independent algebraic constraints of
dimension denoted with n̄c,h that are embedded in the holonomic constraint vector indicated as C̄ ≡ C̄(q, t) ∈ ℜn̄c,h , as well as an

independent Jacobian matrix of the holonomic constraint equations indicated as C̄ q = ∂ C̄ ∂q ≡ C̄ q (q, t) ∈ ℜn̄c,h ×nq . Identifying
the system degrees of freedom and the redundant constraint equations at each time step of the dynamical simulation is essential
for correctly solving the differential-algebraic set of dynamic equations describing the motion of the multibody system under investigation. Repeating this procedure at each time step during the simulation significantly increases the numerical robustness of the
algorithm, assuring that, for every discrete time step, the independent generalized coordinates are successfully found. However,
although it is not recommended, for simplicity, one can identify the set of redundant algebraic constraints only at the beginning of
the numerical simulation, while the identification of the sets of independent and dependent generalized coordinates must be, in
any case, repeated at each time step of the dynamic analysis to obtain accurate numerical results for complex multibody mechanical
systems [3].
The second step of the RGCPA is the position analysis. To carry out this task, a Newton-Raphson method can be implemented to
calculate the vector of dependent coordinates of the multibody system denoted with q d , holding fixed the set of independent generalized coordinates denoted with q i and, at the same time, satisfying the holonomic constraints at the position level. For a small
perturbation around an actual configuration of the multibody system consistent with the kinematic constraints, the holonomic
constraint equations imposed on the multibody system, which are described by the first set of algebraic equations that appear in
Equation (2), can be approximated by computing a Taylor series expansion truncated at the first order. For this purpose, one can
write:
C = 0 ⇒ ∆C = C + C qi ∆q i + C qd ∆q d = C + C q ∆q = 0
(46)
or equivalently:
C q ∆q = −C

(47)

where ∆C represents the first-order Taylor expansion of the nonlinear constraint vector function C, ∆q identifies the vector of
Newton differences of the generalized coordinates of the multibody system, C qi = ∂C/∂q i ≡ C qi (q, t) ∈ ℜnc,h ×nq,i denotes the
Jacobian matrix associated to the holonomic constraints that can be obtained by differentiating the vector of holonomic constraints
C with respect to the generalized independent coordinates q i , C qd = ∂C/∂q d ≡ C qd (q, t) ∈ ℜnc,h ×nq,d denotes the Jacobian matrix
associated to the holonomic constraints that can be obtained by differentiating the vector of holonomic constraints C with respect
to the generalized dependent coordinates q d , while the vectors ∆q i and ∆q d represent, respectively, the vectors of the Newton
differences of the independent and dependent generalized coordinates. Since the independent coordinates vector q i is kept fixed
in the position analysis, the equivalent vector of Newton differences must be set equal to zero:
∆q i = 0

⇔

B i ∆q = 0
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where B i is an appropriate Boolean matrix used to select the independent generalized coordinates q i from the total generalized
coordinate vector of the multibody system denoted with q, as described by the following simple matrix equation:
(49)

qi = Bi q
At this stage, Equations (47) and (48) can be combined in the following compact matrix form:
(

C q ∆q = −C
B i ∆q = 0

⇔

J c ∆q = bc

(50)

where the matrix J c ≡ J c (q, t) ∈ ℜnq ×nq can be defined as the augmented holonomic constraint matrix and the vector bc ≡ bc (q, t) ∈
ℜnq is the right-hand side augmented vector of holonomic constraints at the position level. These vector and matrix quantities are
respectively given by:
"
#
"
#
Cq
−C
Jc =
, bc =
(51)
Bi
0
The system of algebraic equations represented by the Equation (50) must be solved iteratively in a while-type loop. To this end,
the vector of Newton differences ∆q is updated until the convergence condition is reached for a predetermined tolerance value for
the norms of both the holonomic constraint vector C and the Newton differences of the independent coordinates ∆q i . By doing so,
one can iteratively improve the correction of the generalized coordinate vector q starting from a realistic initial guess of the system
position configuration indicated as q 0 coming from the previous discrete time step:
(52)

q = q 0 + ∆q

where the vector of Newton differences ∆q and the starting point for the generalized coordinate vector q 0 are constantly updated
in the while-type loop.
In the case of a multibody system subjected to a redundant set of holonomic constraints, the partitioning procedure at the
position level is identical, except for the necessity of respectively using, instead of the complete constraint vector C and the complete
Jacobian matrix Cq , the vector of independent algebraic constraints C̄ and the relative Jacobian matrix C̄ q already defined before.
Consequently, in this case, Equation (50) associated with the iterative procedure of the position analysis must be modified as follows:
J¯c ∆q = b̄c

(53)

where the independent augmented holonomic constraint matrix indicated as J¯c ≡ J¯c (q, t) ∈ ℜnq ×nq and the independent righthand side augmented vector of the holonomic constraints at the position level indicated as b̄c ≡ b̄c (q, t) ∈ ℜnq are respectively
defined as:
"
#
"
#
C̄ q
−C̄
¯
Jc =
, bc =
(54)
Bi
0
As in the case of a multibody system with no redundant coordinates equations already described above, the system of algebraic
equations defined in Equation (53) must be iteratively solved until a numerical convergence is reached to determine the dependent
set of generalized coordinates from the independent ones.
The third step of the RGCPA is the velocity analysis. This stage aims to force the generalized velocities of the multibody system
to satisfy the constraint equations at the velocity level. Thus, the dependent velocities grouped in the vector q̇ d must be calculated
holding fixed the vector of independent velocities denoted with q̇ i and the entire generalized coordinate vector q of the multibody
system already corrected in the phase of the position analysis. To achieve this goal, the constraint equations at the velocity level
mathematically derived below must be numerically solved:
Ċ = 0

⇒

Ċ = C t + C qi q̇ i + C qd q̇ d = C t + C q q̇ = 0

(55)

or equivalently:
C q q̇ = −C t

(56)

where C t denotes the partial derivative of the vector C of holonomic constraint equations computed with respect to the time
variable t. Since both the independent velocities q̇ i and the corrected generalized coordinates q of the multibody system are kept
fixed, the following identity must be taken into account:
q̇ i = q̇ i

⇔

B i q̇ = q̇ i

(57)

Equations (56) and (57) can be arranged in the following compact matrix form:
(

C q q̇ = −C t
B i q̇ = q̇ i

⇔

J c q̇ = dc

(58)

where J c is the same augmented holonomic constraint matrix encountered in the position analysis described by Equation (50), while
dc ≡ dc (q, q̇, t) ∈ ℜnq is the right-hand side holonomic constraint vector at the velocity level having the following mathematical
form:
#
"
−C t
dc =
(59)
q̇ i
To consistently perform the velocity analysis, since the problem of the stabilization of the constraint equations at the velocity
level is exactly formulated in terms of a linear system of algebraic equations, Equation (58) can be solved numerically in only one
step to obtain the corrected generalized velocity vector q̇.
Even in this case, it is important to point out that the approach used for handling the velocity analysis can also be applied when
dealing with redundant constraints to obtain the correct value of the generalized velocity vector q̇ of the multibody system. To
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this end, the independent algebraic equations embedded in the vector C̄ found in the first step of the algorithm must be used and,
consequently, Equation (58) must be reformulated as follows:
J¯c q̇ = d¯c

(60)

where J¯c is the independent augmented holonomic constraint matrix employed in Equation (53) and d¯c ≡ d¯c (q, q̇, t) ∈ ℜnq is the
independent right-hand side augmented vector of holonomic constraints at the velocity level associated with the redundant set of
algebraic constraints given by:
"
#
−C̄ t
¯
dc =
(61)
q̇ i
where C̄ t represents the partial derivative of the independent constraint vector C̄ computed with respect to the time variable t.
The fourth and final step of the RGCPA is the acceleration analysis. In this last step, the objective is to force the numerical
solution of the equations of motion to satisfy the constraint equations also at the acceleration level. This goal can be reached
considering the AF based on the index-one form of the equation of motion described by Equation (43). By doing so, since the correct
values of the generalized coordinate and velocity vectors previously found, respectively denoted with q and q̇, are used to define the
numerical values of the augmented mass matrix M a and the augmented total generalized force vector Qa , the set of differentialalgebraic equations of motion can be consistently solved to obtain the augmented generalized acceleration vector q a . As already
discussed above, since they correspond to the first nq entries of the augmented generalized acceleration vector defined in Equation
(44), the generalized accelerations can be extracted from q a , and the numerical integration of the dynamic equations can be readily
performed using a standard numerical scheme.
3.4 Robust Generalized Coordinate Partitioning Algorithm for Nonholonomic Multibody Systems
In this subsection, the RGCPA is extended to the case of multibody systems subjected to both holonomic and nonholonomic
constraints. In the case of a multibody mechanical system subjected to a nonlinear set of nc,h holonomic constraints, grouped in
the holonomic constraint vector indicated as C, and conditioned by a nonlinear set of nc,nh nonholonomic constraints, grouped in
the nonholonomic constraint vector indicated as D, the differential-algebraic equations of motion can be reformulated considering
their index-three structure leading to the following set of equations:
(
M q̈ = Qb − J T v
(62)
E=0
To determine the generalized acceleration vector, a computational method based on the index-one form of the equations of
motion can be effectively used, leading to the construction of the matrix formulation that characterizes the AF described by Equation (37). Consequently, in the comprehensive computational procedure employed in this paper, the AF represents the key method
used to carry out the acceleration analysis for both holonomic and nonholonomic multibody systems. Besides, as in the case of
holonomic constraints, the RGCPA implemented for nonholonomic multibody systems can be divided into four consecutive computational steps that are conceptually identical to those employed in the case of holonomic multibody systems, namely the degrees of
freedom analysis, the position analysis, the velocity analysis, and the acceleration analysis. More precisely, as discussed in detail
below, for the proper numerical solution of the equations of motion of nonholonomic multibody systems, an additional step is required in the computational algorithm, resulting in an actual number of five computational steps for the computational procedure.
The flowchart of the RGCPA for nonholonomic multibody systems is shown in Figure 2b. Similarly to the RGCPA for holonomic systems represented in Figure 2a, the flowchart of the dual algorithm for nonholonomic systems shown in Figure 2b does not include
the acceleration analysis because this particular computational step can also be performed by using another approach different
from the AF, which represents another method that takes part in the computational procedure [64].
The first and second steps of the RGPCA for multibody systems whose motion is limited by both holonomic and nonholonomic
constraints, namely the degrees of freedom analysis and the position analysis, are the same as in the case in which there are only
holonomic constraints. All the hypotheses assumed for the analysis of holonomic multibody systems are indeed still valid for nonholonomic systems. In particular, since the set of nonholonomic constraints encapsulated in the nonlinear vector D does not affect
the configuration space of a general multibody system, which is only influenced by the holonomic constraint vector C, the first
two computational stages of the RGCPA can be applied without any change to this second case of nonholonomic systems. On the
other hand, the presence of the nonholonomic constraints directly affects the velocity space, which is restricted by both the time
derivative of the holonomic constraint vector Ċ and by the nonholonomic constraint vector D itself.
When both holonomic and nonholonomic constraints act at the same time on a given multibody mechanical system, the partition into dependent and independent generalized coordinates, respectively denoted with q d and q i , is fundamentally different
from the partition into dependent and independent generalized velocities, respectively indicated as q̇ d and q̇ i . Therefore, a second
analysis of the independent generalized velocities taking into account also the limitations imposed by the set of nonholonomic constraints must be performed and included as an additional step of the RGCPA for nonholonomic multibody systems. For simplicity,
this fundamental additional step of the algorithm is referred to as the “degrees of freedom analysis at the velocity level” or it is
simply called the “velocity degrees of freedom analysis”.
The velocity degrees of freedom analysis represents a fundamental computational step of the RGCPA applied to the case of
nonholonomic systems. The lack of identification of the difference between the subsets of independent and dependent generalized
coordinates, respectively indicated as q i and q d , and the subsets of independent and dependent generalized velocities, respectively
indicated as q̇ i and q̇ d , may lead to inaccurate or incorrect numerical results in the dynamic analysis of relatively complex multibody systems subjected to holonomic and nonholonomic constraints, as in the case study considered in this investigation. To better
clarify this point, Figure 2 shows a comparison between the computational steps of the RGCPA for holonomic and nonholonomic
multibody mechanical systems.
As discussed above, the third necessary step of the RGCPA for multibody systems subjected to both holonomic and nonholonomic constraints is the velocity degrees of freedom analysis. Similarly to the position degrees of freedom analysis, to define the
independent generalized velocities denoted with q̇ i and the dependent generalized velocities denoted with q̇ d , a QR factorization
or a LU factorization with partial of full pivoting of the total constraint Jacobian matrix J can be applied at each time step of the
computational procedure. The set of independent generalized velocities q̇ i are identified by the column of the upper triangular
matrix in which the pivots are not found, while the set of dependent generalized velocities q̇ d are identified by the column of the
upper triangular matrix in which the pivots are found. Consequently, the generalized velocity vector q̇ can be partitioned as follows:
"
#
q̇ i
q̇ =
(63)
q̇ d
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The introduction of the velocity degrees of freedom analysis represents a crucial step for the correct fulfillment of the subsequent
velocity analysis.
The fourth step of the RGCPA for nonholonomic multibody mechanical systems is the velocity analysis. This computational
stage is focused on forcing the numerical solution to satisfy the constraint equations at the velocity level. For this purpose, the
vector of the dependent generalized velocities of the multibody system denoted with q̇ d must be calculated holding fixed the set
of independent velocities indicated as q̇ i and, at the same time, the entire generalized coordinate vector denoted with q that was
already corrected during the position analysis. To achieve this goal, the constraint equations at the velocity level that must be
numerically solved belong to two families. The first set of velocity-level algebraic constraints results from the time derivative of the
holonomic constraint vector denoted with Ċ provided in Equation (56), while the second set of velocity-level constraint equations is
represented by the nonholonomic algebraic constraints embedded in the constraint vector D given in the complete set of kinematic
constraints provided in Equation (2). Without loss of generality, one can prove that the nonlinear vector containing the set of
nonholonomic constraints can be typically expressed according to the following analytical structure called Pfaffian form:
D = wd + D q̇i q̇ i + D q̇d q̇ d = wd + D q̇ q̇ = 0

(64)

or equivalently:
D q̇ q̇ = −wd

(65)
nc,nh ×nq,i

where wd ≡ wd (q, t) ∈ ℜ
denotes a nonlinear nonholonomic right-hand side vector, D q̇i = ∂D/∂ q̇ i ≡ D q̇i (q, t) ∈ ℜ
represents the Jacobian matrix associated with the nonholonomic constraints that can be calculated as the partial derivative of the
nonholonomic constraint vector D with respect to the independent generalized velocities q̇ i , and D q̇d = ∂D/∂ q̇ d ≡ D q̇d (q, t) ∈
ℜnc,nh ×nq,d identifies the Jacobian matrix associated with the nonholonomic constraints that can be calculated as the partial derivative of the nonholonomic constraint vector D with respect to the dependent generalized velocities q̇ d . Moreover, the identity expressed by Equation (57) still remains valid in the case of a multibody system constrained by both holonomic and nonholonomic
constraints. Thus, one can combine Equations (56), (64), and (57) to obtain the following matrix expression:


 C q q̇ = −C t
⇔ J c,v q̇ = dc,v
(66)
D q̇ q̇ = −wd


B i q̇ = q̇ i
nc,nh

where J c,v ≡ J c,v (q, t) ∈ ℜnq ×nq represents the augmented nonholonomic constraint matrix and dc,v ≡ dc,v (q, t) ∈ ℜnq is the
right-hand side augmented vector of nonholonomic constraints at the velocity level which can be respectively assembled as reported
below:




Cq
−C t




J c,v =  D q̇  , dc,v =  −wd 
(67)
Bi
q̇ i
The linear system of algebraic equations reported in Equation (66) can be simultaneously solved at each time step of the numerical simulation to obtain the correct generalized velocity vector q̇ that satisfies the holonomic and nonholonomic constraint
equations at the velocity level respectively embedded in the nonlinear vectors Ċ and D.
If the set of nonholonomic constraint equations does not feature a Pfaffian form, one can still perform the velocity analysis
by following the approach used for the RGCPA proposed in this paper. For this purpose, the computational step associated with
the velocity analysis became characterized by an iterative calculation whose structure is identical to that of the position analysis.
To clarify this fact, assume that the nonlinear set of nonholonomic algebraic constraints has a general structure different from
the Pfaffian form and consider the following Taylor series expansion truncated at the first order that is performed in terms of the
generalized velocities holding fixed the generalized coordinates:
D=0

⇒

∆D = D + D q̇i ∆q̇ i + D q̇d ∆q̇ d = D + D q̇ ∆q̇ = 0

(68)

or equivalently:
D q̇ ∆q̇ = −D

(69)

where ∆D identifies the first-order Taylor expansion of the nonlinear constraint vector function D, ∆q̇ represents the vector of
Newton differences of the generalized velocities of the multibody system, whereas ∆q̇ i and ∆q̇ d are, respectively, the vectors of
the Newton differences of the independent and dependent generalized velocities. In analogy with the position analysis, since the
independent velocities vector q̇ i is considered constant in the velocity analysis, the corresponding vector of Newton differences
must be set equal to zero:
∆q̇ i = 0 ⇔ B i ∆q̇ = 0
(70)
Furthermore, one must also include in the velocity analysis the velocity-level version of the holonomic constraint equations
expressed in terms of the vector of Newton differences for the generalized velocities given by:
C q ∆q̇ = −C t

(71)

By combining Equations (69), (70), and (71), one obtains the key equations associated with the velocity analysis of multibody
systems having a general non-Pfaffian structure of the nonholonomic constraints:


 C q ∆q̇ = −C t
⇔ J c,v ∆q̇ = d∗c,v
(72)
D q̇ ∆q̇ = −D


B i ∆q̇ = 0
where the augmented nonholonomic constraint matrix J c,v is the same matrix arising in the velocity analysis of Pfaffian nonholonomic constraints provided in Equation (67), while d∗c,v ≡ d∗c,v (q, q̇, t) ∈ ℜnq denotes the modified right-hand side augmented vector
of nonholonomic constraints at the velocity level defined as follows:


−C t


∗
dc,v =  −D 
(73)
0
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Similarly to the position analysis, the system of algebraic equations provided in Equation (72) must be solved iteratively in a
while-type loop. To this end, the vector of Newton differences ∆q̇ is updated until the convergence condition is reached for a
predetermined tolerance value for the norms of both the nonholonomic constraint vector D and the Newton differences of the
independent velocities ∆q̇ i . By doing so, one can iteratively improve the correction of the generalized velocity vector q̇ starting from
a realistic initial guess of the system velocity configuration indicated as q̇ 0 coming from the previous discrete time step:
q̇ = q̇ 0 + ∆q̇

(74)

where the vector of Newton differences ∆q̇ and the starting point for the generalized velocity vector q̇ 0 are constantly updated in
the while-type loop.
Even in this case of nonholonomic systems, it can be observed that, if the multibody system analyzed presents some redundant
holonomic and/or nonholonomic constraint equations, the structure of the algorithm is kept the same, except for the necessity of
using the independent holonomic and nonholonomic constraint vectors respectively denoted with C̄ and D̄. Consequently, in the
most general scenario, including redundant sets of holonomic and nonholonomic constraints, Equation (66) must be reformulated
as follows:
J¯c,v q̇ = d¯c,v
(75)
where the independent augmented nonholonomic constraint matrix denoted with J¯c,v ≡ J¯c,v (q, t) ∈ ℜnq ×nq and the independent
right-hand side augmented vector of the nonholonomic constraints at the velocity level denoted with d¯c,v ≡ d¯c,v (q, t) ∈ ℜnq are
respectively defined as:




C̄ q
−C̄ t




J¯c,v =  D̄ q̇  , d¯c,v =  −w̄d 
(76)
Bi
q̇ i
where the integer number n̄c,nh indicates the number of independent nonholonomic constraint equations, the vector D̄ ≡ D̄(q, q̇, t) ∈

ℜn̄c,nh is the vector of independent nonholonomic algebraic constraints, D̄ q̇ = ∂ D̄ ∂ q̇ ≡ D̄ q̇ (q, t) ∈ ℜn̄c,nh ×nq represents the Jacobian matrix of the independent nonholonomic constraint vector D̄ that can be obtained as the partial derivative of D̄ with respect
to the generalized velocity vector q̇, whereas the the vector w̄d ≡ w̄d (q, t) ∈ ℜn̄c,nh identifies the independent nonlinear right-hand
side vector associated with the set of nonholonomic constraints. Moreover, if the multibody system of interest features redundant
holonomic and nonholonomic constraints, as well as a non-Pfaffian structure of the nonholonomic constraint equations, the velocity analysis can be still carried out employing the approach proposed in this paper leading to the following set of linear equations
written in terms of the Newton differences of the generalized velocities:
∗
J¯c,v ∆q̇ = d¯c,v

(77)

where the augmented nonholonomic constraint matrix associated to the non-redundant set of algebraic constraints J¯c,v is provided
∗
∗
in Equation (76), while d¯c,v ≡ d¯c,v (q, q̇, t) ∈ ℜnq denotes the non-redundant right-hand side augmented vector of nonholonomic
constraints at the velocity level defined as follows:


−C̄ t


∗
d¯c,v =  −D̄ 
(78)
0
By iteratively solving Equation (77), one can readily obtain the correct set of generalized velocities consistent with the nonredundant holonomic algebraic constraints as well as with the nonholonomic equations belonging to the general category of nonPfaffian vector functions.
The fifth and final step of the RGCPA for nonholonomic systems is represented by the acceleration analysis, whose objective
is to satisfy the constraint equations also at the acceleration level. Since the correct values of the generalized coordinate vector q
and of the generalized velocity vector q̇ were previously found, the set of differential-algebraic equations describing the dynamics
of the multibody system can be readily solved by adopting the AF. As mentioned before, this last computational step can also be
collocated outside the flowchart describing the numerical procedure of the RGCPA for both holonomic and nonholonomic multibody
mechanical systems shown in Figure 2.

4. Summary, Conclusions, and Future Work
This work can be seen as part of a more comprehensive research plan which can be divided into three areas of research, namely
the kinematics and dynamics of multibody mechanical systems [65, 66], the analytical methods to develop control strategies suitable for guiding the dynamical behavior of nonlinear systems [67, 68], and the identification or estimation of mathematical models
of dynamical systems based on the analysis of input-output experimental data [69, 70]. In this paper, the linear and nonlinear
dynamics of articulated mechanical systems are studied by adopting a versatile multibody approach. For this purpose, a general
analytical method is proposed for handling nonholonomic systems in conjunction with a robust computational procedure for effectively performing computer simulations of such complex systems. In particular, this manuscript is the first contribution of a
two-part research paper.
This investigation is devoted to analyzing the stability of constrained mechanical systems in general, whose mathematical
model is developed within the multibody framework, employing an alternative linearization technique. Thus, the main focus of
the paper is on performing a systematic parametric analysis useful to understand the influence of the fundamental model parameters on the system dynamics. In particular, after a systematic linearization around a given set point of the original nonlinear
differential-algebraic equations describing the dynamics of the multibody system of interest, the stability analysis is carried out by
solving an appropriate generalized eigenvalue problem. The general nonlinear multibody framework presented in this manuscript
is obtained and analyzed through a symbolic/numeric approach. For this purpose, a useful analytical method is introduced and
used to perform the stability analysis of multibody mechanical systems subjected to a general set of holonomic and nonholonomic
algebraic constraints through the systematic formulation of an appropriate generalized eigenvalue problem. Furthermore, a new
computational procedure referred to as the Robust Generalized Coordinate Partitioning Algorithm (RGCPA) is proposed in this work
to enforce the holonomic and nonholonomic sets of constraint equations at the position, velocity, and acceleration levels during
the entire nonlinear dynamic simulation of complex multibody systems.
As the next step, the paper is also aimed at showing a practical example of the use of the analytical and numerical methodology developed in this study considering the dynamic analysis of a fully nonlinear multibody model of the Whipple-Carvallo bicycle
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system. The thorough analysis of the bicycle system that will be carried out in the second part of this paper is based on a nonlinear
model derived from the use of the computer implementation of the systematic multibody approach proposed in the first part of this
investigation.

Author Contributions
This research paper was principally developed by the first author (Carmine Maria Pappalardo). Great support was provided by
the second author (Antonio Lettieri). The detailed review carried out by the third author (Domenico Guida) considerably improved
the quality of the work. The manuscript was written through the contribution of all authors. All authors discussed the results,
reviewed and approved the final version of the manuscript.

Conflict of Interest
The authors declared no potential conflicts of interest with respect to the research, authorship, and publication of this article.

Funding
The authors received no financial support for the research, authorship, and publication of this article.

References
[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]

Shabana, A.A., Dynamics of multibody systems, Cambridge university press, New York, USA, 2003.
Blundell, M., Harty, D., Multibody systems approach to vehicle dynamics, Elsevier, Oxford, UK, 2004.
Shabana, A.A., Computational dynamics, John Wiley & Sons, London, UK, 2009.
Nikravesh, P.E., Computer-aided analysis of mechanical systems, Prentice-Hall, Inc., New Jersey, USA, 1988.
Cajic, M. S., Lazarevic, M. P., Determination of joint reactions in a rigid multibody system, two different approaches, FME Transactions, 44(2), 2016,
165-173.
Meli, E., Magheri, S., Malvezzi, M., Development and implementation of a differential elastic wheel–rail contact model for multibody applications,
Vehicle system dynamics, 49(6), 2011, 969-1001.
Ruggiu, M., Kong, X., Reconfiguration Analysis of a 3-DOF Parallel Mechanism, Robotics, 8(3), 2019, 66.
Kong, X., Reconfiguration analysis of a 3-DOF parallel mechanism using Euler parameter quaternions and algebraic geometry method, Mechanism
and Machine Theory, 74, 2014, 188-201.
Pappalardo, C. M., Guida, D., On the Dynamics and Control of Underactuated Nonholonomic Mechanical Systems and Applications to Mobile
Robots, Archive of Applied Mechanics, 89(4), 2019, 669-698.
Vlasenko, D., Kasper, R., Generation of equations of motion in reference frame formulation for fem models, Engineering Letters, 16(4), 2008,
537-544.
Ruggiu, M., Kinematic analysis of a fully decoupled translational parallel manipulator, Robotica, 27(07), 2009, 961.
Geier, A., Kebbach, M., Soodmand, E., Woernle, C., Kluess, D., Bader, R., Neuro-musculoskeletal flexible multibody simulation yields a framework
for efficient bone failure risk assessment, Scientific reports, 9(1), 2019, 1-15.
Kebbach, M., Grawe, R., Geier, A., Winter, E., Bergschmidt, P., Kluess, D., D’Lima, D., Woernle, C., Bader, R., Effect of surgical parameters on the
biomechanical behaviour of bicondylar total knee endoprostheses - A robot-assisted test method based on a musculoskeletal model, Scientific
reports, 9(1), 2019, 1-11.
Nitschke, M., Dorschky, E., Heinrich, D., Schlarb, H., Eskofier, B.M., Koelewijn, A.D., Van Den Bogert, A.J., Efficient trajectory optimization for curved
running using a 3D musculoskeletal model with implicit dynamics, Scientific reports, 10(1), 2020, 1-12.
Eberhard, P., Schiehlen, W., Computational dynamics of multibody systems: history, formalisms, and applications, Journal of computational and
nonlinear dynamics, 1(1), 2006, 3-12.
Meijaard, J.P., Papadopoulos, J.M., Ruina, A., Schwab, A.L., Linearized dynamics equations for the balance and steer of a bicycle: A benchmark and
review, Proceedings of the Royal Society A: Mathematical, Physical and Engineering Sciences, 463(2084), 2007, 1955–1982.
Kooijman, J.D.G., Schwab, A.L., Meijaard, J.P., Experimental validation of a model of an uncontrolled bicycle, Multibody System Dynamics, 19(1-2),
2008, 115-132.
Mariti, L., Belfiore, N.P., Pennestrí, E., Valentini, P.P., Comparison of solution strategies for multibody dynamics equations, International Journal
for Numerical Methods in Engineering, 88(7), 2011, 637-656.
Barbagallo, R., Sequenzia, G., Cammarata, A., Oliveri, S.M., Fatuzzo, G., Redesign and multibody simulation of a motorcycle rear suspension with
eccentric mechanism, International Journal on Interactive Design and Manufacturing (IJIDeM), 12(2), 2018, 517-524.
Palomba, I., Richiedei, D., Trevisani, A., Two-stage approach to state and force estimation in rigid-link multibody systems, Multibody System
Dynamics, 39(1-2), 2017, 115-134.
Bruni, S., Meijaard, J.P., Rill, G., Schwab, A.L., State-of-the-art and challenges of railway and road vehicle dynamics with multibody dynamics
approaches, Multibody System Dynamics, 49, 2020, 1-32.
Tasora, A., Mangoni, D., Negrut, D., Serban, R., Jayakumar, P., Deformable soil with adaptive level of detail for tracked and wheeled vehicles,
International Journal of Vehicle Performance, 5(1), 2019, 60-76.
Popp, K., Schiehlen, W.O., Ground Vehicle Dynamics, Springer, Berlin, 2010.
Whipple, F.J., The stability of the motion of a bicycle, Quarterly Journal of Pure and Applied Mathematics, 30(120), 1899, 312-348
Carvallo, M.E., Theorie de mouvement du monocycle et de la bycyclette, MPublishing, 1901.
Cossalter, V., Motorcycle dynamics, Second Edition, Lulu. Com, 2006.
Moore, J., Hubbard, M., Parametric study of bicycle stability (P207), The engineering of sport, 7, 2008, 311-318.
Moore, J.K., Human control of a bicycle, Davis, CA, University of California, Davis, 2012.
Franke, G., Suhr, W., and Rieß, F., An advanced model of bicycle dynamics, European Journal of Physics, 11(2), 1990, 116.
Leine, R.I., The historical development of classical stability concepts: Lagrange, Poisson and Lyapunov stability, Nonlinear Dynamics, 59(1-2), 2010,
173-182.
Vukic, Z., Kuljaca, L.,Donlagic, D., Tesnjak, S., Nonlinear Control Systems, Marcel Dekker, Inc., 2003.
Jain, A., Multibody Graph Transformations and Analysis: Part I: Tree Topology Systems, Nonlinear dynamics, 67(4), 2012, 2779-2797.
Jain, A., Multibody Graph Transformations and Analysis: Part II: Closed-Chain Constraint Embedding, Nonlinear dynamics, 67(4), 2012, 2153-2170.
Ripepi, M., Masarati, P., Reduced order models using generalized eigenanalysis, Proceedings of the Institution of Mechanical Engineers, Part K:
Journal of Multi-body Dynamics, 225(1), 2011, 52-65.
Lehner, M. Eberhard, P., A two-step approach for model reduction in flexible multibody dynamics, Multibody System Dynamics, 17(2-3), 2007,
157-176.
Koutsovasilis, P. Beitelschmidt, M., Comparison of model reduction techniques for large mechanical systems: A study on an elastic rod, Multibody
System Dynamics, 20(2), 2008, 111-128.
Maddio, P.D., Meschini, A., Sinatra, R., Cammarata, A., An optimized form-finding method of an asymmetric large deployable reflector, Engineering
Structures, 181, 2019, 27-34.
Nikravesh, P.E. Gim, G., Ride and stability analysis of a sports car using multibody dynamic simulation, Mathematical and Computer Modeling,
14, 1990, 953-958.

Journal of Applied and Computational Mechanics, Vol. 7, No. 2, (2020), 655-670

670

Carmine Maria Pappalardo et. al., Vol. 7, No. 2, 2021

[39] Kim, J.K., Han, J.H., A multibody approach for 6-DOF flight dynamics and stability analysis of the hawkmoth Manduca sexta, Bioinspiration and
Biomimetics., 9(1), 2014, 016011.
[40] Sun, M., Wang, J., Xiong, Y., Dynamic flight stability of hovering insects, Acta Mechanica Sinica, 23(3), 2007, 231-246.
[41] Bauchau, O.A., Wang, J., Stability analysis of complex multibody systems, Journal of Computational and Nonlinear Dynamics, 1, 2006, 71-80.
[42] Cuadrado, J., Vilela, D., Iglesias, I., Martín, A. and Peña, A., A multibody model to assess the effect of automotive motor in-wheel configuration on
vehicle stability and comfort, Proc ECCOMAS Themat Conf Multibody Dyn, 2013, 1083-1092.
[43] Escalona, J.L., Chamorro, R., Stability analysis of vehicles on circular motions using multibody dynamics, Nonlinear Dynamics, 53(3), 2008, 237-250.
[44] Quaranta, G., Mantegazza, P., Masarati, P., Assessing the local stability of periodic motions for large multibody non-linear systems using proper
orthogonal decomposition, Journal of Sound and Vibration, 271(3-5), 2004, 1015-1038.
[45] Masarati, P., Direct eigenanalysis of constrained system dynamics, Proceedings of the Institution of Mechanical Engineers, Part K: Journal of
Multi-body Dynamics, 223(4), 2010, 335-342.
[46] Negrut, D., Ortiz, J.L., A practical approach for the linearization of the constrained multibody dynamics equations, Journal of Computational and
Nonlinear Dynamics, 1(3), 2006, 230-239.
[47] Ortiz, J.L., Negrut, D., Exact linearization of multibody systems using user-defined coordinates, SAE Transactions, 2006, 501-509.
[48] Nichkawde, C., Harish, P.M., Ananthkrishnan, N., Stability analysis of a multibody system model for coupled slosh-vehicle dynamics, Journal of
Sound and Vibration, 275(3-5), 2004, 1069-1083.
[49] Bencsik, L., Kovács, L.L., Zelei, A., Stabilization of Internal Dynamics of Underactuated Systems by Periodic Servo-Constraints, International
Journal of Structural Stability and Dynamics, 17(05), 2017, 1740004.
[50] Haug, E.J., Computer aided kinematics and dynamics of mechanical systems, Allyn and Bacon, Boston, 1989.
[51] Pappalardo, C.M., A natural absolute coordinate formulation for the kinematic and dynamic analysis of rigid multibody systems, Nonlinear Dynamics, 81(4), 2015, 1841-1869.
[52] Wehage, R.A., Haug, E.J., Generalized Coordinate Partitioning for Dimension Reduction in Analysis of Constrained Dynamic Systems, Journal of
Mechanical Design, 104(1), 1982, 247-255.
[53] Nikravesh, P.E., Some methods for dynamic analysis of constrained mechanical systems: a survey, Computer aided analysis and optimization of
mechanical system dynamics, 1984, 351-368.
[54] Nikravesh, P.E., Haug, E.J., Generalized coordinate partitioning for analysis of mechanical systems with nonholonomic constraints, Journal of
Mechanical Design, Transactions Of the ASME, 105(3), 1983, 379-384.
[55] Wehage, K.T., Wehage, R.A., Ravani, B., Generalized coordinate partitioning for complex mechanisms based on kinematic substructuring, Mechanism and Machine Theory, 92, 2015, 464-483.
[56] Nada, A.A., Bashiri, A.H., Selective Generalized Coordinates Partitioning Method for Multibody Systems With Non-Holonomic Constraints, Proceedings of the ASME 2017 International Design Engineering Technical Conferences and Computers and Information in Engineering Conference,
August 2017, American Society of Mechanical Engineers Digital Collection, 2017.
[57] Marques, F., Souto, A.P., Flores, P., On the constraints violation in forward dynamics of multibody systems, Multibody System Dynamics, 39(4),
2017, 385-419.
[58] Masarati, P., Constraint stabilization of mechanical systems in ordinary differential equations form, Proceedings of the Institution of Mechanical
Engineers, Part K: Journal of Multi-body Dynamics, 225(1), 2011, 12-33.
[59] Terze, Z., and Naudet, J., Structure of optimized generalized coordinates partitioned vectors for holonomic and non-holonomic systems, Multibody
system dynamics, 24(2), 2010, 203-218.
[60] Zenkov, D.V., Bloch, A.M., Marsden, J.E., The energy-momentum method for the stability of non-holonomic systems, Dynamics and Stability of
Systems, 13(2), 1998, 123-165.
[61] Ruina, A., Nonholonomic stability aspects of piecewise holonomic systems, Reports on mathematical physics, 42(1-2), 1998, 91-100.
[62] Borisov, A.V., Mamayev, I.S., The dynamics of a Chaplygin sleigh, Journal of Applied Mathematics and Mechanics, 73(2), 2009, 156-161.
[63] Pappalardo, C.M., Lettieri, A., Guida, D., Stability analysis of rigid multibody mechanical systems with holonomic and nonholonomic constraints,
Archive of Applied Mechanics, 90, 2020, 1961-2005.
[64] Pappalardo, C.M., Guida, D., A comparative study of the principal methods for the analytical formulation and the numerical solution of the
equations of motion of rigid multibody systems, Archive of Applied Mechanics, 88(12), 2018, 2153-2177.
[65] Pappalardo, C.M., De Simone, M.C., Guida, D., Multibody Modeling and Nonlinear Control of the Pantograph/Catenary System, Archive of Applied
Mechanics, 89(8), 2019, 1589-1626.
[66] Rivera, Z.B., De Simone, M.C., Guida, D., Unmanned Ground Vehicle Modelling in Gazebo/ROS-Based Environments, Machines, 7(2), 2019, 42.
[67] De Simone, M., Rivera, Z., Guida, D., Obstacle Avoidance System for Unmanned Ground Vehicles by using Ultrasonic Sensors, Machines, 6(2), 2018,
18.
[68] De Simone, M.C., Guida, D., Control Design for an Under-Actuated UAV Model, FME Transactions, 46(4), 2018, 443-452.
[69] De Simone, M.C., Guida, D., Identification and Control of a Unmanned Ground Vehicle by using Arduino, UPB Scientific Bulletin, Series D: Mechanical Engineering, 80(1), 2018, 141-154.
[70] De Simone, M.C., Rivera, Z.B., Guida, D., Finite Element Analysis on Squeal-Noise in Railway Applications, FME Transactions, 46(1), 2018, 93-100.

ORCID iD
Carmine Maria Pappalardo https://orcid.org/0000-0003-3763-7104
Antonio Lettieri https://orcid.org/0000-0000-0000-0000
Domenico Guida https://orcid.org/0000-0002-2870-9199
© 2020 by the authors. Licensee SCU, Ahvaz, Iran. This article is an open access article distributed under the
terms and conditions of the Creative Commons Attribution-NonCommercial 4.0 International (CC BY-NC 4.0 license)
(http://creativecommons.org/licenses/by-nc/4.0/)
How to cite this article: Carmine Maria Pappalardo, Antonio Lettieri, Domenico Guida. A General Multibody Approach for the
Linear and Nonlinear Stability Analysis of Bicycle Systems. Part I: Methods of Constrained Dynamics, J. Appl. Comput. Mech.,
7(2), 2020, 655-670. https://doi.org/10.22055/JACM.2020.35438.2653

Journal of Applied and Computational Mechanics, Vol. 7, No. 2, (2021), 655-670

