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Abstract. This paper represents the second contribution of a two-part research work presenting the application of the
proposed multibody analysis approach to bicycle systems and the relative numerical results found. In this work, a
nonlinearmultibodymodel of a bicycle system is developed and implemented to perform a parametric analysis to un-
derstand the influence of the variation of the principal model parameters on the system stability under investigation.
To demonstrate the effectiveness of the proposed approach, the case study considered in this paper is the dynamic
analysis of the Whipple-Carvallo bicycle model. Considering the combined use of a robust numerical technique for
nonlinear dynamical simulations with a specifically devised linearization procedure, the effects of the different geo-
metric parameters and inertial properties on the bicycle stability are investigated. The numerical results obtained in
this work using the proposedmultibody techniques are useful to gain insight information about the dynamic behavior
of the bicycle system in a straight motion. The proposed multibody methodology also demonstrated a high potential
for analyzing complex multibody mechanical systems in virtue of the generality of the analytical and computational
approaches adopted.

Keywords: Multibody System Dynamics, Stability Analysis, Parametric Study, Whipple-Carvallo Bicycle Model.

1. Introduction

In this section, an introduction to the topics of interest for this paper is provided. To this end, some background material is
reported for clarifying the collocation of the current research work. Subsequently, a short literature review of the dynamics of two-
wheeled vehicles is given. Then, the scope and the contributions of this investigation are discussed, followed by the organization
of the paper.

1.1 Background and Significance of the Present Research Work

This paper deals with the multibody analysis of the Whipple-Carvallo bicycle model [1–5]. In general, a large variety of me-
chanical systems can be analyzed to investigate their dynamical behavior within the multibody computational framework using
a systematic computational procedure based on sound analytical grounds [6–8]. In particular, the development of the multibody
system dynamics significantly changed the approach to vehicle modeling and the optimization of their performance [9–11]. Road
vehicles, and rail vehicles, can be readily described employing the multibody approach since their dynamic behavior is strongly
influenced by the formulation of the contact forces that describe the interaction with the ground or with the rail [12–14]. Besides, in
addition to typical mechanical systems such as vehicles and robots [15, 16], biomechanical systems can also be modeled using the
multibody approach to the dynamics of articulated systems [17–19]. On the other hand, in the case of two-wheeled vehicles, which
represent the focus of the current investigation, the design of the system geometric parameters plays a central role. In contrast, the
influence of the rider is of fundamental importance in their dynamics, and there are many strategies to model the overall system
behavior [20,21]. Therefore, this paper is collocated in the framework of the dynamic analysis of mechanical systems based on the
multibody approach and is specifically focused on the mechanical analysis of the bicycle system.

1.2 Literature Review on Two-Wheeled Vehicles

Bicycles can be modeled in several ways, such as multibody systems, and, despite their apparent simplicity, their dynamical
behavior is fascinating. The pioneering significant contributions to the study of the bicycle dynamics are the works of Whipple [22]
and Carvallo [23], who were the first to derive the nonlinear equations of motion of bicycle systems, as testified in the literature
[24–27]. All subsequent works usually start from themodels of Whipple and Carvallo, andmany authors, such as Papadopoulos [28],
Meijaard [29], and Schwab et al. [30], verified the equations found by Whipple and employed them to validate their models. In this
direction, Meijaard et al. proposed in [4] a benchmark model of the Whipple-Carvallo bicycle system, which can be used to validate
other models obtained with different analytical approaches. Since the equations of motion of the bicycle assume a complex form,
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the dynamic model of the bicycle system proposed by Meijaard et al. can be used as a benchmark for the validation of other models
[4]. Other interesting works, which try to summarize the different mathematical models, analysis methods, and numerical results,
with an overview also on the control problem, are the papers of Kooijman and Schwab [31], Limebeer and Sharp [32], and Schwab
and Meijaard [33].

In the scientific literature concerning the dynamics of bicycle and two-wheeled systems in general, the most studied phe-
nomenon is undoubtedly the self-stability of the vehicle, which was analyzed with several interesting analytical techniques by
a large number of authors. For instance, Xiong et al. analyzed the stability of the bicycle using the center manifold theorem. They
derived the equation of motion with the use of the Gibbs-Appell method to analyze the system stability [34]. Simultaneously, in [35],
the same research group carried out the stability study of the circular motion of the bicycle collocated on a revolution surface. Their
numerical results are in agreement with the work done by Basu-Mandal et al. in [36], who validated the model proposed by them
using the benchmark bicycle model. The bicycle model also suits educational purposes, as pointed out by Escalona and Recuero in
[37], who used the Whipple-Carvallo bicycle system to teach the basics of the multibody approach to the analysis of constrained
mechanical systems.

The Whipple-Carvallo model is the simplest dynamical model of a bicycle that exhibits the well-known auto-stability behavior
during a straight motion, which fundamentally depends on the geometry of the bicycle [25–27]. To demonstrate this aspect, experi-
mental validations and comparison with real instrumented bicycles can be found in the work of Kooijman et al. [5] and Escalona et
al. [38]. Starting from the Whipple-Carvallo bicycle model, different simplifying hypotheses can be relaxed to improve the accuracy
of the virtual simulations. For example, in the case of the use of toroidal wheels shown in the work of Frosali and Ricci [39], and
Astrom et al. [40]. Also, including more degrees of freedom that lead to more complex models allows for gaining more information
on the dynamic behavior of the bicycle. For this purpose, Ploch et al. in [41] included a tire model, a passive rider, and the flex-
ibility of the frame to address the instability resulting from the wobble motion, which is associated with an unstable vibration of
the steering system and cannot be studied using the Whipple-Carvallo bicycle model. A more complex study of this phenomenon
can be found in the work of Tomiati et al. [42], where a nonlinear tire model is included to study the nonlinear wobble instability.
On the other hand, more accurate modeling of the rider can help understand the importance of its role to control and stabilize
the rider-bicycle system, as shown by Schwab et al. in their work [43], where the effects of the posture of the rider are taken into
account. Furthermore, the rider modeling can also be used to study the performances of athletes, as showed by Jansen and McPhee
in [44]. More accurate hypotheses concerning two-wheeled vehicles in general, such as the tire-road forces, the frame compliance,
and the presence of front and rear suspension systems, are usually used to develop models of motorcycles. The excellent book
of Cossalter gives a complete overview of the modeling issues and the corresponding solution strategies related to these problems
[24]. An insight into the development of multibody models can also be seen in the works of Cossalter et al. [45,46], where different
analyses and considerations on the suspension system schemes are provided. Other significant information and developments can
be found in the interesting work of Sharp et al. [47], where different engineering aspects such as the tire-road contact, the geometry
and force modeling, the design of suspension schemes, and also the analysis of steering control systems are considered [48,49].

1.3 Scope and Contribution of this Study

In this paper, the focus is on analyzing a bicycle model where the pure rolling conditions of the wheels are applied as a set of
nonholonomic constraints, as will be explained in detail below in themanuscript. In general, nonholonomic systems have a peculiar
property, which consists of the possibility of exhibiting asymptotic stability even though there is no explicit formulation of energy
dissipation in the model. Several authors studied this behavior through the years like, for example, Zenkov et al. in [50], and Ruina
in [51]. One of the most studied examples of nonholonomic mechanical systems that show this unique property is the Chaplygin
sleigh model [52,53]. This dynamical system is often taken as a reference since, despite its simplicity, its dynamical characteristics
can also be found in more complex nonlinear nonholonomic systems, such as the swimming robot studied by Pollard et al. in [54].
The use of nonholonomic constraints can be quite interesting when the interaction between the system of interest and the external
environment must be modeled, as in the case of the development of general control strategies [55–57]. This is also the case when
modeling the contact between the bicycle wheels and the ground through appropriate nonholonomic constraints, like those consid-
ered in the bicycle model of interest for this investigation. However, as discussed above in the literature survey about the dynamics
of bicycle systems, it is difficult to find a systematic approach for the analytical formulation of the differential-algebraic equations
of motion of bicycle systems consistent with a fully Lagrangian approach featuring holonomic and nonholonomic constraints. Sim-
ilarly, a straightforward method for linearizing the constrained dynamical model to carry out the stability analysis and a robust
numerical procedure for the computer simulations of both linear and nonlinear bicycle models cannot be found in the literature as
well. Therefore, this paper proposes an analytical approach and a computational procedure to fill these gaps.

In this work, one of themain goals is to demonstrate the advantages of using the alternative analytical methodology proposed in
this two-part investigation to linearize the nonlinear equations of motion of a general class of multibody mechanical systems. The
family of multibody systems of interest for this paper is general and encompasses holonomic and nonholonomic systems whose
dynamic equations are obtained within a general multibody formulation framework by using the D’Alambert-Lagrange principle of
virtual work and the technique of the Lagrange multipliers. As shown in the manuscript, by directly considering the index-three set
of differential-algebraic equations ofmotion describing themodel of themultibody system of interest, namely theWhipple-Carvallo
bicycle model, one can systematically linearize the dynamic model for performing the stability analysis based on a modal decom-
position method considering a computer-aided approach based on a mixed symbolic-numeric computation paradigm. By doing so,
a multibody model of the Whipple-Carvallo bicycle system is constructed at first. Subsequently, the nonlinear differential-algebraic
equations of motion of the bicycle system are fully and systematically linearized. Finally, a general-purpose multibody code for the
dynamic analysis of two-wheeled systems is readily developed to create a virtual environment for performing numerical simula-
tions. Besides, the numerical results obtained from the stability analysis compared to the benchmark bicycle models are readily
verified. To this end, a robust multibody computational algorithm for handling holonomic and nonholonomic multibody systems is
developed in the first part of this two-part paper, and its use is demonstrated in the second part of this two-part paper considering
the proposed mechanical model of the Whipple-Carvallo bicycle system.

The computational hurdles in obtaining a multibody algorithm that is general, robust, effective, efficient, and relatively easy
to be implemented in a numerical code are highlighted by several interesting studies and viable approaches analyzed through the
years [58–61]. Thus, to address this fundamental issue in this two-part investigation, the combined use of appropriate modifica-
tions in the generalized partitioning method and the augmented Lagrangian formulation of the equation of motion for the dynamic
analysis of constrained multibody systems led in the first paper to the formulation of the so-called Robust Generalized Coordinate
Partitioning Algorithm (RGCPA). This second paper presents the advantages of the proposed computational method and the possi-
bilities of application to general multibody mechanical systems also in the presence of nonholonomic constraints. The proposed
approach, which is applied to the analysis of the multibody model of the Whipple-Carvallo bicycle system developed in this paper,
results in being well suited for computer implementation and significantly improves the quality of the numerical solution found for
the problem interest.
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In summary, the main scope and the fundamental contributions of the present paper can be synthesized, as reported below.

(1) The paper proposes a generalmultibodymodel of theWhipple-Carvallo bicycle system, which can also be readilymodified and
adapted to represent bicycle models that substantially differ from those found in the literature. The bicycle model developed
in this work is completely nonlinear and nonholonomic. It is structured following a general parametric approach, ranging
from the bicycle geometry to its inertial properties, and allows for performing a systematic parametric analysis of the bicycle
stability. Using the analyticalmethods and the computational procedures developed in the paper, the nonlinear stability of the
Whipple-Carvallo bicycle system is studied. Its linear dynamical behavior is evaluated by drawing a stabilitymap representing
the typical weave, capsize, and castering eigenmodes.

(2) To verify the correctness and reliability of the numerical results obtained through the computer simulations developed in this
investigation, the linearized version of the multibody model of the bicycle system devised in the paper is compared first with
the benchmarkmodels of theWhipple-Carvallo bicycle system found in the literature, namely, by assuming as references two
different bicycle models, with and without the presence of the rider. Subsequently, a stability influence index is proposed and
used to carry out a thorough parametric study for identifying the subset of geometry and inertial model parameters that have
the highest impact on the stability of the bicycle system. Finally, the interesting model parameters are isolated, and their
effects on bicycle stability are separately investigated one by one.

(3) The last part of this investigation is focused on the stability analysis of the nonlinear multibody model of the Whipple-
Carvallo bicycle system considering small perturbations of the numerical values of the most relevant model parameters that
were identified from the parametric study. The analytical methodologies and the computational procedures developed in this
work played a central role in achieving this goal. For this purpose, several numerical simulations were used as demonstrative
examples of the stabilizing influence of the relevant model parameters by varying them in reasonable ranges.

To evaluate the reliability of the proposed methods from the numerical experiments carried out in the second part of this inves-
tigation composed of two parts, an excellent agreement was found in the comparison of the proposed multibody model of the
Whipple-Carvallo bicycle system with the reference benchmark models, thereby demonstrating the effectiveness of the analytical
and computational approaches devised in this paper.

1.4 Organization of the Manuscript

The remaining sections of this research paper are organized as follows. In Section 2., the multibody model of the Whipple-
Carvallo bicycle system developed by the authors in this investigation is explained in detail. In Section 3., the numerical results
obtained from the stability analysis of the straight motion of the bicycle multibody model are reported, a comparative analysis
between the proposed nonlinear model and the linear benchmark models found in the literature is discussed, and a parametric
analysis focused on the principal features that influence the bicycle stability is presented. Section 4. provides a summary of the
paper, the conclusions of this research work, and some interesting topics that could be promising as future research directions
starting from the final results obtained in this investigation.

2. Bicycle Multibody Model

In this section, the multibody model of the Whipple-Carvallo bicycle system developed in the paper is described in detail.

2.1 Kinematic Model

In this subsection, the description of the kinematic model of the bicycle system is reported. The schematic representation of
the bicycle multibody model considered in this work is shown in Figure 1.

Figure 1. Bicycle multibody model.

As shown in Figure 1, themultibodymodel of theWhipple-Carvallo bicycle system is composed of four rigid bodies and, therefore,
Nb = 4. From the first to the fourth, the bodies that form themechanical model of the bicycle system are the rear wheel (body 1), the
rear frame (body 2), the front frame (body 3), and the front wheel (body 4). For simplicity, the rear frame includes the rider modeled
as a rigid body attached to it. The kinematics of each rigid body is described using a set of six generalized coordinates, grouped in
the configuration vector denoted with qi having dimension nr = 6, which includes three translational coordinates, grouped in the
position vectorRi, and three rotational coordinates, grouped in the orientation vector θi, where the subscript i indicates the integer
number labeling the generic rigid body. Thus, the generalized coordinates vector of each body can be written as:

qi =

[
Ri

θi

]
(1)

where:
Ri =

[
xi yi zi

]T
, θi =

[
ϕi ϑi ψi

]T
(2)
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where the integer number that labels the rigid bodies is i = 1, ..., 4, while xi, yi, and zi respectively represent the longitudinal, lateral,
and vertical displacements of the center of mass of the generic body i, whereas ϕi, ϑi, and ψi respectively indicate the roll, yaw,
and pitch angular displacements of the generic body i. The set of rotational coordinates employed for describing the orientation of
the frame of reference attached to each rigid body is the set of Tait-Bryan angles, that is, the set of Euler angles based on the X-Y-Z
sequence. Therefore, the rotation matrix of the generic rigid body i denoted with Ai can be written as three subsequent rotations
around the three axes of the local reference systems respectively indicated with x̄i, ȳi, and z̄i as follows:

Ai = Ax̄iAȳiAz̄i (3)

where:

Ax̄i =

 1 0 0

0 cos(ϕi) − sin(ϕi)
0 sin(ϕi) cos(ϕi)

 , Aȳi =

 cos(ϑi) 0 sin(ϑi)
0 1 0

− sin(ϑi) 0 cos(ϑi)

 (4)

and

Az̄i =

 cos(ψi) − sin(ψi) 0

sin(ψi) cos(ψi) 0

0 0 1

 (5)

Before performing the sequential rotations that define the final orientation of each body-fixed reference system with respect
to the global reference system, the local reference systems of each body of the bicycle multibody model are initially oriented in
the space to be parallel to the inertial reference frame employed as the global reference system. Thus, since the bicycle system is
composed only of rigid bodies, the kinematics of this multibody system can be readily defined by using the fundamental equations
of rigid kinematics given by: 

ri(P ) = Ri +Aiūi(P )

vi(P ) = Ṙi +Ai (ω̄i × ūi(P ))

ai(P ) = R̈i +Ai

(
˙̄ωi × ūi(P )

)
+Ai (ω̄i × (ω̄i × ūi(P )))

(6)

where the global vectors ri(P ), vi(P ), and ai(P ) respectively represent the position, velocity, and acceleration vectors of the generic
point P collocated on the rigid body i, ūi(P ) is the local position vector of the point P of the rigid body i, while ω̄i denotes the local
angular velocity vector of the rigid body i. The local angular velocity vector ω̄i can be written as a linear combination of the time
derivatives of the rotational coordinates included in the vector θ̇i as follows:

ω̄i = Ḡiθ̇i (7)

where the transformation matrix denoted with Ḡi is associated with the X-Y-Z sequence of Euler angles and is defined as:

Ḡi =

 cos(θi) cos(ψi) sin(ψi) 0

− cos(θi) sin(ψi) cos(ψi) 0

sin(θi) 0 1

 (8)

Similarly, it can be easily proved that the velocity and acceleration vectors vi(P ) and ai(P ) associated with a generic material
point P of the rigid body i can be written as linear combinations of the generalized velocity and acceleration vectors q̇i and q̈i as
follows: 

vi(P ) = Li(P )q̇i

ai(P ) = Li(P )q̈i + L̇i(P )q̇i

(9)

where thematrixLi(P ) represents the Jacobianmatrix of the position vector ri(P ) of the generic point P of the rigid body i evaluated
with respect to the generalized coordinate vector qi of the rigid body i. This fundamental matrix is defined as a block matrix as
follows:

Li(P ) =
∂ri(P )

∂qi

=
[

LRi
(P ) Lθi (P )

]
=
[

I Ai ˜̄u
T
i (P )Ḡi

]
(10)

where ˜̄ui(P ) is the skew-symmetric matrix used for defining the cross product with its axial vector ūi(P ). It is, therefore, apparent
that the definition of the kinematic model of multibody system under consideration requires the knowledge of the system configu-
ration vector qi and its time derivatives q̇i and q̈i.

2.2 Geometric Parameters

In this subsection, the definition of the fundamental geometric parameters employed for describing the bicycle system is pre-
sented. The geometric parameters and the fundamental quantities that serve to describe the kinematic chain of the multibody
model are represented in Figure 2.

To simplify the geometric construction of the bicycle mechanical model, the following parametric description for the model
geometry is devised in this paper. First, six parameters are identified as the set of independent quantities employed for the geometric
description of the bicycle system. Subsequently, an analytic approach based on a geometric construction of a kinematic chain is
used to describe in a parametric fashion the reference points that serve to define the geometric configuration of the bicycle system
univocally. Thus, the set of six independent geometric parameters considered herein can be seen as the set of geometric degrees
of freedom of the bicycle multibody model. The definition of the parameters contained in this set serves to identify the geometry
of the model under consideration completely. The six independent geometric quantities assumed as independent parameters that
are used for the description of the bicycle model are the rear wheel radius denoted with Rr , the front wheel radius denoted with
Rf , the bicycle wheelbase denoted with Wb, the fork offset denoted with Hf , the rear frame angle denoted with β, and the caster
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Figure 2. Bicycle geometric parameters.

angle denoted with ε. For simplicity, the independent geometric parameters useful for the representation of the bicycle geometric
model are grouped in the parameter vector indicated with bg and defined as:

bg =
[
Rr Rf Wb Hf β ε

]T
(11)

where the vector of geometric parameters bg is formed by nb,g = 6 parameters. On the other hand, the geometric points assumed
as reference points for constructing the kinematic chain associated with the bicycle multibody model are the points A, B, C, D, E,
and F of Figure 2. Thus, one can write the global positions of the set of bicycle references points in terms of the set of independent
geometric parameters by using a kinematic chain approach as follows:

rA =

 0

0

0

 , rB = rA +

 0

0

Rr



rC = rB +

 Lr cos(β)
0

Lr sin(β)

 , rD = rC +

 Lf cos(ε+ 3
2
π)

0

Lf sin(ε+ 3
2
π)



rE = rD +

 Hf cos(ε)
0

Hf sin(ε)

 , rF = rE +

 0

−Rf

0

 =

 Wb

0

0



(12)

where the geometric parameter denoted with Lr represents the length of the rear frame, while the geometric parameter denoted
with Lf represents the length of the front frame. These two geometric quantities can be readily calculated in terms of the set of
independent geometric parameters as follows:

Lr =
cos(ε)(Wb−Hf cos(ε))+sin(ε)(Rf−Rr−Hf sin(ε))

cos(β−ε)

Lf =
sin(β)(Wb−Hf cos(ε))−cos(β)(Rf−Rr−Hf sin(ε))

cos(β−ε)

(13)

Another important geometric parameter relevant in the description of the bicycle multibody model is the bicycle geometric trail
that is denoted with Tb. This geometric quantity can be obtained as a function of the six independent geometric parameters chosen
to describe the bicycle model as follows:

Tb = Rf tan(ε)−
Hf

cos(ε)
(14)

Even though the geometric trail is not essential to describe the bicycle geometric model using the kinematic chain construction
and the design approach employed in this paper, this parameter represents an important geometric feature that can provide signif-
icant information on the dynamic behavior of the Whipple-Carvallo bicycle system.

As discussed above, by using the modeling approach proposed in this paper, the mechanical model of the Whipple-Carvallo
bicycle system can be fully described by using Equations (12), (13), and (14), which are written in terms of the geometric information
contained in the vector of independent geometric parameters. In fact, all the geometric parameters necessary for identifying the
configurations of the rigid bodies and the collocations of the mechanical joints of the multibody model can be readily obtained in
terms of the six independent geometric parameters defined in the paper. To this end, the next step necessary for the description
of the bicycle mechanical model and the identification of the kinematic pairs that form the mechanical joints is represented by the
geometric determination of the initial configuration of themultibody system. The bicycle initial configuration is described using the
global position vectors of the centers of mass of the four bodies of the model and the corresponding rotational coordinate vectors
that describe the relative orientation between the body-fixed coordinate systems and the global frame of reference. In particular,
as mentioned before, the global position vectors of the centers of mass of the bicycle rigid bodies are indicated as Ri, while the
rotational coordinate vectors associated to each rigid body are indicated with θi, where i = 1, ..., 4 refers to the four bodies of the
model. For the bicycle multibody model developed in this work, these vector quantities are reported in Table 1.
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Table 1. Generalized coordinates and generalized velocities of the four bodies of the bicycle multibody model.

Coordinate Body 1 Body 2 Body 3 Body 4
vectors

Ri


0

0

Rr





ar cos(β)
+cr cos(β + π

2
)

0

ar sin(β)
+cr sin(β + π

2
)





Lr cos(β)
+af cos(ε+ 3

2
π)

+cf cos(ε)

0

Lr sin(β)
+af sin(ε+ 3

2
π)

+cf sin(ε)





Lr cos(β)
+Lf cos(ε+ 3

2
π)

+Hf cos(ε)

0

Lr sin(β)
+Lf sin(ε+ 3

2
π)

+Hf sin(ε)



θi


π
2

0

0




π
2

0

β




π
2

0

ε+ 3
2
π




π
2

0

0



qi

[
R1

θ1

] [
R2

θ2

] [
R3

θ3

] [
R4

θ4

]

Ṙi

 −ωRr

0

0


 −ωRr

0

0


 −ωRr

0

0


 −ωRr

0

0



θ̇i

 0

0

ω


 0

0

0


 0

0

0


 0

0

ω
(
Rr
/
Rf

)


q̇i

[
Ṙ1

θ̇1

] [
Ṙ2

θ̇2

] [
Ṙ3

θ̇3

] [
Ṙ4

θ̇4

]

In order to achieve this goal, in this paper the geometric distances respectively denoted with ar , af , br , bf , cr , and cf , which are
respectively represented in Figure 2, are introduced and used to simplify the geometric description of the bicycle multibody model.
While the geometric distances ar , br , and cr refer to rear frame, the geometric distances af , bf , and cf are associated with the front
frame. The introduction of this additional set of geometric parameters has a threefold purpose. First, they are employed to facilitate
identifying the collocations of the centers of mass of both the rear and front frames. Second, they serve to easily include in the
present multibody model the geometric information coming from the benchmark model of the Whipple-Carvallo bicycle system
available in the literature. Third, they allow for performing a systematic parametric analysis of the dynamic behavior of the bicycle
multibody model developed in this work in the case of both linear and nonlinear dynamical scenarios. Starting from the absolute
position vector of the rear frame center of mass known from the benchmark model of the Whipple-Carvallo bicycle system, the
geometric distances relative to the rear frame indicated with ar and br can be respectively calculated as:

ar = (R2 − rB)T sB,C

br = (rC −R2)
T sB,C

, sB,C =
rC − rB

∥rC − rB∥
(15)

where the geometric vector denoted with sB,C is the unit vector that indicates the direction of the line passing through the points
B and C collocated on the rear frame. The last geometric distance relative to the rear frame indicated with cr can be computed as:

cr =
∥∥∥R2 − rḠ2

∥∥∥ , rḠ2
= rB + arsB,C (16)

where the geometric vector denoted with rḠ2
is the global position vector of the point Ḡ2 resulting from the projection of the rear

frame center of mass indicated with G2 on the line that represents the rear frame. By using the same approach for performing the
geometric construction, the geometric distances relative to the front frame indicated with af and bf can be respectively calculated
as: 

af = (R3 − rC)T sC,D

bf = (rD −R3)
T sC,D

, sC,D =
rD − rC

∥rD − rC∥
(17)

where the geometric vector denoted with sC,D is the unit vector that indicates the direction of the line passing through the points
C and D collocated on the front frame. The last geometric distance relative to the front frame indicated with cf can be computed
as:

cf =
∥∥∥R3 − rḠ3

∥∥∥ , rḠ3
= rC + afsC,D (18)

where the geometric vector denoted with rḠ3
is the global position vector of the point Ḡ3 resulting from the projection of the front

frame center of mass indicated with G3 on the line that represents the front frame. The definition of the previous additional set of
geometric distances concludes the description of the bicycle multibody model in terms of its fundamental geometric parameters.
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2.3 Dynamic Model

In this subsection, the nonlinear equations of motion that govern the dynamic behavior of the bicycle system are derived. To
this end, a Lagrangian approach is employed in conjunction with the basic principles of analytical mechanics [62,63]. For simplicity,
the kinetic energy of the generic rigid body i is denoted with Ti, while the potential energy for the same body is indicated with Ui.
The following general formulations respectively give these scalar quantities:

Ti =
1

2
miṘ

T
i Ṙi +

1

2
ω̄T

i ĪGi
ω̄i +miṘ

T
i Ai ˜̄u

T
i (Gi)ω̄i (19)

and
Ui = migzi (20)

where g is the gravity acceleration, ūi(Gi) indicates the local position vector of the center of mass Gi relative to the generic body
i, ˜̄ui(Gi) denotes the skew-symmetric matrix employed for defining the cross product with its axial vector ūi(Gi),mi indicates the
mass of the body i, and ĪGi

is the symmetric inertia matrix of the generic rigid body i. The local position vector of the generic body
center of mass ūi(Gi) and the generic body inertia matrix ĪGi

are respectively defined as:

ūi(Gi) =

 x̄Gi

ȳGi

z̄Gi

 , ĪGi
=

 Ixx,i Ixy,i Ixz,i

Ixy,i Iyy,i Iyz,i

Ixz,i Iyz,i Izz,i

 (21)

where x̄Gi
, ȳGi

, and z̄Gi
denote the local coordinates of the center of mass of the generic rigid body i, while Ixx,i, Iyy,i, Izz,i, Ixy,i,

Ixz,i, and Iyz,i represent the mass moments of inertia relative to the generic rigid body i. Considering the analytical form of the
kinetic energy associated with the generic rigid body i and by using the principles of classical mechanics, the body mass matrix and
the body inertia quadratic velocity vector, respectively denoted with M i and Qv,i, can be obtained in an explicit form. By doing so,
one can write the following matrix and vector quantities:

M i =
∂

∂q̈i

(
d

dt

(
∂Ti

∂q̇i

)T
)

=

 miI miAi ˜̄u
T
i (Gi)Ḡi

miḠ
T
i
˜̄ui(Gi)A

T
i Ḡ

T
i ĪGi

Ḡi

 (22)

and

Qv,i =

(
∂Ti

∂qi

)T

− Ṁ iq̇i =

 miAi ˜̄ωi ˜̄ui(Gi)ω̄i +miAi ˜̄ui(Gi)
˙̄Giθ̇i

−Ḡ
T
i
˜̄ωiĪGi

ω̄i − Ḡ
T
i ĪGi

˙̄Giθ̇i

 (23)

where I is the 3× 3 identity matrix. On the other hand, the four rigid bodies that form the bicycle multibody system are subjected
to the gravity force field, representing the unique source of external forces for this mechanical system. Therefore, for a generic
rigid body i, the generalized external force vector associated with the gravitational field is denoted withQe,i and can be analytically
computed by using a Lagrangian approach leading to the following mathematical expression:

Qe,i = −
(
∂Ui

∂qi

)T

=

 migi

miḠ
T
i
˜̄ui(Gi)A

T
i gi

 (24)

where gi represents the gravity acceleration vector associated with the rigid body i that is defined as:

gi =
[

0 0 −g
]T

(25)

At this stage, one can write straightforwardly the total body generalized force vector associated with the rigid body i that is
denoted with Qb,i as follows:

Qb,i = Qv,i +Qe,i (26)

Furthermore, the total kinetic energy and the total potential energy of the bicycle system denoted with T and U , respectively,
are obtained by summing the kinetic energy denoted with Ti and the potential energy denoted with Ui associated with the four rigid
bodies that form the multibody system. Thus, one can write:

T =

4∑
i=1

Ti = T1 + T2 + T3 + T4, U =

4∑
i=1

Ui = U1 + U2 + U3 + U4 (27)

Consequently, the system total mass matrix indicated with M and the system total body generalized force vector denoted with
Qb relative to the bicycle multibody model can be derived in a block matrix form using a standard multibody assembly procedure
leading to:

M =
4⋃

i=1

M i =


M1 O O O

O M2 O O

O O M3 O

O O O M4

 , Qb =
4⋃

i=1

Qb,i =


Qb,1

Qb,2

Qb,3

Qb,4

 (28)

For each rigid body i that forms the multibody model of the bicycle system, one can readily identify a set of ten independent
inertial parameters associated with each body, which can be grouped in a parameter vector denoted with bi,i and given by:

bi,i =
[
x̄Gi

ȳGi
z̄Gi

mi Ixx,i Iyy,i Izz,i Ixy,i Ixz,i Iyz,i

]T
(29)
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Considering the entire dynamical model of the bicycle system, a comprehensive vector of inertial parameters denoted with bi
can be defined as follows:

bi =


bi,1

bi,2

bi,3

bi,4

 (30)

where the multibody model of the Whipple-Carvallo bicycle system is obtained as an assembly of four rigid bodies and the vector
of inertial parameters bi is formed by nb,i = 40 parameters. Therefore, the set of independent inertial parameters of the bicycle
system is formed by forty parameters necessary to describe the dynamic effects captured by the multibody model. The system total
mass matrix and the system total body generalized force vector serve to define the differential part in the equations of motion of
the bicycle multibody model. The algebraic part of the equations of motion, on the other hand, arises from the definition of the
constraint equations representing the kinematic joints and the contact conditions of the bicycle system.

2.4 Algebraic Constraints

In this subsection, the algebraic equations that serve to identify the kinematic constraints and the contact conditions of the
bicycle system are provided. In the multibody model of the bicycle system, a set of nc algebraic constraints is considered. The total
set of nc algebraic constraints encompasses nc,h holonomic constraints, that are used tomodel themechanical joints which connect
the rigid bodies of the bicycle multibody system as well as to define the motion imposed on the bicycle, and nc,nh nonholonomic
constraints, which, on the other hand, serve to define the condition of pure rolling of the bicycle wheels. Considering the kinematic
description of the motion of the rigid bodies that form the bicycle system and employing the bicycle parametric model discussed
above, it is possible to define the holonomic and nonholonomic constraints of the multibody model devised for the bicycle system.

In themultibodymodel of theWhipple-Carvallo bicycle system developed in this paper, there are nc,h = 18 holonomic constraint
equations. The set of holonomic constraints models the motion imposed on the rear wheel, the kinematic joints that connect the
mechanical parts that form the bicycle, and the contact constraints between the wheels and the ground. In addition, nc,nh = 4
nonholonomic constraint equations that define the pure rolling conditions for both the rear and front wheels are also taken into
account. In particular, the set of holonomic algebraic equations encompasses two contact constraints, three revolute joints, and a
condition of imposed motion, while the set of nonholonomic algebraic equations is formed by two couples of conditions of rolling
without slipping. In Table 2, all the geometric information needed to define the holonomic constraints of the bicycle multibody
model is reported.

Table 2. Holonomic constraints of the bicycle multibody model.

Constraint Constraint First Second Collocation First body Second body
number type body body point joint axis joint axis
1 Contact condition Rear wheel Ground A - -
2 Imposed motion Rear wheel - - - -
3 Revolute joint Rear wheel Rear frame B 0,0,1 0,0,1
4 Revolute joint Rear frame Front frame C 0,1,0 1,0,0
5 Revolute joint Front frame Front wheel E 0,0,1 0,0,1
6 Contact condition Front wheel Ground F - -

The first holonomic constraint equation is the contact between the rear wheel and the ground. The corresponding algebraic
equation is:

C1 = z1 −Rr sin(ψ1) = 0 (31)

where C1 is the first holonomic constraint function and Rr is the radius of the rear wheel.
The second holonomic constraint equation represents the angular motion imposed at the rear wheel. The expression of the

corresponding algebraic equation is:
C2 = ψ1 − ωt = 0 (32)

where C2 is the second holonomic constraint function, t is time, and ω is the constant angular velocity imposed at the rear wheel.
Asmentioned before, in themultibodymodel of the bicycle system, there are three revolute joints that are respectively collocated

in the points B, C, and E shown in Figure 1. In particular, the first revolute joint collocated at the point B is interposed between
the rear wheel and the rear frame. The second revolute joint collocated at the point C is interposed between the rear frame and
the front frame. The third revolute joint collocated at the point E is interposed between the front frame and the front wheel. The
complete expression of the holonomic algebraic equations representing a revolute joint can be written in a general and compact
form as follows:

Ck =

 ri(P )− rj(P )

vT
2,iv1,j

vT
3,iv1,j

 = 0, k = 3, 4, 5 (33)

whereCk is the holonomic constraint vector associated with the revolute joint identified by the integer number k, the integer num-
bers respectively labeled with i, j, and k respectively represent the first and second body numbers involved in the kinematic pair, as
well as the constraint number, while the point P represents the collocation point of the revolute joint, whereas the direction vectors
v1,i and v1,j indicates the direction of the joint axis respectively represented with respect to the first and second bodies connected
by the revolute joint, and the direction vectors v2,i, v3,i, v2,j , and v3,j denote the two couples of vectors that are orthogonal to the
joint axis respectively represented with respect to the first and second bodies of the kinematic joint.

The first revolute joint is interposed between the rear wheel and the rear frame and is collocated at the pointB of Figure 1. Thus,
the local position vectors of the pointB, that are respectively defined with respect to the rear wheel local reference system and with
respect to the rear frame local reference system, are respectively denoted with ū1(B) and ū2(B) and are given by:

ū1(B) =

 0

0

0

 , ū2(B) =

 −ar
−cr
0

 (34)
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The second revolute joint is interposed between the rear frame and the front frame and is collocated at the point C of Figure 1.
Thus, the local position vectors of the point C, that are respectively defined with respect to the rear frame local reference system
and with respect to the front frame local reference system, are respectively denoted with ū2(C) and ū3(C) and are given by:

ū2(C) =

 br

−cr
0

 , ū3(C) =

 −af
−cf
0

 (35)

The third revolute joint is interposed between the front frame and the front wheel and is collocated at the point E of Figure 1.
Thus, the local position vectors of the point E, that are respectively defined with respect to the front frame local reference system
and with respect to the front wheel local reference system, are respectively denoted with ū3(E) and ū4(E) and are given by:

ū3(E) =

 bf

−cf
0

 , ū4(E) =

 0

0

0

 (36)

The sixth and last holonomic constraint is the algebraic equationmodeling the contact between the front wheel and the ground.
The corresponding constraint algebraic equation has the following expression:

C6 = z4 −Rf sin(ψ4) = 0 (37)

where C6 is the sixth holonomic constraint function. Thus, the total vector associated with the holonomic constraint equations
denoted with C can be easily assembled as follows:

C =
[
C1 C2 CT

3 CT
4 CT

5 C6

]T
(38)

The total vector of holonomic constraint equations denoted with C is associated with a vector of holonomic Lagrange multi-
pliers indicated with λ having dimensions nc,h = 18. Starting from the total vector of holonomic constraint equations C, one can
compute through symbolic manipulations the total Jacobian matrix of the holonomic constraint equations denoted with Cq and
the holonomic constraint quadratic velocity vector denoted with Qd,h.

The multibody model of the Whipple-Carvallo bicycle system involves the presence of two sets of nonholonomic algebraic con-
straint equations. The first set of nonholonomic constraints models the rolling without slipping of the rear wheel. The algebraic
equations associated with the pure rolling constraints of the rear wheel are:

D1 =

[
vx(A)

vy(A)

]
= 0 (39)

where D1 is the first nonholonomic constraint vector, while vx(A) and vy(A) respectively represent the longitudinal and the lateral
velocities of the contact point A collocated on the rear wheel that are respectively given by:

vx(A) = ẋ1 +Rrψ̇1 cos(ϑ1)

vy(A) = ẏ1 +Rrϕ̇1 sin(ϕ1) +Rrψ̇1 sin(ϕ1) sin(ϑ1)
(40)

The second set of nonholonomic constraintsmodels the rolling without slipping of the front wheel. By using the same approach,
the algebraic equations relative to the pure rolling constraints of the front wheel can be defined as:

D2 =

[
vx(F )

vy(F )

]
= 0 (41)

where D2 is the second nonholonomic constraint vector, while vx(F ) and vy(F ) respectively represent the longitudinal and the
lateral velocities of the contact point F collocated on the front wheel that are respectively given by:

vx(F ) = ẋ4 +Rf ψ̇4 cos(ϑ4)

vy(F ) = ẏ4 +Rf ϕ̇4 sin(ϕ4) +Rf ψ̇4 sin(ϕ4) sin(ϑ4)
(42)

Consequently, the total vector associatedwith the nonholonomic constraint equations denotedwithD can be readily assembled
as follows:

D =

[
D1

D2

]
(43)

The total vector of nonholonomic constraint equations denoted with D is associated with a vector of nonholonomic Lagrange
multipliers indicated with µ having dimensions nc,nh = 4. By manipulating the total vector of nonholonomic constraint equations
D, one can calculate the total Jacobian matrix of the nonholonomic constraint equations indicated with Dq̇ and the nonholonomic
constraint quadratic velocity vector indicated with Qd,nh.

At this stage, the complete vector of holonomic and nonholonomic algebraic constraints can be identified. For this purpose, the
total vector of algebraic constraints indicated with E can be formally written as:

E =
[

CT DT
]T

=
[
C1 C2 CT

3 CT
4 CT

5 C6 DT
1 DT

2

]T
(44)
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The total vector of algebraic constraint equations denoted with E is associated with a vector of holonomic and nonholonomic
Lagrange multipliers indicated with v having dimensions nc = 22. To complete the algebraic part of the multibody model, the total
Jacobian matrix of the algebraic constraint equations denoted with J and the total quadratic velocity vector associated with the
algebraic constraints indicated withQd are required. These matrix and vector quantities can be directly obtained by assembling the
analytical expressions provided above.

The derivation of the algebraic equations associated with the holonomic and nonholonomic constraints completes the descrip-
tion of the bicycle multibody model. Thus, starting from the nonlinear form of the differential-algebraic equations of motion of the
multibody system at hand, and by using the linearization procedure described in detail in the manuscript, one can readily obtain
a linearized model of the Whipple-Carvallo bicycle system characterized by the composite mass, damping, and stiffness matrices
respectively denoted with M̄ , R̄, and K̄. After that, the composite mass, damping, and stiffness matrices can be particularized
in the generalized configuration of interest for the stability problem, leading to the special formulation of the generalized eigen-
value problem applied in this paper to bicycle systems [64]. By doing so, both the nonlinear and the linearized dynamic models
are expressed in a parametric form suitable for performing dynamic analysis and stability studies in several scenarios of practical
engineering interest, as shown in detail in the numerical results section of the paper.

3. Numerical Results and Discussion

In this section, the numerical results concerning linear and nonlinear stability studies carried out on the bicycle multibody
model obtained using the analytical and numerical approaches devised in the paper are presented.

3.1 Bicycle Model Parameters

In this subsection, the process for obtaining the numerical parameters employed for the computer implementation of the bicycle
multibody model of interest for this paper is described. The first important step for performing numerical experiments using the
multibody model of the Whipple-Carvallo bicycle system developed in this work consists of defining the set of model parameters
necessary for describing the mechanical system of interest and to identify consistent numerical values for these parameters. This
fundamental step is necessary to perform numerical experiments based on the mathematical model of the bicycle system leading
to physically meaningful numerical results. As discussed in the paper, the present bicycle multibody model is based on a set of
geometric parameters denoted with bg , as well as on a set of inertial parameters denoted with bi. Therefore, the total set of model
parameters for the bicycle is indicated with b and is defined as:

b =

[
bg

bi

]
(45)

where the parameter vector b is formed by nb = nb,g + nb,i = 6 + 40 = 46 model parameters.
The numerical values for the vector of model parameter denoted with b identified before can be obtained by comparing the

bicycle multibody model developed in this work with the simplified dynamical model found in the literature that is assumed as
the benchmark. Considering these two dynamical models, an important difference to be outlined between the benchmark bicycle
model and the proposed bicycle model is the diverse orientation of the inertial reference system and the local reference systems of
each body. In particular, the inertial reference system employed in the proposed multibody model has a different orientation when
compared with respect to the inertial reference system of the benchmark model.

To solve the data conversion problem, a two-step processmust be performed. First, a rotation of the global reference systemused
in the benchmark model must be carried out about the X axis of an angle equal to αb,1 = π to obtain the orientation of the global
frame of reference of the present multibody model. Second, the local reference systems of the bicycle multibody model developed
in this work also have different orientations when compared with respect to the local reference systems of the benchmark model.
Thus, similarly to the previous process, this problem must be solved by considering as a second step an additional rotation of the
local reference systems about the X axis of an angle denoted with αb,2 = π/2. This two-step transformation process is important
to properly convert the inertia tensors of the benchmark bicycle model in accordance with the local reference systems employed in
the case of the present multibody model. It is, therefore, apparent that a total rotation of αb = αb,1 + αb,2 = 3π/2 performed about
the global axis X is required for the data conversion. For this purpose, the following linear transformation can be used to obtain a
consistent inertia matrix for each body i starting from the inertia matrix of the benchmark bicycle model:

ĪGi
= AT

X,bĪGi,bAX,b (46)

where ĪGi
is the inertiamatrix of the generic body i of the proposed bicyclemultibodymodel expressed in its local reference system,

ĪGi,b is the inertia matrix of the generic body i of the benchmark bicycle model defined in its local reference system, andAX,b is the
rotation matrix that depends on the angle αb and serves to transform the data between the two dynamical models correctly. The
conversion matrix AX,b can be explicitly written as:

AX,b =

 1 0 0

0 cos(αb) − sin(αb)

0 sin(αb) cos(αb)

 =

 1 0 0

0 0 1

0 −1 0

 (47)

where αb = 3π/2, as mentioned before. By implementing the conversion process of the inertia matrix associated with each rigid
body of the bicycle system described before and by analyzing the bicycle benchmark model employed as a reference found in the
literature, the numerical values for the model parameter vector b of the present multibody model can be obtained. The values of
the numerical parameters encapsulated in the parameter vector b, together with additional numerical parameters of interest for
the bicycle multibody model considered in this work, are reported in Table 3.

The numerical data used for the proposed bicycle multibody model that are reported in Table 3 arise from the adaptation to the
problem at of the numerical data of the bicycle benchmarkmodel that can be found in reference [4]. To perform a systematic analysis
of the multibody model of the bicycle system developed in this paper, the case of the Whipple-Carvallo bicycle system without the
presence of the rider is considered as well. For simplicity, this second case of interest is referred to as the riderless bicycle system.
The numerical values of the physical parameters that completely describe the multibody model of the riderless bicycle system are
extracted from the reference benchmark models found in the literature by using the same conversion procedure described above in
the bicycle with the rider. By doing so, the parameters of interest for the riderless bicycle model are derived, as reported in Table 4.
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Table 3. Bicycle model parameters.

Description Symbol Data (units)
Rear wheel radius Rr 0.3 (m)
Front wheel radius Rf 0.35 (m)
Wheelbase Wb 1.02 (m)
Fork offset Hf 0.0321 (m)
Rear frame angle β 0.3142 (rad)
Caster angle ε 0.3142 (rad)
Geometric trail Tb 0.08 (m)
Rear frame length Lr 0.953 (m)
Rear frame first distance ar 0.471 (m)
Rear frame second distance br 0.483 (m)
Rear frame third distance cr 0.478 (m)
Front frame length Lf 0.268 (m)
Front frame first distance af −0.102 (m)
Front frame second distance bf 0.370 (m)
Front frame third distance cf 0.026 (m)

Rear wheel centroid vector R1 =
[
x1 0 z1

]T
[ 0 0 0.3 ]T (m)

Rear frame centroid vector R2 =
[
x2 0 z2

]T
[ 0.3 0 0.9 ]T (m)

Front frame centroid vector R3 =
[
x3 0 z3

]T
[ 0.9 0 0.7 ]T (m)

Front wheel centroid vector R4 =
[
x4 0 z4

]T
[ 1.02 0 0.35 ]T (m)

Rear wheel mass m1 2 (kg)
Rear frame mass m2 85 (kg)
Front frame mass m3 4 (kg)
Front wheel mass m4 3 (kg)

Rear wheel inertia matrix ĪG1 =

 Ixx,1 0 0

0 Iyy,1 0

0 0 Izz,1


 6.03 · 10−2 0 0

0 6.03 · 10−2 0

0 0 1.2 · 10−1

 (kg × m2)

Rear frame inertia matrix ĪG2
=

 Ixx,2 Ixy,2 0

Ixy,2 Iyy,2 0

0 0 Izz,2


 7.178 −3.822 0

−3.822 4.822 0

0 0 11

 (kg × m2)

Front frame inertia matrix ĪG3
=

 Ixx,3 Ixy,3 0

Ixy,3 Iyy,3 0

0 0 Izz,3


 7.587 · 10−3 9.119 · 10−3 0

9.119 · 10−3 5.841 · 10−2 0

0 0 6 · 10−2

 (kg × m2)

Front wheel inertia matrix ĪG4 =

 Ixx,4 0 0

0 Iyy,4 0

0 0 Izz,4


 1.405 · 10−1 0 0

0 1.405 · 10−1 0

0 0 2.8 · 10−1

 (kg × m2)

The numerical data employed for the proposed riderless bicycle multibody model that are summarized in Table 4 derive from
the adjustment to the problem under consideration of the numerical data of the riderless bicycle benchmark model provided in
reference [5]. As can be noted by observing the data reported in Tables 3 and 4, the numerical values of the physical parameters
used in the case of the riderless bicycle model are substantially diverse from those employed in the case of the bicycle with the
rider. The largest difference between the two bicycle models is in the reduced mass of the rear frame. However, adopting the
general stability analysis method discussed in this paper, the bicycle benchmark multibody model with the rider and the bicycle
benchmark multibody model without the rider can be equally employed for studying the stability characteristics of this mechanical
system through numerical experiments.

3.2 Linear Stability Analysis

In this subsection, the linear stability analysis of the motion along a straight line of the bicycle multibody model is performed.
The numerical results found are compared with those available in the literature. The multibody model developed in this work is
used to reproduce the numerical results of the benchmark bicycle models found in the literature to verify the physical consistency
of the dynamical behavior captured by the proposed multibody model [4,5]. To this end, the multibody model proposed in this work
for the Whipple-Carvallo bicycle system is implemented in MATLAB by developing a general-purpose multibody computer program
based on a procedural approach that is consistent with the logic of this powerful multiparadigm numerical computing environment.
A mixed symbolic/numerical approach is adopted to facilitate the mathematical derivation of the nonlinear differential-algebraic
equations of motion and the subsequent linearization process. The equations of motion can be readily obtained and can be sys-
tematically linearized in a symbolic form following the analytical methodology devised in this paper. Once the motion equations
are obtained in both their nonlinear and linearized forms, they are systematically transformed into a set of computer subroutines
suitable for performing numerical experiments.

By using the numerical data for the model parameters reported in Table 3, the numerical results obtained employing the pro-
posed multibody model in the case of the linear stability analysis can be compared with those arising from the benchmark model
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Table 4. Riderless bicycle model parameters.

Description Symbol Data (units)
Rear wheel radius Rr 0.3500 (m)
Front wheel radius Rf 0.3485 (m)
Wheelbase Wb 1.01 (m)
Fork offset Hf −0.5249 (m)
Rear frame angle β 0.3665 (rad)
Caster angle ε 0.3665 (rad)
Geometric trail Tb 0.190 (m)
Rear frame length Lr 0.9949 (m)
Rear frame first distance ar 0.3980 (m)
Rear frame second distance br 0.5968 (m)
Rear frame third distance cr 0.1439 (m)
Front frame length Lf 0.3633 (m)
Front frame first distance af −0.0951 (m)
Front frame second distance bf 0.4584 (m)
Front frame third distance cf 0.0131 (m)

Rear wheel centroid vector R1 =
[
x1 0 z1

]T
[ 0 0 0.3500 ]T (m)

Rear frame centroid vector R2 =
[
x2 0 z2

]T
[ 0.320 0 0.627 ]T (m)

Front frame centroid vector R3 =
[
x3 0 z3

]T
[ 0.907 0 0.8 ]T (m)

Front wheel centroid vector R4 =
[
x4 0 z4

]T
[ 1.01 0 0.3485 ]T (m)

Rear wheel mass m1 2.56 (kg)
Rear frame mass m2 12.06 (kg)
Front frame mass m3 2.54 (kg)
Front wheel mass m4 2.05 (kg)

Rear wheel inertia matrix ĪG1 =

 Ixx,1 0 0

0 Iyy,1 0

0 0 Izz,1


 7.8 · 10−2 0 0

0 7.8 · 10−2 0

0 0 1.56 · 10−1

 (kg × m2)

Rear frame inertia matrix ĪG2
=

 Ixx,2 Ixy,2 0

Ixy,2 Iyy,2 0

0 0 Izz,2


 8.279 · 10−1 6.50 · 10−2 0

6.50 · 10−2 1.0700 0

0 0 1.2

 (kg × m2)

Front frame inertia matrix ĪG3
=

 Ixx,3 Ixy,3 0

Ixy,3 Iyy,3 0

0 0 Izz,3


 4.964 · 10−3 6.658 · 10−6 0

6.658 · 10−6 9.793 · 10−2 0

0 0 0.1

 (kg × m2)

Front wheel inertia matrix ĪG4 =

 Ixx,4 0 0

0 Iyy,4 0

0 0 Izz,4


 8.1 · 10−2 0 0

0 8.1 · 10−2 0

0 0 1.62 · 10−1

 (kg × m2)

of the Whipple-Carvallo bicycle system [4]. In Figure 3, the graphical comparison between the stability map obtained from the pro-
posed multibody model and the stability map arising from the use of the benchmark bicycle model with the rider is represented.

In Figure 3, the variable v reported on the horizontal axis represents the linear forward velocity of the center of mass of the
bicycle rear wheel that can be computed starting from the angular velocity ω imposed on the rear wheel as v = Rrω. On the vertical
axis of Figure 3, on the other hand, the real and imaginary parts of the eigenvalues resulting from the two dynamical models of the
Whipple-Carvallo bicycle systemare respectively represented, that is, the linear version of the proposed bicyclemultibodymodel and
the benchmark bicycle model are respectively employed for computing the numerical results represented in Figure 3. In particular,
three types of linear motions associated with three different families of eigenvalues can be distinguished in Figure 3. Namely, the
castering eigenmode, the capsize eigenmode, and the weave eigenmode. To perform a systematic comparison, in Table 5, the errors
between the eigenvalues obtained in the case of three different longitudinal velocities are reported for the two dynamical models
considered.

By observing both Figure 3 and Table 5, the two eigenmodes that are usually referenced as the capsize mode and the weave
mode are particularly interesting. While the weave mode corresponds to an oscillatory motion, the capsize mode is a nonoscillatory
eigenmode. Considering the complex dynamical behavior of the bicycle system, these two modes are of paramount importance
since they are responsible for the stability of this mechanical system. In fact, as shown in Figure 3, the so-called stability zone of the
Whipple-Carvallo bicycle system is delimited by two important values of the forward velocity, which are the weave critical velocity
equal to vw,c ≈ 4.3 (m/s) and the capsize critical velocity equal to vc,c ≈ 6.0 (m/s). In general, the amplitude of the stability region and
the values of the two critical velocities depend on the geometric and inertial properties of the bicycle system, as discussed below.

Since the multibody model of the bicycle system developed in this work is based on a parametric structure, it can be effectively
employed to analyze several dynamical scenarios of interest for engineering applications. For example, in the case of developing a
nonlinear controller for improving the stability characteristics of an autonomous bicycle, one is interested in identifying the stability
region of the riderless bicyclemodel. To demonstrate this fact through a simple numerical example, consider the case of the riderless
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Figure 3. Comparison of the stability maps of the bicycle models: eigenvalues and eigenmodes of the proposed bicycle multibody model compared
with those of the linear benchmark bicycle model. The solid line ( ) with circle markers (◦) represents the real part of the eigenvalues calculated
using the linear benchmark bicycle model. The solid line ( ) with square markers (□) represents the real part of the eigenvalues calculated by
linearizing the proposed bicycle multibody model. The dashed line ( ) with circle markers (◦) represents the imaginary part of the eigenvalues
calculated using the linear benchmark bicycle model. The dashed line ( ) with square markers (□) represents the imaginary part of the
eigenvalues calculated by linearizing the proposed bicycle multibody model. The stable regions of the stability maps of the two bicycle models are
denoted with two dotted vertical lines ( ).

Table 5. Errors between the eigenvalues calculated by linearizing the proposed bicycle multibodymodel and the eigenvalues calculated using the linear
benchmark bicycle model.

Eigenmodes Eigenvalues Eigenvalues Eigenvalues
v = 1(m/s) v = 5(m/s) v = 10(m/s)

Castering (real part) 5, 42 · 10−14 −4, 6 · 10−13 −5, 5 · 10−13

Capsize (real part) 9, 33 · 10−15 9, 13 · 10−14 3, 16 · 10−13

Weave (real part) 5, 77 · 10−15 6, 31 · 10−14 −3, 5 · 10−13

Weave (imaginary part) 2, 22 · 10−15 2, 84 · 10−14 −1, 5 · 10−12

bicycle multibody system that is obtained by reducing the mass of the rear frame and employing the numerical values of the system
parameters reported in Table 4. By adopting a numerical procedure for the stability analysis identical to the one described above,
the stability map of the riderless bicycle system can be obtained and the numerical results found can be readily compared with
those produced by using the benchmark riderless bicycle model [5]. Thus, in the riderless bicycle system, the graphical comparison
between the stability map determined by using the proposed multibody model and the stability map obtained from the use of the
benchmark bicycle model is represented in Figure 4.

As shown in Figure 4, the riderless bicycle multibody model for the Whipple-Carvallo bicycle system exhibits the same eigen-
modes associated with the linear dynamical behavior of the bicycle with the rider, which are again identified as the castering
eigenmode, the capsize eigenmode, and the weave eigenmode. To quantitatively compare the proposed riderless bicycle model and
the benchmark riderless bicycle model, Table 6 contains the errors between the eigenvalues found in the correspondence of the
three different forward velocities of the two models of the riderless bicycle system. By analyzing the stability map of the riderless

Table 6. Errors between the eigenvalues calculated by linearizing the proposed riderless bicycle multibody model and the eigenvalues calculated using
the linear benchmark riderless bicycle model.

Eigenmodes Eigenvalues Eigenvalues Eigenvalues
v = 1(m/s) v = 5(m/s) v = 10(m/s)

Castering (real part) 5, 06 · 10−14 2, 86 · 10−13 1, 63 · 10−13

Capsize (real part) −1, 69 · 10−14 −1, 67 · 10−15 2, 62 · 10−13

Weave (real part) −4, 44 · 10−16 −8, 88 · 10−16 −8, 86 · 10−16

Weave (imaginary part) 8, 99 · 10−15 5, 42 · 10−14 6, 22 · 10−13

bicycle model, the same dynamical behavior observed in the case of the regular bicycle model is found. However, the stability zone
of the second benchmark model is different from the one of the first benchmark model since the two bicycle systems have diverse
geometric shapes and feature different mass distributions. In fact, the stability zone of the Whipple-Carvallo bicycle system in
absence of the rider is delimited between the weave critical velocity equal to vw,c ≈ 3.99 (m/s) and the capsize critical velocity equal
to vc,c ≈ 7.90 (m/s), thereby leading to a wider stability region.

As demonstrated by analyzing Figures 3 and 4, as well as by observing the data reported in Tables 5 and 6, both devoted to the
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Figure 4. Comparison of the stability maps of the riderless bicycle models: eigenvalues and eigenmodes of the proposed riderless bicycle multibody
model compared with those of the linear benchmark riderless bicycle model. The solid line ( ) with circle markers (◦) represents the real part
of the eigenvalues calculated using the linear benchmark riderless bicycle model. The solid line ( ) with square markers (□) represents the
real part of the eigenvalues calculated by linearizing the proposed riderless bicycle multibody model. The dashed line ( ) with circle markers
(◦) represents the imaginary part of the eigenvalues calculated using the linear benchmark riderless bicycle model. The dashed line ( ) with
square markers (□) represents the imaginary part of the eigenvalues calculated by linearizing the proposed riderless bicycle multibody model.
The stable regions of the stability maps of the two riderless bicycle models are denoted with two dotted vertical lines ( ).

comparison between the linearizedmultibodymodels of the bicycle system developed in this work and the linear dynamical models
typically assumed as the benchmark models for the Whipple-Carvallo bicycle system, the numerical results found are almost the
same of the benchmark numerical results, since they only differ for round-off errors. Thus, the fact that the numerical results found
in this paper are in a perfect agreement with those arising from the benchmark bicycle models demonstrates the generality and the
effectiveness of the analysis method proposed in this investigation.

3.3 Nonlinear Stability Analysis

In this subsection, a nonlinear stability analysis is performed using the proposed bicyclemultibodymodel. The numerical results
found are compared with those obtained from the benchmark bicycle system with and without the rider. For this purpose, the
dynamics of the proposed nonlinear bicycle model and the linear benchmark models are compared to show the different behavior
of the two systems in response to a perturbation from the configuration of dynamic equilibrium. As expected, the differences in the
dynamic behaviors of the two bicycle models are strictly related to the amplitudes of the perturbations given from the configuration
of dynamic equilibrium. In general, one expects that, for small perturbations around the dynamic equilibrium configuration, the
complex nonlinear model and the simplified linear model of the bicycle system should provide approximately the same set of
numerical results, while the dynamic behaviors of the twomodels should qualitatively exhibit more apparent differences in the case
of larger disturbances. Thus, the linear and nonlinear models of the Whipple-Carvallo bicycle system can be properly compared to
highlight the differences in their dynamic behaviors mentioned before.

To demonstrate this fact through numerical experiments, an appropriate forward velocity denoted with v is assigned to the
bicycle multibody model to obtain a stable dynamical behavior. Thus, the case in which the bicycle system can handle an external
disturbance without falling is considered. The two dynamical models of the Whipple-Carvallo bicycle system are perturbed from
the standard configuration of dynamic equilibrium employed for the stability analysis by imposing in the set of the initial conditions
a disturbance of the initial roll rate denoted with ϕ̇. Subsequently, the time histories of the roll angle ϕ and of the steering angle δ
resulting from the presence of the perturbation of the initial conditions are evaluated with the use of the two dynamical models,
and their time evolutions are compared. Considering the bicycle system with the rider, the numerical results found for both the
dynamical models in the case of two amplitudes of the perturbation are respectively represented in Figures 5 and 6.

In Figures 5a and 5b, the numerical results obtained for an initial roll rate equal to ϕ̇0 = 0.1 (rad/s) and for an initial roll rate
equal to ϕ̇0 = 0.5 (rad/s) are respectively shown considering the time histories of the roll angle ϕ resulting from the comparison of
the dynamical behavior of the proposed nonlinear bicycle model and the linear benchmark bicycle model. Similarly, Figures 6a and
6b show the time histories of the steering angle δ resulting from the comparison of the proposed nonlinear bicycle model and the
linear benchmark bicycle model in the case of the same set of initial perturbations mentioned before. In this numerical experiment,
the bicycle longitudinal velocity used for carrying out the numerical integration of the equations of motion employing themultibody
computational procedure developed in this work is v = 5 (m/s). Consequently, being the radius of the rear wheel of the bicycle equal
to Rr = 0.30 (m), the angular velocity employed in the case of the bicycle system with the rider is ω = 16.67 (rad/s).

Considering the bicycle system without the rider, the numerical results obtained for both the dynamical models in the case of
two amplitudes of the perturbation are represented in Figures 7 and 8, respectively.

In Figures 7a and 7b, the numerical results obtained for an initial roll rate equal to ϕ̇0 = 0.1 (rad/s) and for an initial roll rate equal
to ϕ̇0 = 1.0 (rad/s) are respectively shown considering the time histories of the roll angle ϕ resulting from the comparison of the
dynamical behavior of the proposed nonlinear riderless bicycle model and the linear benchmark riderless bicycle model. Similarly,
Figures 8a and 8b show the time histories of the steering angle δ resulting from the comparison of the proposed nonlinear riderless
bicyclemodel and the linear benchmark riderless bicyclemodel in the case of the same set of initial perturbationsmentioned before.
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(a) Roll angle obtained for an initial roll rate equal to ϕ̇0 =
0.1 (rad/s) and using a longitudinal velocity equal to v = 5
(m/s).
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(b) Roll angle obtained for an initial roll rate equal to ϕ̇0 =
0.5 (rad/s) and using a longitudinal velocity equal to v = 5
(m/s).

Figure 5. Comparison of the dynamical behaviors of the linear and nonlinear bicycle models resulting from a perturbation of the configuration
of dynamic equilibrium: roll angular displacement of the proposed nonlinear bicycle multibody model compared with the roll angle of the linear
benchmark bicycle model. The solid line ( ) with circle markers (◦) represents the roll angle of the bicycle system calculated using the proposed
nonlinear multibody model. The dashed line ( ) with square markers (□) represents the roll angle of the bicycle system calculated employing
the linear benchmark dynamic model.
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(a) Steering angle obtained for an initial roll rate equal to
ϕ̇0 = 0.1 (rad/s) and using a longitudinal velocity equal to
v = 5 (m/s).
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(b) Steering angle obtained for an initial roll rate equal to
ϕ̇0 = 0.5 (rad/s) and using a longitudinal velocity equal to
v = 5 (m/s).

Figure 6. Comparison of the dynamical behaviors of the linear and nonlinear bicycle models resulting from a perturbation of the configuration of
dynamic equilibrium: steering angular displacement of the proposed nonlinear bicycle multibody model compared with the steering angle of the
linear benchmark bicycle model. The solid line ( ) with circle markers (◦) represents the steering angle of the bicycle system calculated using
the proposed nonlinear multibody model. The dashed line ( ) with square markers (□) represents the steering angle of the bicycle system
calculated employing the linear benchmark dynamic model.

In this numerical experiment, the bicycle longitudinal velocity used for carrying out the numerical integration of the equations of
motion employing the multibody computational procedure developed in this work is v = 5 (m/s). Consequently, being the radius
of the rear wheel of the riderless bicycle equal to Rr = 0.35 (m), the angular velocity employed in the case of the bicycle system
without the rider is ω = 15.29 (rad/s).

It is important to note that, in the case of the nonlinearmultibodymodel proposed in this paper for theWhipple-Carvallo bicycle
system, the roll angular displacement denoted with ϕ and the steering angular displacement denoted with δ do not explicitly appear
in the vector of generalized coordinates indicated with q that is used in the kinematic and dynamic descriptions of the bicyclemulti-
bodymodel. Consequently, in this general case, the roll and steering angles must be deduced through geometric considerations and
by postprocessing the numerical results obtained from the nonlinear transient analysis. Thus, a general computational procedure
described as follows is developed and used to solve this issue. First, two geometric vectors denoted with vα andwα associated with
the two directions of interest are identified. The goal is to find the angle α defined between the two direction vectors vα and wα. To
this end, the next step is to calculate the scalar quantities indicated with xα and yα as follows:

xα = vT
αwα

yα = ∥vα ×wα∥
(48)

Subsequently, the angle α of interest can be readily found by using the following equation:

α = atan2(yα, xα)− Γα (49)
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(a) Roll angle obtained for an initial roll rate equal to ϕ̇0 =
0.1 (rad/s) and using a longitudinal velocity equal to v = 5
(m/s).
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(b) Roll angle obtained for an initial roll rate equal to ϕ̇0 =
1.0 (rad/s) and using a longitudinal velocity equal to v = 5
(m/s).

Figure 7. Comparison of the dynamical behaviors of the linear and nonlinear riderless bicycle models resulting from a perturbation of the
configuration of dynamic equilibrium: roll angular displacement of the proposed nonlinear riderless bicycle multibody model compared with the
roll angle of the linear benchmark riderless bicycle model. The solid line ( ) with circle markers (◦) represents the roll angle of the bicycle system
calculated using the proposed nonlinear riderless multibody model. The dashed line ( ) with square markers (□) represents the roll angle of
the bicycle system calculated employing the linear benchmark riderless dynamic model.
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(a) Steering angle obtained for an initial roll rate equal to
ϕ̇0 = 0.1 (rad/s) and using a longitudinal velocity equal to
v = 5 (m/s).
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(b) Steering angle obtained for an initial roll rate equal to
ϕ̇0 = 1.0 (rad/s) and using a longitudinal velocity equal to
v = 5 (m/s).

Figure 8. Comparison of the dynamical behaviors of the linear and nonlinear riderless bicycle models resulting from a perturbation of the
configuration of dynamic equilibrium: steering angular displacement of the proposed nonlinear riderless bicycle multibody model compared with
the steering angle of the linear riderless benchmark bicycle model. The solid line ( ) with circle markers (◦) represents the steering angle of the
bicycle system calculated using the proposed nonlinear riderless multibody model. The dashed line ( ) with square markers (□) represents the
steering angle of the bicycle system calculated employing the linear benchmark riderless dynamic model.

where Γα is a reference angle that serves to properly set to zero the reference value of the angle α under consideration. This simple
computational procedure can be used to evaluate the roll angle ϕ and the steering angle δ starting from identifying two appropriate
couples of direction vectors that define the geometric angles of interest. In particular, the roll angle ϕ of the bicycle system can be
determined from the multibody model considering the following couple of direction vectors respectively denoted with vϕ and wϕ,
as well as by using the following reference angle denoted with Γϕ:

vϕ = k

wϕ = k1

, Γϕ =
π

2
(50)

where k is the unit vector associated with the axis Z of the global frame of reference and k1 is the unit vector corresponding to the
axis z̄1 of the local reference system attached to the first body. These vectors are explicitly defined as follows:

k =
[

0 0 1
]T
,


k1 = A1k̄1

k̄1 =
[

0 0 1
]T (51)

where A1 is the rotation matrix of the first body, namely the rear wheel. By observing the bicycle system from a front view in the
plane OY Z, the roll angle ϕ is assumed to be positive when the bicycle rear wheel performs a counterclockwise rotation around the
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X axis of the global reference system. Thus, the roll angle defined in the proposed multibody model has the same sign of those
used in the benchmark bicycle models. Similarly, the steering angle δ of the bicycle system can be determined from the multibody
model considering the following couple of direction vectors respectively denoted with vδ and wδ , as well as by using the following
reference angle denoted with Γδ : 

vδ = k2

wδ = j3

, Γδ =
π

2
(52)

where k2 is the unit vector associated with the axis z̄2 of the local frame of reference attached to the second body and j3 is the unit
vector corresponding to the axis ȳ3 of the local reference system attached to the third body. These vectors are explicitly defined as
follows: 

k2 = A2k̄2

k̄2 =
[

0 0 1
]T ,


j3 = A3j̄3

j̄3 =
[

0 1 0
]T (53)

where A2 and A3 are the rotation matrices of respectively the second and third bodies, namely the rear frame and the front frame.
By observing the bicycle system from a top view in the plane OXY , the steering angle δ is assumed to be positive when the bicycle
front frame performs a counterclockwise rotation around an axis inclined of the caster angle with respect to the Z axis of the global
reference system. Thus, the steering angle defined in the proposed multibody model has the opposite sign of those used in the
benchmark bicycle models.

The computational procedure described above for the determination of the roll and steering angles allowed for performing a
systematic comparison between the numerical results found employing the proposed nonlinear multibody model of the bicycle
system and those deriving from the use of the benchmark models. As expected, although the entire set of numerical results found
in the case of the proposed bicycle model is based on a nonlinear dynamical model, in the case of small perturbations, by observing
Figures 5a, 6a, 7a, and 8a, the numerical results show only negligible differences between the time evolutions of the roll angle and
steering angles of the proposed dynamical model compared with the same angles of the two benchmark models of the bicycle
system. This is due to the hypothesis of small displacements assumed to linearize the proposed bicycle model for performing the
stability study. On the other hand, when themagnitude of the perturbation imposed on the bicycle system increases, the hypothesis
of linearity results is no longer valid for the linear benchmark model. Therefore, the use of the proposed nonlinear model becomes
necessary. In this second case, in fact, the converse scenario is verified bymeans of a proper numerical analysis, as shown in Figures
5b, 6b, 7b, and 8b. Although the overall trend is identical for relatively large perturbations, the time histories of the roll and steering
angles obtained by using the proposed nonlinear bicycle model differ from those arising from the use of the linear benchmark
models. However, the numerical results found in both small and large perturbations are consistent with the physics of the problem
under consideration.

3.4 Stability Influence Index

In this subsection, an influence index is introduced for establishing a quantitative metric for the analysis of bicycle stability.
The goal is to understand which parameters have the greatest influence on the stability of the bicycle in the case of the straight
motion. First, the most relevant model parameters of interest for the present analysis are identified in the comprehensive vector
of physical parameters denoted with b. This vector specifically defines the bicycle multibody model and includes geometric and
inertial parameters, that are respectively grouped in the vectors bg and bi having dimensions nb,g = 6 and nb,i = 40, respectively,
for a total of nb = 46 model parameters. The subset of model parameters of interest is denoted with b̄ and includes both geometric
and inertial quantities. In particular, the stability influence analysis is performed on a total of n̄b = 28 model parameters. In the
subset of model parameters used for stability influence analysis, the geometric parameters considered include all the independent
geometric quantities employed to define the system geometry. Thus, the subset of geometric parameters considered is denoted
with b̄g and includes n̄b,g = 6 geometric quantities, that are the rear wheel radius denoted with Rr , the front wheel radius denoted
with Rf , the wheelbase denoted with Wb, the fork offset denoted with Hf , the rear frame angle denoted with β, and the caster
angle denoted with ε. Besides, the inertial parameters considered in the influence analysis are the most significant quantities that
affect the dynamic behavior of the bicycle system. Therefore, the subset of inertial parameters considered is denoted with b̄i and
includes n̄b,i = 22 inertial quantities that are the four nonzero horizontal and vertical positions of the centers of mass of the rear
and front frame that are respectively denoted with x̄G2 , z̄G2 , x̄G3 , and z̄G3 , the four masses of the four rigid bodies of the model
respectively denoted withm1,m2,m3, andm4, and the fourteen nonzero entries of the four inertia matrices of the rigid bodies that
form the bicycle system respectively denoted with ĪG1 , ĪG2 , ĪG3 , and ĪG4 . In the present parametric analysis, reference is made
to the numerical values of the physical parameters employed in the benchmark bicycle model with the rider described in detail in
Table 3.

As discussed in the paper, the stability map of the Whipple-Carvallo bicycle system depends on the different values of the
independent geometric and inertia parameters, which serve to describe the multibody model of the bicycle system. To understand
how the specific values of the model parameters affect the stability of the bicycle system, an appropriate parametric analysis must
be performed. To this end, a simple stability influence index, denoted with se, is properly defined and used to evaluate the influence
of each parameter on the bicycle stability. Thus, this index specifies the impact that a given model parameter has on the amplitude
of the stability region of the eigenvalues map of the bicycle multibodymodel. As alreadymentioned before in this work, the stability
region of theWhipple-Carvallo bicycle system is delimited by two peculiar velocity values, namely theweave critical velocity denoted
with vw,c and the capsize critical velocity denotedwith vc,c, which respectively identify the lower and upper limits of the stable region
found in the bicycle stability map. Consequently, by varying the numerical values of the parameters embedded in the vectors b̄g
and b̄i, these peculiar critical velocity values can be calculated through numerical simulations for different model configurations to
define the stability region in diverse cases.

Starting from the numerical values of the system parameters used in the benchmark bicycle model with the rider provided in
Table 3, a scale factor κ is defined to facilitate the parametric analysis and to vary the values of the geometric and inertia parameters
one by one. In each case, after the solution of the resulting generalized eigenvalue problem employed to obtain the stability map
for the corresponding configuration of model parameters, the numerical values of the weave and capsize critical velocities can
be readily identified. In particular, for a generic model parameter of the parameter vector b̄, the procedure mentioned before is
structured as follows. For a given scale factor κ and starting from the value of the benchmarkmodel with the rider, the stability map
of the multibody model of the bicycle system can be derived in the different cases corresponding to the diverse values of the generic
parameter b̄h, where h is an integer number that identifies the single entry b̄h of the parameter vector b̄ of interest. The variation of
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this parameter is computed as reported below:
∆b̄h = κb̄h, h = 1, 2, . . . , n̄b (54)

where κ is a real number used to vary the numerical value of the model parameter b̄h and ∆b̄h represent the variation of the given
model parameter. To achieve a meaningful parametric analysis, the value of κ is varied to obtain different plausible values of the
selected parameter. This is done starting from the benchmark value, which corresponds to κ = 1, and by exploring a realistic range
for the values of the geometric or inertial variable considered.

For each value of the varied generic model parameter, the corresponding critical velocities are calculated and stored into two
velocity vectors, namely vw and vc, that are respectively associated with the weave and capsize critical velocities found for the
stability region in the eigenvalue map. In these vectors, the values of the critical velocities vw,c and vc,c obtained in the diverse
cases corresponding to the variation of the specific model parameter of interest are respectively saved. Furthermore, for eachmodel
parameter examined, the difference between the two critical velocities identified at each step can be used as a discriminant to
understand how much the parameter under investigation influences the amplitude of the stability region and the dynamics of the
Whipple-Carvallo bicycle system in general. In fact, a large difference between the critical capsize velocity and the critical weave
velocity is associated with a wider stability region. In contrast, a small difference between the two critical velocities characterizes
a narrow stability zone. Therefore, it is apparent that, in the case in which one has a large stability region, the performance of the
bicycle model is advantageous, and this scenario is preferable. Consequently, for a given model parameter, the ratio between the
minimum and maximum values of the difference between the two critical velocities can be used as a valid numerical indicator of
the significant variation of the stability region in the range of values considered for performing the parametric analysis.

For a specific model parameter b̄h, the following stability influence index indicated with she can be readily defined to obtain an
appropriate number ranging between zero and one:

she = 1−
min(vh

c − vh
w)

max(vh
c − vh

w)
, h = 1, 2, . . . , n̄b (55)

where the vectors vh
w and vh

c respectively denote the vectors containing theweave and capsize critical velocities found on the stability
map obtained by varying the parameter b̄h and the integer number h represents the label of the specific parameter of interest that is
varied during the parametric analysis. If there is a significant variation of the stability characteristics in the range explored for the
model parameter, this fact is reflected in the difference between the capsize and weave critical velocities and the related maximum
andminimum values of their differences. More precisely, an expansion of the stability region can be associated with a growth in the
difference between the two critical velocities. Conversely, in the case of a contraction of the stability region, a relative decay of the
difference between the critical velocities can be observed. Furthermore, if the parameter does not significantly affect the stability
of the Whipple-Carvallo bicycle system, the stability region remains practically the same, and the difference between the critical
velocities are almost constant for each varied value of the physical parameter chosen.

As a result of these observations, the stability influence index can be used to gain insights into the bicycle dynamical behavior
and obtain quantitative information about the influence of the physical parameter examined on the stability of the bicyclemultibody
system running along a straight path with a constant forward velocity. In particular, for values of the stability influence index in the
range 0.5 ≤ se ≤ 1, the parameter has a high impact on the straight motion stability; for values of the stability influence index in
the range 0.3 < se < 0.5, the parameter has a medium effect on the straight motion stability; and for values of the stability influence
index in the range 0 ≤ se ≤ 0.3, the parameter has a low incidence on the straight motion stability of the Whipple-Carvallo bicycle
system. To analyze the overall incidence of the n̄b = 28 parameters of interest for the stability analysis of the multibody model
grouped in the vector b̄, the stability map was calculated for each variation ∆b̄h of the single parameter b̄h under investigation. By
doing so, about three thousand numerical simulations were carried out to obtain the comprehensive parametric analysis presented
herein, and the numerical results found are summarized in Table 7.

In Table 7, the quantitative value of the stability influence index found for each relevant model parameter, and its corresponding
qualitative weight, are reported. A close analysis of Table 7 reveals the relative level of influence on the bicycle stability of each
relevant model parameter. In particular, one can observe that there are n̄∗

b = 6 model parameters having a primary influence on
bicycle stability. Basically, the parameters that have a major influence on the stability of the bicycle system are those related to the
steering mechanism, namely the front frame and the front wheel, as well as to the rider, which is supposed to be rigidly attached to
the rear frame and, therefore, its inertial effects are related to the second body of the multibody model. More specifically, the front
wheel radius Rf , the fork offset Hf , the caster angle ε, and the third principal moment of inertia of the front wheel Izz,4 define the
geometric and inertial characteristics of the steering system, which plays a fundamental role in the dynamic behavior of a general
two-wheeled vehicle. The inertial parameters of prime influence denoted with x̄G2

and m2, on the other hand, are respectively
related to the horizontal position of the center of mass of the rear frame combined with the rider and to their total mass. In order
to clarify this fundamental aspect, the model parameters having a high influence on the bicycle system stability are grouped in a
parameter vector denoted with b̄

∗. This important parameter vector is defined as follows:

b̄
∗
=
[
Rf ε Hf x̄G2

Izz,4 m2

]T
(56)

where the fundamental set of model parameters of primal influence is ordered following a descending order, from themost relevant
parameter to the less relevant parameter, that is based on the values of their corresponding stability influence index found in the
parametric analysis reported in Table 7. In the case of both the linear and nonlinear multibodymodels of theWhipple-Carvallo bicy-
cle system, the subsequent dynamic analysis is, therefore, focused only on the impact of the six fundamental physical parameters
of interest on the bicycle stability considering a straight motion with a constant longitudinal velocity.

3.5 Parametric Study of the Linear and Nonlinear Multibody Models

In this subsection, a parametric analysis is performed on the linear and nonlinear multibody models of the Whipple-Carvallo
bicycle system to analyze the impact of the fundamental set of model parameters on the amplitude of the stability region, as well as
their influence on the system nonlinear dynamic behavior. The set of six model parameters considered herein is identified through
the stability analysis reported above in themanuscript. Themain goal is to understand how the fundamental parameters of interest
influence the stability of the bicycle straight motion considering both the linear and nonlinear multibody models.

The first part of this subsection is concerned with describing the numerical results relative to the parametric analysis performed
in the case of the linear multibody model of the bicycle system. To this end, in the case of the linear bicycle model developed in this
work, the effects on the stability of the parameters classified with great influence are represented in Figure 9.

In Figure 9, the variation of the weave and capsize critical velocities is shown in correspondence of a small variation in a realistic
range of eachmodel parameter of primary relevance. In particular, Figures 9a, 9b, 9c, 9d, 9e, and 9f represent the graphical results of
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Table 7. Quantitative and qualitative influence on the bicycle stability of each relevant parameter of the multibody model.

Model Stability Low Medium High
Parameter Influence Index Influence Influence Influence
Rr 0.1327

√

Rf 0.9424
√

Wb 0.4979
√

Hf 0.7659
√

β 0.2167
√

ε 0.8712
√

x̄G2
0.7527

√

z̄G2
0.3320

√

x̄G3
0.2644

√

z̄G3
0.2657

√

m1 0.0281
√

m2 0.5039
√

m3 0.2536
√

m4 0.3224
√

Ixx,1 0.0056
√

Iyy,1 0.0056
√

Izz,1 0.2150
√

Ixx,2 0.3627
√

Iyy,2 0.3439
√

Izz,2 0
√

Ixy,2 0.4056
√

Ixx,3 0.0225
√

Iyy,3 0.0056
√

Izz,3 0
√

Ixy,3 0.0112
√

Ixx,4 0.3568
√

Iyy,4 0.3568
√

Izz,4 0.7117
√

the parametric analysis performed on the weave and capsize critical velocities in the case of the variation of the front wheel radius
Rf , the caster angle ε, the fork offsetHf , the abscissa of the rear frame center of mass x̄G2 , the third mass moment of inertia of the
front wheel Izz,4, and themass of the rear framem2, respectively. In the case of the linear multibodymodel of theWhipple-Carvallo
bicycle system, by analyzing the general parametric study synthetically represented in Figure 9, one can observe that a significant
enlargement of the bicycle stability region can be obtained by increasing the numerical values used for the front wheel radiusRf and
the caster angle ε. Furthermore, by increasing the horizontal position of the rear frame centroid x̄G2

and the mass of the rear frame
m2, a moderate extension of the amplitude of the bicycle stability region can be obtained as well. On the other hand, by decreasing
the length of the fork offset Hf and the magnitude of the third principal mass moment of inertia of the front wheel Izz,4, one can
still obtain a relatively important enlargement of the stability region. This qualitative behavior is consistent with the physics of the
bicycle system and agrees with what is found in the literature [25–27].

The second part of this subsection deals with the discussion of the numerical results of the parametric analysis found in the case
of the nonlinear multibody model of the bicycle system. Thereby, the proposed bicycle multibody model can be used for performing
numerical experiments with high confidence to explore dynamical scenarios that are not fully captured by the benchmark model of
the Whipple-Carvallo bicycle system. As discussed in this section, the dynamic behavior of the Whipple-Carvallo bicycle system is
strictly correlated to the geometry of the vehicle as well as to its inertial properties. Therefore, the nonlinear multibody model can
be effectively employed to show the difference in the dynamical response of the bicycle system for the same operating conditions
and varying the fundamental geometric and inertial parameters already analyzed using the linearized model. For this purpose, in
the case of the nonlinear bicycle model devised in this paper, the numerical results of this second analysis devoted to investigating
the impact of the parameters recognized as more significant are respectively represented in Figures 10, 11, 12, 13, 14, and 15.

All the dynamical simulations were performed considering a fixed longitudinal velocity of the bicycle equal to v = 5.5 (m/s) and
by imposing as an external perturbation an initial roll rate equal to ϕ̇0 = 0.5 (rad/s). Figures 10a and 10b respectively represent the
graphical results of the parametric analysis for the roll and steering angular displacements of the nonlinear multibody model of the
bicycle system obtained in the case of the variation of the front wheel radius Rf for three typical values that are respectively equal
to Rf = 0.3 (m), Rf = 0.35 (m), and Rf = 0.45 (m). Figures 11a and 11b respectively represent the graphical results of the parametric
analysis for the roll and steering angular displacements of the nonlinear multibody model of the bicycle system obtained in the
case of the variation of the caster angle ε for three typical values that are respectively equal to ε = 0.157 (rad), ε = 0.314 (rad), and
ε = 0.628 (rad). Figures 12a and 12b respectively represent the graphical results of the parametric analysis for the roll and steering
angular displacements of the nonlinear multibody model of the bicycle system obtained in the case of the variation of the fork
offset Hf for three typical values that are respectively equal to Hf = 0.0160 (m), Hf = 0.0321 (m), and Hf = 0.0641 (m). Figures
13a and 13b respectively represent the graphical results of the parametric analysis for the roll and steering angular displacements
of the nonlinear multibody model of the bicycle system obtained in the case of the variation of the rear frame centroid abscissa
x̄G2

for three typical values that are respectively equal to x̄G2
= 0.15 (m), x̄G2

= 0.3 (m), and x̄G2
= 0.45 (m). Figures 14a and

14b respectively represent the graphical results of the parametric analysis for the roll and steering angular displacements of the
nonlinear multibody model of the bicycle system obtained in the case of the variation of the front wheel inertia moment Izz,4 for
three typical values that are respectively equal to Izz,4 = 0.224 (kg×m2), Izz,4 = 0.28 (kg×m2), and Izz,4 = 0.42 (kg×m2). Figures
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(e) Front wheel inertia moment Izz,4.
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(f) Rear frame massm2.

Figure 9. Influence of the fundamental system parameters on the bicycle stability region in the case of the linear multibody model. The solid line
( ) represents the weave critical velocity vc,w, the circle marker (◦) indicates the benchmark value of the weave critical velocity, the dashed
line ( ) represents the capsize critical velocity vc,c, the square marker (□) indicates the benchmark value of the capsize critical velocity. The
parameter κ is the proportional factor used to vary the numerical values of the model parameters of interest. For κ = 1, the parameters are all
equal to the benchmark values relative to the bicycle system with the rider.
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(a) Roll angle obtained for an initial roll rate equal to ϕ̇0 =
0.5 (rad/s) and using a longitudinal velocity equal to v =
5.5 (m/s).
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(b) Steering angle obtained for an initial roll rate equal to
ϕ̇0 = 0.5 (rad/s) and using a longitudinal velocity equal to
v = 5.5 (m/s).

Figure 10. Comparison of the roll angular displacement and the steering angular displacement of the nonlinear bicycle models with the rider
obtained for different values of the front wheel radius. The solid lines ( ) with the square markers (□) represent the roll angle and the steering
angle obtained for a front wheel radius equal to the benchmark value Rf = 0.35 (m). The dotted lines ( ) with circle markers (◦) represent the
roll angle and the steering angle obtained for a front wheel radius equal to Rf = 0.3 (m). The dashed lines ( ) with the diamond markers (⋄)
represent the roll angle and the steering angle obtained for a front wheel radius equal to Rf = 0.45 (m).

15a and 15b respectively represent the graphical results of the parametric analysis for the roll and steering angular displacements
of the nonlinear multibody model of the bicycle system obtained in the case of the variation of the rear frame mass m2 for three
typical values that are respectively equal tom2 = 75 (kg),m2 = 85 (kg), andm2 = 95 (kg).

In general, as shown in Figures 10, 11, 12, 13, 14, and 15, an increase in one of the six parameters of interest is mainly associated
with an augmentation of the importance of the nonlinear phenomena. This reflects on an appreciable qualitative change of the time
evolution of the bicycle roll and steering angular displacements in terms of their general trend and their vibration amplitudes. In
fact, regarding the incidence of the various parameters on the bicycle stability, rather thanmaking an absolute analysis on the value
of the particular parameter, this problem should be studied considering the numerical value of the longitudinal velocity employed
in the analysis and the relative width of the stability zone. In practice, with the same longitudinal velocity, the process of changing
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(a) Roll angle obtained for an initial roll rate equal to ϕ̇0 =
0.5 (rad/s) and using a longitudinal velocity equal to v =
5.5 (m/s).
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(b) Steering angle obtained for an initial roll rate equal to
ϕ̇0 = 0.5 (rad/s) and using a longitudinal velocity equal to
v = 5.5 (m/s).

Figure 11. Comparison of the roll angular displacement and the steering angular displacement of the nonlinear bicycle models with the rider
obtained for different values of the caster angle. The solid lines ( ) with the square markers (□) represent the roll angle and the steering angle
obtained for a caster angle equal to the benchmark value ε = 0.314 (rad). The dotted lines ( ) with circle markers (◦) represent the roll angle
and the steering angle obtained for a caster angle equal to ε = 0.157 (rad). The dashed lines ( ) with the diamond markers (⋄) represent the
roll angle and the steering angle obtained for a caster angle equal to ε = 0.628 (rad).
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(a) Roll angle obtained for an initial roll rate equal to ϕ̇0 =
0.5 (rad/s) and using a longitudinal velocity equal to v =
5.5 (m/s).
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(b) Steering angle obtained for an initial roll rate equal to
ϕ̇0 = 0.5 (rad/s) and using a longitudinal velocity equal to
v = 5.5 (m/s).

Figure 12. Comparison of the roll angular displacement and the steering angular displacement of the nonlinear bicycle models with the rider
obtained for different values of the fork offset. The solid lines ( ) with the square markers (□) represent the roll angle and the steering angle
obtained for a fork offset equal to the benchmark value Hf = 0.0321 (m). The dotted lines ( ) with circle markers (◦) represent the roll angle
and the steering angle obtained for a fork offset equal to Hf = 0.0160 (m). The dashed lines ( ) with the diamond markers (⋄) represent the
roll angle and the steering angle obtained for a fork offset equal to Hf = 0.0641 (m).

the numerical value of the geometric or inertial parameter of interest can lead the system behavior closer to the upper or the lower
limit of the stability zone. Consequently, the resulting stability behavior is necessarily different. Since, in that case, the stability
zone has changed, because of the variation of a geometric or inertial parameter, the bicycle system turns out to be in a different
point of the stability zone and, therefore, its dynamical behavior is different. As a result, the nonlinear analysis allows for capturing
this crucial aspect more directly than by simply evaluating the eigenvalues represented on the stability map, obtained through the
linear analysis carried out at a given forward velocity and for a given set of geometric and inertial parameters. Thus, the combined
effect of the system geometry variation, the forward velocity, and the external perturbation should always be considered to examine
the resulting system dynamical behavior properly. To this end, the proposed multibody approach, which leverages both linear and
nonlinear parametric analysis, can be helpful in simplifying the complex problem represented by the bicycle dynamics.

3.6 Discussion and Final Remarks

In this subsection, a comprehensive discussion on the numerical results found in the paper by using the analytical approach
presented in this two-part manuscript is provided, together with some final remarks on the stability analysis of the straight motion
of the Whipple-Carvallo bicycle system, obtained employing the linear and nonlinear multibody models developed in this work.

First, to perform a consistent comparison with the numerical results found in the literature, the process of obtaining from the
benchmark bicycle models the suitable numerical values of the system parameters to be used in the computer implementation of
the bicycle multibody model of interest for this paper was carried out. By using a systematic approach to derive the linearized dy-
namic equations from the nonlinear model obtained with the use of the D’Alambert-Lagrange equations of motion, the numerical
results found employing the benchmark numerical values for the system parameters were compared with those of the benchmark
model concerning the linear stability analysis of the motion of the bicycle system along a straight line. With this respect, Tables
3 and 4 respectively contain the benchmark data conversion in the case of the Whipple-Carvallo bicycle system with and without
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(a) Roll angle obtained for an initial roll rate equal to ϕ̇0 =
0.5 (rad/s) and using a longitudinal velocity equal to v =
5.5 (m/s).
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(b) Steering angle obtained for an initial roll rate equal to
ϕ̇0 = 0.5 (rad/s) and using a longitudinal velocity equal to
v = 5.5 (m/s).

Figure 13. Comparison of the roll angular displacement and the steering angular displacement of the nonlinear bicycle models with the rider
obtained for different values of the rear frame centroid abscissa. The solid lines ( ) with the square markers (□) represent the roll angle and
the steering angle obtained for a rear frame centroid abscissa equal to the benchmark value x̄G2

= 0.3 (m). The dotted lines ( ) with circle
markers (◦) represent the roll angle and the steering angle obtained for a rear frame centroid abscissa equal to x̄G2

= 0.15 (m). The dashed
lines ( ) with the diamond markers (⋄) represent the roll angle and the steering angle obtained for a rear frame centroid abscissa equal to
x̄G2 = 0.45 (m).
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(a) Roll angle obtained for an initial roll rate equal to ϕ̇0 =
0.5 (rad/s) and using a longitudinal velocity equal to v =
5.5 (m/s).
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(b) Steering angle obtained for an initial roll rate equal to
ϕ̇0 = 0.5 (rad/s) and using a longitudinal velocity equal to
v = 5.5 (m/s).

Figure 14. Comparison of the roll angular displacement and the steering angular displacement of the nonlinear bicycle models with the rider
obtained for different values of the front wheel inertia moment. The solid lines ( ) with the square markers (□) represent the roll angle and
the steering angle obtained for a front wheel inertia moment equal to the benchmark value Izz,4 = 0.28 (kg×m2). The dotted lines ( ) with
circle markers (◦) represent the roll angle and the steering angle obtained for a front wheel inertia moment equal to Izz,4 = 0.224 (kg×m2). The
dashed lines ( ) with the diamond markers (⋄) represent the roll angle and the steering angle obtained for a front wheel inertia moment equal
to Izz,4 = 0.42 (kg×m2).

the rider. Thus, the graphic representation of the eigenvalues represented in Figures 3 and 4 show a perfect agreement between the
linearization of the proposed multibody model and the benchmark bicycle models. This qualitative observation is confirmed by the
quantitative results reported in Tables 5 and 6, which show that the small differences in the numerical results are only due to the
computation accuracy of the computer calculations.

Subsequently, a nonlinear stability analysis was performed considering the proposed bicycle multibody model and through the
use of the constraint stabilization algorithm devised in this paper for nonholonomic multibody systems. To this end, the numerical
results found were compared with those obtained from the benchmark bicycle system with and without the rider. This compara-
tive analysis aimed to compare the numerical solutions of the linear benchmark model and the nonlinear model developed by the
authors in response to the same external perturbation. For this purpose, a general and effective method for constructing the bicycle
roll and steering angular displacements from the generalized coordinate vector of the detailed multibody model was developed and
used to compare with the linear benchmark models.

For the bicycle with the rider and the riderless bicycle model, a systematic comparison was performed considering the proposed
nonlinear multibody model and the linear benchmark models in the case of a small perturbation from the configuration of dynamic
equilibrium. Figures 5a and 6a refer to the resulting roll and steering angular displacements of the bicycle in the case of a small
perturbation of the model with the rider. Figures 7a and 8a refer to the resulting roll and steering angular displacements of the bicy-
cle in the case of a small perturbation of the model without the rider. These figures show that the numerical results are practically
equivalent since the perturbation is small. On the other hand, in the case of a large perturbation from the configuration of dynamic
equilibrium, the bicycle with the rider and the riderless bicycle model were analyzed. A comprehensive comparison was carried
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(a) Roll angle obtained for an initial roll rate equal to ϕ̇0 =
0.5 (rad/s) and using a longitudinal velocity equal to v =
5.5 (m/s).
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(b) Steering angle obtained for an initial roll rate equal to
ϕ̇0 = 0.5 (rad/s) and using a longitudinal velocity equal to
v = 5.5 (m/s).

Figure 15. Comparison of the roll angular displacement and the steering angular displacement of the nonlinear bicycle models with the rider
obtained for different values of the rear frame mass. The solid lines ( ) with the square markers (□) represent the roll angle and the steering
angle obtained for a rear frame mass equal to the benchmark value m2 = 85 (kg). The dotted lines ( ) with circle markers (◦) represent the
roll angle and the steering angle obtained for a rear frame mass equal to m2 = 75 (kg). The dashed lines ( ) with the diamond markers (⋄)
represent the roll angle and the steering angle obtained for a rear frame mass equal tom2 = 95 (kg).

out considering the proposed nonlinear multibody model and the linear benchmark models. To this end, Figures 5b and 6b refer to
the resulting roll and steering angular displacements of the bicycle in the case of a large perturbation of the model with the rider.
Figures 7b and 8b refer to the resulting roll and steering angular displacements of the bicycle in the case of a large perturbation
of the model without the rider. Thus, for a relatively larger disturbance, the numerical results of the proposed bicycle multibody
model start to diverge from those arising from the linear benchmark models, pointing out the necessity to use a nonlinear model
to study the complex dynamical behavior of the bicycle system. This behavior is the necessary consequence of large displacements
and finite rotations of a complex articulated mechanical system such as the bicycle system, which are more properly described by
nonlinear differential-algebraic equations of motion rather than linear ordinary differential dynamic equations.

Afterward, an appropriate performance index was introduced and used as a quantitative metric to assess the stability of the
bicycle system in the case of a straight motion. By doing so, a reduced set of parameters having the greatest impact on the stability
of the bicycle system was identified. As reported in Table 7, some model parameters affect more than others the bicycle stability
during a straight motion, leading to the identification of a set of six fundamental model parameters. As a general rule, to a higher
value of the stability influence index denoted with she , that corresponds to the general parameter labeled with the integer number
h, a greater influence on the dynamical properties of the bicycle is associated. As shown by the numerical results reported in Table
7, the set of model parameters having a primary influence on the stability of the bicycle system is composed of six geometric and
inertial parameters. These fundamental parameters, ordered from the most influential parameter to the last influential parameter,
are the front wheel radius Rf , the caster angle ε, the fork offset Hf , the horizontal position of the center of mass of the rear frame
x̄G2 , the third principal moment of inertia of the front wheel Izz,4, and the mass of the rear framem2.

Finally, considering both the linear and nonlinear multibody models of the Whipple-Carvallo bicycle system, a comprehensive
parametric study was carried out. The parametric study aimed to analyze the influence of the fundamental set of model parameters
on the dimension of the stability region and their impact on the nonlinear dynamic behavior of the bicycle system. This study rep-
resents the core part of the numerical results obtained in this investigation, discussed and commented on below. First, a parametric
analysis of the linear multibody model was performed, leading to the numerical results represented in Figure 9. A consequential
analysis was then carried out employing the nonlinear model to capture the nonlinear effect induced by the variation of one of
the fundamental geometric and inertial parameters on the bicycle stability, explored using the linearized multibody model. The
numerical results of this second parametric analysis are represented in Figures 10, 11, 12, 13, 14, and 15.

In Figures 9a and 9b, the effects of the front wheel radius Rf and of the variation of the caster angle ε on the bicycle stability are
respectively shown. In both cases, an increment of Rf or ε results in the growth of both the capsize and weave critical velocities.
On the other hand, as shown in Figure 9c, an increment of the fork offset Hf results in a lower value for both the critical velocities.
The qualitative variations of the stability region, as well as the quantitative dynamical behavior resulting from the numerical re-
sults found by using the bicycle multibody model developed in this paper, are in agreement with the general considerations and the
conclusive remarks of other authors, such as Cossalter [24] and Franke et al. [27]. In fact, in [24], the author comments as follows:
‘long trails assures a high directional stability’. Also, in [27], the authors wrote the following remark: ‘the stability region grows
linearly with the trail while it tends to large velocities’. This is also consistent with the behavior of the linear benchmark model of
the Whipple-Carvallo bicycle system proposed by Meijaard et al. in [4] and by Kooijman et al. in [5]. As can be seen from Equation
(14), the geometric trail Tb depends on the front wheel radius Rf , on the fork offset Hf , and on the caster angle ε. Therefore, the
nonlinear bicycle model proposed in this paper behaves following the previous considerations because the geometric trail grows
with the caster angle ε and with the front wheel radius Rf . At the same time, it diminishes with the fork offset Hf .

In Figures 9d and 9f, the effect of the center of mass horizontal position and the influence of the mass of the rear frame are re-
spectively represented. In particular, in Figure 9f, one can observe how the rear frame mass influences the stability region. Indeed,
for a smaller value of the rear frame mass, which can be seen as a lighter rider, the zone of stability moves to smaller velocities
values. This indicates that the rider is responsible for the stability characteristics of the whole rider-bicycle system. Furthermore,
another important aspect related to the influence of the rider was already pointed out by Franke et al. in [27], who stated that:
‘shifting the position of the rider forward causes a similar effect to that caused by lengthening the trail’. As shown in Figure 9d,
this phenomenon is confirmed by the numerical results obtained from the parametric analysis performed in this paper. In Figure
9e, the effect of the third principal moment of inertia of the front wheel around the axis of rotation shows that, for higher values
of this moment of inertia, the stability region moves forward, thereby corresponding to higher values of the critical velocity, but, at
the same time, it becomes smaller. This behavior is also found in the previous investigations reported in the literature [24,27].
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As far as the nonlinear phenomena are concerned, the effects of the geometric and inertia properties of the Whipple-Carvallo
bicycle system were analyzed using the nonlinear multibody model developed by the authors. To this end, by exploring a varia-
tion of the six fundamental parameters of interest, some significant information can be gathered from the evolution in time of the
roll angle ϕ and of the steering angle δ. In this case, the set of numerical results found in correspondence of the variation of each
model parameter of interest are respectively represented in Figures 10, 11, 12, 13, 14, and 15. As shown in these figures, a significant
variation of one of the six parameters of interest is mainly associated with an augmentation of the importance of the nonlinear
phenomena. More specifically, the bicycle system exhibits a damped behavior in the limit of the stability zone, even though no
dissipation is explicitly considered in the nonlinear multibody model. This property is peculiar to nonholonomic systems, and it is
strictly connected to the modeling of the contact between the wheels and the ground. For this purpose, the contact was modeled
in this investigation using an appropriate set of nonholonomic constraints representing the pure rolling condition, leading to the
peculiar nonlinear behavior observed in the dynamical simulations.

Observing the nonlinear behavior of the bicycle system consequent to an external perturbation, both the roll angle and the
steering angle oscillate around the configuration of dynamic equilibrium with an amplitude depending on the geometric and in-
ertial characteristics of the bicycle system, as well as on the magnitude of the external disturbance. Furthermore, the amplitudes
of the nonlinear vibrations represented in Figures 10, 11, 12, 13, 14, and 15 demonstrate the importance of the design process de-
voted to properly tune the system parameters to obtain a dynamical behavior consistent with the desired performance. For the
same external perturbation, in a small range of longitudinal velocities, the dynamical response of the model around the equilibrium
configuration is not as negligible as one could expect. Namely, the nonlinear oscillation of the system around the configuration of
dynamic equilibrium depends on the bicycle forward velocity, resulting in smaller amplitudes for higher velocities and in what can
be defined as a more stable dynamic behavior. By observing the physical behavior of the bicycle system, these numerical results can
also be confirmed by practical experiments, where the bicycle tends to respond better to little impulses at higher velocities than at
lower ones [38].

For all the reasonsmentioned above, the restricted set of model parameters identified in this investigation employing numerical
experiments must be carefully designed. A particular combination of themwill result in a specific stability region that can be suited
or not for the specific application considered. Therefore, by constructing an accurate virtual prototype based on the proposedmulti-
body approach to the dynamics of articulated mechanical systems, one can understand how to address the design of the different
parts of the bicycle system, thereby attaining a realistic prediction of the performance of the actual final result. To achieve this goal,
the analytical and numerical methodologies devised in this investigation, as well as the systematic parametric analysis proposed
in this work, can be successfully employed.

4. Summary, Conclusions, and Future Work

This paper fits an extended research plan devoted to analyzing multibody systems [65,66], the design of nonlinear control laws
for dynamical systems [67,68], and identifying the dynamical model of mechanical systems [69,70]. In particular, in this investiga-
tion, a general multibody approach is employed for analyzing bicycle systems and theWhipple-Carvallo bicycle model is considered
as the case study. For this purpose, this manuscript is the second contribution of a two-part research paper.

In this investigation, the system of differential-algebraic equations describing themotion of theWhipple-Carvallo bicycle model
of interest is obtained using the D’Alambert-Lagrange principle of virtual work with the analytical technique of the Lagrange mul-
tipliers. By employing a systematic procedure that is well suited for computer implementation, the equations are then linearized
and are further used to obtain different information on the dynamic behavior of the bicycle system. Before the implementation
of the alternative linearization technique and the constraint stabilization method shown in the first part of this two-part paper, in
the second part of this two-part investigation, the symbolic form of the equations of motion of the bicycle model is obtained and
transformed into a set of numerical subroutines through the use of a general-purpose multibody code developed by the authors in
MATLAB. This approach allows for controlling the most relevant aspects of the multibody model and defining the geometry of the
system in a parametric way for quickly analyzing the effects of the most critical geometric quantities on the dynamical behavior
of the vehicle and its stability characteristics. By doing so, an extensive parametric analysis based on the linearized and nonlinear
bicycle models is carried out to individuate the most significant parameters influencing the stability characteristics of the bicycle
system and, subsequently, their dynamical effects are quantified by exploring a realistic range of variation. A proper combination of
the numerical values of those geometric and inertial parameters defines a specific dynamical behavior of the bicycle system, which
can be changed and eventually tuned according to the desired performance. The analytical approach and the computational algo-
rithm presented in this two-part investigation are general and are based on a systematic multibody approach that can be applied to
different mechanical systems with high confidence since the numerical results obtained in this second research work are in perfect
agreement with the benchmark results presented in the literature. Moreover, since it is based on a fully nonlinear description, the
proposed methodology allowed for analyzing engaging scenarios not covered in other previous research works.

This paper presents a bicyclemultibodymodel that can be used to perform preliminary parametric analysis to help the designing
process and understand with a relatively small effort how the different geometric and inertial parameters of the system affect its
straight motion stability. To verify the numerical results obtained in the paper, the developed model is initially used to reproduce
the results of the bicycle benchmark model described by Meijaard et al. in [4] and, subsequently, the results of the riderless bicycle
benchmark model described by Kooijman et al. in [5]. After that, the results of the nonlinear model developed by the authors and
the linear benchmark models show the difference that arises using a linearized model and the original nonlinear one. Finally, the
comparison of the numerical results of the linear and nonlinear parametric analysis developed considering the bicycle multibody
model devised in the paper is presented. To this end, considering a parametric description of the physical system of interest, the
resulting mathematical model can be used to perform comprehensive nonlinear and linear analysis based on an analytical formu-
lation and a computational strategy both well suited for the computer-aided numerical implementation. Employing the approach
presented in this paper, it is possible to obtain a proper mathematical model of a general multibody system consistent with the
physics of the problem. By doing so, the comprehensive multibody model of the Whipple-Carvallo bicycle model investigated in
this paper can be used to identify and evaluate the effects of the more relevant geometric and inertial parameters that influence the
dynamics of the system of interest, as well as to analyze the complete nonlinear model of a general bicycle system and its linearized
counterpart to make comparisons with different studies found in the literature.

As discussed in detail in the paper, the proposed multibody model undoubtedly represents a mathematical abstraction of the
physical bicycle system. In this respect, although the nonlinearities in the proposed multibody model allow for correctly capturing
the peculiar geometric features of the bicycle system and its resulting self-balancing dynamical behavior, there are at least three
main limitations of the proposed bicycle model that should be eventually removed in the future investigations. These are the use of
ideal rigid bodies in conjunction with frictionless kinematic joints; the hypothesis of knife-edge contact between the bicycle wheels
and the ground; and the simplified representation of the rider as a rigid body attached to the rear frame. The modeling limitations
mentioned above can be respectively alleviated progressively by introducing structural elements in the model to represent the chas-
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sis flexibility and the inclusion of friction forces in the joints (for example, dry friction); with the use of three-dimensional wheels
having, for instance, toroidal geometry and considering a general representation of the wheel-ground contact by employing non-
generalized coordinates (rigid body contact) or by using nonlinear finite element procedures (flexible body contact); and resorting
to separate multibody modeling of the rider as a dummy body model with a basic feedback control system acting on the bicycle
steering axis.

Nowadays, the possibilities of computer-aided engineering allow for the development of increasingly more precise and com-
plex virtual models. Especially in the case of two-wheeled vehicles, and more in general for road vehicles, both modeled within the
multibody computational framework, there are several open challenges andmany possible directions for future research. Therefore,
future research works can be focused on different interesting aspects. First, the proposed bicyclemodel could be used as the starting
point for developing a feedback controller to stabilize the roll angular displacement of the bicycle through the use of an appropriate
control torque applied to the steering mechanism. The uncontrolled bicycle shows an interesting self-stabilizing behavior strongly
affected by the system geometry and its mass distribution. Therefore, many critical dynamic characteristics should be considered
before including an active rider model into any bicycle model. Another interesting direction of future research could be introducing
a more accurate model of the bicycle rider. To this end, for example, the implementation of a simple musculoskeletal model could
be useful to understand how themotion and the loads are transmitted from the rider to the vehicle, and how these affect the overall
dynamic behavior of the whole bicycle-rider system. Finally, in this work, a nonlinear set of nonholonomic constraints representing
the condition of pure rolling of the wheels is employed to model the wheel-road contact. Therefore, since the physical modeling
of the forces between the tire and the road significantly influences the dynamical behavior of road vehicles, future research works
could also be focused on developing a more accurate description of the wheel-road interaction, including, for example, a simplified
three-dimensional tire model in the bicycle multibody model developed in this paper.

To conclude, there are several fundamental issues concerning the kinematics and dynamics of two-wheeled vehicles in general,
like bicycles and motorcycles, that should be addressed in future works. These are, but not limited to, the use of tire models as
well as the inclusion of structural elements for modeling the system flexibility; the development of advanced systems specifically
devised for improving the stability and enhance the handling of two-wheeled vehicles, such as Advanced Driver Assistance Sys-
tems (ADAS), Anti-lock Braking Systems (ABS), and Electronic Stability Control (ESC) systems; the construction of more advanced
benchmark models of two-wheeled systems, such as the multibody model proposed in this paper, that allow for establishing a
common reference in the research and industry communities for assessing the quality and the performance of a given design solu-
tion; the definition of a sufficiently accurate model for the rider to be able to capture the interaction of the rider-vehicle dynamics
correctly; the use of modern techniques of artificial intelligence, such as the algorithms of machine learning or the deep reinforce-
ment learning approach, for the design of effective control systems employed for solving at the same time the stabilization and
the navigation problem of two-wheeled vehicles; and the implementation of the techniques used in applied system identification
in conjunction with the Kalman filtering methods to construct simplified model of this family of dynamical systems for estimating
physical meaningful quantities that cannot directly measured in two-wheeled vehicles, such as the roll angle and the lateral forces.
These important issues will be addressed in future investigations.
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Appendix A

In this appendix, for the sake of completeness, the fundamental equations of the benchmark models used for the Whipple-
Carvallo bicycle system, with and without the rider, are concisely described. The numerical values of the model parameters are
provided herein as well.

A.1 Benchmark Model Parameters

In the case of the benchmark bicycle model with the rider, the numerical data for the model parameters are taken from the
reference [4] and are provided in Table 8.

Table 8. Benchmark bicycle model parameters.

Description Symbol Data (units)
Rear wheel radius rR 0.3 (m)
Front wheel radius rF 0.35 (m)
Wheelbase w 1.02 (m)
Caster angle λ 0.314 (rad)
Geometric trail c 0.08 (m)

Rear frame centroid vector RB =
[
xB 0 zB

]T
[ 0.3 0 −0.9 ]T (m)

Front frame centroid vector RH =
[
xH 0 zH

]T
[ 0.9 0 −0.7 ]T (m)

Rear wheel mass mR 2 (kg)
Rear frame mass mB 85 (kg)
Front frame mass mH 4 (kg)
Front wheel mass mF 3 (kg)

Rear wheel inertia matrix ĪR =

 IR,xx 0 0

0 IR,yy 0

0 0 IR,zz


 6.03 · 10−2 0 0

0 1.2 · 10−1 0

0 0 6.03 · 10−2

 (kg × m2)

Rear frame inertia matrix ĪB =

 IB,xx 0 IB,xz

0 IB,yy 0

IB,xz 0 IB,zz


 9.2 0 2.4

0 11 0

2.4 0 2.8

 (kg × m2)

Front frame inertia matrix ĪH =

 IH,xx 0 IH,xz

0 IH,yy 0

IH,xz 0 IH,zz


 5.892 · 10−2 0 −7.56 · 10−3

0 6 · 10−2 0

−7.56 · 10−3 0 7.08 · 10−3

 (kg × m2)

Front wheel inertia matrix ĪF =

 IF,xx 0 0

0 IF,yy 0

0 0 IF,zz


 1.405 · 10−1 0 0

0 2.8 · 10−1 0

0 0 1.405 · 10−1

 (kg × m2)

In the case of the benchmark bicycle model without the rider, the numerical data for the model parameters are taken from the
reference [5] and are provided in Table 9.

In both the benchmark models, the total massmT of the benchmark bicycle system can be symbolically written as:

mT = mR +mB +mH +mF (57)

where mR is the mass of the rear wheel, mB is the mass of the rear frame, mH is the mass of the front frame, and mF is the mass
of the front wheel. While the global coordinate yT of the bicycle center of mass is equal to zero because of symmetry of the model,
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Table 9. Benchmark riderless bicycle model parameters.

Description Symbol Data (units)
Rear wheel radius rR 0.3500 (m)
Front wheel radius rF 0.3485 (m)
Wheelbase w 1.010 (m)
Caster angle λ 0.366 (rad)
Geometric trail c 0.190 (m)

Rear frame centroid vector RB =
[
xB 0 zB

]T
[ 0.320 0 −0.627 ]T (m)

Front frame centroid vector RH =
[
xH 0 zH

]T
[ 0.907 0 −0.800 ]T (m)

Rear wheel mass mR 2.56 (kg)
Rear frame mass mB 12.06 (kg)
Front frame mass mH 2.54 (kg)
Front wheel mass mF 2.05 (kg)

Rear wheel inertia matrix ĪR =

 IR,xx 0 0

0 IR,yy 0

0 0 IR,zz


 7.8 · 10−2 0 0

0 1.56 · 10−1 0

0 0 7.8 · 10−2

 (kg × m2)

Rear frame inertia matrix ĪB =

 IB,xx 0 IB,xz

0 IB,yy 0

IB,xz 0 IB,zz


 8.155 · 10−1 0 3.27 · 10−2

0 1.2 0

3.27 · 10−2 0 1.0825

 (kg × m2)

Front frame inertia matrix ĪH =

 IH,xx 0 IH,xz

0 IH,yy 0

IH,xz 0 IH,zz


 8.60 · 10−2 0 −3.11 · 10−2

0 1 · 10−1 0

−3.11 · 10−2 0 1.69 · 10−2

 (kg × m2)

Front wheel inertia matrix ĪF =

 IF,xx 0 0

0 IF,yy 0

0 0 IF,zz


 8.1 · 10−2 0 0

0 1.62 · 10−1 0

0 0 8.1 · 10−2

 (kg × m2)

the coordinates xT and zT of the bicycle centroid can be computed as:
xT = 1

mT
(xBmB + xHmH + wmF )

zT = 1
mT

(−rRmR + zBmB + zHmH − rFmF )

(58)

where rR and rF denote the rear and front wheel radii respectively, w is the bicycle wheelbase, xB and zB represent the coordinates
of the rear frame centroid, while xH and zH represent the coordinates of the front frame center of mass. The systemmassmoments
of inertia IT,xx and IT,zz , as well as the system product of inertia IT,xz , computed with respect to the origin O of the global axes,
are given by: 

IT,xx = IR,xx + IB,xx + IH,xx + IF,xx +mRr
2
R +mBz

2
B +mHz

2
H +mF r

2
F

IT,xz = IB,xz + IH,xz −mBxBzB −mHxHzH +mFwrF

IT,zz = IR,zz + IB,zz + IH,zz + IF,zz +mBx
2
B +mHx

2
H +mFw

2

(59)

where IR,xx and IR,zz are the mass moments of inertia of the rear wheel, IB,xx, IB,xz , and IB,zz are the mass moments of inertia
of the rear frame, IH,xx, IH,xz , and IH,zz are the mass moments of inertia of the front frame, while IF,xx and IF,zz are the mass
moments of inertia of the front wheel. Note that, for all the rigid bodies, the body mass moments of inertia are defined about the
centers of mass and are referred to the local frame axes that are initially aligned with the global axes. The total mass of the front
assembly is denoted withmA and is given by:

mA = mH +mF (60)

The coordinate yA of the front assembly centroid is equal to zero, while the coordinates xA and zA of the center of mass of the
front assembly can be explicitly calculated as: 

xA = 1
mA

(xHmH + wmF )

zA = 1
mA

(zHmH − rFmF )

(61)

The mass moments of inertia IA,xx and IA,zz , as well as the product of inertia IA,xz , computed with respect to the origin O of
the global axes and related to the front assembly, are given by:

IA,xx = IH,xx + IF,xx +mH(zH − zA)2 +mF (rF + zA)2

IA,xz = IH,xz −mH (xH − xA) (zH − zA) +mF (w − xA) (rF + zA)

IA,zz = IH,zz + IF,zz +mH(xH − xA)2 +mF (w − xA)2

(62)
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The distance between the center of mass of the front assembly and the steering axis is indicated with uA and can be calculated
as follows:

uA = (xA − w − c) cos(λ)− zA sin(λ) (63)

where λ is the caster angle and c is the geometric trail of the bicycle benchmark model. The mass moments and products of inertia
of the front assembly along the steering axis and the global axes at points where they intersect are respectively denoted with IA,λλ,
IA,λx, and IA,λz . These quantities can be calculated as follows:



IA,λλ = mAu
2
A + IA,xxsin

2(λ) + 2IA,xz sin(λ) cos(λ) + IA,zzcos2(λ)

IA,λx = −mAuAzA + IA,xx sin(λ) + IA,xz cos(λ)

IA,λz = mAuAxA + IA,xz sin(λ) + IA,zz cos(λ)

(64)

The bicycle geometric trail denoted with c is defined as the distance between the contact point on the front wheel and the
steering axis. The mechanical trail, also known as the normal trail, is denoted as cm and is defined as follows:

cm = c cos(λ) (65)

The mechanical trail represents the distance between the intersection point, the point of intersection between the steering axis
and the road, and the parallel to the steering axis, a parallel axis that is behind the steering axis and passes through the contact
point. The ratio between the mechanical trail cm and the wheelbase w is denoted with µ and is given by:

µ =
cm

w
(66)

The gyrostatic coefficients of the rear and front wheels are respectively denoted with SR and SF . These coefficients are defined
as follows:

SR =
IR,yy

rR
, SF =

IF,yy

rF
(67)

and
ST = SR + SF (68)

where ST is the gyrostatic coefficient of both the wheels of the bicycle benchmark system. The static moment of the bicycle front
assembly is denoted with SA and can be computed as follows:

SA = mAuA + µmT xT (69)

The set of parameters symbolically defined here serve for the construction of the structural matrices that form the linear bench-
mark model of the Whipple-Carvallo bicycle system and can be numerically evaluated by using the data reported in Tables 8 and 9
to respectively determine the dynamical models with and without the presence of the rider.

A.2 Benchmark Model Equations of Motion

The equation of motion of the linear benchmark model for theWhipple-Carvallo bicycle system, with and without the rider, can
be written in the following standard matrix form:

Mẍ+Cẋ+Kx = F (70)

where x, ẋ, and ẍ respectively represent the bicycle generalized displacement, velocity, and acceleration vectors, while K, C, and
M respectively denote the stiffness, damping, and mass matrices of the linear model, whereas F indicates the generalized external
force vector applied on the bicycle benchmark model. The coordinate vector of the benchmark model denoted with x and the
external force vector acting on the bicycle system denoted with F are respectively defined as follows:

x =

[
ϕ

δ

]
, F =

[
Tϕ

Tδ

]
(71)

where ϕ is the rear frame roll angle, δ is the front frame steering angle, Tϕ is the external roll torque applied between the fixed
space and the rear frame, and Tδ is the external steering torque applied between the fixed space and the front frame. Using the
geometrical and inertial parameters introduced in the case of the benchmark bicyclemodel, one can readily determine the analytical
form assumed by the system mass, damping, and stiffness matrices. The mass matrix of the benchmark model denoted with M is
defined as follows:

M =

[
Mϕ,ϕ Mϕ,δ

Mδ,ϕ Mδ,δ

]
(72)

where the entries of the mass matrix can be explicitly determined as:

Mϕ,ϕ = IT,xx

Mϕ,δ = IA,λx + µIT,xz

Mδ,ϕ =Mϕ,δ

Mδ,δ = IA,λλ + 2µIA,λz + µ2IT,zz

(73)
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The damping matrix of the benchmark model denoted with C can be explicitly written as:

C = vC1 (74)

where v is the forward velocity of the bicycle system and the matrix C1 is defined as follows:

C1 =

[
C1

ϕ,ϕ C1
ϕ,δ

C1
δ,ϕ C1

δ,δ

]
(75)

where the entries of the matrix C1 can be computed as reported below:



C1
ϕ,ϕ = 0

C1
ϕ,δ = µST + SF cos(λ) +

IT,xz

w
cos(λ)− µmT zT

C1
δ,ϕ = − (µST + SF cos(λ))

C1
δ,δ =

IA,λz

w
cos(λ) + µ

(
SA +

IT,zz

w
cos(λ)

)
(76)

The stiffness matrix of the benchmark model denoted with K can be explicitly written as:

K = K0 + v2K2 (77)

where v is the longitudinal velocity of the bicycle system, the matrix K0 is a gravity-dependent matrix, and the matrix K2 is a
velocity-dependent matrix. The gravity-dependent matrix denoted with K0 is defined as follows:

K0 =

[
K0

ϕ,ϕ K0
ϕ,δ

K0
δ,ϕ K0

δ,δ

]
(78)

where the entries of the matrix K0 can be computed as reported below:

K0
ϕ,ϕ = mT zT

K0
ϕ,δ = −SA

K0
δ,ϕ = K0

ϕ,δ

K0
δ,δ = −SA sin(λ)

(79)

The velocity-dependent matrix denoted with K2 is defined as follows:

K2 =

[
K2

ϕ,ϕ K2
ϕ,δ

K2
δ,ϕ K2

δ,δ

]
(80)

where the entries of the matrix K2 can be computed as reported below:

K2
ϕ,ϕ = 0

K2
ϕ,δ = ST−mT zT

w
cos(λ)

K2
δ,ϕ = 0

K2
δ,δ =

SA+SF sin(λ)
w

cos(λ)

(81)

Once the mass, damping, and stiffness matrices of the linear benchmark model of the Whipple-Carvallo bicycle system are
determined, a standard eigenvalue problem can be readily formulated and solved to trace the stability diagram associated with this
mechanical system as a function of the bicycle forward velocity. Furthermore, as discussed in the paper, this dynamical model can
also be used to perform a transient analysis in the presence of imposed disturbances from the configuration of dynamic equilibrium
and/or externally applied torques.
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