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Abstract. The Boundary Element Method (BEM) is one of the most used numerical methods to solve engineering problems. This
method has several advantages over other domain methods. However, BEM requires the use of the fundamental solution of the
integral formulation that governs the problem under analysis. Furthermore, these fundamental solutions present, in their
majority, singular and hyper-singular terms that impair the stability of the numerical solution when the source point is in the
element to be integrated. In order to regularize unstable kernels present in the BEM's three-dimensional elastostatic formulation,
the present work develops expressions, in Laurent's series, for treatment of the singularity. The precision of the developed
expressions is verified on a standard curved triangular element. The results show excellent efficiency in the regularization of
singular and hyper-singular kernels for the problem under analysis.

Keywords: Singular kernels, Hyper-singular kernels, Boundary Element Methods, Singularity subtraction technique, Laurent's
series.

1. Introduction

The Boundary Element Method (BEM) is one of the principal numerical methods in Science and Engineering. Among its
advantages is reducing dimensionality for linear problems and accuracy in solving problems with infinite or semi-infinite
domains. Historically, low-order discretization, usually of order one, has been used to model geometries and surface variables.
However, recently, there has been increased interest in using higher-order methods to get better accuracy of results with a lesser
increase in the computational effort. There are several areas of applications to high-order elements such as acoustics (Canino et
al. [1]), electromagnetism (Rjasanow and Weggler [2]), and elasticity (Gao and Davies [3]). The significant difficulty in using high-
order BEM is the lack of effective methods for the accurate development of the integrals with singular and hypersingular kernels
applied to curved elements.

Among the significant existing integration methods, the Polar Coordinate Transformation (PCT) always serves as a common
basis (Guiggiani et al. [4]; Carley [5]; Johnston et al. [6]; Gao [7]). This transformation preserves the surface integral into a double
integral in the radial and angular directions. Several studies have been conducted to treat singularity in the radial direction;
however, numerical integration in the angular direction merits further attention. Thus, this work shows that after applying the
singularity subtraction technique, the kernel in the radial direction is regularized. However, additional care must be considered in
the angular direction, such as adopting additional integration points, when the integration domain is distorted. Unfortunately,
this case is often found in the use of high-order elements. Another contribution of this paper is the presentation explicit of the
Laurent series for the kernels of the three-dimensional BEM integral equations applied to elastostatic problems.

The paper is organized as follows. In section 2, the integral equations of the BEM are presented. In section 3, the treatment of
singularity and its applications to the formulation of elastostatic problems is performed. Continuing in section 3, explicit
expressions of the Laurent series for three-dimensional elastostatic BEM is presented. Finally, in section 4, the concluding
remarks are made.

2. Boundary Integral Equation

There are several ways to get the Boundary Element Method (BEM) formulations, such as by the reciprocity theorem, by
concepts of weighted residuals and variational approaches. The BEM formulation to 3D elastostatic problems with source point
belonging to the domain is given by (Aliabadi [8]):
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u(Y)= fs U(Y,x)-t(x)dS — fs T(Y,x)-u(x)dS+ fv U(Y,X)-b(X)dV, 1)

where u , ¢ ,and b are the displacements, tractions, and body forces, respectively. The points X and x represent field values in
the domain and on the problem's boundary, respectively, and point Y represents the source point belonging to the domain. In
this work, tensor notations (a®bwc)” =(cob®a), D*?=Dye e ®e,, and S™>=S,e ®e we, are used. Additionally,
throughout the text, the following notation is adopted: zero-order tensor is represented by letters without bold, order one tensor
is represented by Latin letters, in bold and lower case. Furthermore, higher-order tensors are represented by capital letters and in
bold.

Equation 1 applied to the linear elastic constitutive law (Hooke’s law) obtains the integral identity for stress as follows:

o(Y)= [[D¥*(Y,%)-¢ (x)dS — [ § (Y, x)-u(x)dS+ [ D**(¥,x)-b(X)dV. @)

Moreover, the terms U (Y,x), T (Y,x), D(Y,x), and S(Y,x) are called fundamental solutions and are shown by (Aliabadi [8]):

U(Y,x):m[(a—@)l +FQF); 3)
T(Y,x):—sﬂ(lil_y)rz{(n VN[(1=20)1 +3F @F|+(1-2v)(n ©F —F @ n)}; )
D2(Y,x) :Wl_yw{(l—b)[(l OF)+(I )" - (Fel)|+3F oF of); 5)

3(n-F)(1-20)F oI +v[1 @F)" + (1 97|57 @F o7 |
Sm(Y,x):ﬁ 13W(Fon@F +FOF on)+(1-2) i”f;iif(’ ‘mﬂ . 6)

-1-4v)nol

where r, v, E and pu=E/2(1+v) is the distance between the field point and the source point, Poisson’s ratio, Young’s modulus
and shear modulus of elasticity, respectively. F = r/r is unit distance vector. n is normal vector and I is second order identity
tensor.

The boundary integral equations for displacement (1) and stress (2) are valid for any source point within the domain V. For
the source point on the boundary, S, it is necessary to consider the limit Y —y and yeS. The process is carried out by
considering a semi-circular region surrounding the source point y, such that the new boundary region S* is given by

Sh=(S-S.)+S!. (7)

Here S_ is the portion of the original boundary removed, and S! is the portion inserted to this boundary. The singularity
behavior is studied considering the limit €— 0 and, therefore, S* — S. Thus, performing the limit analysis (Aliabadi, 2002), one
can write:

c (y)-u(y)+lim{f&sg[T(y,x)-u(x)fU(y,x)-t(x)]dS}fva(y,X)Ab(X)dV e ®)

€e—0

312
é(y):a(y)+lim[f {Sm(y,x)ﬂ(x)fDm(y,x)-t(x)+u(y).w]ds}—f D*?(y,X)-b(X)dV = 0; )
e—0 |Js-s, e v

where the tensor C(y), C (y), and B**(y) are coefficients (limited) that depend only on the local geometry S in y.If y is a
smooth boundary point and S, has a circular shape, the free terms C(y) and C (y) in Egs (8) and (9) are reduced to 0,5/ and
0,51 (= 0,56,6,,) -

The sinéularity‘s level of kernels of the boundary integral equations in Eq (1) and (2) can be defined as (Gao [7])

3<0, regular
0<B<D-1 weakly singular
B=D-1 strongly singular, (10)
B8=D hypersingular
3>D supersingular

where D is the Cartesian dimension (in this work D=3), and 3 is the exponent that accompanies the distance between the
field point and source point, (f(y,x)/r").Thus, according to Eq. (10), Eq. (6) is classified as weakly singular, Eq. (4)-(5) are strongly
singular and Eq. (6) is hypersingular.
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3. Development of Numerical Integral Equation

The numerical evolution of hypersingular, weakly, and strongly singular equations is performed in this section.

3.1 Treatment of singularities in BEM integral equations

This subsection shows the singularity's treatment to regularize the integral equations (8) and (9). However, without loss of
generality, the hypersingular equation analysis is performed, since the other cases of singularity are obtained as particularities.
This way, one has as aim the development of limited quantity, present in the Eq. (9),

. B 312
gﬂL&F“www(> Dy, )-4 ®+uw-6W%4, (a1
is calculated in the neighborhood S_, around the source point y in S, given by

S.={xeS|x—y|<e}. (12)

Equation (11) can be split into two sets of integral, such that in this section, the portion corresponding to the hyper-singular
kernel is developed

lim{ I. . {sm (3,%) u(x) +u(y). Z-0)

€—0

@, (13)

where §*? =0(r?).
The other term of Eq. (11) is calculated as a particular case the procedure here briefly presented.
As usual, in each boundary element, the displacements are represented by the shape functions N*(¢,,¢,) with dimensionless

local coordinate ¢ =(&,,¢,). Thus the displacements are approximated by u( ZA(E)N“[E ¢, with A(e) being the number of

nodes in the element. . Therefore, the secondary aim results in the calculation of integral I deflned on an element(s) S

“%Us

where S is denoted as the region into S containing the singular point y.

S (7, X)N[£(x)] + Na[“]@}ds}r (14)

Following, Guiggiani et al. [4] carry out polar coordinate transformation (PCT) in Eqg. (14). The PCT, (p,0), is centered at m
(image of y) and is defined in the parameter plane

& =1+ pcosd
. 15
{52 =, + psend (15)
The substitution of Eq. (15) in Eq. (14) allows writing the equation
: o 5V )
Izlelgg[f f F(p,0)dpdd + N[m] =122 ’” (16)

with F(p,0) = Sy;(y,x(p,0))N*(p,6)J(p,0) = O(p~%) , p = (c,0) being a polar coordinate equation to o_ (see Fig. 1). Furthermore, p = j(0)
being a polar coordinate equation of the outer boundary in the parametric domain R; (see Fig. 1).

For the analysis of the singular function F(p,0) of order p?, expansions in Laurent series concerning p are used, such as

F(p,0) =—5—+

+0(1). 17)

Note that F, as well as F, are dependent only on 6 . This series expansion is the key point to the subtraction of singularity.

a) b)

al(d,

A

Fig. 1. (a) the image in the parametric plane of both the boundary element and the region with subtracted singularity. (b) parametric plane in polar
coordinate.
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Another series expansion is performed in the region bounded by «(€,6), i.e., the Taylor series expansion concerning the < is
written as:

p = al&,0) =€ BO)+ € ~(0) + O(E?). (18)

It can be observed in general that p =c 3(0) is the equation of an ellipse.
In the next section, the development to obtain the explicit expressions to F,, F,, (), and () for three-dimensional

elastostatic problems has been presented. However, at present, it is made semi-analytical treatment of Eq. (16). This treatment is
carried out utilizing an algebraic manipulation that consists of adding and subtracting the first two terms of expanding the series
(17) in Eq (16), thus obtaining:

I’

dpd9+f2"j”‘” dpdo + fhf"(” dd9+N“[]’“‘()

-ty 1 o0

v(€,0) (19)
I=I,+1,+1,.
Each term of Eq. (19) is analyzed separately, and the following expressions are obtained (Guiggiani et al. [4]):
25 (0) F,(0)  F.@
I, = fo fo lF(p,H) - [% + # dpde. (20)
1= ["F.(0)n 20)| 49 (21)
-1 0 1 [3(9) .
L= ["F, 020 (22
0 5(0)  p0)

where 3(9) and ~+(9) are coefficients of the series expansion given by Eq. (18). While the term j(0) represents the polar
coordinate of the outer boundary in R (see Fig. 1).

If the singular point belongs to more than one element, i.e. Sq = USi , then the final formula for singularity treatment is:
i=1

7o) 1
(5%0)) ')

o
dpd6 + fe CFL(0)In ot, (23)

_Zl Lfé.]?‘(ﬂ){?(p’a)_[#;@+Fi1p(9)]

with the i-th index refers to each element around the placement point and 6} < <6} in the i-th element.

The formula (23) is entirely general. This formula can be used for any element and on integrals with a lower classification of
singularity. For example, if the integrals' kernel is only strongly singular, then Laurent expansion (17) has F,(¢)=0 in the final
formula (23). Another possibility is when the integral kernel is only weakly singular, so it follows that F,(¢)=0 and F,(/)=0 in
Eq. (23).

p'(6) -
7 (9)‘019— fﬂ  Fa(0)

3.2 Application of the singularity treatment to three-dimensional elastostatic problems

As is already known, only for some elementary problems, Eq. (8) and Eq. (9) can be solved analytically. In this way, the search
for numerical solutions becomes essential. Here, the smooth surface S; is discretized into N, isoparametric high-order triangular
elements with A(e) representing the number of nodes per element. The source point, y, is considered in the S; contour in
addition to the hypothesis of absence of body force. For simplicity, the global numbering for the nodes is associated with the ¢
number. Thus, by performing the singularity subtraction using Eq (23), the BEM integral equations for 3D elastostatic problems are
written in the following form for nodal point k:

ko ZfﬂHf U = Z;Gsk . p*
1 E - :
E(rk +3 H w =3 6P

where L is the total number of nodes and

= f: foﬁ(y)lf (p,0)dpdo (24)
j:zfp H)W /), ( ) dpd9+f W 1r1 ﬂ((z;‘de’ (25)
e f; fome)ﬁ 0 9)70 2O 4o + f 6)ln ﬂﬁg;‘de, (26)
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) 1
3%(0)  p(0)

/3,

f g dpdo + [ {s”1 (0)In }da

where K (p,0), W (p,0), D(p,0) and S (p,0) are presented in polar coordinates:

(s 2 (9) S (9)]
p

+
s

5(0) G
ﬂ(@)‘ $2(0)

K (p,0)=U (y",x(p,0))N" (0,0)] (p,0) ,
W (0,0)=T (y*,%(0,0))N" (0,6)] (p,6) »
D (p,0) =D (y",x(p,0))N" (,6)] (p,0) »

S (p,0) =82 (yk,x(p,e))N“ (9,0)](p,0) -

In the next section, all parameters of Eq. (25)-(31) are explained.

3.3 Explicit expressions of Laurent series and of 3(0) and ~(6) parameters to 3D elastostatic BEM problems

(27)

Before starting the procedure for obtaining the terms W_,(6), D_,(68), D_,(8), S_,(8), S_,(6), B(®) and ~(8), some Taylor

series expansions must be made around the source point y €S, .

As routinely performed in BEM, the coordinates of a generic point on the contour element, S;, are given by parametric

representation in terms of shape functions M¢(¢,,¢,) and nodal coordinates x°,

k

x = M(6,6)xf
c=1

The image of the source point, y, is indicated by m = (,,7,), such that

k

y =D M (g, )x¢
c=1

From Eq. (32), the first and second derivatives are obtained by

zkjaMc Sobiye to12
dét 3 v

c=1

,2 13 r2
D SLLACEI NP PY
8& c=1 86[

The Taylor series in polar coordinates for the difference between the field point and the source point can be written as

+0(p’),

(seng)*
2

2 2 2
(080) | 0% | (cos)(sens) + L
T T o€

o
o

(cos®)+ a—x

&=n 2

x(6,6) =y (m,m,) = p| (sen)| + p”

ox
0&

=1 =1

or abbreviated,
X(fl,fz) -y (771’772) =pA (9)+ p’B (9) +O<p3).

Then, the scalars are defined

AO)=[4(0) = [S[A ) >0

k=1

B(6) = 8 6] = S8, (0) >0

According to the above results, the Taylor series expansions for the power of the radius is given by

nan (A B)
= =p"A"|1
r" \r\ =p +np——->= A

+0(p"?), n=123..

(32)

(33)

(38)

(39)

(40)

For developments that follow are required to reverse series, i.e., calculating the coefficients of the inverse series with and
without the constant term. For this, we consider the generic power series Z= Z;znx" in which its inverse is represented by
G= Z;ignx" series with coefficients, g,, calculated considering i=0 and i=1, i.e, with and without the constant term is

given (Abramowitz and Stegun [9]), respectively, by Eq. (41)
1

9o =" :_722% i

Zy Zy i1

(41)
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and Eq. (42)

1 z 27,2
G=") Go=—"%, Gs="%.. (42)

Z Z Z

From Eq. (38)-(41) with n=1, the expressions for /= r /r are obtained by:

por_A0) B0 ., g) (AC0) - B(6))

rooA0) A0 A(0)

+0(p*) =d,o (6)+ pd, (6)+O(p?) (43)

The series expansion for r™" is of great importance. This expansion is obtained using Eq.(40) and (41), as shown in Eq. (44).

1 1 (A(0) -B(9))

W pnAn pn—lAn+2(9)

1

pn—Z

, n=123... (44)

The other expansions of the Taylor series that will be used to build the Laurent series are the expansions of the shape
functions, Jacobian, Jacobian module, normal vector (concerning the field point), which are presented, respectively, by Eq. (45)-
(49)

N (&) =N°(n)+p %ﬂ cost + N seng| + O(p?) = Ng + pN; (6)+0(p*), (4)
1 lg=n 2 lg=n

J(&):J(H)Jrﬂagig(g) cos@+817(§) sen|+0(p’) =J o+ pJ 1 (0)+0(p*), (46)
1 lg=n 2 lg=m
JoJ

b= (L) = B0l s ho) 400, @

with

Jo= ‘JO‘ = \)Zi:ljio

_ (}ko i }kl) (48)
L0 ==
A N LA (O (0 )}1( ) +0(p*) =i°+pi" (0)+0(p) (49)
A IR I3 '

From Eq. (3)-(6), some results of tensor algebra must be expanded in series. Such expansions are

FoF =d,(0)@dy(0) + p(d,(0) ©do(6) +d,(6) ©d, () +O(p?)

(50)
=(F@F), +p(FaF), +0(p’),
n@F =n°@d,y(0)+ pln° @d,(6)+n"(0) @d,(6)] + O(p’) (51)
=(n@f), +p(n®F) +0(p’),
f@n:do(9)®n°+/’[d ©) ®”1(9)+d1(9)®”0] (52
:(f@n) +p(F ®n) +O(P2):
n=1F =1 @dy(0)+p(I @d,(0))+0(p") (53)
=(I ®F), +p(I ®F), +0(p?),
(1 @) =1 2d,0)]” +pll ©d,(0)]” +0(p*) (54)
= @f)” +p(l @F).” +0(p?),
(1 )" =1 0d, ()" +p[T @d,(0)]” +0(p?) (55)
=T @F)," +p(I ©F) +0(p?),
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312

(1 o) =1 2d,(0)" + o[l ©d,(0)] +0(p*)
=1 @) +p(1 @F) +0(p?),

(Fel)=do(0)1 +p(d,(0)21)+0(p’)
=(FoI),+p(Fal), +0(p?),

(n ~f):n°-d0(9)+p[n°~d1 (0)+n' ~d0(9)}+0(p2)
:p[n°<d1(9)+n1 .d0(9)]+0 pz) =p(d,-F), +O(p2),

FOFQF =d,(0)®d,(0)®d,(0)+p
do(0)®i° ®d,(0)+d,(0) @7 (0)®d,(0)

+d,(0)@i° @d, (0)
:(f@n@r) +p(F ®n®r) +O(/Jz)»

Feon®f =d,(0)®a’ ®d,(0)+

+O(p2)

( )+d, (0) @d, (0) @i

=

At
oZ
o +o(y

),
i’ @d, (0)@d, (0)+i7° @d,(0)@d,(0)

+i' (0) @d, (0) ®d, (0)
=nefaf) +pnefaf) +0(p’),

®f®n:d0(9)®do(9)®ﬁ°+p

do(0)@d,(0)
d,(0)@d, (0
=(FoFen) +p(f®F®n) +0

)
(o

nefef =i’ ed,(0)od,(0)+p +0(p?)

(1®1’1)213:(1®n0)213+p<l®n ( ))213+O< )
= onf® +plr enf” +0(p?),

(I ®n>312 :<I ®n0)312+p(1 on ( ))312+o< )

]312 +O(p2),

]312

= ®n) " +pll ®n

(I @n)=(I @n)+p(I ®n*(0))+0(p*)
=1 ®n) +pll @n), +0(p*).
Using Eq. (24), (28), (45) and (50) is obtained Laurent series for K (p,0):

K (p,0)=U (p,0)[NgJo + p[N§J, (6) + N3 (8) ]|+ O(p?)| p = O(1).

(56)

(57)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

As would be expected, Eq. (66) is regular, even when p — 0. With the aid of Eq. (25), (50), (51), (52), and (58), one has the

expression for W (p,0) and, consequently, for W_, (p,0)

W 0) =2y 0 2 ), (¢ om0l

S (0) =

- m(l—Zu)[(nx®f)0—(f®nx)o]Ng}0,

Using Eq. (26), (53), (54), (57), and (59), it is possible to write the expression for D_, (0):

ﬁ(p,a)_/lj{w[(l 2v) [[1®r] +ref” -[F ®I”+3[ ®F ®F],

ilj,d@ZW{(l—zu)[[l QF), +[I @F]" —[F ®I]O]+3[r”®r”®r”}o}NgJ0.

NSJ0}+O(1)

Through Eq. (27), (55)-(59) and (61)-(65) can be explained first and second terms of Laurent series:
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Fig. 2. Curved element and angles to verify the subtraction of singularity.
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5 1
S (p0)=—~ >

R
p4n(1—v)A*(9)

o> 4r(1—v)A%(0)

NoJ, (6)
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-1-4v)n’ eI
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3y[(f®n®f)1+(f®’?®n)1]

O TR
-5(F@F ®F),
TN [+H(1-20)3(n@F @), +(1 @n)i” +(1 @n)i?|-(1-4v)(ne1),
|(Fenar), +(Faf on)
L) +H1-22)[3(n@F @F), + (I @n);” +(I @n)”|
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It is important to note that the integral equations (25)-(27) are regulars, and then these are developed numerically by standard
quadrature formulas. Some regular kernels present in equations (25)-(27) are shown in Figures 3-8. The singular kernels W, D
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and ‘fkij (dashed line) and the corresponding singular terms of Laurent series (see Eq. (67)-(70), dotted line) are also in each of the
figures. The regularized kernel is obtained by subtracting the singular terms of Eq. (17) by the terms of Eq. (29)-(31).
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Fig. 7. Singular kernel §,,, = §,,,N°J , the first two terms of the Laurent series § ,, S , and the regular kernel; source point at the three-position
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Fig. 9. 1/ A(0) graph for various s values, with source point at the 3 positions in Fig (1).

The results in Fig. 3-8 are for a curved triangular element shown in Fig. 2. The behavior of the singularity treatment of the first
terms on the right side of Egs. (25)-(27) are shown in Figures 3-8, as the s parameter varies, i. e., as the curved element becomes
distorted. It can be seen that the distortion of the element weakly influences the subtraction of singularity to the regularized
kernels in the radial direction, even when the term 1/ A(f) varies rapidly as the value of the parameter s increases, i.e., the term
1/A(9), in this circumstance, presents characteristics of near singularity, which can be seen in Fig. 9. However, care must be
taken in performing the numerical integrations of the second term of Eq. (25)-(27) when the element becomes much distorted.
This careful nor observed by Guiggiani et al. [4] should be considered because elements with significant distortion appear the
effect of the boundary layer (nearly singularity) in these integrations, which can deteriorate the numerical calculation of integral
kernels.

Finally, to make possible the calculation of the integrals in Eq. (25)-(27), the expressions of 3(9) and ~(f) parameters are
explained. The contour of the neighborhood, S_, for point source with radius €, is given by Eq. (71),

e=r. (71)
Using Eq. (40) and (71), the parametric plane written in polar coordinates can be written by

(4(0)- B(0))

e=r=pA(9) A70)

1+p

+0(p*). (72)

Applying Eq. (42) in the above equation, it is possible to obtain the expansion in power series, in €, for the equation in polar
coordinates of the ¢_ contour, the image of S_,
€ o A(6)-B(9)

p:a(e,ﬂ):%—e T(H)-&-O(é). (73)

From the comparison between Eq. (73) and Eq. (18), it is concluded that

BO) =L, ~(6)= %' (74)

4. Conclusion

More efficient and highly accurate procedures are crucial to the high order Boundary Element Method. In Guiggiani et al.
(1992), a unified framework has been proposed to treat the BEM's singular kernels of various orders. This method is based on the
transformation into polar coordinates, widely used to treat singular integral to the boundary elements. This paper developed
explicit expressions for the Laurent series's singular terms for the integral equations of the BEM applied to three-dimensional
elastostatic problems. After writing the Laurent series's explicit form, one verifies that the accuracy of this series in the radial
direction has excellent agreement with the singular kernels of the BEM. Conversely, when the analysis is performed in the
angular direction, it can be observed that as the parameter s is varied, i.e., as the curved element becomes distorted, the term
1/A () undergoes the boundary layer (nearly singularity) (see Fig. 9). This boundary layer effect can quickly deteriorate the
accuracy of singularity's subtraction as the last integral term in Eq. (27) becomes predominant. However, Guiggiani et al. (1992)
did not report this possibility of deterioration of integration. Thus, it is necessary to more carefully when the integration is
performed in the 6 direction (angular direction), and not only in the radial direction when distorted curved elements are used.
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Nomenclature

\ Problem domain S Global numbering

S Problem boundary C,C,B= Tensors that depend only on local geometry
SA Augmented problem boundary N2, M¢ Shape functions

Se Original boundary removed £ Dimensionless local coordinate
Se* Portion of the inserted boundary u®e Nodal displacements of the element e
Ss Region into S containing the singular point p Radial coordinate

D Cartesian dimension ] Angular coordinate

! Shear modulus of elasticity &1, &2 Parametric coordinates

v Poisson’s ratio n Parametric image of the singular point
E Young’s modulus Rs Parametric domain

B Level’s singularities ] Jacobian of transformation

u Displacements p(6) Polar coordinate of the outer boundary in Rs
t Tractions Fiq,Fa Laurent series coefficients

b Body forces a(e,0) Region surrounding the singular point
X Field point in domain Ale) Number of nodes in the element

X Field point on boundary Ne Number of elements

Y Source point in domain L Total number of nodes

U,T,D,S Fundamental solutions by Nodal coordinate

c Stress tensor w,,D, .S, first terms of the Laurent series

I Second order identity tensor D,,S, Second terms of the Laurent series

n Normal vector K Regular kernel

T Distance between field and source points w Singular Kernel

r Module of distance vector D,S Hypersingular kernel

T =r/r Unit distance vector H:,G! HF, Matrices of BEM coefficients.
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