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Abstract. A rigid body forced by a nonstationary perturbing torque with zero mean value is under consideration. The control
strategy for attitude stabilization of the rigid body is based on the usage of dissipative and restoring torques. It is assumed that
the dissipative torque is linear, while restoring and perturbing torques are purely nonlinear. A theorem on sufficient conditions
for asymptotic stability of the body angular position is proved on the basis of the decomposition method, the Lyapunov direct
method and the averaging technique. Computer simulation results illustrating the theorem are presented.
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1. Introduction

The success of the analytical and numerical study of the dynamics of a mechanical system largely depends on the quality of
its mechanical model and on the correct account of the acting forces and torques. As a rule, the assessment of the significance of
a particular force effect is based primarily on the consideration of its magnitude [1]. In the case of the action of time-varying force
effects, it is also necessary to take into account their average values, amplitudes, frequencies, etc. [2]. Based on the magnitudes of
the average values, some preliminary estimates of the influence of certain forcing on the dynamics of a mechanical system can
be made. However, the proximity of the average value to zero does not allow, generally, to conclude that the corresponding force
effect on the mechanical system is insignificant. In this connection it should be noted that non-linearities in a multi degree-of-
freedom system may cause many “unexpected” effects in the response [2-4]. At the same time, taking into account such force
factors that cause the appearance of periodic and almost periodic functions in a mathematical model results in its fundamental
complication. Analytical investigation of the behavior of a mechanical system becomes especially difficult in the presence of
several almost periodic perturbations that are close to each other in magnitude. This situation is well known from the numerous
examples arising from the study of the attitude dynamics of a spacecraft interacting with geophysical fields and with a rarefied
Earth's atmosphere [5-8]. At the same time, the importance of solving problems of spacecraft attitude dynamics subject to
perturbations with zero mean values stimulates the emergence of new researches in this difficult area of nonlinear mechanics [9-
12]. In particular, a considerable stream of publications is devoted to topical problems of orientation and stabilization of a
spacecraft under nonstationary disturbances with zero mean values [5, 12, 13]. This article also addresses this issue.

2. Statement of the Problem

Consider the problem of triaxial stabilization of a rigid body [14]. Assume that the body rotates around its mass center O
under the action of a control torque L with an angular velocity & .

Let Ox1x2x3 be the principal central axes of inertia of the body. Choose two right triples of mutually orthogonal unit vectors
£,&, & and 7, i,, 7, where vectors 51, {2, ¢, are constant in the inertial frame, whereas vectors #,, 7, , 7, are constant in
the body-fixed frame. Hence, vectors ¢, &,, & rotate with respect to the system Ox,x,x, with the angular velocity —& .

As a result, we obtain the Euler dynamical equations

Jo+&xJs=L @

and the Poisson kinematic equations
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£=-0xE, =123, )

where J=diag{A,,A,,A,} isinertia tensor of the body in the axes Ox,x,x, [1].

The problem of triaxial stabilization consists of the designing a control torque L under which the system (1), (2) admits
asymptotically stable equilibrium position

®=0, £&=7, i=1,23. ?3)

From the results of [14], it follows that the torque L can be chosen as a sum of a dissipative component I:d and a restoring
one L: L= I:d +L,, where

L, =B,

Er = *Ch"(gpgz)(%gl X7y + azgz x ﬁz)

Here B is a constant symmetric and negative definite matrix, c, a,, a, are positive constants,
L1 T S
hE.&) = I~ I +a, 11§~ IF),

v>0,and | -|| denotes the Euclidean norm of a vector.

In the case where v >0 the restoring torque is purely (strong) nonlinear. It is worth noting that purely nonlinear restoring
forces are used for modeling of wide classes of mechanical systems [15-18]. Furthermore, it is known (see [18-23]), that systems
with such forces are more robust with respect to time-varying disturbances and delays than linear ones.

In the present contribution, we will study the impact of time-varying disturbances on the stability of the equilibrium position

(3). Let, along with the control torque L, a perturbing torque L, acts on the body. We assume that

- -

L, =D(t)G(&, — 711, & — 71,) (4)

where components of the vector G(ii,U) are continuously differentiable for i,5 € R* homogeneous functions (with respect to
the standard dilation) of the order 2v + 1, the matrix D(t) is continuous and bounded for t > 0. In addition, let

%‘/;TD(T)dT —0 as T— +oo. (5)

Hence, the homogeneity order of the perturbing torque is equal to that of the restoring torque, whereas the matrix D(t) has
the zero mean value. It is worth noting that disturbances with zero mean values often appear in problems of attitude control of
satellites (see [1, 4, 5, 12]).

It is well known [24, 25] that, if restoring and perturbing torques are linear (v =0), then disturbances of a such type might
destroy the stability of the equilibrium position. On the over hand, in [19, 20, 22, 23, 26], some approaches to the stability analysis
of nonlinear nonstationary homogeneous systems were developed. On the basis of these approaches, it was proved that if the
homogeneity order of a considered system is greater than one, then time-varying disturbances with zero mean values do not
destroy the asymptotic stability.

However, compared with (5), in [19, 20, 22, 23, 26], a more conservative constraint on the matrix D(t) was imposed. Hence, the
results of [19, 20, 22, 23, 26] are nonapplicable to our problem.

Therefore, to derive conditions under which the asymptotic stability of the equilibrium position (3) can be ensured for the
disturbed system, we will propose another approach. This approach is based on the decomposition method [27], the comparison
principle [25] and the averaging technique [24, 25].

3. Stability Analysis

Consider the disturbed system composed of the Poisson kinematic equations (2) and the Euler dynamic equations
JG + &% J& = BE — ch(€,6) (@, X, + 0y X7y ) + L, ©)

Theorem. Let the perturbed torque fp be of the form (4). If v>0 and the matrix D(t) satisfies the condition (5), then the equilibrium
position (3) of the system (2), (6) is asymptotically stable.

Proof. First, with the aid of the decomposition method in the form developed in [21], transform the system (2), (6) to a complex
system describing the interaction of two subsystems.

Instead of &, &, we introduce new variables by the formulae

G :fi*ﬁiJf(B?lJ‘:))Xﬁn i=1,2.

We arrive at the system
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J&+8xJ6 = B3 + D()Q(C,G,9)
R 2 -
(] »Cz»"j)zaj (C, - (Bilj"j) X 77,) X 77,';
=1

+02" (G G )i X[B?Za,- (G~ (B73@) x ) x j.]
+ij, % (B (3% J@)) - 7 % (B DA, 5)), i=1,2.

Here

G — (BJ&) x i,

PGt =3[ " - (B a)<af )

Q(G1,G,3) = G (G — (B0) x 71, G, — (B ) x 7 )-

The system (7) can be interpreted as a complex system describing interaction of the subsystems

J& + &% J& = B ®)
and
5 oo o 2 - R
G =" (GG O)ii x Y, (G <7 ), i=1,2. ©)
j=1

Choose Lyapunov function candidates for the isolated subsystems (8) and (9), respectively, as follows
w_ 1 o
V(@) =288, ViGul) =5 (all G P +a, 1 G IP).
Next, aggregate these functions into a Lyapunov function for the complex system (7). Let

V("J’zl’zz) = Vin ("3) + VZHJZ (51:52)’ (10)

wherey, >1,1=1,2.
Consider the derivative of the function (10) along the solutions of (7). We obtain

V =, V1 (@) (& B& + 3™D(t)Q(C,, &)
_C(PV(EUEP‘D) Tzaj (EJ - (Bilj"j) X ?7,) X ﬁ,]

V571G G)Dad (@ ((B%JD)X 771)

i=

MNH

+0" (G G D), X (B’1 a-(f-f(B ) 7 ) x 1)

+7i, % (B (&% J&)) = 7 % (BD(HAC:, 0 )

2v+1

< b, |G| +b, |5 ]f [ — (B3 <,

e - (B[ IR (16 P G

JFCP}/Z@ (ClyCZy <1:<z Z [ [ Z (E (B J(/J) X 7]J) X 7]]]

i=1

RO CEON o (i (BD0AG &)

where b,,b,,b, are positive constants.

Using negative definiteness of the matrix B, properties of homogeneous functions (see [18, 28]) and Lemma 1 from [29], it can
be verified that there exist positive numbers 6,b,,bs,b,,b, such that

¢ (GG @)Y ad" [n x [B{za,. (G~ (B71@) ;) < ﬁ,-]]
j=1

i=

Cm(z: [i ] 1iai<5i><ﬁi *<<B4]Q)Xﬁi)xﬁi)

¢ (C1rCrr@ {Za<<><771 (( 1]) H)Xﬁf)]TBilgai(EiXﬁi
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_ (B’IJJ_}) « ﬁiHZUJA

o ¢ ( Ja)xi)xii]

2v+1

—((B7J@) %7, ) x 73)

< —byp" <1»C2,

+b, le\ZHC B J'w)
by [c - (87a) <[

<=by (G P77 411G P2 + by [ @2

2v+1

G —(B73) i1

2v+1

(B J'w) X 1j;

for

Hence,

20 +1

+a

- [|2v+1
]

¥ i - 12711 =
V<b, |5 b, 1317 |G
—i 2v - = 27,1 = 271
+y 517 by [ BIP (1 P 1 1)
= 2 2v 2 27+ 2v - 120 = 12792 2 12792
b (16 P72 G 1727 )+ b @122 (1 P77 41 G 1727

by B (16 P27+ )1 P2
L oL 2 N L
—1V3* (GG ad! (771‘ x (Ble(t)Q(Q,Cz,CJ)))
i=1

For,

2

|G~ (B@) <

2
< 8%,

where bg,b,,b,,,b,,,b;, are positive constants.
If,

<2v+1,

max{l v+ 1} Yt

2

M1

then one can choose a number § >0 such that
- 1 L2y 229,20 229 +20
V< (Bl @I b 1G24 G 1)

VG370 (B DA &)

for [P +1¢ P +11¢ 1P <8
Next, according to the approach to the application of the averaging technique proposed in [30], modify the Lyapunov function
(10) as follows

V(t,w,fpzz) = V(W,ﬁfl,fz)
B [ D(s)dsé(é,é)]].

The function V(t,w,(,,¢,) and its derivative with respect to the system (7) satisfy the estimates

e
+7,Y,2 (¢, )ZaiCiT [Th X
io1

d, (H S+ 16072 +16, szz) —dy(t + 1)’/’@)(” &P 4114, Hz«ﬁz.,)
<V(tw &) <@ (131 + 18 P2 +18172) )
+d,(t + 1)¢(t)<|\ &I 1IE ”272+z,,)’

= 1 L2 229420 = v
V<= (Bll@ I b (16 I 411G 1)
(£ 4+ D G 12 G I (s P

@I+ (1G N+ G )+ G P 401G 1)

‘\V,‘ Journal of Applied and Computational Mechanics, Vol. 7, No. 2, (2021), 790-797



794  A.Yu. Aleksandrov, A. A. Tikhonov, Vol. 7, No. 2, 2021

90N CGIYAC (1 ¢(B D6 C) - GG

|2~J2+2‘/))

(4 D01 121G 1) (5

1 2 S S
e LA (T e I

ISP NG+ 1 G N+IEG P +1E

20 2 271 2 1271 i s
s @I (1GI2 7 16 12+ e D11 G

21/+1)

2~ 2v-1 =
22 416G

|2~J2+2v71)

for t>0, |@2 +|C P +1C, |P< 82 Here d,,...,d, are positive constants and

W)=+ JD(s)ds

—0 as t— 4.
t+14

If § is sufficiently small, then

= 1 L2y > 22w e 20—
V< (Bla I +bu (16 I +1G 1)

2v+1 (12)

2‘/-1)

OIS 721G (1@

NG N@ UGN+ G I)+NE P +1G

for t>0, |GIP +11GIF +1¢ <82
Let (QT(t,ﬁo,Zw,fm,to),ff(t,QO,Zlo,(fzo,to),ff(t,wo,fm, EQO,tO))T denote the solution of (7) passing through the point (wg,ﬁg,@gf at
t=t,.

With the aid of the estimates (11), (12) and the comparison principle, it can be proved the existence of positive numbers t,4,,6,
such that if

max{l;Zu;2V+1}<M<2u+1,
2 71

n
to>F, (13 17 + 11 Co 772 + 1 Coo 12 < bt ¥
o=t G I+l Go T2 + 1 G 2 <0t Y,

Then

2

I 2 T S 24 T 2,z
| &(t,@05C101Ca05 o) | e 11 Gt @0y Ga0r Coor to) 72+ 11 Gt Bo,G10, Caos Eo) |l 72<62t v

for t >t,. Hence, the zero solution of (7) is asymptotically stable, and this implies the asymptotic stability of the equilibrium
position (3) of the system (2), (6). This completes the proof.

4. A Numerical Simulation

To illustrate the analytical approach for construction of control strategy for rigid body attitude stabilization, consider the
following numerical example, where all values are taken in International System of Units. Let A, =5, A, =6, A,=4 are the
components of the inertial tensor of a given rigid body. The equilibrium position (3) of the body is such that “aircraft” angles ¢,
¢, ¢ (Fig. 1) are all equal to zero in the inertial coordinate system.

AN@DY
,—

‘
N\

o

Fig. 1. Aircraft attitude motion and angles ¢, 0, ¢ .
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The disturbing torque is taken in the form (4), where

D(t) = diag{sin/t,1.5sin~/2t,2sint},

& — & — i) = (I & = IF +11& — 7, IF) (& X7 +& 7).

Choose the matrix B of dissipative control torque in the form B =—diag{2,2,2} . Let coefficients in the restoring control torque
be a,=a,=1. Consider the control process governed by the system (2), (6) for different values of v and the same initial
conditions ¢(0)=0.5, ¥(0)=0.5, ¥(0)=-0.5, w;(0)=w,(0)=w,(0)=1.5.

First, we take v =0. In this case disturbing and control torques are linear and the process doesn't converge to the equilibrium
position as can be seen from Fig. 2.

The theorem proved in the paper gives us the possibility to reach the goal of stabilization process. This possibility is based on
applying nonlinear restoring control torque (v >0). As is shown in Fig. 3, asymptotic stability of the rigid body equilibrium
position is achievable for » =1/3 and the same dissipative torque.

100/ 200% 300 400 & 500 600

— 1 =4 (1) == A (1) == & (1) o 2 (1)

Fig. 2. Quaternion components time history, » =0 .

100 200 300 400 500

— 1= (1) == A (1) == A () o A (1)

Fig. 3. Quaternion components time history, v =1/3.

5. Conclusion

In this paper, we provide a constructive approach to robustness analysis in the problem of attitude control for a rigid body
subjected to nonstationary disturbing torques with zero mean values. The suggested approach is based on the decomposition
method, the comparison principle and the averaging technique for the system governing the rigid body attitude dynamics. The
proved theorem provides us conditions under which disturbing torques do not violate asymptotic stability of the programmed
attitude motion of the body. The suggested approach is applicable in the problems where disturbing torques are not small in
magnitude. For this reason, the results obtained in the paper seems to be attractive for various engineering applications from
nanomechanical oscillator [31], to large space telescope [32] since the potential of these devices is significantly affected by their
increased sensitivity to external perturbations. In particular, the results of the paper can be exploited for the problem of satellite
attitude stabilization with the use of electrodynamic attitude control system [29, 33, 34]. As is known, satellite that moves in the
Earth's gravitational and magnetic fields [35, 36] is subjected to a lot of disturbing torques [1, 37-40]. The majority of these torques
can be modelled by almost periodic functions of time with zero mean values. The magnitudes of these torques are often close to
each other and, generally, they are not negligibly small [5]. For this reason, the usage of well-known perturbation techniques faces
difficulties in such problems, whereas the methods based on the Lyapunov functions seem to be effective [41]. It was also
demonstrated that the averaging technique, known as a powerful tool for investigation of various dynamical systems [42, 43], can
be successfully applied for construction of Lyapunov functions for nonstationary differential systems.
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